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Velocity map imaging with no spherical
aberrations†
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Velocity map imaging (VMI) is a powerful technique to deduce the kinetic energy of ions or electrons

that are produced from a large volume in space with good resolution. The size of the acceptance

volume is determined by the spherical aberrations of the ion optical system. Here we present an

analytical derivation for velocity map imaging with no spherical aberrations. We will discuss a particular

example for the implementation of the technique that allows using the reaction microscope recently

installed in the cryogenic storage ring (CSR) in a VMI mode. SIMION simulations confirm that a beam of

electrons produced almost over the entire volume of the source region, with a width of 8 cm, can be

focused to a spot of 0.1 mm on the detector. The use of the same formalism for position imaging, as

well as in a mixed mode where position imaging is in one axis and velocity map imaging is in a different

axis, is also discussed.

1 Introduction

The objective of photo-electron spectroscopy (PES) is to deter-
mine the energy of the atomic/molecular orbitals,1,2 along with
their symmetry3,4 and excited state dynamics by measuring the
velocity components of photo-emitted electrons.5 In imaging
applications using PES, this is achieved by accelerating the
electrons towards a position-sensitive particle detector and
measuring their 2-dimensional impact positions and, if possi-
ble, also their time-of-flight (TOF).6,7 A similar approach is used
in ion imaging to understand the kinetic energy release of ions
produced in gas phase reactions.8 In these imaging measure-
ments the three measured quantities (the time-of-flight and the
impact positions on the detector) depend on the important 6
parameters: the three components of the particle’s initial
velocity, and the three components of the particle’s position
of origin (which in this case are not of interest). There are two
main strategies for avoiding the broadening of the measured
spectra due to the uncertainty in the particle’s source point.
The first is to create electrons/ions from a small region in
space, for example by tightly focusing a photo-ionizing laser.
The second approach, known as velocity map imaging (VMI,
also known as ‘position focusing’), which was first described by

Eppink and Parker in 1997,9 is to use electrostatic focusing to
ensure that the impact position on the detector does not
depend on the particle’s original position but only on the
particle’s initial velocity. An intuitive understanding of this
approach builds on the equivalence between optics and ion
optics. In optics, when the detector is positioned in the focal
plane of the lens (also known as the Fourier plane) parallel rays
of light are focused to a point, i.e., the impact position does not
depend on the size or extension of the light source but only on
its directionality. Correspondingly, in ion optics, VMI is
achieved using an electrostatic lens whose voltage is set so that
its focal plane lies on the detector. Notably, the technical
constraints in ion optics are different. Here, the main con-
straint is that the electric potential, V(x,y,z), must satisfy the
Laplace equation:

r2V ¼ @
2V

@x2
þ @

2V

@y2
þ @

2V

@z2
¼ 0: (1)

In practice, the design of ion optical devices usually adds
additional constraints. For example, one would like to use only
a small number of electrodes and power supplies. Most VMI
designs use a large field free region, or a region with a constant
electric field.10 The original work by Eppink and Parker9

employed only three electrodes (a repeller, an extractor and a
ground electrode); however, it soon became clear that one can
reduce spherical aberrations by adding more electrodes.8 A
comprehensive review of the different implementations of
VMI is beyond the scope of this paper; we will only note that
configurations with a large number of electrodes spanning the
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entire volume from the interaction region to the detector
(known as ‘thick lens’ designs) are increasingly being
used.10–16 However, as the complexity increases, finding the
optimal design and voltages becomes more challenging requir-
ing extensive iterative simulations.13 According to a recent
work,15 the current state of the art enables focusing a beam
with a width of a few mm in the on-source region to a C0.1 mm
spot on the detector, resulting in a ‘focusing factor’ (also known
as a ‘blurring factor’) of C0.05.15

In the following we will analyze charged particle trajectories
in a quadratic electrostatic potential and demonstrate how it
can be used for VMI with no spherical aberrations. We discuss
the practical implementation of this methodology as a method
for implementing photoelectron spectroscopy in the Cryogenic
Storage Ring (CSR), located at the Max Planck Institute for
Nuclear Physics (MPIK), Heidelberg, Germany. The CSR is a
purely electrostatic ion storage ring with a circumference of
35 m, which can be cooled down to a few degrees kelvin. The
primary goal of the CSR is to study laboratory astrophysics as
for the storage of ions in conditions of extremely low pressure
and cryogenic temperature similar to the conditions in the
interstellar medium, and to study astrophysically relevant
reactions including the interaction of cold molecular ions with
photons, electrons and neutral atoms.17

Recently, a reaction microscope (CSR-ReMi) was installed in
one of the straight sections of the CSR. Reaction microscopes
(also known as COLTRIMS) use a combination of electric and
magnetic fields and two opposing particle detectors to image,
in coincidence, both electrons and charged fragments resulting
from chemical reactions. Consequently, the kinetic energy of
the electrons, as well as the mass and kinetic energy of the
charged fragments is determined, resulting in a full kinematic
description of the reaction.18–20 We present below SIMION
simulations21 of how the CSR-ReMi can be operated in a VMI
mode. We show that using the analytically derived voltages,
with no further optimization, one can focus electrons from
most of the inner diameter of the electrodes down to a spot size
smaller than the spatial resolution of the detector, resulting in
a focusing factor that is 40 times smaller than the current state-
of-the-art value.15 In addition, we discuss how the same meth-
odology can be used for position imaging and in a mixed mode
in which there is position imaging along one axis and velocity
map imaging along the other axis.

2 VMI with a quadratic
electric potential

Let us denote the main axis of the spectrometers (i.e. the
direction from the interaction point to the middle of the
detector) as the ẑ direction, and the x̂, ŷ plane as the ‘transverse
plane’. Examine the following quadratic solution of the Laplace
equation (eqn (1)):

V(r,z) = Ur(r2 � 2z2) � Uzz (2)

where V is the electrostatic potential, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, and Ur and

Uz are constants.
The equation of motion along the spectrometer’s main axis

for a particle with charge q and mass m is given by:

€z ¼ 2or
2zþ q

m
Uz (3)

with the solution:

zðtÞ ¼ z0 þ
Uz

4Ur

� �
cosh

ffiffiffi
2
p

ort
� �

þ v0zffiffiffi
2
p

or
sinh

ffiffiffi
2
p

ort
� �

� Uz

4Ur
: (4)

Here z0 and v0
z are the initial position and velocity along the ẑ

axis, respectively. The time-of-flight, tf, is set by z(tf) = L, where L
is the distance to the detector. The equation of motion in the
transverse direction is:

€r ¼ �2q
m
Urr ¼ �or

2r (5)

where:

or �
ffiffiffiffiffiffiffiffiffiffiffiffi
2
q

m
Ur

r
(6)

with the solution:

rðtÞ ¼ r0 cos ort
� �

þ
v0r

or
sin ort
� �

: (7)

Here r0 and v0
r are the initial position and velocity in the

transverse direction, respectively. We denote the impact posi-
tion on the detector by rf = r(tf). Ideal VMI conditions corre-
spond to no dependence of rf on r0, which is achieved by
setting cos(ortf) = 0, and consequently:

ortf = p/2 +np, (8)

where n is an integer number. We will only treat the case of
n = 0. Inserting eqn (8) into eqn (4), we find that the condition
for VMI is:

Ur

Uz
¼ bvmi

L
(9)

with:

bvmi ¼
1

4
cosh

pffiffiffi
2
p
� �

� 1

	 

¼ 0:9161: (10)

We define the magnification, M, of the device as:

M � rf
v0r

(11)

Under VMI conditions the magnification is given by:

M ¼ 1

or
¼

ffiffiffiffiffiffiffiffiffiffiffi
m

2qUr

r
: (12)

The two parameters Ur and Uz allow us to set a desired
magnification, M, while maintaining VMI conditions. Let

emax ½eV� ¼
1

2
mvmax

2 be the maximal electron kinetic energy to
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be measured (i.e., an electron with this energy with velocity on
the r̂ direction only will hit the detector’s radius, Rd), then the
desired magnification is given by:

M ¼ Rd

vmax
¼ Rd

ffiffiffiffiffiffiffiffiffiffiffi
m

2emax

r
; (13)

leading to:

Ur ¼
emax

qRd
2
;Uz ¼

LUr

bvmi

¼ Lemax

qbvmiRd
2
: (14)

Due to the cylindrical symmetry, to first order the position of
impact, rf does not depend on z0 and v0

z. In the ESI† the full
expression for tf is derived (eqn (11) of the ESI†) and is used to
derive the higher order corrections for rf, showing that
(eqn (23) in the ESI†):

rf ¼
v0r

or
þ 1:46

r0z0
L
þ 0:9161

orL
r0v

0
z þ . . . (15)

3 SIMION simulations of VMI imaging
in the CSR-REMI

The CSR-ReMi, shown schematically in Fig. 1, consists of
51 circular concentric electrodes, each with an inner diameter
of 130 mm, and microchannel plate (MCP) detectors on
either side, one detector for the electrons (labeled E-MCP in
Fig. 1) and one for the cationic fragments (labeled I-MCP in
Fig. 1). The electrodes are connected through variable voltage
dividers such that the voltage on each electrode can be set

independently. The detectors have an active diameter of
120 mm and are read out using delay-line anodes with a
position resolution of C0.16 mm. The stored ion beam will
pass through the center of the ReMi where it will be intersected
with a neutral gas jet or with a laser beam. The primary use of
the CSR-ReMi will be dissociative ionization experiments in
which the neutral molecules from the gas jet will be ionized by
collisions with the stored ions. Here, we discuss the possibility
of using the CSR-ReMi for performing PES of the stored ions,
and to study the kinetic energy of thermionically emitted
electrons. The former case refers to the possibility of irradiating
the stored ion beam by laser-light within the CSR-ReMi, and
imaging the photo-electrons on the E-MCP detector. In this
application, due to the low ion density and because high laser
intensity is not required, one would prefer not to focus the laser
to a small spot but rather have a large overlap between the
laser and the stored ion beam. By thermionic emission we refer
to electrons emitted through delayed electron emission, i.e.,
electrons emitted at very long times (ranging up to millise-
conds) after photon absorption, or from ions that are in highly
excited states caused by their production in the ion source. In
this application VMI is necessary as the electrons are not
emitted from a well-defined position. The large interaction
region volume we demonstrate below makes this kind of device
appealing wherever a large ion source volume is required.

Fig. 2 shows a SIMION simulation of the CSR-ReMi in VMI
mode. In the simulations we set the voltages on the electrodes
according to eqn (2) (using the electrode’s position and inner
radius) with no further optimization. Choosing a value of emax =
1.8 eV (which determines the values of Ur and Uz that satisfies
VMI conditions according to eqn (14)) leads to the equipoten-
tial lines shown in red in Fig. 2. As can be seen, the potential
has a saddle point located at about 80 mm below the inter-
action region. The calculated trajectories for two monoener-
getic electron beams are also shown. Here each electron beam
has a width of 80 mm along the y axis, and both beams are
focused to a spot size of less than 0.1 mm (corresponding to a
focusing factor of 0.0125), i.e., smaller than the position
resolution of the detector.

The fact that the final spot size on the detector has a width
shows that there is a difference between the simulated and the
analytical potentials, stemming from the finite size of the
electrodes and from the fact that the detector is flat (and not
in the shape of an equipotential line). However, the deviations
from the analytical potential are small as can be seen in Fig. 3,
where a comparison of the calculated and analytical potential is
shown. In the following we present the characterization of the
CSR-ReMi in VMI mode exhibiting good match between the
SIMION calculations and the analytical derivation.

Fig. 4(a) shows yf as a function of v0
y, for several different

values of emax. As expected, we observe a linear dependence of
the impact position on initial velocity, and by changing emax,
one can change the magnification. Fig. 4(b) shows the magni-
fication as a function of emax which is well described by
eqn (13). Fig. 5(a) shows tf as function of z0, in good agreement
with the analytical formula (see eqn (18) in the ESI†). Fig. 5(b)

Fig. 1 A schematic illustration of the CSR-ReMi. In this illustration the
stored ion beam passes through the instrument from left to right (along
the direction indicated by the red arrow), and is crossed by either a neutral
gas jet or by laser (along the direction indicated by the green arrow). The
resulting electrons are accelerated upwards and imaged on the E-MCP
detector, while the resulting cationic fragments are accelerated in the
opposite direction and imaged on the I-MCP detector.
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shows tf as a function of v0
z. In this case the difference in time-

of-flight between electrons with a kinetic energy of 1 eV in the z

direction to electrons produced at rest is C30 ns. We have also
verified that rf has only a weak dependence on z0. For example,
for electrons with a kinetic energy of 1 eV in the transverse
direction, the difference in rf between electrons created at the
center of the CSR-ReMi and electrons created at a distance of
10 mm away along the ẑ-direction is less than 200 mm, as can be
seen in Fig. 6.

As a demonstration of the power of the device, Fig. 7(a),
shows the simulated image produced on the detector for the
case of 500 000 electrons with an initial kinetic energy of ek =
0.9 eV, assuming that the direction distribution is spherically
symmetric. The electrons were emitted from a cylindrical
volume with a diameter of 80 mm (in the x̂ and ŷ directions)
and were normally distributed along the ẑ direction with a
standard deviation of 10 mm. Fig. 7(b) shows a histogram of rf.
The red line corresponds to the expected rf distribution
given by:

Irðr0;jÞ ¼ f ðjÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r

rM

� �2
s

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� rþ Dr

rM

� �2
s2

4
3
5dj (16)

Fig. 2 A SIMION simulation of the CSR-ReMi, with equipotential lines
marked in red. Also shown are electron trajectories. The blue trajectories
correspond to a beam of electrons with a width of 80 mm in the ŷ
direction and with a kinetic energy of 0.9 eV in the ŷ direction. The green
trajectories correspond to a kinetic energy of 0.6 eV in the �ŷ direction.
Both beams are focused to a spot size smaller than the position resolution
of the detector (92 mm and 85 mm in diameter, respectively).

Fig. 3 Comparison of the numerically calculated potential along the ẑ
axis (for the same value of emax used in Fig. 2), as a function of z, to the
analytical formula (eqn (2)). Here z = 0 corresponds to the center of the
interaction zone. We observe small deviations (up to 1.2%) from the
analytical potential only at small distances (o15 mm) from the detector.

Fig. 4 (a) The final position on the detector as a function of the initial
velocity, for electrons that are starting from the origin with initial velocity
on y axis only, for different values of emax. The continuous lines are given by
the analytical derivation and the dots are given by the simulation. (b) The
magnification as a function of emax.
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Here rM ¼M

ffiffiffiffiffiffiffi
2ek
m

r
, and Dr is the histogram’s bin size. The

match between this formula and the results of the simulations
is good despite the formula neglecting broadening due to
spherical aberrations.

4 Position imaging and mixed imaging

The quadratic potential presented above (eqn (2)) can also be
used for position imaging (also known simply as ‘imaging’). In
this case the goal is that rf depends only on r0 and not on vo

r.
This can be achieved by setting the sine term in eqn (7) to zero,
which is the case when ortf = pn for an integer n. Taking n = 1
leads to the condition:

Ur

Uz
¼

bpi
L

(17)

Fig. 5 (a) Time-of-flight for a beam of electrons starting from different
positions along the ẑ axis between z0 = �10 mm to z0 = 10 mm, for x0 =
y0 = 0, and for emax = 1.8 eV. (b) Time-of-flight for a beam of electrons
starting from the origin with velocity on z axis only for emax = 1.8 eV.

Fig. 6 Impact position yf as a function of the source position z0, for emax =
1.8 eV. We used an electron beam starting from the origin with velocity on
the y axis only, which corresponds to a kinetic energy of 1 eV. We observe
very small deviations (less than 0.041%) that practically can be neglected,
since they are smaller than the detector’s resolution.

Fig. 7 (a) Expected image on the detector based on SIMION simulation
with 500 000 electrons with a kinetic energy of 0.9 eV, which start from a
large initial volume (with a width of 80 mm). (b) The histogram of rf. The
red line corresponds to the expected Abel transform (eqn (3)). In both
cases emax = 1.8 eV.
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with:

bpi ¼
1

4
coshð

ffiffiffi
2
p

pÞ � 1
h i

¼ 10:38 (18)

In this case the image is inverted without magnification.
Fig. 8 shows an example of operating the CSR-ReMi in position
imaging mode, where electrons produced from the same spot
but with different velocities are imaged to the same spot.

Another interesting possibility is a mixed imaging mode
with position imaging along one axis and velocity map imaging
in the perpendicular direction. In this case, the cylindrical
symmetry is broken and therefore the implementation of this
mode requires the construction of a dedicated spectrometer
with elliptically shaped electrodes. Fig. 9 shows an illustration
of a setup where such capabilities may be interesting, for
studying thermionic emissions without the use of mass selec-
tion. In this case a hot ion beam, A�, is accelerated and directed
through the electron spectrometer and then deflected into a
Faraday cup. If a thermionic emission event occurs within the

electron spectrometer, A� - A + e�, then the electron will be
accelerated upwards (in the ẑ direction) and imaged on the E-
MCP detector, while the neutral fragment will continue down
stream (along the ŷ direction) and imaged, in coincidence, on a
MCP for neutrals labeled ‘N-MCP’ in Fig. 9. Using the time
delay between the impacts on the two detectors, one can
determine the mass of the parent ion, if the distance to the
detector is well known. By using position imaging in the ŷ
direction one can deduce precisely the position of the ioniza-
tion event and, thus deduce the mass with better resolution.
Using VMI in the x̂ position allows determining the kinetic
energy distribution of the electrons. Thus, one can measure the
distribution of energies of thermionically emitted electrons for
different ions simultaneously without the need for mass-
selection. Mixed imaging can be achieved using the following
solution of the Laplace equation:

Vðx; y; zÞ ¼ Ux

2
x2 þUy

2
y2 �Ux þUy

2
z2 þUzz (19)

We define: ox ¼
ffiffiffiffiffiffiffiffiffi
qUx

m

r
, and oy ¼

ffiffiffiffiffiffiffiffiffi
qUy

m

r
, and require, for

mixed imaging that oxtf = p/2, oytf = p and oy = 2ox and
therefore that:

Uy = 4Ux (20)

In this case xf = �Mv0
x where the magnification is M ¼ 1

ox

and yf = �y0. For z0 = v0
z = 0 the solution for the equation of

motion in the ẑ direction is given by:

zðtÞ ¼ Uz

Ux þUy
1� cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q
Ux þUy

m

r
t

 !" #
(21)

using tf ¼
p

2ox
leads to an equation for Uz:

Uz ¼
5LUx

1� cosh p

ffiffiffi
5

4

r ! (22)

Fig. 8 SIMION demonstration of position imaging in the CSR-ReMi. Here
values of Ur = �6.7 � 10�3 V mm�2 and Uz = �0.2 V mm�2 are taken. The
equipotential lines are shown in red. Also shown are two sets of trajec-
tories. The blue trajectories correspond to electrons with kinetic energies
in the 0–1 eV range which all start at y0 = �30 mm, and the green
trajectories correspond to electrons in the same kinetic energy range
starting at y0 = 10 mm. In both cases the different electrons are focused to
a small spot on the detector at inverted positions (rf = 30, �10 mm
respectively).

Fig. 9 An illustration of a spectrometer for measuring the thermionic
emission from anions without prior mass selection, as an example for an
application of mixed imaging: velocity map imaging along the x̂ direction
and position imaging in the ŷ direction which is used to determine the
position of the ionization event. This information can be used to improve
the time-of-flight determination of the parent ions mass.
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Thus, with given emax (the maximal kinetic energy to be
measured), Ux, Uy and Uz should be set according to:

Ux ¼
2emax

qRd
2
¼ Uy

4
¼ �3:16Uz

L
(23)

Fig. 10 shows an example of the results of a SIMION
simulation of this kind of a device. Here a stack of elliptical
electrodes with Rx = 40 mm and Ry = 20 mm is used. The red
lines correspond to the trajectories of a series of electrons
starting at different initial positions along the x̂ axis and
focused to one point, while the blue trajectories are a series
of electrons starting from the same point but having different
v0

y velocities, which are also focused to a single spot.

5 Conclusions

In conclusion, we have presented an analytical derivation
showing how a quadratic potential can be used for velocity
map or position imaging with no spherical aberrations. We
have used SIMION simulations to demonstrate the applicability
of these derivations to a practical device: as a means of
operating the CSR-ReMi in a VMI mode so that it can be used
for photo-electron spectroscopy. The simulations suggest 40-
fold improvement of the focusing factor over the present state
of the art. We have also shown how this methodology can be
used in a mixed imaging mode and discussed one possible use
for such a device.
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