
Picking up an appropriate algorithm is always crucial when
dealing with the classification problems. The classifier evalua-
tion is often based on prediction accuracy. Here we present
three techniques to estimate classifier accuracy.161 One popular
technique is to split the training instances into two groups,
where two-thirds are regard as the training data and the other
third is regard as the test data. Another technique is known as
cross-validation. The training set is manually divided into
exclusive and equal-sized subsets initially. Then for each subset
the classifier is trained on all the other subsets. Thus, estima-
tion of the error rate of the classifier is obtained by calculating
the average of the error rate of each subset. The last one is
denoted as leave-one-out validation, which is a special case of
cross validation. In leave-one-out validation there is only a
single instance in each subset. If the prediction accuracy
cannot reach the demand, another supervised learning algo-
rithm should be selected, as shown in Fig. 25.

Additionally, we will present some remarks about the tech-
niques as follows. Even though the optimal solution always
depends on the task at hand, these remarks can prevent the
practitioners from selecting a wholly inappropriate algorithm.
Logic-based systems often perform better when dealing with
discrete features. Decision trees are in general resistant to noise
because of their pruning strategies. In contrast, most decision
tree algorithms cannot perform well when diagonal partition-
ing is required. Interference allows a class of quantum decision
trees to be penetrated exponentially faster by quantum evolu-
tion than by a classical random walk. However, these examples
could also be solved in polynomial time by di�erent classical
algorithms.164 BN methods are able to achieve their maximum
prediction accuracy with a relatively small dataset. Besides, BN
methods train very quickly since they require only a single pass
on the data either to collect the frequencies or to compute the
normal probability density functions. The graph structure of
BNs can e�ciently construct a quantum state representing the
intended classical distribution, and a square-root speedup time
can be obtained per sample by implementing a quantum
version of rejection sampling.173 Lazy learning methods require
zero training time as the training instance is initially stored. On
the other hand, k-NN is quite sensitive to the irrelevant
features, and is generally intolerant of noise. Quantum nearest
neighbor algorithm and quantum nearest centroid algorithm
both show significant speedup compared to the classical ver-
sion. In certain cases, there are exponential or even super-
exponential reductions over the classical analog.56 SVM meth-
ods generally perform better when dealing with classification
problems with multi-dimensions and continuous features.
Moreover, SVMs are still able to perform well when there exists
a nonlinear relationship between the input and output features.
However, a large sample size is required to achieve its max-
imum prediction accuracy. Optimization of quantum SVM is
implemented by the quantum algorithm solving linear equa-
tions, leading to exponential speedup compared to the classical
version.177

Let us now focus on unsupervised approaches to classifica-
tion briefly. The learning process is denoted as unsupervised

when the given training instances are not assigned with the
desired labels. Due to the absence of supervision, the unsuper-
vised learning can hardly be applied to distinguish various
types of chemicals or detect some certain structures. Instead,
unsupervised learning processes can find out the boundaries
that divide the instances, so that they could be beneficial in the
recognition of phase transitions. For instance, unsupervised
machine learning methods can be applied to identify the
phase transition to non-trivial many-body phases such as
superfluids,492 or to detect the topological quantum phase
transitions.493

One important approach in the unsupervised QML is clus-
tering methods. The clustering methods can be assigned as
instance-based learning algorithms. Consider the k-means pro-
blem of assigning given vectors to k clusters minimizing the
average distance to the centroid of the cluster. The standard
unsupervised learning method is Lloyds algorithm, which con-
tains the following steps:494,495 (1) pick up the initial centroid
randomly; (2) assign each vector to the cluster with the closest
mean; (3) recalculate the centroids of the clusters; (4) repeat
steps (1�2) until a stationary assignment is attained. Based on
the classical version, in 2013, Lloyd and coworkers proposed
the quantum unsupervised machine learning method,156

rephrasing the k-means problem as a quadratic programming
problem which is amenable to solution by the quantum adia-
batic algorithm. In 2018, Iordanis and coworkers proposed q-
means, a new quantum algorithm for clustering problem,
which provides substantial savings compared to the classical
k-means algorithm. In 2017, researchers implemented a hybrid
quantum algorithm for clustering on a 19-qubit quantum
computer,496 which shows robustness to realistic noise.

Inspired by the success of neural network-based machine
learning, Iris and coworkers proposed the quantum convolu-
tional neural networks (QCNNs) in 2019215 (see Section 3.3.2).
A paradigm is presented where the QCNN is applied to 1-D
quantum phase recognition. There are less applications of
unsupervised QML compared to supervised learning in
chemical classification problems reported so far. However,
recent advancements suggest the future that unsupervised
QML could take a place in the study of complex many-body
systems, especially in the recognition of phases.

5.3 Many-body structure and property prediction for
molecules, materials, and lattice models and spin-systems

5.3.1 Machine learning techniques on a classical proces-
sor. Obtaining an electronic structure description for material
systems has been a problem with continued research in Chem-
istry and materials science. Since this task is a many-body
problem, solving it with high accuracy is crucial as numerous
materials properties and chemical reactions entail quantum
many-body e�ects. For a significant duration, electronic struc-
ture calculations were performed using Density Functional
Theory (DFT), which is based on the e�ective single-particle
Kohn�Sham equations.497 In DFT, the ground state energy of a
many-electron system is written as a functional of the electron
density, thereby reducing the many-body problem for an N
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particle wavefunction to just one. This has yielded accurate
results with efficient computations compared to its predeces-
sors, but the functional form of the exact solution is unknown
and efficient approximations are made for practical purposes.
Attempts have been therefore made to obtain such density-
functionals using ML algorithms. One of the earliest studies
was by Snyder et al.312 who constructed a kinetic energy
functional for spinless fermions in a 1D box subjected to an
external potential made from the linear combination of several
Gaussians defined on a dense spatial grid. Many such randomly
selected external potentials were chosen as the training set with
the actual labelled density and kinetic energy obtained by
solving the Schroedinger equation as the training data. There-
after kernel-ridge regression was used to construct the kinetic
energy functional from the aforesaid known density with
excellent accuracy. The oscillations in functional derivative of
the so constructed kinetic energy functional were dampened by
using the principal components. From the knowledge of this
functional derivative a protocol to procure a self-consistent
density field that minimizes the energy was presented. Since
then many report have been made which have attempted
to construct density functionals especially the exchange-
correlation functional.498�505

Kernel-ridge regression (see Section 3.2.2) has been exten-
sively used in chemistry for a variety of other purposes too like
predicting the energy of the highest occupied molecular orbital
from three di�erent molecular datasets506 using two di�erent
technique to encode structural information about the molecule
or for the prediction of atomization energies313,507 through a
Coulomb matrix representation of the molecule wherein the
energy is expressed as a sum of weighted Gaussian functions.
Recently, many new schemes to represent structural features
have also been designed314,508 wherein information about the
environment of each constituent atom is encoded within its M-
body interaction elements each of which is a weighted sum of
several Gaussian functions. The distance metric between each
such interaction representation between element I and J is
considered to be the usual Euclidean norm. Atomization ener-
gies, energies for even non-bonded interaction like in water
clusters, predicted using such representations are extremely
accurate.314 More such examples can be found in topical
reviews like in ref. 509. Caetano et al.342 used Artificial Neural
Networks (ANNs) (a theoretical framework discussed in Section
3.3) trained using the Genetic Algorithm (GA) to solve the
Kohn�Sham equations for He and Li atoms. They used a
network comprising of one neuron in the input layer, one
hidden layer with eight neurons, and two neurons in the output
layer. For the GA based optimization, the number of individuals
N in the population was kept to 50. By generating the initial
orbitals randomly and building the electron density, an effec-
tive Hamiltonian is constructed. The ANN is trained using GA
to find the orbitals that minimize the energy functional and
then the total energy is calculated, which is repeated until
a convergence point. The results from the ANN were shown
to be in good agreement with those of the other numerical
procedures.

Performing higher order calculations like CCSD provides
accurate results but has a very high computational cost. While,
methods such as semi-empirical theory PM7, Hartree�Fock
(HF), or DFT provide less accurate results but scale efficiently.
The work by Ramakrishnan et al.510 corrects the lower-order
methods to provide accurate calculations by training their D
model to learn enthalpies, free energies, entropies, and elec-
tron correlation energies from a dataset consisting of organic
molecules. The property of interest was corrected by expressing

PtðRtÞ � Dt
bRb … P

0

bRb þ
XN

i…1

aikðRb;RiÞ (112)

where, ai are regression coefficients, obtained through kernel
ridge regression (a theoretical framework discussed in Section

3.2.8), kðRb;RiÞ … exp
jRb � Rij

s
; with s being a hyperparameter

that is tuned, |Rb � Ri| is the Manhattan norm511 measuring
the similarity between the features of target molecule Rb and
molecule in the data Ri.

Burak Himmetoglu512 constructed a dataset incorporated
from PubChem comprising of the electronic structures of
16 242 molecules composed of CHNOPS atoms. Having con-
structed the Coulomb matrices as in ref. 511 defined by

Cij …
0:5Zi

2:4; i … j
ZiZj

jRi � Rj j
; iaj

8
<

:
(113)

where, the atomic numbers are denoted by Z, and R is their
corresponding positions. Design matrices using the eigenva-
lues of the Coulomb matrices are constructed and two types of
ML approaches are used to predict the molecular ground state
energies. First, boosted regression trees (Theoretical framework
discussed in Section 3.2.5) and then ANNs are used, and their
performances are compared.

Geometry optimization is a crucial task, which directly
impacts the electronic structure calculations. The total energy
calculations can prove to be quite expensive depending on the
choice of the electronic structure method. Hence, the number
of evaluations of the potential energy surface has to be reduced
considerably. A novel gradient-based geometry optimizer was
developed by Denzel and Kästner,513 that exploits Gaussian
Process Regression or GPR (a theoretical framework discussed
in Section 3.2.8) to find the minimum structures. By comparing
Matérn kernel with the squared exponential kernel, the authors
show that the performance is better when Matérn kernel is
used. The performance of their optimizer was tested on a set of
25 test cases along with a higher dimensional molybdenum
system, molybdenum amidato bisalkyl alkylidyne complex, and
it was shown that the GPR based approach can handle the
optimization quite well.

In the work by Carleo and Troyer,346 it was shown that by
representing the many-body wavefunction in terms of ANNs,
the quantum many-body problem can be solved. They used this
idea to solve for the ground states and describe the time
evolution of the quantum spin models, viz. transverse field
Ising, and anti-ferromagnetic Heisenberg models. Expanding
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Kais,517 this study shows the pristine valence band of graphene
in the presence and absence of band splitting for a finite
repulsion U parameter within the Hubbard Hamiltonian.518

In the above, ref. 517 and 518, the e�cacy of the quantum
circuit was tested by simulating it on a classical computer. To
benchmark the performance on an actual quantum device,
repeated use of a single ancilla qubit would not be operation-
ally convenient. A slightly modified variant of the quantum
circuit with (m � n) qubits in the ancilla register has been used
thereafter to act as targets of the controlled operations347,519 as
shown in Fig. 30(d). One must note that m denotes the number
of neurons in the hidden layer and n denotes the number of
neurons in the visible layer. Sureshbabu et al. in ref. 519 uses
this circuit to benchmark implementation on two 27 qubit IBM-
Q devices for the valence bands (within the tight-binding
framework) of hexagonal boron nitride (h-BN) and monolayer

graphene, respectively. A Hubbard Hamiltonian similar to
ref. 518 was used to explore band-splitting as shown in
Fig. 33(a and b). Excellent results were obtained even on an
actual NISQ device through the use of measurement-error
mitigation and repeated warm starting with well converged
results for nearby k points in the energy trajectory.

The classical-quantum hybrid algorithms described above
focus their attention on only computing the ground states of
molecules and materials. In the work by Sajjan et al.,347 the
authors use the idea of constrained optimization to obtain any
arbitrary energy eigenstates of molecules and materials
through a user-defined choice. The authors define a quadratic
minimization problem with a penalty procedure to achieve the
target state.347 The procedure is capable of producing a mini-
mum energy state in the orthogonal complement sub-space of a
given user-defined state. The latter state can be obtained from a
prior run of the same algorithm. The authors also elucidate the
protocol to systematically filter states using a symmetry opera-
tor (say S) of the Hamiltonian by sampling the symmetry
eigenspace labelled by the eigenvalue (say o ). Apart from this
in the same reference Sajjan et al.347 also deduce a generic
lower bound for the successful sampling of the quantum circuit
and thoroughly discuss special limiting cases. The lower bound
can be surpassed with a tunable parameter which the user can
set to ensure the ancilla register collapses into the favorable
state enough number of times on repeated measurements
of the quantum circuit as shown in Fig. 30(d). Only such
measurements are important in constructing the distribution
in eqn (120). The role of measurement error mitigation
and warm-initialization on the algorithm, measurement statis-
tics of the algorithm, transferability of the algorithm to
related tasks, and the e�ect of hidden node density to name
a few were thoroughly explored. Specific examples used
were important categories of 2D-materials like transition metal
di-chalcogenides (TMDCs) whose entire set of frontier bands
(both valence and conduction), band-splitting due to spin�orbit
coupling (SOC), etc., were accurately obtained even when
implemented on 27-qubit IBMQ processors. Representative
data for monolayer Molybdenum di-Sulfide (MoS2) for valence
and conduction bands are shown in Fig. 33(c) and for symmetry
filtering using squared-orbital angular momentum (L2) opera-
tor in Fig. 33(d and e). Molecular examples to study the effect of
multi-reference correlation were explored both in the ground
and excited states. In each case the performance of the algo-
rithm was benchmarked with metric like energy errors, infide-
lity of the target state trained on the neural network, constraint
violation, etc.

Tensor networks as described in Section 3.4 have been used
as an ansatz to classically simulate numerous quantum systems
with limited entanglement. One can map a quantum many-
body state represented on a tensor network to quantum circuits
so that it can harness the quantum advantage. The goal is to
prepare variational states using quantum circuits which are
more expressive than tensor networks or any other classical
ansatz and also are di�cult to simulate on classical computers.
In a recent report, the authors549 use this idea to represent

Fig. 32 (a–c) Ground state energies of H2, LiH, and H2O, respectively. (d)
Ground state energy of LiH having used a warm starting procedure. The
inner panels indicate the error with respect to exact diagonalization values.
The panel is reproduced from ref. 517 with permission under Creative
Commons CC BY license.
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over. In the case of QNN, a general unitary constructed from
paramaterized quantum circuits is used. The ansatz that
defines the unitary could be inspired by the problem at hand
or could be a very general multilayered hardware e�cient one.

Following this an optimizer is enrolled to compute gradients
on the cost function of interest. The gradients of these opera-
tors may not directly correspond to another unitary operator, in
which one needs to re-express them as a sum of terms with
term corresponding to an e�cient computation of expectation
value of some observable for the corresponding unitary that is
being the output. An example of this would be to use para-
meters shift rule to re-express gradients as di�erences.

6.4.1 Expressibility of QNN. Just like in DNN where the
depth adds to the networks capacity to fit the training data, we
would like to quantify the circuits ability to generate states from
the Hilbert space. When very little is known about the system
that one is dealing with, one might choose to work with generic
random ansatz that is agnostic to the system built from hard-
ware e�cient elementary gates as layers with repeating ele-
ments. The expressibility of such an ansatz721 can be expressed
in terms of the deviation from the the Haar722 integral

At …
ð

Haar
ðVj0ih0jVyÞ�tdV �

ð

y
ðUðyÞj0ih0jUyðyÞÞ�tdy

����

����

(154)

where 8�8 refers to the Hilbert Schmidt norm and t the moment
up to which one would like to approximate. The above
definition forms the basis for verifying if a given circuit is a
t-design723 approximation and quantifies the extent to which
the ansatz can sample the hilbert space uniformly. Hubregtsen
et al.724 showed that this correlates to the classification accu-
racy of the circuits on MNIST dataset. We would like to next
point out that despite expressibility being a good thing to
achieve better approximations, the trainability of such ansatz
is prone barren plateaus.

6.4.2 Trainability of QNN. Let L(y,z) represent the loss
function we would like to optimize to build the learning model,
where y represent the parameters to be optimized and
z … [n

j…1fð~xj ; yjÞg. Here -
xj represents the input vector and yj

represents the label assigned to it. Thus the optimization
procedure solves the following empirical minimization pro-
blem:

y	 … argmin
y

Lðy; zÞ …
1
n

Xn

j…1

lðyj ; ~yjÞ þ l kyk 2 (155)

where ỹj represents the label predicted by the classifier and
l 8y82 is a regularization term added to prevent over-fitting.
Some of the major sources for errors include noisy quantum
gates, decoherence of qubits (ex:depolorizing noise), errors in
measurement and errors coming from finite measurement
statistics. Having defined a loss function, one can then define
the following metrics,

R1ðyT Þ : … krLðyÞkh i
R2ðyT Þ : … LðyT Þ

� �
� Lðy	Þ (156)

where yT denotes the parameters in the training iteration T and
the averaging is done over randomness in the noisy quantum
gates and multiple measurements. Here R1 quantifies the rate
of convergence to a stationary point and R2 quantifies the rate
of convergence and excess error in the loss function. Yuxuan
et al.725 showed that R1 and R2 (for l A [0,(1/3p)] , [1/p,N ])
satisfy the following bounds:

R1 � ~O poly
d

Tð1 � pÞL
;

d

BKð1 � pÞL
;

d

ð1 � pÞL

� �� �

R2 � ~O poly
d

BK2ð1 � pÞL
þ

d

ð1 � pÞL

� �� � (157)

where D is the number of parameters, T the number of itera-
tions to be executed, K number of measurements made, B batch
size used for computing gradients, p is the gate noise and L is
the circuit depth. One key result in establishing these bounds
was to show that the empirically estimated gradients via
measurements is biased. A multiplicative bias that depends
on (1 � p)L and an additive bias that comes from a distribution
that depends on the labels, K and (1 � p)L. Functionally this
marks another distinction between DNN and QNN. The noise
models explicitly added to DNN as are bias free and help with
the convergence, where as the intrinsic noise that come from
gate and measurement errors, results in a bias that degrades
learning. The bounds on R1 and R2 indicate that increasing K,
B and reducing p, d and L can result in better trainability of the
quantum circuit model. We notice that the exponential power-
ing of the noise by the circuit depth L, indicates that training
deep circuits will be infeasible in the NISQ era.

6.4.3 Generalizability of QNN. Generalizability is an impor-
tant aspect of an ML model that caters to the ability of that
model to generalize a given task. One way to speak about the
generalizability of a model is by looking if it capable of
transfering the knowledge learnt from a task to perform a
similar task with just a little additional training as opposed
to training the model from scratch for the second task. In the
work by Andrea Mari et al.,208 it was shown that a QML model is
indeed capable of performing transfer learning. The generic
transfer learning approach can be summarized as considering a
network trained on a dataset for a particular task, using only
the first few layers of this network as a feature extraction
network and appending a new network to it that can be trained
on a new dataset for a related new task. One can consider the
first network to either be classical or quantum and subse-
quently the second appendable network to also be either
classical or quantum, resulting in four possible combinations.
The classical-classical network is a common framework,
while in this work, the authors provide relevant examples for
the other three cases corresponding to classical-quantum,
quantum-classical, and quantum�quantum networks, thereby
providing evidence that QML models can be generalized for
tasks using transfer learning. Generalizability is also the ability
for the model to perform well when new data are shown having
trained on a given set of data. There have been studies that
show the performance of QML models on the testing set for
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rare reactions where such intuition may not be available. The
second category uses simple translation of the molecular
descriptors of the reactants into products as is used in
machine-induced linguistic translations. Promising results
have been obtained for either category using ML/DL
algorithms.746�750 For further information, the reader may
consult already existing topical reviews like.41,751 To the best
of our knowledge, the role of quantum computing in this area
has not been explored. Another area which is very important is
understanding non-unitary dynamical evolution of quantum
systems and the role of coupling to the environment and the
emergence of decoherence.752,753 Such open system dynamics
have also begun to receive attention from the point of view of
machine learning wherein the density matrix of the state is
encoded as within an efficiently constructible ansatz. In a
recent report128 Kernel-Ridge Regression (see Section 3.2.2)
has been used to faithfully recover long-time dynamical
averages of the spin-boson model when linearly coupled to a
harmonic bath characterized by the Drude�Lorentz spectral
density. Hierarchical equation of motion approach (HEOM)
was used to train the model using short-time trajectories but
the results when extrapolated beyond the training time inter-
vals using Gaussian kernels leads to unprecedented accuracy.
LSTM networks (see Section 3.3.3) have been used to model
dynamical evolution of density operators for a coupled two-level
system vibronically coupled to a harmonic bath.754 The popula-
tion difference between the two levels and the real and ima-
ginary part of the coherence was used as time series data for
training at shorter times from the numerically exact multi-layer
multi-configurational Time Dependent Hartree method (ML-
MCTDH). Remarkable accuracy was seen being preserved even
in the long-time limit. A similar result was also obtained with
CNN755 (see Section 3.3.2) where input training data was the
density matrix elements at various time steps and the predic-
tion of the network through successive series of convolutions
and max-pooling yielded accurate values of averages of the
system operators (like the Pauli-z or sz(t)). For further elabora-
tion on other such methods, the interested reader is referred to
ref. 756�759.

Yet another promising area which is left untouched here is the
use of physics-inspired machine learning algorithms which even
though is beginning to gain attention in problems of physical or
technological interest760�764 but has been sparsely adopted in
chemistry.765 Reader may consult a recent review for further
discussion.766 We thus see that the road ahead is ripe with
possibilities that can be explored in future especially for the
quantum-computing based ML variants. Hopefully with better
error mitigating strategies767 and large scale devices with over
1000 qubits being promised in recent future by tech-giants,768 this
burgeoning field will pick up momentum with enhanced capabil-
ities to conduct many pioneering investigations.
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28 Z�. Ivezić, A. J. Connolly, J. T. VanderPlas and A. Gray,
Statistics, data mining, and machine learning in astronomy,
Princeton University Press, 2014.

29 A. Radovic, M. Williams, D. Rousseau, M. Kagan,
D. Bonacorsi, A. Himmel, A. Aurisano, K. Terao and
T. Wongjirad, Nature, 2018, 560, 41�48.

30 P. B. Wigley, P. J. Everitt, A. van den Hengel, J. W. Bastian,
M. A. Sooriyabandara, G. D. McDonald, K. S. Hardman,
C. D. Quinlivan, P. Manju and C. C. Kuhn, et al., Sci. Rep.,
2016, 6, 1�6.

31 J. Zhou, B. Huang, Z. Yan and J.-C. G. Bünzli, Light: Sci.
Appl., 2019, 8, 1�7.

32 A. Chattopadhyay, E. Nabizadeh and P. Hassanzadeh,
J. Adv. Modeling Earth Syst., 2020, 12, e2019MS001958.

33 X. Ren, X. Li, K. Ren, J. Song, Z. Xu, K. Deng and X. Wang,
Big Data Res., 2021, 23, 100178.

34 T. A. Monson, D. W. Armitage and L. J. Hlusko, PaleoBios,
2018, 35, 1�20.

35 J. P. Spradley, B. J. Glazer and R. F. Kay, Palaeogeogr.,
Palaeoclimatol., Palaeoecol., 2019, 518, 155�171.

36 I. C. Romero, S. Kong, C. C. Fowlkes, C. Jaramillo, M. A.
Urban, F. Oboh-Ikuenobe, C. D�Apolito and S. W. Punyasena,
Proc. Natl. Acad. Sci. U. S. A., 2020, 117, 28496�28505.

37 G. R. Schleder, A. C. Padilha, C. M. Acosta, M. Costa and
A. Fazzio, J. Phys.: Mater., 2019, 2, 032001.

38 J. Behler, J. Chem. Phys., 2016, 145, 170901.
39 O. A. von Lilienfeld and K. Burke, Nat. Commun., 2020, 11,

1�4.
40 Y. Liu, C. Niu, Z. Wang, Y. Gan, Y. Zhu, S. Sun and T. Shen,

J. Mater. Sci. Technol., 2020, 57, 113�122.
41 F. Strieth-Kaltho�, F. Sandfort, M. H. Segler and F. Glorius,

Chem. Soc. Rev., 2020, 49, 6154�6168.
42 C. W. Coley, W. H. Green and K. F. Jensen, Acc. Chem. Res.,

2018, 51, 1281�1289.
43 Z. Fu, X. Li, Z. Wang, Z. Li, X. Liu, X. Wu, J. Zhao, X. Ding,

X. Wan and F. Zhong, et al., Org. Chem. Front., 2020, 7,
2269�2277.

44 D. Fooshee, A. Mood, E. Gutman, M. Tavakoli, G. Urban,
F. Liu, N. Huynh, D. Van Vranken and P. Baldi, Mol. Syst.
Des. Eng., 2018, 3, 442�452.

45 D. Hu, Y. Xie, X. Li, L. Li and Z. Lan, J. Phys. Chem. Lett.,
2018, 9, 2725�2732.

46 S. Amabilino, L. A. Bratholm, S. J. Bennie, A. C. Vaucher,
M. Reiher and D. R. Glowacki, J. Phys. Chem. A, 2019, 123,
4486�4499.

47 A. Kumar, S. Loharch, S. Kumar, R. P. Ringe and R. Parkesh,
Comput. Struct. Biotechnol. J., 2021, 19, 424�438.

48 J. A. Keith, V. Vassilev-Galindo, B. Cheng, S. Chmiela,
M. Gastegger, K.-R. Müller and A. Tkatchenko, 2021, arXiv
preprint arXiv:2102.06321.

49 M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information: 10th Anniversary Edition, Cambridge
University Press, USA, 10th edn, 2011.

50 C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres
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431 M. Benedetti, J. Realpe-Gómez, R. Biswas and A. Perdomo-
Ortiz, Phys. Rev. X, 2017, 7, 041052.

432 N. Wiebe, A. Kapoor, C. Granade and K. M. Svore, 2015,
arXiv preprint arXiv:1507.02642.

433 M. H. Amin, E. Andriyash, J. Rolfe, B. Kulchytskyy and
R. Melko, Phys. Rev. X, 2018, 8, 021050.
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Rev. E: Stat., Nonlinear, Soft Matter Phys., 2011, 84, 066106.

707 J. S. Yedidia, W. T. Freeman and Y. Weiss, et al., Exploring
Artificial Intelligence in the New Millennium, 2003, 8,
0018�9448.

708 G. Carleo, I. Cirac, K. Cranmer, L. Daudet, M. Schuld,
N. Tishby, L. Vogt-Maranto and L. Zdeborová, Rev. Mod.
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