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Integration of global ring currents using the
Ampère–Maxwell law†

Raphael J. F. Berger, *a Maria Dimitrova, ab Rinat T. Nasibullin,c

Rashid R. Valievbc and Dage Sundholm *b

Magnetically induced ring currents are calculated from the magnetic

shielding tensor by employing the Ampère–Maxwell law. The feasibility

of the method is demonstrated by integrating the zz component of the

shielding tensor along the symmetry axis of highly symmetric ring-

shaped aromatic, antiaromatic and nonaromatic molecules. The calcu-

lated ring-current strengths agree perfectly with the ones obtained by

integrating the current-density flux passing through a plane cutting half

the molecular ring. The method can be used in combination with all

electronic structure codes capable of calculating nuclear magnetic

resonance (NMR) shielding tensors in general points in space. We also

show that nucleus independent chemical shifts (NICS) along the sym-

metry axis are related to the spatial derivative of the strength of the

global ring-current along the z axis.

An external magnetic field perpendicular to the molecular plane of a
planar ring-shaped molecule may induce a ring current around the
molecule.1–6 The strength of the ring current is often used for
investigating the aromatic character of the molecule and its degree
of aromaticity.7,8 The ring-current strength can be estimated from
the isotropic magnetic shielding calculated in discrete points in the
vicinity of the molecule.9–13 Methods based on the nucleus inde-
pendent chemical shifts have been extended to two and three
dimensions using the isotropic shielding constant or the zz compo-
nent of the shielding tensor.14–18 Ring-current strengths can be
directly calculated by integrating the current-density flux passing
through a surface S that cuts the molecular ring current.19–21

IS ¼
ðð

S

J � dS (1)

In eqn (1), J is the current density, the dot represents its scalar
product with the normal of the infinitesimal cross-section area, dS,

and IS is the strength of the current passing through the cross-
section surface. To compute the strength of the global ring current,
the two-dimensional integration domain has to begin in the center
of the ring-current vortex and it ends at a very long distance from
the molecule in the other spatial directions. This approach has been
used for calculating ring-current strengths and ring-current path-
ways for a large number of molecules and it was reviewed
recently.22–24

Here, we propose an alternative method to determine ring-
current strengths. The presented approach is based on the
integral form of the Ampère–Maxwell law that relates the
integrated magnetic field around the boundary of a surface to
the strength of the current passing through it. The integral
form of the Ampère–Maxwell law readsðð

S

J � dS ¼ 1

m0

I
‘

Binduced � d‘; (2)

where Binduced is the magnetic field along the closed curve
c enclosing S and m0 = 1.256 637 062 12(19) � 10�6 N A�2 is the
vacuum permeability. We investigate planar molecules such as
benzene that lie in the x, y plane and have an axial symmetry
with the z axis coinciding with the main symmetry axis. The
chosen molecules belong to point groups having a main
symmetry axis of the order of Z3 or to the D2h point group,
since this class of molecules has a vertical ring-current vortex
for symmetry reasons and the central vortex stagnation line
coincides in such molecules exactly with the z axis. The external
magnetic field is perpendicular to the molecular ring.

According to eqn (2) the strength of the ring current can be
obtained by numerically integrating the szz component of the
magnetic shielding tensor along the z axis. Since the induced
magnetic field vanishes at a very long distance from the
molecule, the integration path can be closed by bending it far
away from the molecule where it approaches the z axis from the
other side of the molecule. The induced magnetic field is
obtained from the position dependent chemical shielding
tensor r by contracting with the external magnetic field Bexternal

that is set parallel to the z axis in this work.
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Binduced = �rBexternal (3)

The shielding tensor is computed in a number of discrete
point along the z axis and integrated numerically. For the
studied molecules, the non-parallel components of the induced
magnetic field vanishes. Thus, the method involves numerical
integration of only the zz component of the aromatic ring-
current shielding (ARCS) function, whose shape has previously
been used for estimating ring-current strengths.10,11,25–27 The
ARCS idea has later been adopted, extended and
generalized.28–30 For molecules whose x and y components of
the induced magnetic field do not vanish along the z axis, the
present approach leads to a small numerical deviation from the
exact ring-current strength because the path integration does
not follow the stagnation line of the central vortex. The current–
density integration scheme employing a rectangular integration
domain suffers from similar problems, because the boundary
of integration domain does not always coincide with the center
of the current–density vortex implying that whole ring current
is not obtained or some of the returning ring current is
considered.31 The deviations are usually small and can in both
approaches be accounted for by using a slightly extended
scheme.

The method is demonstrated by calculating the strength of the
ring current of cyclobutadiene, benzene, cyclohexadiene, borazine,
p-benzoquinone, hexadehydro12 annulene, porphyrin and iso-
phlorin. The profile of the ring current of benzene is compared to
the one obtained by integrating the current density.

The molecular structures were optimized at the density
functional theory (DFT) level using the B3LYP functional,32–34

the def2-TZVP basis set,35 and the semiempirial D3-BJ disper-
sion correction.36 DFT optimizations of the ground-state mole-
cular structures were performed with Turbomole.37 The
Cartesian coordinates of the optimized molecular structures
are given in the ESI.†

Nuclear magnetic shielding tensors were calculated with the
mpshift module of Turbomole.38 Magnetically induced current
densities were calculated with the GIMIC program using basis-
set data and density matrices obtained in the NMR shielding
calculations.19,21,39 Reference values for the ring-current
strengths were obtained with GIMIC by numerically integrating
the current-density flux passing the rectangular cross-section
area through half the ring.

The ring-current strengths were also obtained from Ampère–
Maxwell’s circuital law by numerically integrating the zz component
of the nuclear magnetic shielding tensor along the z axis. We use the

five-point Boole’s rule
2h

45
7f0 þ 32f1 þ 12f2 þ 32f3 þ 7f4ð Þ to approx-

imate the integral in each five-point element.40,41 We used an
equidistant step length h of 0.25 bohr between the grid points
and fi are the szz value calculated in each grid point. We used 1001
equidistant integration points with the first one at z = �100 bohr
and the last one at z = 100 bohr from the molecular plane, because
the induced magnetic field declines very slowly for large molecular
rings sustaining a strong ring current.

The ring-current strengths obtained by integrating the
current-density flux circling around the ring and the ones
obtained using Ampère–Maxwell’s law in Table 1 agree very
well showing that the ring-current strength can be obtained
with high accuracy from the magnetic shielding tensor. The
deviation between the two values are less then 0.2 nA T�1

for most of the studied molecules. The deviations are
0.4–0.6 nA T�1 for the porphyrinoids with very strong ring
currents.

The ring-current strength of isophlorin is overestimated, because
we use the B3LYP functional with only 20% Hartree–Fock (HF)
exchange. A smaller paratropic ring current would be obtained when
using a functional with at least 50% HF exchange or when using a
range-separated functional.42,43 However, this does not affect the
conclusions, since the two ring-current strengths for isophlorin
agree well.

Application of Ampère–Maxwell’s law to evaluate total induced
ring current strengths also sheds light on the physical meaning of
NICS values9,13 and their relation to the magnetically induced current
density. For convenience, we define the integral over the path
c between the points a and b in the right-hand-side of eqn (2) as

I‘½a; b� ¼ 1

m0

ðb2‘
a2‘

Binduced � d‘; (4)

which can be generalized to any open or closed segment paths. For
closed integration paths, the integral is independent of the integra-
tion boundaries (a = b) implying that they can be omitted in the
notation.

Evaluating the line integral in eqn (2) along a general
rectangular path shown in Fig. 1 yields the strength of the
magnetically induced current density passing through the sur-
face enclosed by it. The contribution from the first part (l1) of
the integration path starting at r0 = (0,0, �z0) on the symmetry
axis and ending at r1 = (0,0,z0) is given by

Il1 ½r0; r1� ¼
1

m0

ðz0
�z0

szzð0; 0; zÞdz: (5)

The contribution from the second part (l2) of the integration
path that begins at r1 = (0,0,z0) and ends at r2 = (N,0,z0) is
obtained by

Il2 ½r1; r2� ¼
1

m0

ð1
0

sxzðx; 0; z0Þdx (6)

Table 1 The ring-current strengths (in nA T�1) obtained from Ampère–
Maxwell’s law, IAmpère (eqn (2)), and Iflux (eqn (2)), which is obtained by
integrating the current density passing though the cross section of half the
molecular ring

Molecule IAmpère Iflux

Cyclobutadiene �20.00 �19.82
Benzene 11.94 12.04
Cyclohexadiene �0.65 �0.47
Borazine 3.25 3.23
p-Benzoquinone �0.01 0.21
Hexadehydro[12]annulene �24.16 �23.98
Porphyrin 27.59 27.03
Isophlorin �63.99 �63.34
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where sxz(x,0,z0) represents the induced magnetic shielding
component in the x direction along the integration line, when
the external magnetic field is applied in the z direction. The
contribution from the third part (l3) of the integration path
beginning at r2 = (N,0,z0) and ending at r3 = (N,0, �z0)
vanishes because the path is infinitely far away from the
molecule where the induced magnetic field dies out. The fourth
integration interval (l4) is from r3 to r0. Since the linear
integration paths of l2 and l4 are at the same distance from
the molecular ring. They contribute equally due to the symme-
try. Alternatively, the l2 and l4 contributions are equal, because
the off-diagonal elements of the magnetic shielding tensor have
different signs at z and �z and the integration interval is
reverse. The strength of the magnetically induced current
inside the rectangle Rð Þ in Fig. 1 is given by

IR ¼ Il1 ½r0; r1� þ Il2 ½r1; r2� þ Il3 ½r2; r3� þ Il4 ½r3; r0�

¼ Il1 ½r0; r1� þ 2Il2 ½r1; r2�
(7)

yielding for z0 4 0 the dependence of IRðz0Þ as

IRðz0Þ ¼
1

m0

ðz0
0

szzð0; 0; zÞdzþ
ð1
0

sxzðx; 0; z0Þdx
� �

(8)

Eqn (8) gives the accumulated ring-current strength and
approaches the strength of the global ring current in Table 1,
when z0 - N. The differential contribution or the ring-current
profile is obtained by differentiating the accumulated ring-
current strength as

pðz0Þ ¼ lim
e!0

IRðz0 þ eÞ � IRðz0Þ
e

: (9)

The two identical ring-current profiles in the z direction (p(z))
shown in Fig. 2 are obtained by integrating the current-density
flux and by using eqn (8) and (9), respectively.

The ring-current profile in the x direction (p(x)) can be
analogously obtained by calculating the ring current passing
through rectangular domains whose edge is stepwisely shifted
along the x axis. Alternatively, the strength of the current
density inside the rectangular domain can also be obtained
by integrating the appropriate elements of the magnetic

shielding tensor along the edges of the rectangle. The integra-
tion domains along the sides of the rectangle are defined by the
corners at r0 = (x,0,�N), r1 = (x,0,N), r2 = (N,0,�N), and
r3 = (N,0,N). However, three of the contributions vanish since
the induced magnetic field dies out at long distances from the
molecule. The only remaining contribution is given by

IRðxÞ ¼
1

m0

ð1
�1

szzðx; 0; zÞdz (10)

yielding the ring-current strength as a function of x. The ring-
current profiles in Fig. 3 are obtained by differentiating the
integrated current-density flux IRðxÞ with respect to x. The
profiles obtained using eqn (10) and (9) or by differentiating
the integrated current density passing through the rectangular
surface are identical.44 However, the one deduced from the
shielding tensor has the correct sign in the whole range,
whereas the one obtained from the current density changes
sign on the other side of the ring-current vortex, because the
returning ring current has the opposite sign due to charge
conservation.

A relation between NICSzz values at z0 and the ring current
can be obtained by differentiating eqn (8) with respect to z

NICSzzð0; 0; z0Þ ¼ �m0pðz0Þ þ 2

ð1
0

d

dz
sxzðx; 0; zÞ

����
z¼z0

dx (11)

where in the second term is of the derivative of the off-diagonal
shielding tensor element sxz with respect to z that can be
calculated using numerical differentiation.

Conclusions and outlook

We have shown that the strength of magnetically induced ring
currents can be deduced from the zz component of the mag-
netic shielding tensor calculated in discrete points along the
z axis. The approach has been demonstrated by calculating the
ring-current strength of a few aromatic, antiaromatic and

Fig. 1 An illustration of the integration path giving a relation between the
magnetic shielding tensor (szz) along the path and the magnetically
induced ring-current inside the closed loop (Iinside). Fig. 2 The profile of the ring current (in nA T�1 bohr�1) of benzene (p(z))

along the z axis. The solid line is obtained by integrating the current
density. The dashed curve is obtained by integrating the magnetic shield-
ing tensor. The dashed curve is slightly shifted to avoid that they are on top
of each other.
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nonaromatic molecular rings. The theory is formally exact and
the calculated ring-current strengths agree within numerical
precision with values that were obtained by integrating the
current-density flux circling around the molecular ring. The
mean average error (MAE) is 0.0087nA�T�1 when using a spa-
cing of 1a0.

The accumulated profile of the total ring current in the z
direction can be calculated in discrete points (z0) by integrating
sxz(x) in the interval x A [0,N] at z0 and szz(z) in the interval
z A [�z0,z0] along the z axis. The accumulated radial ring-
current profile along for example the x axis can be calculated in
discrete points (x0) along the x axis by integrating szz(z) at x = x0

in the interval z A [�N,N]. The ring-current profiles are
obtained by differentiating the accumulated ring-current
profiles.

We also show that the popular NICSzz(0) value has one
contribution from the first derivative of the ring-current
strength with respect to the z direction and the second one is
a non-local contribution consisting of an integral over the first
derivative in the z direction of the appropriate off-diagonal
element of the magnetic shielding tensor calculated in the ring
plane. The NICSzz(1) value is analogously given by the first
derivative of the ring-current strength with respect to the z
direction and the non-local contribution is calculated 1 Å from
the ring plane. Calculating magnetically induced current den-
sities using NICS values on a three-dimensional grid is probably
not feasible,14,45 whereas current-density strengths can be
obtained from the magnetic shielding tensor calculated in
discrete points. In our GIMIC method, we use the expression
for magnetic shielding densities when we calculate magneti-
cally induced current densities.19,21,39 NICS values and mag-
netic shielding tensors in discrete points can be obtained from
magnetically induced current densities by integrating the Biot–
Savart expression.46–50

For molecular rings with lower symmetry, the exact ring-
current strength can be obtained by integrating along the

stagnation line i.e., the center of the global ring-current vortex
instead of following the z axis. Then, the induced magnetic
field along the integration path is no longer restricted by the
symmetry implying that also off-diagonal tensor elements such
as sxz and syz become non-zero and contribute to the ring-
current strength.

The proposed methods to calculate ring-current strengths
and ring-current profiles are easily employed in combination
with electronic structure programs that provide nuclear mag-
netic resonance (NMR) shielding tensors. The present method
should therefore contribute to settling the discussion about the
choice of NICS points to assess molecular aromaticity. The ring-
current strengths of three-dimensional molecules can be deter-
mined using our approach, when the external magnetic field is
oriented in an appropriate direction for the system under
consideration and the induced magnetic field is calculated
along a closed path such that the studied ring current is
enclosed by it. Depending on the direction of the external
magnetic field and the path of the line integration, all elements
of the magnetic shielding tensor may contribute to the ring-
current strength. Calculating strengths of the current density
inside carefully chosen integration paths may provide useful
information about the current-density flux in complicated
molecules.

The Ampère–Maxwell integration scheme combined with
stagnation graph analysis can ultimately be used for calculating
in an automatizable way the current strength of all vortices
occurring in a molecule. Then, the line integral of the elements
of the magnetic shielding tensor has to be evaluated along
stagnation lines delimited by branching points. Some of us are
currently working with their collaborators on the implementa-
tion of such a procedure.
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