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Nanocrystal assembly represents the key fabrication step to
develop next-generation optoelectronic devices with properties
defined from the bottom-up. Despite numerous efforts, our limited
understanding of nanoscale interactions has so far delayed the
establishment of assembly conditions leading to reproducible
superstructure morphologies, therefore hampering integration with
large-scale, industrial processes. In this work, we demonstrate the
deposition of a layer of semiconductor nanocrystals on a flat and
unpatterned silicon substrate as mediated by the interplay of
critical Casimir attraction and electrostatic repulsion. We show
experimentally and rationalize with Monte Carlo and molecular
dynamics simulations how this assembly process can be biased
towards the formation of 2D layers or 3D islands and how the
morphology of the deposited superstructure can be tuned from
crystalline to amorphous. Our findings demonstrate the potential of
the critical Casimir interaction to direct the growth of future
artificial solids based on nanocrystals as the ultimate building
blocks.

Semiconductor nanocrystals, quantum dots (QDs), reside at the
1-10 nm length scale separating atoms and colloids and have
the potential of becoming the ultimate building blocks of
future artificial solids" by promoting material properties fun-
damentally defined from the bottom-up.>® The assembly of
QDs into crystalline solids, or supercrystals, is of key impor-
tance as it represents the main fabrication step of these
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New concepts

Traditional assembly methods for nanoparticles rely on fast solvent
drying, resulting in superstructure morphologies that are difficult to
reproduce. In this paper, we take advantage of attractive critical Casimir
interactions to get a direct grip on the nanoscale assembly and steer the
growth of specific nanoparticle morphologies with external temperature
control. Such direct control is so far lacking at the nanometer scale. We
demonstrate the flexibility of our method by growing crystalline, amor-
phous, and spinodal superstructures, as well 2D layers and 3D islands. As
the superstructures grow on a silicon substrate, the resulting nanocrystal
films may be directly processed into a device structure for applications. In
addition, our approach allows new insights into the nature of fluctuations
and inter-particle interactions by visualization of the nanoscale footprint
of the critical Casimir interactions through the spinodal nanoparticle
tiling.

complex materials. Of the several assembly techniques
investigated,”” controlled solvent evaporation at the air/liquid
interface has led to the largest crystalline domain size of 2D
supercrystals of QDs;° this approach is versatile and compatible
with 3D assembly,” although the transfer of the crystalline QD
layer to a solid substrate can lead to film cracking,® hampering
scalability. There is, therefore, the need to improve the integra-
tion of QD supercrystals onto planar substrates. An ideal
solution would be controlling both QD-QD and QD-substrate
interactions to drive the growth of QD supercrystals directly
onto a desired substrate.

Critical Casimir interactions have attracted much attention
recently as a means to steer the assembly of micro-scaled
colloids and nanoparticles dissolved in a binary solvent close
to its critical point.°*> The confinement of solvent fluctuations
between particles causes a net attractive force driving the
assembly process.”>"” Changing the distance from the critical
point regulates the size and composition of these fluctuations,
thereby controlling the magnitude and the range of the Casimir
interaction. Consequently, the temperature of the near-critical
solvent represents a physical knob to finely tune the particle
interactions, favoring interaction-dependent superstructure
morphologies.* Similarly, the confinement of solvent fluctuations
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between particles and a substrate also leads to particle-substrate
interactions that can ultimately result in controllable adsorption of
particles on a substrate.*>* In the case of nanoparticles, this can
allow for controlled nanocrystal deposition analogous to atomic
deposition techniques such as chemical vapor deposition, with the
advantage that the nanocrystal interactions can be directly con-
trolled by temperature. While for typically-used micrometer-sized
colloidal particles the temperature needs to be inconveniently close
to the critical temperature, T, by several tens of millikelvin to reach
interaction ranges comparable to the colloid size, for nanoparticles
the temperature range widens up to ten Kelvin below T, making
this technique more easily applicable."

Herein, we demonstrate the controlled deposition of QDs
onto a silicon substrate driven by critical Casimir forces. By
tuning the interplay between the critical Casimir attraction and
electrostatic repulsion, we direct the growth of patches of a
crystalline monolayer of QDs on a substrate. We show how the
morphology of deposited QD superstructures can be varied
from crystalline to amorphous and from layer-by-layer to island
growth by navigating through the multidimensional parameter
space of Debye screening length, substrate wetting properties
and solvent correlation length. To gain physical insights into
the assembly process, we perform 3D Monte Carlo (MC)
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simulations of the Ising model, which mimics a binary liquid
mixture close to criticality. To connect simulations and experi-
ments, we measure the size of the solvent fluctuations in situ
and compute the critical Casimir interaction potentials for the
experimentally relevant configurations. Our results open up
new directions for the assembly and deposition control of QDs
at nanometer length scales, demonstrating conveniently tun-
able nanoparticle interactions.

We prepare cadmium selenide (CdSe) QDs with average
diameter dop = 5.5 nm and passivated by hydrophilic 2,
3-dimercapto-1-propanesulfonate (DMPS) ligands, and disperse
them in a binary mixture of lutidine and water with lutidine
mass fraction ¢, = 0.3, just above the critical concentration
cc = 0.286. Since the presence of QDs and free ligands in
solution influences the binary liquid phase diagram slightly,
we experimentally measure the phase diagram of the
nanocrystal-containing binary mixture. To induce attractive
critical Casimir interactions at a substrate, we heat the sub-
strate to the desired temperature below T, T = T. — AT. The
heated substrate is submerged into the solution from above to
avoid particle clusters assembling in the bulk of the solvent
from sedimenting onto it and to minimize convection, see
Fig. 1a. The solution is in thermal contact with a bath at room
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Fig. 1 Deposition of quantum dots onto a silicon substrate driven by critical Casimir forces. (a) Schematic of the experimental deposition setup. The
heated silicon substrate is submerged in a dispersion of quantum dots in binary solvent. The solvent fluctuations near the substrate are probed by the
laser of a dynamic light scattering setup. The resulting vertical temperature gradient drives the assembly close to the substrate. (b) Experimental
parameter space controlling the interaction potential is spanned by the Debye screening length, 1p, and solvent correlation length, &. (c) Representative
scanning electron micrographs of QD structures deposited on a hydrophilic silicon substrate for Ap 2 & with £ = 6 nm. Numbers refer to the state points
in (b). Top and bottom scale bars indicate 125 nm and 25 nm, respectively. (d) Examples of cubo-spherical particles (egn (1)) used to model quadratic
ordering of the deposited quantum dots. (e) Order parameters ¥4 and ¢ (egn (S10), ESIt) describing square and hexagonal ordering as obtained from 2D
molecular dynamics (MD) simulations. The critical Casimir and electrostatic interactions, used in the MD code, were pre-computed for a spherical
particle inscribed in the cubo-sphere with given a. The critical Casimir potential between QDs was computed in the presence of a hydrophilic substrate
for the reduced temperature t = (T — T.)/T. = 0.007 and bulk magnetic field of the Ising model h = 0.01. The Debye length /p ~ 5.5 nm. (f) Snapshots
from the MD simulations demonstrating (A) hexagonal and (B) quadratic ordering, corresponding to o = 2 and o = 8. See also videos (ESI).
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temperature, establishing a temperature gradient away from
the heated substrate (see Fig. S2 (ESIf) for the calculated
temperature distribution). We measure the temperature-
dependent solvent correlation length & directly using dynamic
light scattering by aligning the laser beam of a light scattering
setup (ALV-6000/60X0) close to the substrate so that scattering
results from the solvent fluctuations near the surface. This
allows us to directly measure the crucial parameter determin-
ing the attraction, ."* Due to the slightly off-critical composi-
tion, ¢ does not diverge upon approaching the critical
temperature, but increases strongly to correlation lengths sub-
stantially larger than the molecular dimension.™

While the magnitude and range of the critical Casimir
attraction depend on the size of the solvent composition
fluctuations, &(AT),>*>'®'® the magnitude and extent of the
electrostatic repulsion depend on the Debye screening length
/b, set by the concentration of free ions in solution.* Since the
dielectric constant of the QDs and silicon substrate (¢ ~ 5-6.25,
see ref. 24 and 25) is comparable to the dielectric constant of
the near-critical water-lutidine (¢ ~ 7, see ref. 26), the van der
Waals interactions are weak and hence the behaviour of the
QDs at a substrate is mostly determined by the interplay of the
electrostatic and critical Casimir interactions. The corres-
ponding experimental parameter space of ¢ and /p is shown
in Fig. 1b.

With increasing exposure time in the QD suspension, the
silicon substrate exhibits an increasing amount of deposited
material (Fig. S3, ESIT), suggesting the continuous deposition
of a QD film. The assembly also appears general yet sensitive to
the choice of substrate, as exemplified by depositions on a gold
substrate (Fig. S4, ESIT). We focus on short deposition times of
1 hour on silicon and investigate the structure and morphology
of the deposits. At sufficiently low attraction, i, > ¢, the
substrate after drying contains ordered crystalline patches of
QDs (Fig. 1c). Drawing an analogy with atomic deposition
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processes,”” the deposition of planar structures suggests that
the attraction between a QD and the substrate is larger than
that between the QDs; furthermore, the overall low attraction
magnitude allows the particles to form an equilibrium crystal-
line phase. Surprisingly, the crystalline patches exhibit square
packing featuring four nearest neighbors, instead of six neigh-
bors characterizing the hexagonal packing. The square packing
may arise due to QD facets, relating to their zinc blende atomic
lattice, emphasized by passivation with short DMPS ligands.

To assess whether such cubic-like shapes could lead to the
formation of square lattices, we model the deposited particles
as rounded cubes described by

X\ % P\ * Z\ ¢
® @ +@ - @

where o is a parameter defining the shape and R = dqp/2 is the
radius of a particle. For o = 2, eqn (1) describes a spherical
particle, which continuously transforms into a cube as o
increases (Fig. 1d). Taking into account the short-range, critical
Casimir and electrostatic interactions between such rounded
cubes (Section S4, ESIt), we minimize the energy of QDs
arranged on two lattices and find that the square lattice is
favourable for o > o, ~ 2.71 (Fig. S7, ESI). To elucidate the
structural transition in more detail, we compute bond order
parameters i/, and ), that take up values close to 1 for square
and hexagonal ordering, respectively (Section S4C, ESIt). We
perform 2D molecular dynamics (MD) simulations for particles
with various values of « (Section S4B, ESIt), and show the
resulting order parameters and structures as a function of o
in Fig. 1e and f. The quadratic order parameter \, increases
abruptly as « increases from o = 2 and dominates for o« 2 2.8,
suggesting that the shape of a QD is likely responsible for the
quadratic ordering seen in the experiments. Our simulations
also indicate that a transformation from the hexagonal to
square lattice can be induced by varying the Debye screening

Fig. 2 QD deposition on a hydrophilic silicon substrate for fixed Debye screening length. (a) Schematic of the available parameter space and the values
of the measured correlation length, ¢ and Debye screening length, Ap, used in (b). (b) Representative scanning electron micrographs for the states
indicated in (a). Top and bottom scale bars indicate 125 nm and 25 nm, respectively. Dashed circles indicate two times the correlation length for
orientation. (c) Attractive critical Casimir potential between a QD and the substrate obtained by Monte Carlo (MC) simulations of the Ising model. D is the
surface-to-surface distance and ic,s & ¢ is the decay length of the Casimir potential obtained by fitting it to the exponentially decaying function of

D (Section S3A, ESIt). The grey area shows the region of steric exclusion.

This journal is © The Royal Society of Chemistry 2021

Nanoscale Horiz., 2021, 6, 751-758 | 753


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d0nh00670j

Open Access Article. Published on 28 Mudyaxihi 2021. Downloaded on 2025-11-02 14:32:38.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Communication

length (Fig. S8, ESIT). It will be interesting to investigate such
transformations in more detail in future work.

When decreasing the Debye screening length to reduce the
repulsive component to i, ~ ¢, the crystalline structure
dissolves in favor of amorphous deposits (Fig. 1c). A similar
loss of crystallinity is observed when we increase the attractive
length scale while keeping the repulsion fixed: The initially
crystalline deposits become increasingly amorphous as shown
in Fig. 2. In both cases, we increase the attractive character of
the effective particle-particle and particle-substrate interac-
tions that result from the superposition of the screened elec-
trostatic repulsion and the critical Casimir attraction. We
conclude that the structure can no longer rearrange to reach
the lowest-energy configuration. We can thus tune the structure
of the deposit by either adjusting the salt concentration
or temperature to modulate the QD-substrate interaction.
Furthermore, controlling the wetting properties of the substrate
offers an orthogonal handle over the assembly behaviour, as we
will show below. We note that our 2D multiscale simulations®®
do not show this loss of crystalline order with decreasing A, but
rather the opposite trend; we therefore associate it with ligand
or surface friction effects that slow down the particle dynamics
at increasing attraction.

The increasing solvent correlation length also leads to a key
morphological feature: As the size of the solvent fluctuations
increases, the QD aggregates coarsen and assume a well-
defined morphology, reminiscent of spinodal patterns. Such
spinodal morphologies are characteristic of two-component
mixtures subjected to rapid demixing.>® Indeed, the size of
the observed structures is of the order of 2¢ (dashed circles in
Fig. 2b) and increases with increasing ¢ (from left to right in

K
B1of 4 &
5 O

ok
0 5 10152025 30

c £0m

-5 AD = Acas X 4.6 NM »
8

.7 nm «
18nm =
0 10 20
D (nm)

View Article Online

Nanoscale Horizons

Fig. 2b). Similar spinodal structures are also obtained in our
multi-scale molecular dynamics simulations of deposited
nanoparticles.”®

As opposed to micrometer-sized colloidal particles, the
solvent fluctuations can reach sizes comparable to or larger
than the QD diameter even at temperatures far below T.. By
increasing the solvent correlation length from ¢ =5 nm < dqp
to ¢ > 15 nm > dqp, we invert the ratio of ¢ to the particle
diameter dop. The case ¢/dop < 1 is typical for micron-
sized colloids and has been extensively studied in the
literature. "> 1312 183931 Bor £/d,, > 1, many-body interac-
tions between the QDs likely play a dominant role.**** Fig. 2b
suggest that, in this case, the QDs adsorbed onto the substrate
follow the specific patterns of the solvent fluctuations. Thus,
besides nanoparticle deposition, our experimental approach
can be used to deepen the fundamental understanding of
colloidal interactions by using nanoparticles as spatial probes.

The increasing correlation length also leads to a non-
trivial change of the amount of deposited material, namely,
with increasing ¢ the surface coverage changes in a non-
monotonic way (Fig. 2b). The critical Casimir potential Uggg
shown in Fig. 2c cannot explain this surprising behaviour
because its magnitude increases with increasing decay length
Acas ® &. The reduced surface coverage in Fig. 2 suggests that
the increasing correlation length enhances the surface charge
density due to the increased water content at the substrate,
hence amplifying the QD-substrate electrostatic repulsion. For
the larger correlation lengths (¢ 2 18 nm in Fig. 2b), the critical
Casimir forces eventually start to dominate the interactions,
leading to an increase in surface coverage. While microscopic
theories and complementary experiments are needed to assess

Fig. 3 QD deposition on a hydrophilic substrate in the regime /p ~ ¢&. (a) Available parameter space and the values of the correlation length, ¢, and
Debye screening length, ip, used in (b). (b) Representative scanning electron micrographs for the parameters indicated in (a). Top and bottom scale bars
indicate 125 nm and 25 nm, respectively. (c) Total interaction potential Uy, between a QD and the substrate as a sum of the critical Casimir attractive
(Fig. 2¢) and electrostatic repulsive (Section S2B, ESIt) potentials. The critical Casimir potential was calculated from Monte Carlo (MC) simulations of the
Ising model and its decay length Ac,s & ¢ was obtained by fitting the MC data to an exponentially decaying function of separation.
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this hypothesis, we note that such unusual effects have been
previously reported for other types of surfaces. For equally-
charged surfaces with unlike preferences for the fluid compo-
nent (e.g., hydrophobic substrates and hydrophilic particles),
there is a temperature-induced crossover between attractive
and repulsive forces® that arises due to the subtle interplay
between the electrostatic and critical Casimir forces.**” Simi-
larly, oppositely-charged hydrophobic surfaces can repel each
other, even though separately both the critical Casimir and
electrostatic forces are attractive.*®

When we increase the range of the attraction and repulsion
simultaneously, keeping their ratio constant, we observe a
substantial decrease in the surface coverage (Fig. 3a and b).
The strength of the electrostatic repulsion increases quadrati-
cally with the Debye screening length (Section S2B, eqn (S6),
ESIt), while the magnitude of the critical Casimir attraction
varies only weakly with the correlation length (Fig. 2c). This
leads to an energy barrier for QDs approaching the substrate
when Ap = ¢ increases (Fig. 3c), which reduces the surface
coverage. A similar effect has been reported for the assembly of

oo
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micro-scale colloids, which yields the aggregation line well
below the Ap = & line.*®

We finally bias the assembly process to selectively drive QD
island growth. Atomic deposition methods describe island
growth as characterized by interparticle interactions stronger
than particle-substrate interactions. We achieve these condi-
tions by engineering the surface affinity of the silicon substrate
from hydrophilic to hydrophobic by treating the substrate with
3-mercaptopropyl trimethoxysilane,*® resulting in a contact
angle of 74° with water, see Fig. S1 (ESIf). The resulting
deposits indeed exhibit island morphology, as shown in Fig. 4b.

We thus tuned the deposition of 2D QD layers towards 3D
island growth, with island sizes between 50 and 500 nm. Yet, it
is surprising that we observe any superstructure growth at all as
the critical Casimir force becomes repulsive in the presence of
asymmetric boundary conditions, namely hydrophobic sub-
strate and hydrophilic particles.'® Such islands may grow on
locations of the substrate where the hydrophobic surface cover-
age is defective, therefore exposing hydrophilic patches
(Fig. 4c). To understand how the presence of such patches

dpatch = dQD

D (nm)

Fig. 4 QD deposition on a hydrophobic silicon substrate. (a) Schematic of the available parameter space. (b) Representative scanning electron
micrographs of the deposited QD islands. Top and bottom scale bars indicate 125 nm and 25 nm, respectively. (c) Schematic of the model used in Monte
Carlo (MC) simulations of the Ising model. A spherical nanoparticle of diameter dqgp, modelling a QD, approaches an overall hydrophobic surface (yellow)
with a circular hydrophilic defect (blue patch) of diameter dpaicn (Section S3, ESIT). (d) Critical Casimir potential Uc,s between a QD and the patched
substrate as a function of the surface-to-surface distance D obtained from MC simulations. The QD is located above the patch so that their centers form
a vector normal to the substrate. The decay length of the critical Casimir potential, Zcas & 4.3 nm, was determined from the decay of Ucas for dpaten = 0
(Section S3A, ESIT). An energy barrier for a QD to deposit on the substrate decreases quickly with increasing the patch size, allowing island growth at the
location of the patch. (e) Critical Casimir potential for a few values of the decay length Ac.s. An energy barrier for the QD deposition decreases for
decreasing /cas, €nabling more deposition islands to form on the substrate.

This journal is © The Royal Society of Chemistry 2021 Nanoscale Horiz., 2021, 6, 751-758 | 755
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affects the critical Casimir interactions between a QD and the
substrate, we performed MC simulations for various patch sizes
dpaten- Fig. 4d shows that the energy barrier for QD deposition
decreases rapidly with increasing dy,¢c» and practically vanishes
when the patch size becomes comparable to the QD size.
Hence, deposition of a single QD may result in a cascade
reaction that will quickly lead to the formation of an island.
Our simulations also reveal that the energy barrier decreases
for decreasing decay length of the critical Casimir interactions
(Fig. 4e). The decreasing range of interactions weakens the
effect of the hydrophobic substrate on a QD that is located
exactly above the hydrophilic patch, thus weakening the repul-
sion. This explains why more islands form for smaller correla-
tion lengths. Such island formation due to hydrophilic patches
demonstrates the potential of our method for fabricating
complex nanoparticle structures via substrate patterning.

In conclusion, our experiments and simulations demon-
strate that via direct particle interaction control at the nano-
scale, the critical Casimir effect allows the deposition of QDs on
a substrate in an administering manner. Application of this
effect to nanometer-size particles offers convenient tuning of
their interactions in a temperature window of more than 10 K, a
range much larger than in previous studies on micron-scale
colloids.'®'*>1%3% By varying the Casimir attraction and the
electrostatic repulsion, we obtain various morphologies ran-
ging from crystalline to spinodal. We expect this effect to be
general to any nanoparticle that can be charge stabilised in the
binary mixture; the magnitude of the repulsive and attractive
components will then be set by the surface charges of particles
and substrate, and their lutidine/water affinities, respectively.
Furthermore, by changing the substrate wetting properties, we
direct the growth from 2D layers to 3D islands (Fig. 1,4,
respectively). Our experiments also uncover physically unex-
pected results such as the formation of quadratic, rather than
hexagonal, lattices (Fig. 1) and a surprising non-monotonic
behavior of surface coverage with the solvent correlation length
(Fig. 2).

We envision that our method may lead to faster and cheaper
fabrication techniques for optoelectronic devices based on
nanocrystal self-assembly. Combined with chemical substrate
patterning, the critical Casimir-driven nanoparticle deposition
can produce desired structures, challenging to fabricate other-
wise. These well-defined morphologies can find a broad range
of applications, such as light-emitting diode displays with
nanocrystal-sized pixels. Our approach may also serve as the
testing ground to deepen our knowledge of fluctuation phe-
nomena and critical Casimir forces at the nanoscale to experi-
mentally assess the effects predicted by theory.!>?833:41743

Methods

Experiments

We have synthesized CdSe QDs by following a procedure
reported in the literature.*® The hydrophobic, oleate-capped,
QDs were ligand-exchanged for hydrophilic DMPS ligands by
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using an equal volume hexane/N-methyl formamide two-phase
system featuring an excess of 1000 ligands per QD. After
washing with acetonitrile, the ligand-exchanged QDs were re-
dispersed in the binary mixture of 2,6-lutidine in water.

The QD dispersion was then transferred to a custom-made
glass cuvette for light-scattering which was placed in the
sample holder for a standard dynamic light scattering system
(ALV-6000/60X0 Multiple Tau Digital Real Correlator), a deca-
line bath at room temperature. A silicon substrate, made either
hydrophilic through plasma-cleaning or hydrophobic through
silanization (see ref. 40, method 2), was placed in contact with
the QD dispersion by immersion. The silicon substrate was in
thermal contact with a steel block. The steel block was then
heated to the desired temperature by means of an embedded
thermistor.

The solvent correlation length ¢ was directly measured by
using dynamic light scattering after aligning the He-Ne laser
beam (wavelength 632.8 nm, power 22 mW) parallel and close
to the submerged substrate. Specifically, we carefully lowered
the cuvette containing the nanocrystal dispersion in the binary
mixture in contact with the heating block until the laser beam
just cleared of the substrate. The single exponential decay time
7 of the scattered intensity correlation curve is related to the
hydrodynamic diameter dyy of the scattering objects undergoing
diffusion by & = dy = (kgT/37mn)g°t, where kg Boltzmann’s
constant, T the temperature, 5 is the solvent viscosity, and g
is the scattering wavevector. The Debye screening length Ap of
the binary mixture was controlled by adjusting the concen-
tration of NaCl according to ip = \/(&:60ksT)/(2 X 103Nae21),
where ¢, is the volume-averaged dielectric constant of the
solvent mixture, ¢, the permittivity of free space, Ny Avogadro’s
number, e the elementary charge, and I the molar concen-
tration of NaCl. The depositions shown in the main text lasted
one hour. A more extensive description of these procedures can
be found in Section S1 (ESIt).

Monte Carlo simulations

We have used 3D Monte Carlo (MC) simulations of the Ising
model, which mimics a near-critical binary solvent, to compute
critical Casimir interaction potentials between a QD and a
substrate and between two QDs at a substrate. QDs were
modeled as spherical particles on a lattice using the method
developed by Vasilyev'” (Section S3A, ESIf). To mimic the
experimental conditions, where an off-critical concentration
was kept fixed, we varied the values of the reduced temperature
and external magnetic field in the Ising model such as to have a
constant non-zero magnetization in the bulk (Section S3B,
ESIt).

Molecular dynamics simulations

We performed 2D molecular dynamics simulations of depos-
ited cubo-spherical particles with the shape defined by eqn (1).
The shape was taken into account only on the level of short-
range repulsive interactions (Section S4, ESIt). The electro-
static and critical Casimir forces were calculated for a sphere

This journal is © The Royal Society of Chemistry 2021
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inscribed in

the corresponding cubo-spherical particle.

For electrostatic interactions, we used the DLVO theory (Section
S2A, ESIT) and the critical Casimir potentials were computed

by

Monte Carlo simulations of the Ising model, as des-

cribed above.
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