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Catalytic reactions are commonly characterized by measuring reaction orders and apparent activation en-
ergies. In the present work, these macroscopic measurables are related to the degree of rate control (x),
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which describes how the overall kinetics is influenced by the elementary reactions. The reaction orders are
found to be yi-weighted sums over the microscopic rates, derived with respect to pressure. Similarly, the
apparent activation energy is shown to be a sum over the individual reaction-energy-barriers, weighted by

xi- The results couple macroscopic kinetics to the microscopic scale, which can facilitate analysis of cata-

rsc.li/catalysis lytic reaction kinetics.

1 Introduction

The steady-state kinetics of a heterogeneous catalytic reaction is
often analyzed using macroscopic measurables such as reaction
orders and apparent activation energies. Although such phe-
nomenological measurables characterize the reaction, their
physical interpretation and microscopic origin are commonly
unclear. This difficulty in interpretation could be present even
for reactions where a detailed mechanism has been formulated.

On the microscopic (elementary reaction) level, the degree
of rate control (y;) determines the influence of an elementary
step on the total rate. y; of a reaction step i was introduced in
ref. 1 as the partial derivative of the total rate (r) with respect
to the rate constant of the considered step:

k, ﬂ
Zi =7(aki ]Ki (1)

The derivative is taken while keeping the equilibrium con-
stant (K;) of the investigated reaction step fixed. In practice,
this implies increasing the forward and backward rate con-
stant of the considered step by a small percentage and calcu-
lating the response in the total rate. A reaction step influ-
ences the overall rate if y; is non-zero. For a positive y;, the
step is rate-controlling, whereas for a negative y;, it is
inhibiting. If y; is unity, i is the rate-determining step."

xi has frequently been used to analyze first-principles

2-11

microkinetic models, and recently as a tool for computa-
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tional catalyst screening." y; has also been used to analyze
experimentally derived microkinetic models."” Despite y; be-
ing a versatile tool, its relation to characteristic measurable
quantities such as the reaction orders and apparent activa-
tion energies has not been fully established. This is unfortu-
nate as the degree of rate control could offer a clear physical
interpretation of the phenomenological measurables. Ref.
8 provided an expression for the relation between the y; and
the apparent activation energy. However, this was derived as-
suming a vanishing derivative of the pre-exponential factors
with respect to temperature and without pressure effects,
which is not generally applicable.

Herein, we derive the connection between the reaction or-
ders, apparent activation energies and y; under generally ap-
plicable assumptions of steady-state kinetics. We find that
the reaction order is a weighted sum over the individual reac-
tion rates, derived with respect to pressure. Similarly, the ap-
parent activation energy is given by the sum of the individual
energy barriers, weighted by y;. Interpreting y; as weights in

the sums relies on the fact that z =1, which is proven in

Appendix A. The derived relations provide a clear interpreta-
tion of the macroscopic measurables in terms of elementary
reaction steps. This is important as reaction orders and ap-
parent activation energies are parameters in phenomenologi-
cal rate expressions. The relation between global and detailed
kinetic parameters should facilitate the understanding and
development of catalytic processes.

2 Reaction order

The reaction order nx in the pressure of species X is a phe-
nomenological quantity that describes how the rate scales
with the pressure. The reaction order is obtained assuming a
power-law of the total rate in the pressure:

This journal is © The Royal Society of Chemistry 2017
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r=C H P (2)

where r is the total rate, C is a constant, and px is the partial
pressure of species X. The reaction order is the logarithmic
derivative of ny with respect to px:

dlnr
dlnp,

®)

ny =

The total rate is a function of the rates of the elementary
reactions (W;) that in turn depend on the rate constants:

r= r[Wi[kj(TipX) Gj)]]' (4)

where Gj are the Gibbs free energy barriers for the elementary
steps. Consequently, the reaction order can be rewritten as:

olnr oW,
Zp oW, opy
dlnr okl oW, - px . Okl W, )
R T P T

where k! is the forward rate constant. The derivatives are
taken while keeping the equilibrium constant (K;) fixed, in
accordance with the definition of y; in eqn (1). This is im-
plicit in the remaining derivations. The expression for ny can
be simplified by considering W; in the mean-field picture,
where the coverages (0) determine the rates. W; can be writ-
ten in the mean-field picture as:

f

=k 16 -&T16 =KT]6. —k—i]‘[@ (6)
k ‘ k K] I
where kP is the backward rate constant. Note that the pres-
sure factor in the case of adsorption reactions is intrinsic in
k. Assuming that the coverages have vanishing derivatives
with respect to W;, the derivative of the rate constant be-
comes:

w1 K

- 1 _ 7
w, HHA-_?HQ W, ?)
k i/

Finally, the reaction order takes the form:

OlnW,
'Olnpy

pX 6W
W 8pX Z,:

Ny =

®)

This expression conceptually relates the reaction order to
xi through a weighted sum over the rate-controlling steps.
Thus, the reaction order reflects both the degree of rate con-
trol and the change of W; with pressure. The derivative enter-
ing the sum reflects the response of the individual rates to a
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change in pressure. This is the analog of the reaction order
for an elementary step. The relation is particularly simple to
interpret when there is only one rate-determining step, and
the reaction order reflects how the pressure influences this
step. Furthermore, the reaction order can take various values
depending on the stoichiometric number of the reactions
and the coverages. In the derivation of eqn (8), we assume
that the coverages are unaffected by small changes in the rate
constants. This is a valid assumption for steady-state kinetics
far from kinetic phase transitions.

3 Apparent activation energy

The apparent activation energy, E,,p, is a macroscopic quan-
tity that reflects the overall activation energy of a catalytic re-
action. It is accessible from experimental studies where the
catalytic rate is measured as a function of temperature. E,pp,
is obtained assuming an Arrhenius relation in the catalytic
rate (7):

Eﬂ Ny
r=Aexp [_k_;]:JH P 9
B X

where A4 is the pre-exponential factor, X is a gas-phase spe-
cies, px is the partial pressure, and nx is the reaction order.

E
The factor Aexp[— kal;] is known as the rate constant of the
B

reaction (k). In general, it is not clear if a rate-law such as
eqn (9) can fully describe the reaction. However, assuming
that it is valid, it is interesting to analyze what factors con-
tribute to the apparent activation energy.

In practice, E,pp, is found as the logarithmic derivative of k
with respect to T:

Olnk kT olnr

E_ =kT?
TR aT or

on
— kT —XInp,. (10)
B 2)(: 8T X

The relation between E,, and y; is derived by recognizing
that the rate is a function of the rate constants (k;), which in
turn are functions of the temperature. Using the chain-rule
for differentiation on eqn (10) gives:

w =T 27 [61’] ar”

Y T (1)

This derivative is again taken while keeping the equilib-
rium constant of each reaction fixed. The derivative of the
rate constant k; with respect to temperature is:

ok, 0 -k,
—=—4 exp| —
or or kT

(12)

Catal Sci. Technol.,, 2017, 7, 4034-4040 | 4035


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c7cy01246b

Open Access Article. Published on 16 2017. Downloaded on 2025/10/16 03:22:07.

Paper

where 4; is a pre-exponential factor of step i. Inserting this ex-
pression in eqn (11) yields:

E,, =k

10r| E 0A -E on
TN ——| —k, + —exp| —= | |- kpT? X |n
: Zr@k[kBTz ar p(uﬂ Lo

k;, or kyT* 04, o On
| “h ey Py
2 ak[ ™ p(kBTH o 257 s

(13)

The first term can readily be recognized as y; multiplied
by E;:

or k,T* 04 -E
E = E +—-"5  “lexpl —
m = 2| 4E, ok r oT p[kBTﬂ

on
1, 7Y L np
B ; ar X

(14)

A; needs to be defined to analyze the second term. For a
surface reaction we assume that a vibrational degree of free-
dom is lost when reaching the transition state. Transition
state theory'® gives in this case:

A =%exp($i/ks) (15)

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

where S; is the entropic barrier for going to the transition
state. The derivative can be evaluated in this case as:

o4 _A A0S,

o T kor (16)

(cc)

For an adsorption reaction, the reaction coordinate is typi-
cally a translational degree of freedom, and a collision theory
pre-exponential factor is appropriate:

Ay P

ads — sitc
4 \2nMk,T

where P; is the sticking probability, which accounts for entro-
pic barriers of adsorption. Hence, the derivative for an ad-
sorption reaction is:

(17)

O 1ds _ 1411115 Aads 8lnP

18
or 2T or (18)

The final expression is obtained by inserting eqn (16) and
(18) into (14):
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Z;{(E+kT+T265j
ievib 6T 19
2<3lnPj (19)
+ 27 EJ—— el —

jetrans

on
— Ik, T X |n
] B ;aT Px

The first sum runs over all reactions that proceed via a vi-
brational reaction coordinate (surface and desorption reac-
tions), whereas the second sum runs over adsorption steps that
proceed via a translational degree of freedom. The third sum
accounts for pressure effects through the reaction orders. The
first order contribution in temperature comes from the reac-
tion-coordinate, and the second order contribution stems from

entropic barriers and pressure. The fact that Zli =1 makes it

possible to interpret the apparent activation energy as a
weighted sum, where only the steps with a finite y; contribute
to the apparent activation energy. Elementary steps with y; <
0 are inhibition steps and lower the apparent activation energy.
Furthermore, a change in E,,, implies a change in reaction
mechanism, since it reflects a change in y.

The expression obtained for E,p, is similar to the one de-
rived in ref. 8. However, as we include entropic effects and
pressure, the present result is more general.

4 Analysis of numerical results

In this section, we will investigate the reaction orders and ap-
parent activation energies by analyzing a previously formu-
lated microkinetic model for complete methane oxidation
over Pd(100). This is done to verify the derived analytical ex-
pressions against numerical values.

In ref. 3, we studied complete methane oxidation to CO,
and H,0 on Pd, which was modeled in detail using 32 ele-
mentary steps. The dominating reaction mechanism was
found to depend on the reaction conditions. At high tempera-
tures, the reaction follows a pyrolytic reaction pathway where
the main steps are:

CH,(g) + 2% — CH* + H* (R1)
CH%+ 3% <> C* 4 3H* (R2)
0,(g) + 2* — 20* (R3)
C* + O* — CO* + * (R4)
CO* + O* — CO,(g) + 2* (R5)
O* + H* «— OH* + * (R6)
20H* — H,0(g) + O* + * (R7)

At low temperatures (R1)-(R7) are augmented by:

This journal is © The Royal Society of Chemistry 2017
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C* + OH* — COH* + * (RS)
COH* + O* < OCOH* + * (R9)
OCOH* — CO,(g) + H* (R10)

In Fig. 1 (top), numerical values of the degree of rate con-
trol are shown as a function of temperature over Pd(100). The
simulations are performed using the full model in ref. 3. The
degree of rate control was obtained by raising the rate con-
stants by 1%. Dissociative methane adsorption (R1) is most
rate controlling at all considered temperatures. Additionally,
CO formation (R4), COH formation (R8), and oxygen adsorp-
tion (R3) exhibit rate-control.

In Fig. 1 (bottom), the reaction orders are given as a func-
tion of temperature for the reaction over Pd(100). The lines
are obtained from the numerical derivative of the rates in
eqn (8), and the points are conventional simulations of the
reaction order using the total rate. The reaction order for
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Fig. 1 Top: Numerical values for the degree of rate control in
methane oxidation over Pd(100). The simulations are performed with
the full model of ref. 3. Bottom: Reaction orders in the methane,
water, and oxygen pressure as a function of temperature. The lines are
evaluated by eqn (8), and the points are obtained from the total rate of
the full microkinetic model. Pressures: pcy, = 0.61 mbar, po, = 3.06

mbar, and py,o = 0.01 mbar.
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methane varies between 0 at low temperatures and 1 in the
limit of high temperatures. This reflects that methane ad-
sorption becomes rate determining in the limit of high tem-
peratures. Thus, the reaction order of methane closely follows
x for methane adsorption. The reaction order in water varies
between 0.2 at low temperatures and 0 at higher tempera-
tures. The reaction order in water follows y for COH forma-
tion. COH formation is rate-determining in the limit of low
temperatures, and has no rate control at high temperatures.
For oxygen, the reaction order is slightly negative in the in-
vestigated temperature range. This indicates that oxygen
blocks sites on the surface. The reaction order in oxygen fol-
lows y for oxygen adsorption.

The apparent activation energies are shown in Fig. 2,
where the symbols are results from microkinetic simulations
of the full reaction scheme, obtained by fitting the total rate
to eqn (9). The lines are calculated using eqn (19). The blue
line is the full expression in eqn (19), whereas the red line ex-
cludes the entropy derivative term, and the black line ne-
glects the pressure dependent term. In general, the simula-
tions and analytical values of eqn (19) agree fairly well. The
most important contribution to E,p;, is the term E; + kgT. The
pressure dependent terms give a significant contribution at
the considered conditions, whereas the contributions from
the entropy derivatives are small.

The results obtained using eqn (19) deviate slightly from
the simulations. The deviation stems from assuming the Ar-
rhenius form of the rate presented in eqn (9). This form is
not expected to be generally compatible with the microscopic
kinetics, as the Arrhenius form assumes that the reaction
proceeds by one single step, which is an oversimplification as
the rate of an elementary step depends on the rates of all the
other steps. A single activation energy is therefore insufficient
to capture the convoluted microscopic behavior. However,

14 I I I I
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S Lok .
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Fig. 2 Simulated apparent activation energy of complete methane
oxidation with the full model of ref. 3 over Pd(100) (blue points). The
blue line shows the apparent activation energy evaluated using eqgn
(19). The red line is eqn (19) excluding or neglecting the entropy
derivative and the black line is without the reaction order derivative.
Pressures: pcy, = 0.61 mbar, po, = 3.06 mbar, and py,0 = 0.01 mbar.
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the present analysis, leading to eqn (19), shows which factors
enter E,,, assuming that the rate-law (9) is valid at the
microscale. Another example of numerical analysis is given
in the ESIt for the reaction under rich conditions.

To further corroborate the results, we analyzed the reac-
tion analytically in two temperature-limits where the quasi-
equilibrium approximation holds and analytical formulas can
be derived to evaluate the numerical results.

4.1 Analytical results

At high temperatures, dissociative adsorption of methane
. .. . . d:

(R1) is the rate-determining step. Thus, in this case &, =1,

and only one term enters the reaction order in the methane

pressure:

ads

ads pCH4 aWCH4
Acy, = XcH, 77,ads . (20)
W cgl apcm

The derivative is found by noting that the number of free
sites is not affected by an infinitesimal increase in the methane
pressure at the present conditions. This is owing to slow meth-
ane adsorption.? Using this, we obtain the following result:

aWads ads
Y s @1

apCH4 61701-14 Pcu,
Aey, = Ig:; =1 (22)

Furthermore, the reaction order in the water pressure is
clearly zero as it does not affect the number of free sites. Oxy-
gen has a small negative reaction order, owing to site-
blocking for methane adsorption. These results are consis-
tent with the results in Fig. 1 and with our previous
observations.’

At low temperatures, the reaction mechanism is
slightly different and proceeds through COH and OCOH
as intermediates.®* The reaction order in methane is
expected to be different as (R8) is the rate-determining
step. This step requires OH and C, and the rate can be
written as:

Weon = kaOHQCQOH (23)

The backward rate of this reaction step is negligible. The
forward rate constant does not depend on any pressure, and
Oon is unaffected by the methane pressure at the present re-
action conditions. Hence, the derivative of the carbon cover-
age determines the derivative of Wcop:

Wy ¢ 00
=k c g,
6pCH4 COH apCHJ OH (24)
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However, this derivative is close to zero as only C and O
cover the surface, and C formation is many orders of magni-
tude slower than oxygen adsorption. Therefore, #; does not
change with an infinitesimal change in the pressure, and the
reaction order in methane is approximately zero at low
temperatures:

ney, ~ 0. (25)

The OH coverage affects the reaction, and the reaction or-

der in the water pressure is:

szo oW,
My,0 = Xcon W_&.

(26)
CoH apHZO

The mechanism for water adsorption (R7) is used to evalu-
ate the derivative. Water transforms into OH via two elemen-
tary steps:

H,0(g) + * — H,0* (R11)

H,0* + O* — 20H* (R12)

Here, the coverages are required to proceed, and we use
the fact that each step is equilibrated, which yields:
Or,0 = Kalx,  Ou = Kpbp,000 = KaKnOo, (27)

where K, is the equilibrium constant of (R11) and K, is the
equilibrium constant of (R12). Hence, the coverage of OH is:

06 1
oy = VK, K,0,0, = 5 OH - o

Pu,0 szlO

(28)

where we assume that the coverages remain unaffected by
the infinitesimal change in pressure. Moreover, we assume
that 6¢ is not affected by changing py o. In this case, we ob-

tain:
%;V— i apio R (29
Hence, the analysis predicts:
M0 = %Zcom (30)

which is the result obtained in the microkinetic model. From
this special case, a half reaction order reflects that adsorbing
one species produces two of the reactants connected to the
rate-determining step.

Oxygen is poisoning the surfaces at all considered reaction
conditions, and especially at low temperatures. Therefore, ox-
ygen has a small negative reaction order, and the rate of

This journal is © The Royal Society of Chemistry 2017
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COH formation is affected negatively by increasing the oxy-
gen pressure:

Weoy 0
o, o,

[kEOHQCHOH ) <0. (31)

5 Conclusions

In the present paper, reaction orders and apparent activation
energies have been related to the degree of rate control (x;).
The reaction order is a weighted sum over the elementary
step-rates derived with respect to the gas-pressure. Similarly,
the apparent activation energy is a sum over the energy bar-
riers for the elementary reaction steps, weighted by y;. The
present work provides a microscopic understanding of the re-
action order and apparent activation energy, which can be
useful in future reaction analyses.

Appendix A - sum rule

As discussed in ref. 14, y; seems to obey a sum rule:

ZZi:l'

(32)

The sum rule is proven by considering a catalytic reaction,
where the steady-state catalytic rate is given as the rate of one
of the elementary steps ¢:

r=r=k1]6,-k]]6,-

zel” z'el”

(33)

where k; is the forward rate constant, k; is the backward rate
constant, and 6, is the coverage of species z. Using the cover-
age implies that we assume a mean-field picture. The first
product in eqn (33) is taken over z € €', which refers to the
reactant-species involved in the forward reaction, and z € ¢~
refers to the reactants of the backward reaction. Changing
the forward and backward rate constants corresponds to
changing the Gibbs free energy of the transition state, Gi,

+
+

i

and we let u, =— . The definition of y; is used to obtain

B
the following relation:

1o 10

Xi A k;ng_k/_ng/

= = (34)
rou  roul relm )

The derivation proceeds by assuming that the coverages
are constant for an infinitesimal change in ;. The derivative
of the rate constants is:

ok;

Ou

=5, 2 =6k, (35)
3 aul B

i
where J,; is the Kroneker delta function, and 4; is the pre-
exponential factor. Using this, the sum rule is found to be:
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Z Xi= 12[5/4ka 91 _al,ik7 H 91']
i r zel” z'el”
=l{kTH¢9: K1 91,] (36)
r zel” z'el”
=Ll
r

The derivation holds also for catalytic reactions with com-
peting reaction mechanisms, where the rate of the reaction
can be written as the sum of the two competing pathways:

r=r+r,=k[]10,-kT]6,+k 16 -k 1] 6.

zel” z'el” z'ey” z"ey

(37)

The Kroneker delta functions are again selecting only the
terms i = ¢ and i = y. Therefore, Z?(i will sum to unity for

multiple pathways. It should be noted that problems may
arise when there are more than one overall reaction channel
and selectivity issues arise.'> This proof of the sum rule
might not apply to these situations.

The sum rule for y; was proven in ref. 15 in the case of a
three-step reaction. The proof in ref. 15 utilizes the conserva-
tion of kinetic sensitivities, which is derived using De Donder
relationships.
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