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We propose a new mathematical model based on the classical
nucleation theory to predict the nucleation rate, kinetic constant,
and Gibbs free energy of nucleation using metastable zone width
(MSZW) data as a function of solubility temperature. Unlike
widely used models by Nyvlt, Kubota, and Sangwal, which are
limited in capturing the impact of varying cooling rates, the
proposed model allows direct estimation of nucleation rates from
MSZW data obtained under different cooling conditions. This is
particularly
crystallisation design, where cooling rate is a critical variable. The

advantageous for continuous or semi-batch
model has been successfully validated using experimental data
from 22 solute-solvent systems, including 10 APls, one API
intermediate, lysozyme, and glycine, as well as 8 inorganic
compounds. Predicted nucleation rates span from 10%° to 10%*

03* molecules per m® s

molecules per m* s for APIs, and up to 1
for lysozyme, the largest molecule studied. Gibbs free energy of
nucleation varies from 4 to 49 kJ mol™ for most compounds,
reaching 87 kJ mol™? for lysozyme. The model also enables
accurate prediction of induction time and key thermodynamic
parameters such as surface free energy, critical nucleus size, and
number of unit cells—based solely on MSZW data obtained at

different cooling rates.

In this communication, we propose a useful mathematical
model to predict the nucleation rate and Gibbs free energy of
nucleation from metastable zone width (MSZW) values
measured at different cooling rates. The model is validated
using a broad dataset comprising 11 different active
pharmaceutical ingredients (APIs)/solvent combinations
involving 10 active pharmaceutical ingredients (APIs), 8
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inorganic compound-solvent systems, one API intermediate,
one amino acid, and one large molecule. The MSZW is crucial
in crystallization processes because it defines the range of
supersaturation where no spontaneous nucleation occurs, but
crystal growth is possible."™ MSZW helps to determine the
precise supersaturation levels to avoid spontaneous
nucleation, which can lead to undesirable crystal sizes or
polymorphs.”” Operating within the MSZW allows controlled
crystal growth, ensuring consistent size and quality of the
crystals. On the theoretical side, MSZW allows to calculate the
nucleation rate which is a key factor in understanding and
optimising the crystallisation.” Theoretically the nucleation
rate is obtained using the MSZW measured at different
cooling rates using theoretical models that includes the one
developed by Nyvlt,® Sangwal,” and Kubota." These models
allow to theoretically calculate the nucleation rate kinetic
constant and the order of nucleation."”®*>' Moreover, these
models relate the MSZW obtained at fixed saturation
temperature with the rate of cooling. It will be useful to
develop a theoretical model that can theoretically determine
the nucleation rate at different cooling rates. Thus, to
complement the established model of Nyvlt, Sangwal and
Kubota, we present a new mathematical model based on the
classical nucleation theory that allows to calculate nucleation
rate at different cooling rates using the MSZW data collected
from different solubility onset temperature. Unlike existing
models, which do not explicitly account for cooling rate, our
approach directly incorporates its enabling
accurate prediction of nucleation rates across varying cooling
conditions. Furthermore, as the model rely on the classical
nucleation theory, it immediately allows to theoretically
calculate the Gibbs free energy of nucleation as a function of
temperature and supersaturation at the point of nucleation.
From the Gibbs free energy, it is possible to calculate the
surface free energy or the interfacial tension and the radius of
the critical nucleus as a function of the operating variables
that mainly include the supersaturation and the temperature
at which the nucleation is observed. To demonstrate the

influence,
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usefulness and universality of the proposed model, it was
applied to experimental MSZW data from 22 different solute-
solvent combinations. This dataset includes 10 different APIs
across 11 API-solvent systems, eight inorganic compound-
solvent combinations, as well as one API intermediate (-
arabinose), one amino acid (glycine), and one large
biomolecule (lysozyme). The MSZW data, reported at different
cooling rates, were used to extract key nucleation parameters,
including the nucleation rate kinetic constant, Gibbs free
energy of nucleation (AG), surface energy, and the critical
nucleus radius, all evaluated as functions of supersaturation
and nucleation temperature.

The metastable zone widths (MSZW) of solutions containing
these single-component compounds, experimentally measured
using the polythermal method, were obtained from the
literature.>*** This method involves changing the temperature
of the solution from a reference solubility temperature T* at a
predefined cooling rate and detecting the onset of nucleation
at Thue.. The relationship between the reference solution
temperature, temperature at which nucleation can be observed
or detected is shown in Fig. 1. In Fig. 1, we also showed the line
of supersolubility concentration, solubility concentration and

their relationship with the MSZW, AT, and the
supersaturation at the MSZW, AC\yax-
According to the classical nucleation theory, the
nucleation rate is defined as
J = kn exp(~AG/RT) (1)

During the cooling the crystallization, the undersaturated
solution will be cooled from approximately 7%, + 5 °C at a
fixed cooling rate of dT*/d¢ until the nucleation or the phase
change is observed or can be experimentally detected
measured in the solution. The temperature where the
nucleation is observed is Ty,c. So, at the point of nucleation,
T = Tphue and thus eqn (1) becomes:

J = kn exp(-AG/RT ) (2)

*

T.  c’versus T”
nuc

Solubility concentration, ¢

Solubility temperature, 7*

Fig. 1 The relationship between solubility concentration, c* and
solubility temperature, T*. Also shown in the figures are the different
parameters that can be experimentally fixed or obtained and their
relationship between the MSZW (or ATmax = T#¢ — Tnud and the
supersaturation (or ACmax = Cief — Ciuc) at the MSZW.
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The nucleation rate can be defined in terms of cooling rate,

R = dre and the slope of solubility curve de* as follows
T P &y Cuve g
dc*
=R’ 3
J=R ©)
From eqn (2) and (3), it is possible to write that
i _, dc*
n-exp(—AG/RTmm) =R W (4)
At the point of nucleation,
de*  Almax  Chep—Chue 5)
dr* ATma\x Tﬂ;ef = Thuce

where, ATmax = Ther— THue 1S the MSZW and Acpax is the
supersaturation (or the driving force required for
crystallization) achieved at T,,., where primary nucleation is
most likely to occur. The relationship between the solubility
concentration ¢* and the parameters that include 7%, T*,
Thuey and MSZW (e, ATga) and the supersaturation
concentration at ATy, (i-e., Acmax) are given in Fig. 1.

Substituting eqn (5) in (4), we get

Acmax

kn exp(~AG/RTpye) = R’ T (6)
max
Eqn (6) can be linearized as follows:
Acmax) AG
In + InR' = In(k,) - 7
( max ( ) RTnye ()
From eqn (7), it is immediately evident that the model

explicitly incorporates the cooling rate, along with the
metastable zone width (ATp,ax), supersaturation at ATy, and
the nucleation temperature, to predict the nucleation rate
constant (k,) and related parameters under varying
experimental conditions. Importantly, eqn (7) establishes a
direct link between key nucleation parameters such as the
nucleation rate constant (k,), Gibbs free energy of nucleation
(AG), and induction time (as later shown in eqn (12)) and
experimentally measurable quantities. Theoretically, a plot of
In(ACiax/ATimax) versus 1/Thye should be linear with a negative
slope whose value will be equal to AG/R with an intercept
equal to In(k,). Once the nucleation kinetic constant, k,, and
the AG is determined, then mathematically it is possible to
estimate at the nucleation rate J using eqn (2) at a fixed
cooling rate R’ and the MSZW measured at different 7%
(and the corresponding T),,.). Furthermore, from the classical
nucleation theory, it is also possible to calculate the surface
energy, or the interfacial tension associated with the
formation of stable nucleus using the expression:’

AG  16mP @ 1
RTnye 3R2T? (II'IS)ZRTnuC

nuc

(8)

Once the surface energy is calculated using eqn (8), we can
mathematically calculate the radius of the critical nucleus
using the expression:’
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Fig. 2 Plot of IN(ACmax/ATmax) + IN(R) versus 1/T,,. for (a) 6 different combinations of APl and solvents involving 4 APIs, (b) 11 different
combinations of APl and solvents involving 6 APIls, (c) combination of inorganics/solvents involving 8 different compounds and (d) API
intermediate, amino acid and a large molecule. Note: these values are valid only at the cooling rates studied given in Table 1. Fig. 2a: @:
paracetamol/water (R: 0.5 K s%); ®: dextrose/water (R": 0.0278 K s™%); @: L-asparagine monohydrate/water (R": 0.005 K s%); @: L-asparagine
monohydrate/water (R’: 0.0033 K s™). Fig. 2b: @: ibuprofen/ethanol (R: 0.0167 K s™); = : paracetamol/ethanol (R’: 0.0167 K s™); @: pyrazinamide/
acetone (R: 0.0167 K s™Y); o: fenofibrate/ethyl acetate (R": 0.05 K s™%); @: gestodene/ethanol (R": 0.0083 K s™); @: gestodene/ethanol (R’: 0.005 K
s™)); @: carbamazepine_saccharine/ethanol (R: 0.0167 K s%); @: pyrazinamide/acetone (R’: 0.0033 K s™); =: gestodene/ethanol (R: 0.00167 K s™3).
Fig. 2c: ®: NaNOz/NaCl + NaNOs + H,O solution (R”: 0.000833 K s™); ®@: NaNOs/NaCl + NaNO3 + H,O solution (R: 0.001667 K s™); @: CoSO./
water (R": 0.000833 K s™); 0: CoSO./water (R": 0.001667 K s™); @: CoSOa4/water (R': 0.0025 K s™); O: (NH4),B,07-4H,0O/water (R: 0.00833 K s™);
O: (NH4),B405-4H,0O/water (R: 0.0025 K s%); @: NazVO,/NaOH solution (R": 0.005 K s™); @: Sr(OH),-8H,O/water (R": 0.001388 K s™); O:
Sr(OH),-8H,0O/water (R": 0.00277 K s™); @: ZnL,/water (R’: 0.00138 K s™%); O: ZnL,/water (R": 0.00275 K s™); ®: borax/water (R: 0.003472 K s™%); o:
borax/water (R: 0.01066 K s™%); ®: ammonium oxalate/water (R": 0.000833 K s* - plotted in secondary axis). Fig. 2d: ®: L-arabinose/water (R’
0.0083 K s™Y); @: glycine/water (R": 0.001667 K s™); @: glycine/water (R: 0.005 K s™); @: lysozyme/NaCl solution (R’: 0.002778 K s™ - we assumed
this cooling rate - shown in secondary axis).

299

fo=——
¢ kTue InS

)

In Fig. 2a and b, we showed the plot of In(AChax/ATmax)
versus 1/Tnu. for 11 different combinations of APIs and
solvents. In Fig. 2c¢ and d we showed the plot of
IN(ACiax/ATmax) versus 1/Tn,. for 8 combinations of
inorganic compounds and solvents, as well as for one API
intermediate (r-arabinose), one amino acid (glycine) and a
large biomolecule (lysozyme). The ACpax, ATmax, and the
corresponding  nucleation  temperature  during the
crystallization of these different compounds from their
solution and the solvents involved are given in Table 1. All

This journal is © The Royal Society of Chemistry 2025

the experimental values were obtained from literature (see
Table 1). From Fig. 2, it is evident that the proposed model
provides an excellent fit to the experimental data across all
systems studied, regardless of the nature of the solutes (APIs,
inorganic compounds, or biomolecules), the solvents used, or
the specific experimental conditions, including the studied
cooling rates. From Fig. 2 and using eqn (7) we calculated
the nucleation rate kinetic constant, k, and the Gibbs free
energy of nucleation, AG. The calculated k,, AG and the
corresponding r* values are given in Table 1. In most cases
the coefficient of determination was always greater than 0.97,
indicating the proposed model provides an excellent
representation of the experimental data across systems
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studied including API/solvent combinations, inorganic
compounds, the API intermediate, the amino acid (glycine)
and lysozyme. While some systems, such as lysozyme/NacCl,
demonstrate a very high coefficient of determination (r* =
0.9952), others, like NaNO;/NaCl-H,0, show relatively lower
but still acceptable values (e.g., 7> = 0.8911 - see Table 1). In
crystallisation studies, particularly those relying on
thermodynamic or kinetic parameters derived from indirect
measurements such as MSZW, an > > 0.9 is generally
considered indicative of a strong model fit. The observed
variation in 7> across different systems does not point to a
fundamental limitation of the proposed model but rather
reflects statistical constraints inherent to linear regression
when applied over narrow MSZW or solubility ranges.
Specifically, systems with limited experimental variability,
where MSZW data span only a small solubility temperature
range are more susceptible to experimental noise, leading to
slightly lower r* values. This is a well-recognised limitation of
linear regression, which benefits from broader data coverage
to enhance fit robustness. For example, in the CoSO,/water
and NaNO;/NaCl-H,O systems, ATp.x showed minimal
change across the studied solubility concentrations.
Moreover, in these systems, ATn.x does not increase
consistently with solubility temperature, which disrupts the
expected linear trend and leads to greater deviation when the
data are transformed and fitted using eqn (7). This
inconsistency contributes to higher residuals and reduces the
overall r* value. Theoretically, nucleation depends on
multiple interconnected factors, including the degree of
supercooling, nucleation temperature (T, reference
solubility temperature (7%,), solubility concentration at T*
(ie., c*.), supersaturation at the Ty (i.e., Acmay), and cooling
rate. The proposed model performs particularly well in
systems where AT, increases with solubility temperature,
regardless of the applied cooling rate supporting its general
applicability across a wide range of crystallisation scenarios.
The AG values typically range from 8 to 62 k] mol™" for the
APIs, 13.5 for amino acid, 15.84 k] mol™" for the API
intermediate. The AG values for the inorganic compounds
range from 4.45 to ~50 k] mol". Most of these values agree
with the AG values reported for several organic/inorganic
compounds.”?** Furthermore, we also noticed that there
doesn't exist a perfect correlation between the molecular
weight and the Gibbs free energy of nucleation (see Table 1).
However, the AG values are higher for compounds with
higher molecular weight. Noticeably for the case of the
largest molecule studied (lysozyme), eqn (7) predicted a AG
value of 87 kJ mol ™. This agrees with the classical nucleation
theory which states that the higher the molecular volume is
tougher in the nucleation. The surface energy, calculated
using our model in conjunction with classical nucleation
theory, ranges from 0.8517 mJ m™ to 35.2 mJ m > across all
systems studied. The radius of the critical nucleus of all the
studied APIs, API intermediate, amino acid and lysozyme was
found to be in the range of ~107'° m to ~10° m. Similar
magnitudes were also observed for the inorganic compounds,
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indicating that the critical nucleus size remains within the
nanometre scale across both organic and inorganic solutes.
Using the size of the critical radius, we mathematically
estimated the number of unit cells constituting the critical
nucleus. This was done by calculating the normalized critical
nucleus size (1), defined as the ratio of the diameter of the
stable nucleus (2r.) to the cube root of the unit cell volume,
Veen- The unit cell volumes for the API crystals were obtained
from their respective crystallographic information files (CIF
file) (see Table 1). Finally, using this normalized size, the
approximate number of unit cells in the critical nucleus was
calculated as equal to A.*> This estimation provides a simple
theoretical approximation of the structural size of the critical
nucleus in terms of unit cells. Note that, this approach
assumes that the spherical critical nucleus has a diameter
approximately equal to that of a cube-shaped nucleus
composed of unit cells arranged in a simple cubic packing,
i.e., the linear dimension of the nucleus is equivalent in both
cases. This simplification allows for a geometric
approximation of the number of unit cells. While this is a
simplification and does not account for molecular packing or
anisotropic crystal structures, it provides a first-order
estimate of the number of unit cells that compose the critical
radius. As shown in Table 1, the estimated diameter of the
critical nucleus corresponds to approximately 1-5 times the
average linear dimension of a unit cell for all the API-solvent
systems studied. For the API-solvent combinations
considered, the nucleus is estimated to consist of
approximately 1 to 125 unit cells, calculated as A.°> For
inorganic compounds, where 4 was found to range from 2 to
8, the critical nucleus is estimated to consist of
approximately 8 to 512 unit cells, which is notably larger than
the corresponding values estimated for the organic
compounds. In the case of small organic molecules such as
L-arabinose and glycine (excluding the large biomolecule
lysozyme), the critical nucleus was estimated to contain
approximately 8 to 64 unit cells, again based on the cube of
the corresponding A values reported in Table 1. In the case of
lysozyme, the estimated value of A suggests that the critical
nucleus diameter is approximately equal to the linear
dimension of a single unit cell, indicating that the nucleus
may be composed of only one unit cell. As previously noted,
these estimates are approximate and derived from theoretical
calculations, as no direct experimental evidence is currently
available to validate these values for the systems studied.
Nevertheless, the results show good alignment with prior
literature in which similar nucleus sizes (that falls within the
range of A° values calculated here) have been reported using
both computational simulations and advanced experimental
techniques such as in situ transmission electron microscopy.
For example, Prado et al, used molecular dynamics
simulations to estimate the size of the critical nucleus for a
model inorganic compound, BaS, and reported similar
values.”® In specific their studies shows that the critical
nucleus size typically ranges from 5.9 x 107 to 6.5 to 107*°
m depending on the degree of supercooling. These values
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fairly agree with the ones that we obtained for most of the
inorganic and organic compounds. Additionally, Nakamura
et al., employed in situ transmission electron microscopy
(TEM) to experimentally observe nucleation from amorphous
phases and identified clusters composed of several unit cells
forming during early nucleation stages.>® In specific the TEM
results showed experimental evidence of the growth of unit
cells containing 24 to 86 unit cells. While their work focused
on amorphous-to-crystalline  transitions, it provides
conceptual support for the -cluster sizes estimated in
solution-phase crystallisation. In the specific case of
lysozyme, which has the largest molecular volume among the
systems studied, the calculated AG indicates a critical
nucleus composed of approximately one unit cell. This
observation is consistent with classical nucleation theory,
which predicts that systems with large molecular volumes
and high interfacial energy require larger energy barriers for
nucleation but may only form stable nuclei at very small sizes
due to packing constraints and limited supersaturation.

The higher number of unit cells estimated within the critical
nucleus of inorganic compounds, compared to organic
systems, can be explained by several key factors. First,
inorganic crystals typically possess smaller and more
symmetrical unit cells, owing to their simpler atomic or ionic
structures. In contrast, organic compounds, particularly active
pharmaceutical ingredients (APIs), often feature larger and
more complex unit cells due to their flexible molecular
frameworks and lower packing densities. As a result, for a given
critical radius, more inorganic unit cells can be accommodated
simply because each unit cell occupies less volume. Second,
inorganic compounds tend to exhibit higher interfacial
energies (y), due to the stronger ionic or covalent bonding at
the interface between the crystal and the surrounding phase.
According to classical nucleation theory, a higher interfacial
energy leads to an increased Gibbs free energy barrier and,
consequently, a larger critical nucleus radius. When this larger
critical radius is compared to the smaller unit cell dimension
of an inorganic crystal, the number of unit cells required to
form a stable nucleus is further amplified. Finally, the high
packing efficiency and structural rigidity of inorganic lattices—
featuring uniform, tightly arranged ions or atoms—contrasts
with the relative disorder in organic systems, where flexible
side chains, hydrogen bonding, and solvent inclusions are
more common. This inherent structural order in inorganic
systems may favour the formation of larger, more compact
nuclei, again increasing the number of unit cells involved in
the initial nucleation event.

Finally, we used our model as in eqn (7) to theoretically
estimate two more parameters that are important to
homogeneous nucleation, this includes in the number
density or the number of molecules formed per unit volume,
Nn/V when the time is equal to the induction time ¢,q.
According to Kubota, MSZW is assumed to be a point where
the accumulated crystals that are grown up to detectable size
had reached a fixed value, (Ny,/V) when the time ¢ = ¢;,4 that
can be related to the nucleation rate J by the relation:
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Np B Nm N - tind _ Tmax d(AT)
R OB WS N S
Eqn (2) and eqn (10) can be combined to form:
Nm tind
&:J d(ﬁ) - [ kn-exp(—AG/RTpoe)dt  (11)
4 0 4 Jo

Eqn (10) and (11) can be combined to theoretically calculate
the t;,q as follows:

N, N,
tind = o m =0 (12)
n-€Xp(~AG/RTynye) V]
where, N,,,/V can be obtained from eqn (10) as follows:
Nm ]
— = = ATmax 13
v R ™ (13)

Eqn (11) to (13) allows us to theoretically calculate, ¢4, and
N, /V for each of the cooling rate provided we have the
experimentally obtained information on the MSZW (ie.,
ATmay) and theoretically obtained nucleation rate J (which
can be obtained eqn (2) and (7)). From eqn (12) and (13), it
can be understood that the induction time is defined as the
ratio of the metastable zone width to the cooling rate. In this
context, the induction time represents the duration required
to observe nucleation at T% . starting from T%g. The
calculated t;,q and N,/V calculated using eqn (12) and (13)
are given in Table 1. Clearly for all the APIs studied, at the
MSZW, the N, /V was found to be equal to 10** to 10*’
molecules per m>.

For demonstration purposes, in Fig. 3, we plotted the
nucleation rate obtained using the classical nucleation theory
as a function of temperature based on the AG values
calculated using the model proposed as in eqn (7) for all the
combinations of solute and solutions involved. It is worth
mentioning here that, in this work we considered up to 10
different APIs whose molecular weight ranges from 73.09 to
421.3 g mol™'. For these APIs, according to the model
proposed in this work and the nucleation temperature
studied, the nucleation rate ranges from 10*! to 10** m™> s™".
In Table 1, we showed the theoretically obtained t,q and
ATmax for all the 11 different combinations of API/solvent
systems. The N.,/V typically ranges from 10°* to 10%’
molecules per m® when time, ¢ = £;,4. In the case of inorganic
compounds, Fig. 3¢ shows that the nucleation rate (J) ranges
from 10*° to 10> m™ s', with corresponding number
densities (N, /V) between 10** and 10%° molecules per m>.
Comparable values were observed for the API intermediate
and glycine, where the predicted nucleation rates ranged
from 10** to 10** m™ s, and the corresponding N,,,/V values
were between 10°° and 10" molecules per m®>. Among all the
systems studied, lysozyme, which has the largest molecular
volume, exhibited the lowest nucleation rate, on the order of
10'® to 10" m™ s7', with a corresponding number density of
10** to 10** molecules per m?®. According to classical
nucleation theory, such low nucleation rates are expected for
large molecules, as the Gibbs free energy barrier (AG) for
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nucleation increases significantly with both molecular  time, and the number density of nuclei at the onset of
volume and interfacial energy. For lysozyme, the calculated  crystallisation. A key strength of the model lies in its ability to
AG was approximately 87 k] mol ™', which is substantially  capture the dependence of nucleation rate on cooling rate, in
higher than the AG values estimated for smaller organic  contrast to existing models (e.g., those by Nyvlt, Kubota, and
molecules in this study. This outcome is consistent with the  Sangwal), which assume a single, cooling-rate-independent
theoretical prediction that systems with larger molecular  nucleation rate derived from MSZW data. By directly
volumes or lower supersaturation ratios exhibit higher  incorporating classical nucleation theory, the proposed model
nucleation barriers and therefore lower nucleation rates. provides a more realistic and adaptable tool for interpreting

The theoretical model developed in this work offers a  experimental results under varying process conditions. In
practical and physically grounded framework for extracting key =~ addition to kinetic parameters, the model facilitates the
nucleation parameters from metastable zone width (MSZW)  estimation of important thermodynamic quantities such as
data obtained under different cooling rates. Using only three  surface free energy, critical nucleus radius, and the approximate
experimentally measurable quantities, MSZW, nucleation  number of unit cells constituting the stable nucleus. These
temperature, and cooling rate, the model enables the prediction  estimates are derived by comparing the critical nucleus size to
of critical nucleation characteristics, including the nucleation  the cube root of unit cell volume, offering valuable molecular-
rate kinetic constant, Gibbs free energy of nucleation, induction ~ level insight into nucleation behaviour. The model was
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Fig. 3 Plot of nucleation rate versus the temperature for (a) 9 combinations of solvents/APIs involving 5 APIs, (b) 6 combinations of solvents/APls
involving 5 APIs, (c) combination of inorganics/solvents involving 8 different compounds and (d) API intermediate, amino acid and a large
molecule. Fig. 3a: - : dextrose/water (R": 0.00278 K s™%); ®@: L-asparagine monohydrate/water (R': 0.005 K s™); @: L-asparagine monohydrate/water
(R: 0.0033 K s™Y); @: gestodene form I/ethanol (R": 0.0083 K s™); @: gestodene form I/ethanol (R": 0.005 K s™%); «: carbamazepine_saccharine/
ethanol (R 0.0167 K s™%); @: Gestodene form I/ethanol (R": 0.00167 K s™); @: pyrazinamide/acetone (R": 0.00167 K s™); ®: pyrazinamide/acetone
(R: 0.0033 K s7%). Fig. 3b: @: ibuprofen/water (R": 0.0167 K s™%); @: paracetamol/water (R: 0.5 K s™); @: paracetamol/ethanol (R": 0.5 K s™); @:
fenofibrate/ethyl acetate (R": 0.005 K s™%); @: psilocybin/water (R: 0.0167 K s™%); @: vismodegib/MIBK (R": 0.0167 K s™%). Fig. 3c: ®: NaNOz/NaCl +
NaNOs + H,O solution (R": 0.000833 K s™); @: NaNOs/NaCl + NaNO3 + H,O solution (R’: 0.001667 K s™%); ®: CoSO,4/water (R": 0.000833 K s™%); O:
CoSO,/water (R": 0.001667 K s7%); @: CoSO4/water (R": 0.0025 K s™%); O: (NH,),B,05-4H,0/water (R: 0.00833 K s™%); 0: (NH,4),B40,-4H,0/water (R":
0.0025 K s7Y); ®: Na3VO,4/NaOH solution (R: 0.005 K s™); @: Sr(OH),-8H,0O/water (R": 0.001388 K s7%); O: Sr(OH),-8H,0O/water (R": 0.00277 K s7%);
®: ZnL,/water (R: 0.00138 K s™); O: ZnL,/water (R": 0.00275 K s™%); ®: borax/water (R: 0.003472 K s™%); O: borax/water (R: 0.01066 K s™); @:
ammonium oxalate/water (R": 0.000833 K s™ - plotted in secondary axis). Fig. 3d: @: L-arabinose/water (R": 0.0083 K s™%); @: glycine/water (R":
0.001667 K s™Y); @: glycine/water (R: 0.005 K s™Y); @: lysozyme/NaCl solution (R: 0.002778 K s* - we assumed this cooling rate — shown in
secondary axis).
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validated using MSZW data from a diverse range of 22 solute-
solvent systems, including 11 API-solvent combinations, 8
inorganic compounds, one API intermediate (t-arabinose), one
amino acid (glycine), and one biomolecule (lysozyme). In most
cases, the model fit the experimental data with coefficients of
determination (r*) exceeding 0.97, confirming its robustness,
generality, and predictive accuracy across a wide spectrum of
chemical systems.

In terms of theoretical limitations, the model, by design,
does not predict the order of nucleation, which is commonly
estimated using alternative models such as those developed by
Nyvlt, Kubota, and Sangwal. As the proposed approach is based
on classical nucleation theory, it does not assign a fixed
reaction order but rather an Arrhenius-like temperature
dependence. While classical nucleation theory predicts a first-
order dependence on supersaturation under low-
supersaturation conditions, at higher supersaturation, the
theory implies a nonlinear and more complex relationship. If
needed, an empirical nucleation order can still be inferred
using a phenomenological expression such as J = k'(Acpma);
where k' is a kinetic constant. In this case, based on the J
obtained using eqn (7), the order of nucleation and the kinetic
constant, k' according to the power law type expression can be
obtained from the linear expression: InJ = In(k") + n In(Acimay)- It
is worth to mention here that, the primary aim of this work
was to develop a model capable of predicting the nucleation
rate from MSZW data obtained at different cooling rates.
Nucleation fundamentally depends on both supersaturation
and induction time, both of which are directly influenced by
the cooling rate. This is important because cooling rate is a key
process variable that governs the properties of the final crystals.
At higher cooling rates, the solution cools rapidly into the labile
zone, leading to faster attainment of the critical
supersaturation required for nucleation. In such cases, by the
time nucleation occurs—after the induction period involving
the formation of prenucleation clusters and their structural
rearrangement into a stable nucleus—the solution achieves a
higher supersaturation. This promotes a higher nucleation rate
and results in a larger number of smaller crystals. Conversely,
at lower cooling rates, the solution cools more slowly, reaching
the induction point at a lower temperature and thus at a lower
supersaturation. Here, the longer time allows molecular
clusters to form and reorganise at lower driving forces, typically
leading to fewer nuclei and larger crystals. This relationship
between cooling rate, supersaturation, and nucleation rate is
well established, and industries often exploit this by adjusting
cooling rates to tailor crystal size and size distribution. In this
context, the proposed model is particularly valuable as it can
predict nucleation rates as a function of cooling rate. If
experimental correlations between MSZW, cooling rate, and
solubility are available, the nucleation rate predictions can be
linked to the resulting crystal population characteristics. This
makes the model useful for designing batch crystallisation
processes to achieve targeted product attributes. In continuous
crystallisation, knowledge of nucleation rate at different
cooling rates is even more critical. The nucleation rate directly
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determines the production rate (JV) and thus the required
residence time to reach a target suspension density or
productivity. Higher J values at a given cooling rate reduce the
necessary residence time, improving process efficiency.
Furthermore, understanding how J varies with cooling rate is
essential for designing washout-safe operations, as insufficient
nucleation rates relative to dilution rates can lead to washout
of nuclei from the crystalliser. Overall, the proposed model is a
simple yet useful for analysing nucleation phenomena using
MSZW data observed at different cooling rates. Its broad
applicability and minimal data requirements make it
particularly valuable for both research and industrial
crystallisation processes, where understanding and controlling
nucleation is essential.

Notation

c* Solubility concentration (molecules per m®) (see
eqn (3))

e Solubility concentration at nucleation temperature

(molecules per m?)

c* s Solubility concentration at reference temperature
(molecules per m?)
ACmax Supersaturation at metastable zone width

(molecules per m®) (= ¢*,;—c*,.) (see eqn (5))

AG Critical Gibbs free energy of nucleation (k] mol™)
(see eqn (1))

J Nucleation rate (molecules per m®) (see eqn (2))

kn Nucleation rate constant (molecules per m? s) (see
eqn (1))

Nm Number density (molecules per m®) (see eqn (10))

14

Te Critical radius (m) (see eqn (9))

R Gas constant, (J mol™* K') (see eqn (1))

R T
Cooling rate (K s™) (: %) (see eqn (3))

s Supersaturation (= c¢*, - c*,) (dimensionless) (see
eqn (8))

t time (s)

tind Induction time (s) (see eqn (12))

T Solubility temperature (K) (see eqn (3))

Thue Nucleation temperature (K) (see eqn (6))

T* . Reference temperature (K)

ATmax  Metastable zone width (K) (= T%,-T%,.) (see eqn
(5)

Veell Unit cell volume (m?)

y Interfacial surface energy (mJ m ) (see eqn (8))

9 Molecular volume (m?) (see eqn (8))

Data availability

The ESIt} file includes the experimental data, calculation
procedures, model equations, and graphical outputs for four
representative systems: pyrazinamide, glycine, borax, and
lysozyme. Data and calculations for the remaining systems
discussed in the manuscript, along with the corresponding
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theoretical parameters, are available from the authors upon
reasonable request.
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