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Abstract

Slide-ring (SR) gels are a class of polymer gels known for their unique softness, toughness, and

high extensibility. The defining structural feature of SR gels is their figure-of-eight-shaped

slidable cross-links, whose sliding dynamics are believed to underpin their mechanical properties.

However, the relationship between the sliding mechanics and observed mechanical behavior of

SR gels remains unclear because their structure differs considerably from those of conventional

fixed cross-link gels and vulcanized rubbers. In this work, we employed coarse-grained molecular

dynamics simulations to investigate the mechanical behavior of SR gels up to large deformation.

By visualizing the correlated distribution of network strand orientation and stress loading, we

found that SR gels under strain exhibit uniform chain orientation and efficient stress dispersion

throughout the network, in contrast to gels with fixed cross-links, which display regions of highly

oriented and heavily stressed chains. Furthermore, we observed that the distribution of network-

strand length changes under deformation, indicating that chains are reconfigured into shorter and

longer sections during stretching. Notably, we demonstrated that the finite network-strand length

(Nmax) determines the finite extensibility of SR gels, corresponding to the maximum elongation

ratio (Amax). These findings provide new insights into the molecular mechanisms driving the high
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extensibility and toughness of SR gels and offer valuable guidance for designing SR gels with

tailored mechanical properties.

1. Introduction

Hydrogels are cross-linked polymer networks swollen with water, which are widely
used as biocompatible materials such as soft contact lens'? and artificial vitreous substitutes.’
However, the low mechanical toughness of conventional hydrogels limits their use in certain
applications. This weakness arises primarily from their inhomogeneous network structure®
compared with that of other materials such as metals and ceramics and sparse structure compared
with that of other polymeric materials including rubbers and plastics. Strands in gel networks
have a wide distribution of lengths between cross-links. When stretched, stress concentrates on
short polymer strands, which results in brittle fracture.*’

Several tough gels have been developed that address this situation. Gong et al.’
fabricated a double-network gel composed of a rigid polymer network interpenetrated with a
flexible one. This gel achieved both high Young’s modulus (~MPa) and fracture energy (~kJ/m?).
Under deformation, the rigid polymer network sacrificially fractured to preserve the flexible
network. This toughening mechanism is called the sacrificial bond mechanism,®’ which has been
applied to various types of tough polymer gels with breakable weak bonds.*

Another strategy for toughening hydrogels is to form a homogeneous network
structure.'*™"? Sakai and colleagues developed quasi-homogeneous hydrogels with uniform
network-strand length through cross-linking of tetra-/tri-armed end-functionalized polyethylene
glycol (PEG) macromers.'®!” The quasi-homogeneous structure of these tetra-PEG/tri-PEG gels

was confirmed by neutron and light scattering measurements.'”?' A further example of

homogeneous hydrogels are the slide-ring (SR) gels developed by Okumura and Ito** 2. SR gels
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are fabricated by cross-linking two ring-shaped cyclodextrin (CD) molecules in
polyrotaxanes,”* in which many CD rings are threaded on a long PEG chain (Fig. 1(a)). SR gels

have high toughness,***">!

which should originate from their unique cross-linking manner of
slidable figure-of-eight cross-links.”>****> The figure-of-eight-shaped cross-linking molecules
each composed of two CDs can slide along the PEG chains™ and are believed to act as pulleys to
homogenize chain tension under deformation.**

To validate this hypothesis, the structures and dynamics of deformed SR gels have been
studied by the small-angle neutron and X-ray scattering (SANS and SAXS) techniques.’*** SAXS
experiments demonstrated that SR gels under uniaxial deformation exhibited less anisotropic
patterns than those of conventional gels with fixed cross-linking (hereafter denoted as FC gels),
indicating that the sliding of the cross-links suppressed local network deformation.* These results
indicated the unique local structure change of SR gels under deformation, but direct observation
of the underlying molecular mechanisms, especially the sliding mechanism of cross-links, has not

yet been achieved.

The local structure changes of SR gels under deformation should contribute to their

27,32,36,37 28,29,37
b

unique mechanical properties of low Young’s modulus, , strain-softening behavior
high stretchability,***"** and fracture resistance.’’*’ Sliding mechanics under deformation also
drive the phase separation of rings and chains in low-coverage (2%) polyrotaxanes, which enables
strain-induced crystallization and further increases toughness.’**' Although the mechanical
properties of SR are closely related to their local structural changes, the detailed molecular
mechanisms have not been cleared experimentally. The structure—property relationship between
the sliding of cross-links and mechanical properties of SR gels has been studied by coarse-grained
molecular dynamics (MD) simulations’®***. Koga and Tanaka conducted pioneering MD
simulations of tri--branched rubbers with mobile cross-links®®. Gavrilov and Potemkin

constructed a coarse-grained model of SR gels using the bead—spring model for both figure-of-

eight cross-links and polymer chains, reproducing the softness, uniaxial stretchability, and
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permeability of SR gels.*” Uehara et al. simulated the fracture behavior of SR gels; they found
that SR gels become highly oriented along the stretching direction under uniaxial deformation
and fracture occurs from the terminal bond of the polyrotaxanes.*” Chen, Rubinstein and co-
workers have successfully established a theoretical model explaining the strain-softening

1% result, based on

behavior observed in their’’ and our® simulation results and experimenta
classical entanglement theory.’” However, these previous works do not give us a quantitative
relationship between the sliding motion of the cross-links and mechanical properties of SR gels.
In our previous work, we constructed coarse-grained models of polyrotaxanes* and SR
gels*’ and performed MD simulations of SR gels to realize mechanical analysis focusing on the
slight deformation region. We found that the network-strand length distribution changed from a
random distribution in the unstretched state to a bimodal distribution under stretching. This
suggests that the sliding of the cross-links causes the network strands to segregate into longer
ones oriented along the stretching direction and shorter ones, which lowers chain tension and the
macroscopic stress of stretched SR networks. From the partial network-strand length distributions,
we evaluated the sliding degree of the cross-links, Nijice, and modified the three-chain model***
to connect Ngige with the low Young’s modulus of SR gels for three inclusion ratios (IRs). IR is

defined as the fraction of ring molecules to beads in the chain. The modified three-chain model

can be expressed as,*

Nslide 2
Esg = Eagtine (1 "5%¢) . (1)

where Egsr is the Young’s moduli of SR gels, Easine is theoretical estimation by the affine network

model**

, and Ny is the average bead number of network-strands. Our prior work focused on SR
networks at relatively low strain and explaining their low Young’s modulus.

This study extends the investigation to large uniaxial deformations. Through MD
simulations, we examine the network structure and stress distribution of SR gels across a wide

strain range. We also conducted network-strand length analysis under deformation, and using the

obtained parameters Nsii¢e and Nmax, Wwe succeeded in constructing quantitative model reproducing
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Young’s moduli and finite extensibility using the parameters related to the parameters. This work
provides deeper insights into the molecular mechanisms underlying stress homogenization and
the soft mechanical response of SR gels, suggesting a way to design materials with tailored

mechanical properties.

(@)  Precursor FC gel SR gel

Remove
Cross-Link Anchor 7

SN

Stretch Direction
(z-axis)

Fig. 1 Schematic illustrations of the simulated systems and analysis: (a) fabrication process of FC
and SR gels, (b) coarse-grained model of a figure-of-eight cross-link and the definition of 6cr and
bring, and (c) axial bond force Fayia and orientation angle @aia of an axial polymer strand under

elongation.

2. Method
2.1 Coarse-grained model of SR and FC gels

Following our previous work,* we used a coarse-grained spring—bead model for SR
gels. SR gels were derived from FC gels by converting fixed cross-linking points into slidable

ones, enabling a direct comparison between FC and SR gels with identical network structure (Fig.
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1(a)). To construct the models, we prepared precursors with rings threaded onto linear polymer
chains that were capped at both ends by bulky tetrahedral units. The rings were anchored to the
linear chains at regular intervals, as shown in Fig. 1(a). Seven-membered rings were used because
they can slide freely along the coarse-grained polymer chain® (Fig. 1(b)). Each axial chain
consisted of 400 beads. The number of rings on each chain was 8, 12, 20, 28, or 40, corresponding
to an IR of 2%, 3%, 5%, 7%, or 10%, respectively. We generated 200 precursors in a simulation
box with sides of 1000, achieving a number density ¢ of 0.08 [¢ ], where o is the unit of length
in the simulation.

The system was first relaxed for 10°t, where T is the unit of time in the simulation.
Subsequently, a cross-linking reaction was simulated for 10°t to generate FC gels by binding two
anchoring beads (green and blue beads in Fig. 1(b)) on different rings. Two anchoring beads were
connected by a cross-link (shown as a green bond in Fig. 1(a)) if they approached within a distance
of 1.3c, following the approach in previous work on cross-linked rubbers*®. A-type and B-type
precursors with different anchoring beads, A and B, respectively, were generated in the same
number. Self-crosslinking was prevented by allowing only A-B reactions. In this way, we obtained
the structure of FC gels.

The FC gels were then converted into SR gels by removing the anchor bonds (red bonds in
Fig. 1(a)) between the rings on the chains so that the rings were able to slide. Samples are named
according to their IR. The binding ratio (78) and cross-linking density (vc) of samples with
different IRs are summarized in Table 1. In total, ten systems were investigated (FC gels with five
IRs and their corresponding SR gels). The binding ratio was over 84% for all the gels, resulting
in vc of 0.71-3.38x10 %6 . Before elongation of the FC and SR gels, we conducted a relaxation
calculation for 10°t. For uniaxial elongation calculations, the volume of the gels was kept constant
(Poisson ratio = 0.5), the elongation speed was set to 10 [o/1] (equivalent to 100% / 10° 1), and
the data output interval was 2x10°t. The deformation speed dependence on the stress-elongation

ratio curves and Young’s moduli are present in the Fig. S1 in the Supporting Information. The
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elongation simulations were terminated when any bond length accidentally exceeded 1.5c.
Equilibrium calculations were performed for 1x10* with data outputs recorded every 1x10°t
(yielding 100 snapshots). The initial structure for each equilibrium calculation was obtained at

every 50% deformation increment (i.e. 44 = 0.5 in the elongation ratio 1 ). These equilibrium

snapshots were used for orientation index distribution, axial bond force distribution, and network

strand length distribution analyses. From snapshots taken at A =1,2,3,4 and 5, we also evaluated

the stress-relaxation properties of the SR gels, which exhibit almost no stress relaxation, as

illustrated in Fig. S2 in the Supporting Information.

Table 1 Parameters of samples with different IRs

Sample IR2% | IR3% | IR5% | IR7% | IR 10%
Inclusion ratio (IR) [%] 2 3 5 7 10
Binding ratio (rs8) [%] 88.1 89.3 89.4 87.0 84.0

Cross-linking density (vc) [10 56 5] | 0.71 1.07 1.79 2.44 3.38

2.2 Bonding and non-bonding interactions and thermostat
The simulations employed the Kremer—Grest bead—spring model for both FC and SR gels.

The bonding and non-bonding potentials, Usond(7) and Unenbond(7), respectively, were defined as:

Ubond () = Upgng + Uwca, (2
Unonbond(r) = Uwca- (3)
Here,
g (Ro) _(r 2]
Upgnge(r) = { 158(0) In [1 (Ro) » 7 < Ro , 4)
o, =R

(-1 r<2 5

Uwea(r) =
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Urene(r) and Uwca(r) are the finite extensible-nonlinear spring (FENE) potential and purely
repulsive Weeks—Chandler—Anderson interactions, respectively. € is the unit of energy, where 1=
oV(m/e) and m is the mass of all beads. Ry is the maximum bond length, and it is set to a constant

value of 1.5 0. To keep the rings rigid, we introduced two types of angle potentials for the inner

and outer angles of the rings:

2
Uangle(ering) =50¢ (Hring - 5771) >

oo (©)
T

Uangte(8c1) = 50 (01, — =) -

"and

The dynamics of each bead were set to follow Langevin dynamics with friction 77 =0.5t"
temperature 7 = 1.0 &/kp, where kg is the Boltzmann constant. To decrease the total number of
beads in the systems, solvent was not introduced explicitly but expressed as a random force in the

Langevin equation. The time step was Az = 0.01t. Simulations were performed using

OCTA8/COGNAC92* and modified LAMMPS.**

2.3 Analysis
2.3.1. Partial chain length distribution

The network-strand lengths between slidable cross-links were calculated following the
method described in our previous work.* One-dimensional coordinate indices were defined along
the axial chain from one polymer end to the other (1 to 400). The position of a ring in a sliding
cross-link was defined by the coordinate index of the chain bead nearest to the ring in the same
manner as in our previous work®. The number of beads in the network strands between
neighboring cross-links, Nparia, Was calculated using the difference between the indices of

adjacent rings.

2.3.2. Stress calculation

The stress tensor 6 was calculated using the following virial:
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1 - 1 i jev
o= ;{( ;=E1vmivi Qv;) + E<Z;€VZ}¢irij Q Fj )}- (7
Here, <> denotes a time average, V represents the simulation cell with volume = 1.0x10°°, m; =
1 m is the mass of bead i, v; is the velocity of bead i, r;; is the relative position from bead i to bead

Jj, and Fj is the force exerted by bead i on bead j, which is given by the differentiation of Eq. 2

and 3. The true stress, Guue, was determined using the diagonal components Gxx, Gyy, and 6

Oxx+0
Otrue = Ozz — XXZ = (8)

owue Was converted into engineering stress Geng using the following equation,

Oeng = 75 . ©)
The main results are discussed for elongation along z-direction. To assess the uncertainty of our
simulations, we also conducted elongation simulations along the x and y direction. Additionally,
we fabricated another configuration for all IRs. The magnitudes of the initial structures, as

reflected in the stress-elongation ratio curves, are shown in Fig. S3 in the Supporting Information,

indicating that only a slight dependence on system size.

2.3.3. Orientation and force of axial chains

To evaluate the orientation of the axial chains, first- and second-order nematic order parameters
were defined as follows. The direction of each bond in the axial chains was represented by the
bond vector raxial, Which is referred to as the axial vector hereafter. fucia Was defined as the angle
between rauia and the elongation direction r, = [0,0,1] (Fig. 1(c)).

The bond orientation was quantified using two parameters, orientation index (|cos Oaxial]) and Ps.

The former was determined using the following equation,

Iraxial Tzl
|cos Oayjar| = —22=E (10)

[raxiall
where a value of 1 indicates alignment parallel to the elongation direction. [cosO| = 0 represents a
direction perpendicular to the elongation direction. We employed this orientation index to analyze

the distribution of chain orientation because it shows a uniform distribution when raxa is
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isotropically distributed.
The instantaneous and averaged order parameters p> and P> was calculated using the following
equation,

_ 3 c0s? 0 3xial—1

b2 = > , P2 =(p2). (11)
We employed P- to analyze average orientation because it equals zero when ruxia is isotropically
distributed. P, ranges from —0.5 to 1, where 1 indicates complete alignment parallel to the
elongation direction.

The force acting on each bond of the axial chains, Faxia, Was calculated as a function of the

bond vector Faxjar:

_ 0Ubona()

Faxial(lraxial D = ar

(12)

r=|raxiall

3. Results and Discussion
3.1. Mechanical properties of fixed-cross-link and slide-ring gels

Stress—elongation ratio curves

(a) 0.10+ (b) 0.10+
FC gels SR gels
— IR=2% — IR=2%
— IR=3% — IR=3%
0.08- — IR=5% 0084 | |R=5%
IR=7% IR=7%
—_ — IR=10% — — IR=10%
“6  0.06- “o 0.06-
= P
o o
£ 0.04- £0.04
o o
0.02 0.02
0.00 -4 ; 0.00-

Fig. 2 Stress (6eng)—extension ratio (A) curves of (a) FC and (b) SR gels with different IRs.

Figure 2(a) and (b) present the simulated stress—elongation ratio (Geng—A) curves of the
SR and FC gels with various IRs. The SR gels exhibit smaller stresses than the corresponding FC

gels, reflecting the relative softness of SR gels, which is consistent with experimental
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observations.”’*** As demonstrated in our previous work, the lower elasticity of SR gels
compared with that of FC gels is attributed to the sliding behavior of the cross-links.*’ In the high
strain range, the Geng—A curves exhibit strain-hardening behavior, which is caused by the finite
extensibility of the polymer chains*. When comparing the two types of gels with the same IR,
the SR gels show delayed strain hardening compared with the FC gels, which corresponds to the

higher extensibility***"**

of SR gels than FC gels. An experimental stress—elongation ratio curve®’
is also shown in Fig. S4 in the Supporting Information. for comparison; this experimental curve

agrees with our simulated ones. This validation confirms that the coarse-grained model is

qualitatively realistic, allowing reliable structural analysis.

Axial chain orientation

(a1)0 (b?o
1 [FC gels ~] [SRgels
—IR=2% —IR=2%
—IR=3% —IR=3% .
1 | — R=5% 081 | —IR=5% -
IR=7% IR=7%
06 — IR=10% ol —IR=10%
o

0.4

0.2
00 T T T T T T T T T 1
1 2 3 4 5 6 7 8 9 10 1
(C) Al-]
3.5+
3.0
FC gels
—IR=2%
o] — IR=3%
° — IR=5%
2,207 IR=7%
N — IR=10%
~ 1.5
g
5 104
0.54
0'OJI' T T T T T T T T 1

Fig. 3 Order parameter P, for (a) FC and (b) SR gels. irye/P> for (¢c) FC and (d) SR gels.
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In the small deformation regime, stress in elastomers originates from the loss of
conformational entropy in network strands driven by chain orientation*’, a phenomenon referred
to as the “entropy elasticity” of rubbers. In this regime, the true stress Guue i proportional to P, of
the chains, which is known as the “law of photoelasticity” ***°. Figure 3(a) and (b) present the
dependence of P, on elongation ratio A for axial polymer chains in FC and SR gels. For SR and
FC gels with the same IR, P, is smaller in SR gels, indicating that chain deformation is more
relaxed than in FC gels. Figure 3(c) and (d) plot owe/P> against A to examine photoelasticity. At
low strain, Guue/P> remains constant, confirming that stress in this regime is driven by entropy
elasticity. Interestingly, the constant is around 0.25 independent of IR and gel type, implying that
the softness of SR gels originates from the low orientation of polymer chains. At larger
deformation, cwue/P> begins to increase, implying that the elasticity becomes non-entropic. This
upturn of ouw.e/P is delayed in SR gels compared with that of FC gels, indicating that the entropic

elasticity regime is broader in SR gels than in FC ones.

Average force loaded on axial chains

(a) 35
FC gels
30| —IR=2%
—IR=3%
. 25 — IR=5%
° IR=7%
w 204 —IR=10%
A
S 154
W |
V' o104 /
54
0, : : - ; : : : ; . . 0 T T T T T T T T T 1
i 2 3 4 5 6 7 8 9 10 N L S ANC A IO R U
Al-1 Al-]

Fig. 4 Average force loaded on axial chains <Fa.> for (a) FC and (b) SR gels.

To observe energy elasticity directly, the average force loaded on axial bonds, (Faxia), was

analyzed and is plotted against 4 in Figure 4(a) and (b) for FC and SR gels, respectively. Like
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owue/ P2, {Faxial) 1S constant at small elongation, but rises sharply as deformation increases. This
behavior confirms that the upturn of cuue/P> is driven by energy elasticity resulting from stress
concentration on axial chains, whereas elasticity in the small deformation regime originates from
entropic elasticity caused by polymer chain orientation. The analysis also reveals that sliding
cross-links extend the entropy elasticity region, especially for gels with low IR. SR gels exhibited
higher maximum P, and (Fial) than corresponding FC gels, suggesting that the stress dispersion
mechanism involves the formation of a highly ordered and stress-dispersed structure. To further
explore this molecular insight, we investigated the distributions of chain orientations and forces

loaded on axial chains, which will be discussed in Section 3.2.

3.2.Local stress and strain distribution

Stress and strain concentration in FC gels

—— 1000

— 10

Fig. 5 Distribution of force loaded on axial chains Faia and bond orientation |cosd| for FC gels

(IR = 5%).
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To investigate the origin of the distinctive softness and toughness of SR gels compared with
the properties of conventional FC gels, we analyzed the distribution of local stress and strain by
visualizing the distributions of loaded on axial chains (Faxia1) and bond orientation indices (Icos
Oaxiall) 1n stretched gels. Fig. 5(a—d) show two-dimensional heatmaps of these distributions for the
FC gel with IR = 5%. In the undeformed state (A = 1, Fig. 5(a)), there is no bias in the vertical
axis, showing that axial bonds are isotropically distributed. Fauia are symmetrically distributed
around zero because of thermal fluctuations. The ratio of chains oriented in the stretching
direction (p2 (faxial) > 0) was calculated to be 42.1%, which is close to 42.3%, the theoretical value
in the case of an isotropic distribution.

At 4 =3, some chain bonds become highly oriented in the stretching direction (|cos Gaxiall ~1),
as shown in Fig. 5(c), which drives the increase of (Faxial) observed in Fig. 4(a). By 4 =5, (Faxial)
only increases further on highly ordered chains; most chains remain randomly oriented and
unstressed. This reveals inhomogeneous stress concentration in FC gels during elongation. The
ratio of chains oriented in the stretching direction increases to 71.3% at 4 = 4, which is a 29.2%

increase from that of the undeformed state.
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A =4 in zoomed view

==

/

Fig. 6 Snapshots of an FC gel (IR =5%) at A =1 and 8. Anchored rings and figure-of-eight cross-
links are drawn in green; the main chain is colored in blue, and the end-capping groups are
represented as black rods (as shown in the zoomed view). Stress-concentrated bonds are
highlighted in red. A schematic illustration of the deformation mechanisms of FC gels under

uniaxial stretching are also shown.

Figure 6 presents snapshots of the FC gel with IR = 5% at various elongation ratios. Stress-
loaded chains with Faxia > 70 €/c are highlighted in red. At A = 4, these stress-concentrated bonds
form linear percolated structures aligned with the stretching direction. The inset schematic in Fig.
6 illustrates that during elongation, a small fraction of polymer chains in FC gels bears most of
the applied stress, while the majority of chains remain unstressed and fluctuate freely. This

inhomogeneous stress distribution leads to the brittle fracture behavior observed for FC gels.

Stress and strain homogenization in SR gels

Page 16 of 33
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SR gel SR gel 1000
(A=1) (A=2)

. : y 0.

-200 0 200 - 200 100

Faxial [ 5/0]

- 0 200
Faxial [ I':/0’] Faxial [ 5/0] Faxial [ E/O] Faxial [ 8/0]

Fig. 7 Distribution of force loaded on axial chains Faxia and bond orientation index |cos Gaial| for

SR gels (IR = 5%).

In contrast to the case for FC gels, polymer chains in SR gels deform more homogeneously.
In the undeformed state (A = 1, Fig. 5(a)), there is no bias in the vertical axis, showing that axial
bonds are isotropically distributed. Fixia is symmetrically distributed around zero because of
thermal fluctuations. The ratio of chains oriented in the stretching direction (p2 (Gaxial) > 0) was
also calculated to be 42.1%, the same as that of the FC gels.

For SR gels with IR = 5%, the Faxa distribution becomes biased toward an oriented state
(Icos Baxiall~1) as A increases. However, the fraction of oriented chains in each SR gel is smaller
than that in the corresponding FC gel at the same A, indicating that the sliding of cross-links lowers
internal strain on chains. At 1= 8, nearly all chains (93.9%) are oriented in the stretching direction,
representing an increase of 51.8% from that of the undeformed state. This uniform chain
orientation contributes to high average order parameters and strain homogenization across the
network strands.

When comparing an FC gel at A = 4 and corresponding SR gel at 1 = 8 (these gels had
similar <F,a> values of 14.18 ¢/c and 14.39 &/, respectively), Faxias in the SR gel are more
evenly distributed and exhibit smaller variance than those in the FC gel. This indicates that

stresses are homogenously distributed in SR gels. Fig. S6 in the Supporting Information shows
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P> of and forces loaded on the cross-linking bond and chain-end groups of FC and SR gels in
addition to axial chains. The results indicate that all bond types in SR gels align with the stretching
direction and experience stress at finite elongation, whereas in FC gels, only axial and cross-

linking bonds exhibit such behavior.

A =8 in zoomed view

Fig. 8 (a) Snapshots of an SR gel (IR=5%) at A = 1 and 8. Rings and figure-of-eight cross-links
are drawn in green; the main chain is colored in blue, and the end-capping groups are represented
as black rods (as shown in the zoomed view). Stress-concentrated bonds are highlighted in red.
(b) Position index of the slide-ring cross-links on an axial chain in SR gel (IR = 5%) at various
extension ratios and snapshots of the SR network at A =1 and 8. (c¢) A schematic illustration of an

SR gel under uniaxial stretching.

Molecular mechanism of stress homogenization by sliding cross-links

The stress homogenization was further confirmed by snapshots of the SR gel at A = 8 (Fig.
8(b)). Unlike the extended FC gel, stress-concentrated red bonds were dispersed randomly
throughout the SR network rather than forming percolated structures. A magnified snapshot of the
SR gel at A=8 reveals that most slide-ring cross-links are aggregated, and network strands are
extracted and align to stretching direction.

To further understand the sliding behavior, the one-dimensional coordinate of slide-ring
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cross-links along a chain at various stretching degrees was determined. Fig. 8(b) shows the
coordinate of the rings and slide-ring cross-links on one polyrotaxane axial chain in an SR gel
plotted against A and snapshots of the polyrotaxane in undeformed (A = 1) and stretched (A = 8)
states. As shown in the graph, rings and slide-ring cross-links are randomly distributed in
undeformed state, whereas some slide-ring cross-links aggregate near the chain ends or become
stuck at chain kinks in the stretched state (A=8). This behavior is consistent with the results of
Uehera et al.*’, in which it is insisted that fracture of SR gels begins from the end groups of
polyrotaxanes. Fig. 8(c) presents an illustration of the network structure in highly stretched SR
gels. The sliding and aggregation of cross-links allow stress redistribution, preventing the
formation of stress-concentrated regions. This mechanism enhances the toughness and

stretchability of SR gels, providing a clear contrast to the brittle fracture behavior of FC gels.
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3.3. Quantitative structure—mechanical property relationship of SR gels
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Fig. 9 (a) Distribution of Ny for an SR gel with IR = 5%. The dotted line is the single-
exponential fitting result (Eq. 13) for 4 = 1, and the solid lines are the fitting lines using the
bimodal function (Eq. 15). (b) Dependence of Ngort and Niong 0n A for the SR gel with IR = 5%.

(c) Schematic illustrations of No, Nide, and Niax.

Table 2 No®™, Ny, Nsiide, and Nmax of SR gels with different IRs

IR 2% 3% 5% 7% 10%
No®*P 56.8 373 22.4 16.4 11.9
No 50.0 32.8 18.9 13.5 9.26
Ngige 9.47 7.53 4.86 3.73 2.62
Nimax 142 107 57.6 39.5 30.9
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Partial chain distribution driven by sliding

To further elucidate the unique mechanical behavior of SR gels, we analyzed the sliding
behavior of cross-links in stretched SR gels by evaluating the length distribution of network
strands between cross-links. Fig. 9(a) shows the distribution of Npariat for an SR gel with IR = 5%
in the undeformed state (A = 1). In this state, the slide-ring cross-links are randomly distributed
along the polymer chains, and the distribution function P(Nparial) follows an exponential

distribution:
1 Npartia
P(Npartial) =~ 5 oxp (—~2aet), (13)

where N, is the average bead number of network strands. By fitting P(Nparial) for 4 = 1 with eq.
13, we obtained N, values for the SR gels with different IRs, as listed in Table 2. The estimated
Ny values are close to the average network-strand length Ny™P expected from the IR and rs,
indicating that SR cross-links are one-dimensionally distributed with a Poisson distribution:

exp __ 1
No ™ = mpa, (14)

100

Under stretching, P(Nparial) changes to bimodal, as shown in Fig. 9(a) and also in previous
studies.*®**’ The difference between slopes in the first and second modes gets larger and gradually
converges to a specific distribution at large deformation (about A > 5.5). This mode split is
consistent with the observation that the sliding of the cross-links under stretching results in the
split of the network strands into a bimodal distribution of longer strands and shorter strands, as
illustrated in Fig. 8. It is also proved that both longer and shorter groups of strands show

exponential distributions, which can be described as:

. _ Ashort _ Npartial Along _ Npartial
PWparviar A) = 500 % P ( Nshortw) T Nong® eXp( Nlongu))‘ (13)

The partial chain distribution was fitted by the model function (Eq. 15) to obtain the plot in Fig.
9(b). Nshort and Niong correspond to average bead numbers in the long and short network strands,

respectively, as illustrated in Fig. 9(c). As shown in Fig. 9(b), with the increase of A, Nshort
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decreases to zero, whereas Niong increases and saturates at a maximum value, Nmax. At the high A
where Nsnort and Niong reach saturated values, the slide-ring cross-links are stuck at the ends or
kinks of the polymer chains, and only the longer polymer strands remain oriented in the elongation
direction (Fig. 8(c)).

In our previous work*, we defined Ngige value only in the initial deformation region,
treating it as a constant. Here, we rename this constant as N, which corresponds to the initial

slope of the Nghore With respect to A:

_ aNshort(/U

Nilide = =o1 |,y (16)

To extend the definition of Ngige to various elongation ratios, we propose an extended

definition of Nyiiqe as a function of A that represents the average sliding rate during deformation:

def No—Nshor (/1)
Notige(2) & 0= (17)

In the limit A—1, Eq. 17 becomes Eq. 16. For an analytical expression of Nsorx and Nsiige, We

assume a numerical model curve of Nsor: using the following logistic function:

Ngi
Nsnort(A) = No [1 + tanh {— — @ 1)}] (18)

0
In the Fig. 9(b) and Fig. S7 in the Supporting Information, the fitting curves by Eq. 18 are shown.

From these fittings, Nice is evaluated and summarized in Table 2. For all IRs, the model curves

agree well with the decay curve of Ngor(L). Substituting Eq. 18 into Eq. 17, Ngice( A ) yields:

N3,
Nytanh {— % - 1)}
0

(19)
Nsiige(1) = — 11
One can easily show that Ni(A) satisfies Eq. 16 and the following conditions:
A-1
Nslide(l) — NSOIide (20)

A—00
Ngjige(1) — 0

which confirms that the extended definition is consistent with the initial definition and properly
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reflects the average sliding behavior over the full range of deformation.

Correlation between sliding parameters and mechanical properties

2
b Mechanical Analysis
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Fig. 10 Dependence of the Young’s modulus of FC gels (black symbols) and SR gels (yellow
symbols) on cross-linking density. The black solid and red dotted lines are the predictions by the

affine network model (Eq. 22) and three-chain model that takes N’yiq. into account (Eq. 21).

Values of Nige and Nmax for SR gels with various IRs are summarized in Table 2. Both
parameters decrease as IR increases. Notably, Nmax is approximately three times Ny for all SR gels.
Fig. 9(c) illustrates the network transformation of SR gels. At intermediate strain, cross-links slide
along polymer chains by a degree corresponding to Nside(A), generating longer and shorter strands
(represented by red and blue strands in Fig. 9(¢c), respectively). Under finite elongation, shorter
strands disappear, leaving longer chains of length Nmax aligned with the stretching direction, which
was also confirmed by the snapshots in Fig. 8.

The relationship between N'gige, Nmax, and the mechanical properties of SR gels was
investigated using our three-chain model*, which accounts for the sliding motion of sliding cross-
links along network strands. The Young’s modulus (£sr) for SR gels is given by:

2

N3
Esr = Eaffine <1 - ;V—lde> . @D
0
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Here, Eafine is the Young’s modulus estimated by the affine network model**:

Eaffine = 37 ks T, (22)
where n is the total number of network strands, V is the system volume, and 7 is the temperature.
Fig. 10 shows the Young’s moduli averaged for three directions, using the configuration illustrated
in Table 1, along with the theoretical predictions by Eq. 21 and the corresponding values in Table
2. Additionally, we have included in Fig. 10 the Young’s moduli using another configuration
explained Section S3 in the Supporting Information. The figure demonstrates that simulated
Young’s moduli of the SR gels correspond well with the theoretical prediction, even for gels with
low IR (2% and 3%), consistent with our previous findings for gels with IR of 5%, 7%, and 10%.

It is also found that Eq. 21 resembles to the theoretical prediction by Edwards-Vilgis

model®'”?, under the assumption that all the cross-links are slip-links (N = 0 in their formulation)

1
Gslip—link = Gaffine m (23)

Where # is defined as measure of slippage in the theory. In the limit # << 1, 1/(1+#) can be
approximated as 1-7. Based on this approximation, Egs. 21 and 23 become equivalent. From this
analogy, we consider that this Nsiqe/No is related to this . As illustrated in Fig. S8(a) in the
Supporting Information, Mooney-Rivlin plots for SR gels exhibit a decay that closely matches
the model curve under the assumption # = N%iqe/No, whereas the FC gels show almost no decay
(n = 0). From these results, we conclude that SR gels behave similarly to networks with trapped

entanglements, with N;iqe/No being analogous to 7.
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Fig. 11 (a) <Faar> plotted against A. Dotted lines show the estimated values of Amax = (Nmax/cv) *°.
(b) Geng—A curves of SR gels, along with the model lines predicted by Eq. 26 (dashed lines). The
entropy elasticity region defined as A < Amax is shown as solid lines; the non-entropic elasticity

region is depicted as colored dotted lines.

Behavior at large deformation

Under large deformation, Nmax becomes a dominant parameter. The deformation ratio

corresponding to the fully extended state of a Kremer—Grest single chain with a bead number of

Nmax (Amax) 18 given by:
2 — IpNmax — IpNmax — (Nmax)o'5
max <R> Nmax\*> o (24)
bep(=,

Here, Iy is the average bond length (0.9656°%), <R> is the average end-to-end length, and ¢y is the
number of beads per Kuhn length. By indicating this Amax With <Fyia>, it was clarified that Amax
corresponds to the transition point between entropy- and energy-driven elasticity regimes
discussed in Section 3.1. To capture strain-hardening behavior driven by entropy elasticity (solid

lines in Fig. 11(b)), we modified the Treloar model (based on the inverse Langevin equation*>**).
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In Treloar’s finite extensibility model with inverse-Langevin function®® (Eq. 25) the stress-

elongation ratio relationship is written as:

Gens@ = 6 (2 ~3)

4 297 \ 8
1 3/12+—) —(5/1 +8/1+—)

3
NEEONES) ( 1) T e125(Ny /)2 pp

+ 12312 (35/16 + 6023 + 72 + 64)
2205000(N, /cp)3 23
126117 ( 1536 1280)

6302% + 112015 + 144012 + —— + ——
*693(673750) (No/co)* + + t Tt

(25)

Here, G is the shear modulus predicted from affine network model, Ny is network strand
length, and ¢y is the Kuhn length (1.96°° in Kremer-Grest model without stiffness (x ~ 0)). In the

previous section, it is confirmed that shear modulus of SR gels can be expressed as Ggg =

Nsudeu))z
No :

_ Ndlide g 1 _ Nglide(D))? . _
G (1 > ) = /111_>ni G (1 v ) . Consequently, we replaced G with G (1

0 0

We also substituted Ny by maximum chain length Nmax in order to account for the finite

extensibility term (3" term). This yields

Nsnde(ﬂ))z ( L l)

O-eng(ﬂ-) = Gaffine (1 - N 22
0

| (3/12 + 4) + 297 (5/14 +81+ 8)
25(Nmax/cb) A 6125(Nmax/cb)2 A2

+ 12312 (35/16 + 6043 +72 + 64)
2205000(Nn/5)? pE

+ 126117 (630/18 112025 + 144022 + 2230 4 1280)
693(673750) (Nax/Cp)* 2 24

(26)

Where Niidge (A) s defined in Eq. 19. This model accurately reproduces the strain-hardening
behavior of SR gels with IR of 7%, and 10% (Fig. 11(b)). For gels with lower IRs (2%, 3% and

5%), however, the theoretical Geng—A curves overestimate the simulated data because strain
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softening® (also shown in Fig. S4, S8 in the Supporting Information) occurs before strain
hardening. This softening is not captured in the Treloar’s model. Nonetheless, the strain-hardening
behavior is well described by Eq. 26, confirming that Nmax governs the mechanical response at

large strains.

5. Conclusion

In this study, we performed MD simulations to investigate the origin of toughness and high
extensibility in SR gels under uniaxial elongation. First, we calculated the ceng—A curves for SR
and FC gels to validate the model. The Young’s moduli of SR gels were found to be smaller than
those of FC gels, whereas the hardening strain of SR gels was larger than that of FC gels,
consistent with experimental observations.

We then analyzed the stress distribution along the polymer chains and their orientation
relative to the stretching direction to uncover the molecular mechanics underlying the unique
properties of SR gels. In FC gels, force chains were observed along the stretching direction,
exhibiting percolation under finite elongation. In contrast, such force chains were absent in SR
gels. Instead, forces in SR gels were uniformly dispersed, and chains exhibited a higher degree of
orientation along the stretching direction than was the case in FC gels. This homogeneous chain
deformation suppresses strain hardening at large strain and mitigates stress concentration,
providing the molecular basis for the high toughness of SR gels.

To further analyze the highly stretched structure of SR gels, we examined the one-
dimensional trajectories of rings and cross-links along the axial chains. From the partial chain
length distribution of stretched SR gels, we observed that Nong and Nghore increased and decreased,
respectively, at a rate proportional to Ngi¢e because of the sliding of cross-links. At the limit of
extension, MNiong reached Nmax, and Ngwore approached zero because slide-ring cross-links became

immobilized at the ends or kinks of polymer chains. Ni¢, which characterizes the extent of chain
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movement, correlate with the Young’s modulus of SR gels through the relation Esg = FEaffine(1—
Niae/No)?, as confirmed in our previous work™.

In this study, we further explained the strain-hardening behavior in SR gels using another
characteristic parameter, Nmax, Which represents the length of the long strand when the short strand
is fully extracted. Based on the Gaussian chain approximation, we demonstrated that Nmax is
closely related to the finite extensibility of SR gels. As shown above, Ngige(A) and Nmax are the
dominant factors influencing the stress—strain response at small strain and stress divergence under
large deformation, respectively. These findings provide a clear understanding of the molecular
mechanisms responsible for stress homogenization and the soft mechanical responses of SR gels.
This work establishes a foundation for designing SR gels with desirable mechanical properties,

such as enhanced softness and toughness, for future applications.
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