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Fast Na diffusion and anharmonic phonon
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The design of new solid electrolytes (SEs) hinges on identifying and tuning relevant descriptors. Phonons

describe the atomic dynamics in crystalline materials and provide a basis to encode possible minimum

energy pathways for ion migration, but anharmonic effects can be large in SEs. Identifying and

controlling the pertinent phonon modes coupled most strongly with ionic conductivity, and assessing

the role of anharmonicity, could therefore pave the way for discovering and designing new SEs via

phonon engineering. Here, we investigate phonons in Na3PS4 and their coupling to fast Na diffusion,

using a combination of neutron scattering, ab initio molecular dynamics (AIMD), and extended molecular

dynamics based on machine-learned potentials. We identify that anharmonic soft-modes at the Brillouin

zone boundary of the anharmonically stabilized cubic phase constitute key phonon modes that control

the Na diffusion process in Na3PS4. We demonstrate how these strongly anharmonic phonon modes

enable Na-ions to hop along the minimum energy pathways. Further, the quasi-elastic neutron

scattering (QENS) measurements, supplemented with ab initio and machine-learned molecular dynamics

simulations, probe the Na diffusivity and diffusion mechanism. These results offer detailed microscopic

insights into the dynamic mechanism of fast Na diffusion and provide an avenue to search for further Na

solid electrolytes.

Broader context
As part of the growing interest in renewable energy, the push for vehicle electrification motivates developing battery technologies based on safer and more
abundant materials. While the dominant battery technology is currently Li-based, Li is a relatively rare element, present in large quantities in only few
geographical locations, potentially posing a challenge for future growth in demand. Na constitutes a promising alternative as it is a low-cost and abundant
chemical element worldwide. However, few materials exhibit sufficient Na-ion conductivity for battery applications. Hence, it is important to accelerate the
discovery of new Na solid electrolytes (SEs), which requires a better fundamental microscopic understanding and the identification of descriptors relevant for
fast Na-ion diffusion. Our investigation of atomic dynamics in Na3PS4, combining neutron scattering experiments and first-principles modeling, considers both
the effects of Na vacancies and of the phonon modes of the host crystal. We identified anharmonic soft-modes that greatly facilitate the Na diffusion process in
Na3PS4. Such anharmonic soft-modes could constitute a useful descriptor for designing new SEs. These results provide a microscopic understanding of how
atomic vibrations facilitate the diffusion of Na ions through the material.

1 Introduction

The current push for safer rechargeable batteries with higher
power densities is driving the search for solutions beyond the
current Li-ion battery technology based on liquid or gel electro-
lytes, prompting investigations of all-solid designs leveraging
solid-state electrolytes.1–7 Besides safety concerns and perfor-
mance limitations of liquid electrolytes, the high cost and
limited availability of lithium are motivating research into
batteries based on more abundant sodium.8 However, tradi-
tional Na-based solid electrolytes (SEs), such as b-alumina and
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NASICON compounds have achieved only limited ionic con-
ductivity at room temperature. More recently, the thiopho-
sphate Na ion conductor Na3PS4 and related compounds
reached promising ionic conductivities near room
temperature.9–15 These Na superionic conductors (SICs) further
offer promising tunability in their operating temperature by
varying the host lattice composition. The atomistic mechan-
isms underlying fast ion conduction in solid electrolytes are
currently the subject of intense scrutiny. In particular, a central
question is how the vibrational properties of the crystal lattice,
together with the presence of defects, may increase ionic
diffusivity. The influence of the time-averaged structure and
vacancies on the diffusion behavior has been studied in a range
of SEs.5,14–23 Studies of lattice dynamics in Na3PS4�xSex, Li-
argyrodites, and Li-ionic conductors from LISICON and olivines
families investigated the correlation between average phonon
frequencies of mobile species and the hopping activation
energy as well as the attempt frequency, and proposed that
such an average phonon frequency could be a useful descriptor
in the search for new SEs.24–27 Yet, the characteristics of the
host lattice that control Na or Li diffusion, in particular the
influence of the flexibility of the lattice and of its large
anharmonicity on the associated phonons, remain insuffi-
ciently understood to achieve predictive materials design.27–30

Previous phonon studies in SEs drew useful correlations
between lattice dynamics and diffusion, but remained largely
limited to considerations of harmonic phonons, for example
the average phonon frequency or density of states (DOS),
thereby missing important considerations of mode-resolved
dynamics and of the strong anharmonicity characterizing
SICs.31–33 In the harmonic picture of phonon theory, a Taylor
expansion of the free energy surface is truncated at the second-
order (harmonic), which results in independent phonon qua-
siparticles with well-defined energies.34 However, this harmo-
nic phonon picture is unable to account for properties such as
diffusion, thermal expansion, thermal conductivity, or soft-
mode phase transitions.35 Higher-order anharmonic terms in
the free energy need to be considered, and result in energy
shifts and linewidth broadening of phonon spectra.35 Because
of their large-amplitude atomic motions and shallow poten-
tials, superionic conductors tend to exhibit strong anharmonic
effects.31–33 Strong anharmonicity, as for example in the case of
double-well potentials, may result in imaginary (unphysical)
phonon frequencies within the harmonic approximation. Prop-
erly including higher-order anharmonic terms and finite tem-
perature effects renormalizes phonon spectra, which can then
be compared with experiments.32,33,36,37

The relatively simple structure of Na3PS4 provides an oppor-
tunity to identify the structural and dynamical descriptors
underlying its superionic behavior. The system crystallizes in
a tetragonal phase (P%421c, a-Na3PS4) at low temperature and
transforms to a superionic cubic phase (I%43m, b-Na3PS4) at
530 K9,11 (Fig. 1).

Further, Na3PS4 exhibits a high-temperature polymorph
(g-Na3PS4) for T Z 800 K, with an order-of-magnitude jump
in ionic conductivity across the transition.19 The closely related

compound Na11Sn2PS12 (NSPS) also exhibits very high ionic
conductivity.38,39 Combining diffraction, impedance spectro-
scopy, and ab initio or classical molecular dynamics simula-
tions, previous studies suggested that the underlying host
dynamics in these materials play an important role in enabling
the high Na mobility.19,39,40 In g-Na3PS4, the reorientational
dynamics of PS4 units (rotational jumps between symmetrically
allowed PS4 orientations) was proposed to be a key factor
enabling high ionic conductivity.19 A classical MD study of
Na3PS4 based on simple parameterized interatomic potentials
also found a correlation between Na hopping and polyanion
reorientations in the high-T g phase, and a jump in Na-
conductivity across the b–g phase transition, but did not
discuss phonons.40 AIMD simulations of NSPS also suggested
that the large Na conductivity is facilitated by PS4 reorientation
dynamics.39 Ref. 19, 39 and 40 all invoked a ‘‘paddle wheel’’
mechanism (involving reorientation dynamics of structural
subunits favoring diffusion). Yet, a fundamental understanding
of the diffusion mechanism in terms of the mode-resolved
phonons of the parent structure (wave-vector and branch-
resolved eigenvectors), and of the importance of lattice
potential anharmonicity, remains elusive.

Both NSPS and g-Na3PS4 possess an open framework struc-
ture with a large volume per atom, in comparison to conven-
tional solid ionic conductors.19,39 However, few materials (such
as Na11Sb2PS12 and Li6PS5I) with larger volumes still exhibit
limited diffusion coefficients compared to other family
members.39,41,42 Thus, an open-structure with large volume
could be a necessary but non-sufficient condition to facilitate
fast diffusion. Apart from the structure of the host lattice, its
dynamics may also contribute to cation diffusion. In particular,
the presence of low-energy modes (combining wiggling and
librational motions of structural subunits) and their coupling
with the diffusing ions may facilitate the diffusion
process.19,39,40,43,44 Such low-energy phonons could be an
important descriptor of ionic conductivity and need to be
investigated thoroughly. Further, the traditional quasiharmo-
nic phonon picture of conventional crystalline materials breaks
down in superionic materials, owing to very strong anharmonic
effects and dynamic disorder.31–33 Thus, temperature-
dependent measurements and simulations investigating pho-
non anharmonicity in superionic conductors are critical, yet
remain scarce.24,25,27

Fig. 1 The crystal structure of (a) low temperature tetragonal phase
(P %421c) and (b) high temperature superionic cubic (I %43m) phase of Na3PS4.
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In this article, we report our investigations of atomic
dynamics in Na3PS4 across a wide temperature range, consider-
ing on an equal footing the effect of Na vacancies and the
phonons of the overall crystal structure, and their coupling, on
the diffusive dynamics of Na ions. We use a combination of
inelastic neutron scattering (INS) and quasi-elastic neutron
scattering (QENS) experiments to obtain a full picture of the
atomic dynamics. QENS probes the time and length scales
characteristic of the diffusion process, while INS provides
access to the phonon dynamics of the crystal lattice over a
wide energy range and across the entire Brillouin zone (BZ). We
performed temperature-dependent QENS and INS measure-
ments of Na3PS4 across the phase transitions (100 K to 600 K)
to probe the Na diffusion and the role of low-energy (E)
phonons in the fast diffusion process. To rationalize our
measurements and gain atomistic insights, we further per-
formed ab initio molecular dynamics (AIMD) simulations, and
extended these simulations to long time scales using machine-
learned neural-network potentials. AIMD simulations are
known for their high accuracy in predicting the thermody-
namics properties but remain constrained by their high com-
putational cost. Using machine-learning, we trained the
surrogate potential against AIMD trajectories, which was then
used to extend MD simulations to length and time scales
several orders of magnitude larger than possible with AIMD
while retaining high accuracy (‘‘machine learned molecular
dynamics’’, MLMD).

Our experiments and simulations show that strongly anhar-
monic low-E phonon modes are already present in the normal
phase and facilitate the Na-ion diffusion in the superionic
phase. Specifically, facile Na jumps are enabled by the large
amplitudes of low-E floppy dynamics of PS4 subunits coupled
with Na translations in 1D channels. We trace the key dynamic
mechanism to zone-boundary soft modes (anharmonic low-
energy modes) in the anharmonically stabilized cubic phase,
which enable the fast ion conduction. These insights provide a
potential new type of dynamic descriptor in screening for future
solid electrolyte candidates, and highlight the importance of
anharmonic effects in the lattice dynamics.

2 Materials and methodology
2.1 Neutron scattering

We performed the INS measurements using the high-flux ARCS
time-of-flight45 spectrometer at the Spallation Neutron Source
(SNS) at Oak Ridge National Laboratory (ORNL). A polycrystal-
line sample of Na3PS4 (mass B 6 grams) was encased in a 3/800

cylindrical aluminum sample holder and mounted in a high-
temperature cryostat.

The INS data were collected using three incident neutron
energies, Ei = 20, 40, and 100 meV. The measurements with
Ei = 20 meV provide high resolution to resolve low-E peaks and
accurately determine their energy shift with temperature, while
the higher Ei data enable a survey covering the whole phonon
spectrum, extending up to about 70 meV. The background from

the empty aluminum holder was measured with the same
settings at each temperature and subtracted from the measure-
ment of the sample. The Mantid software was used for data
reduction.46

The dynamical structure factor, S(Q,E), contains comprehen-
sive information on atomic dynamics. The neutron-weighted
phonon DOS (g(n)(E)) in the incoherent approximation was
obtained from measured S(Q,E) as described in ref. 47, after
corrections for multiphonon and multiple scattering:

gðnÞðEÞ ¼ A
e2WðQÞ

Q2

E

nðE;TÞ þ 1

2
� 1

2

SðQ;EÞ
* +

(1)

where Q and E is the momentum and energy transfer between
neutron and sample, while + or � sign corresponds to the
energy loss or gain of the scattered neutrons, respectively. T, kB

and A represent temperature, Boltzmann’s constant, and a
normalization constant respectively. The quantity between
h� � �i represents a suitable average over Q values at a given
energy, and 2W(Q) is the Debye–Waller factor averaged over
all atoms.

The calculated g(n)(E) was obtained from the partial DOS
(gj (E)) as:

gðnÞðEÞ ¼
X
j

4pbj2

mj
gjðEÞ (2)

The weighting factors 4pbj
2/mj (in units of barns per amu)

are: 0.143, 0.107, and 0.032 for Na, P, and S, respectively, using
neutron scattering lengths from ref. 48. The partial DOS, gj (E)
were obtained from MLMD simulation using eqn (6) described
in the next section.

The QENS measurements were performed on the same
powder sample as the INS experiment, using the BASIS back-
scattering spectrometer49 at the SNS, ORNL. We used Si(111)
analyzers with neutron wavelength of 6.4 Å and a chopper
frequency of 60 Hz. In this configuration, the spectrometer
provides an energy transfer range of �100 o E o 100 meV with
an energy resolution of 3.4 meV, and momentum transfer
coverage of 0.2 o Q o 2.0 Å�1. The data were normalized
and corrected for detector efficiency using a vanadium stan-
dard. A top-loading closed-cycle refrigerator with hot stage was
used to measure at temperature T = 100 K, 300 K, 400 K, 500 K,
and 600 K. The 100 K data do not show any broadening beyond
the instrumental intrinsic width, as the Na dynamics are slow
enough to be considered frozen, which were thus used as a
resolution function for the analysis of QENS spectra at higher
temperatures. The data from various detectors were grouped
into Q bins of width 0.2 Å�1. The data reduction and analysis
were performed using the software packages Mantid46 and
Dave.50 We fit the S(Q,E) from QENS using the following model:

SðQ;EÞ ¼ AdðEÞ þ B
pGðQÞ

GðQÞ2 þ E2

� �
RðQ;EÞ þ CðQ;EÞ (3)

where d(E) in the square bracket represents the elastic
signal, and the second term is the Lorentzian corresponding
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to quasi-elastic contribution with a half-width at half maximum
G(Q), and R(Q,E) is the resolution function, for which we used
the 100 K data. For each Q bin, the background function C(Q,E)
is chosen to be a linear function in energy to reproduce the flat
background from the sample environment and instrument. A
and B are adjustable amplitudes of the elastic and quasi-elastic
signals.

The Q dependence of G was analyzed using the Chudley–
Elliot (CE) model for jump-diffusion:31

GðQ;EÞ ¼ 1

t
1� sinðQdÞ

Qd

� �
(4)

where d and t are the average jump-length and residence time,
respectively. Further, in the low-Q limit, the diffusion constant
D is given by:

D = d2/6t (5)

2.2 Computational modeling

Lattice dynamics. We performed first-principles lattice
dynamics and AIMD simulations within the framework of
plane-wave density functional theory (DFT), as implemented
in the Vienna ab initio simulation package (VASP).51 The
calculations used the projected augmented wave (PAW)52 with
generalized gradient approximation (GGA) parametrized under
the Perdew, Becke, and Ernzerhof (PBE) scheme.53 Harmonic
phonon calculations were performed in both the tetragonal and
cubic phases within the small displacement approach imple-
mented in Phonopy.54 We used 2� 2� 2 supercells (128 atoms)
and displacements amplitudes of 0.01 Å. The total energy and
atomic forces were calculated on 14 (4) distinct displacement
configurations in the tetragonal (cubic) phase. We used a plane-
wave kinetic energy cutoff of 400 eV and on a 4 � 4 � 4 k-point
grid generated by the Monkhorst–Pack55 method. The self-
consistent convergence threshold for electronic minimization
was set to 10�8 eV. The anharmonic phonon dispersions at
600 K were calculated using renormalized force-constants
derived from AIMD forces at 600 K using the software
ALAMODE.56 A second-order force constant cutoff of 7 Å
was used.

Molecular dynamics. AIMD simulations were performed
using a 2 � 2 � 2 supercell of the conventional cubic cell
(128 atoms). Single k-points at G point and an energy conver-
gence of 10�6 eV were used. We employed the NVT ensemble
and ran the AIMD simulation for 12 ps with a time step of 2 fs.
The temperature of the system was controlled by a Nosé–
Hoover thermostat with a time constant of 0.1 ps. We equili-
brated the system for 2 ps and the next 10 ps data for the
production run. The DEEP-MD code57 was used to train a
surrogate neural-network force-field based on machine learn-
ing. Subsequently, long MLMD simulations were performed
with this surrogate force-field using LAMMPS.58 The surrogate
force-field was benchmarked against AIMD results (pair dis-
tribution function, phonon DOS, and mean squared displace-
ment (MSD)), showing excellent agreement (Fig. S9, ESI†).

The MLMD simulations were performed on a 3 � 3 � 3
supercell (432 atoms) in pure and Na-vacant configurations
with NVT (NVT-MLMD) and NPT (NPT-MLMD) ensembles.
Temperature and pressure were controlled by a Nosé–Hoover
thermostat and barostat with time constants of 0.1 ps and 1 ps,
respectively. The trajectories were computed up to B1000 ps
(using 1 fs time steps). These simulations provide momentum
and energy resolutions of 0.2 Å�1 and 1 meV, respectively,
essential to access the QENS spectrum through simulations.
Further, to check the role of different host dynamics (e.g.
rotation and wiggling of PS4) on Na diffusion, we performed
additional MLMD simulations with PS4 units as rigid bodies.
We investigated the effect of wiggling dynamics on Na diffusion
by restricting the rotational degree of freedom of PS4 tetrahe-
dral units. In constrained MLMD simulations, we used a
smaller supercell of dimension 2 � 2 � 2, due to the restriction
of the maximum allowed numbers of rigid bodies (PS4) in
LAMMPS.58 The choice of Na-vacancy concentrations (0.6%
and 2%) is based on the minimum allowed Na vacancy concen-
tration in the respective supercell dimensions. Our
constrained-MLMD and NEB simulations on a 2 � 2 � 2
supercell allow a minimum of 2% Na vacancy concentration,
while QENS and other simulations on a 3� 3� 3 supercell were
performed with 0.6% and higher Na vacancy concentrations.

The partial (gj (E)) and total phonon DOS (g(E)) were obtained
from MD simulations via the Fourier transform of the velocity
auto-correlation function as:

gjðEÞ ¼
ð

vjðtÞvjð0Þ
� �
vjð0Þvjð0Þ
� �eiEt=�hdt (6)

gðEÞ ¼
X
j

gjðEÞ (7)

where vj (t) is the instantaneous atomic velocity of element j at
time t and h. . .i indicates an ensemble average over atoms.

The MSD(huj
2(t)i) of element j at time t is given by:

uj
2ðtÞ

� �
¼ 1

Nj

XNj

i¼1
rjðtÞ � rjð0Þ
�� ��2D E

(8)

where Nj is the total number of atoms of element j in the
simulation cell, rj (t) is the position of jth atom at time t and
h. . .i represent the ensemble average. The isotropic diffusion
coefficient of jth species at temperature T was estimated using
the Einstein relation, i.e., from the time dependence of MSD
over a period of t:

DjðTÞ ¼
uj
2ðtÞ

� �
6t

(9)

We also computed the angular autocorrelation function, B(t)
of PS4 tetrahedra, defined as:40

B(t0) = hr̂(t)�r̂(t + t0)i (10)

where r̂(t) is a unit vector connecting P and S within a tetra-
hedron at time t0, and h. . .i representing an average over
multiple time origins.
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3 Results and discussion
3.1 Phonon DOS and low-energy modes

Fig. 2(b) shows the resulting g(n)(E) and its temperature evolu-
tion, focusing on the low-E range. The DOS measured over a
wider E range is shown in Fig. S1 (ESI†). As can be seen in
Fig. 2(b), g(n)(E) exhibits peaks at very low energies E B 6 meV at
100 K, which is surprising considering the low mass of the
atoms in the compound. From our MLMD simulations, we
extracted the species-decomposed partial DOS (Fig. S2, ESI†).
We can see that the Na dynamics dominate g(n)(E) contributions
below 30 meV, while the P and S contribute to the entire
spectral range. It is unusual for a very light atomic species to
exhibit such low-frequency vibrations (o = (K/M)1/2) with M the
mass and K a characteristic force-constant), revealing the
extremely soft bonding of the Na ions. The low-E peaks are
also seen to soften (shift to lower energy) and broaden drasti-
cally on warming, revealing the strong anharmonicity of the
interatomic potential, both in INS and MD simulations (Fig. 2(b
and c)). We also observe some softening and more moderate
broadening of other high energy peaks in the DOS on warming,
indicating an overall softness and anharmonicity of the struc-
ture. The softening and broadening of low-E modes on warm-
ing is even clearer in the measured S(E) (Fig. 2(a)). We can also
see that the low-E modes in Na3PS4 become strongly damped at
high T, extending towards the elastic line in a quasielastic
fashion (Lorentzian peak centered at E = 0). The large softening
and broadening of these modes reflects that Na vibrations
occur in strongly anharmonic potential wells and that the
vibrational dynamics are strongly perturbed and overdamped
when the rate of Na diffusion hops increases at higher tem-
peratures, leading to a breakdown of phonon quasiparticles for
Na-dominated modes, as detailed below.

Recently, Famprikris et al. reported temperature-dependent
inelastic neutron scattering (INS) spectra, Raman spectra, and
diffraction measurements above room temperature in Na3PS4.
Their study focused on the nature of phase transitions, the local
structure in different Na3PS4 polymorphs, and thermal

expansion.23 They suggested that low-energy modes below
E B 25 meV contribute to Na-hopping, but did not present
spectra resolved to very low-energies. While our INS spectra
agree well with INS measurements reported by Famprikris
et al., our measurements with lower incident neutron energy
(Ei = 20 meV) enabled us to critically resolve the key low-energy
phonons below B7 meV that evolve into the quasielastic signal
at high-T. Our QENS measurements of very low energy
dynamics (E o 0.5 meV) further probe the Na hopping process.
Combined with our anharmonic lattice dynamics simulations,
the INS and QENS reveal the coupling of Na hoping with
specific soft anharmonic phonons of the parent structure.

3.2 Diffusion pathway and phonon projection

To further investigate the role of phonons in Na diffusion, we
performed nudged elastic band (NEB) simulations and pro-
jected these onto phonon eigenvectors. We start by considering
the phonon dispersions in both cubic and tetragonal phases of
Na3PS4 computed within the quasi-harmonic approximation
(QHA), see Fig. 3(a) and Fig. S5 (ESI†). We observe stable
phonon modes in the tetragonal phase, while the cubic phase
exhibits unstable phonons (imaginary frequencies represented
as negative values) revealing that it is dynamically unstable at
T = 0 K in the harmonic approximation.

The maximum instability is observed at the H point, at (1/2,
1/2, 1/2) in reciprocal lattice units (rlu). The eigenvector of this
mode, shown in Fig. 3(b), clearly exhibits librations of PS4 units
combined with Na translation along h100i channels. From an
amplitude mode analysis,59 we find that this H-point instability
is the primary order parameter for the cubic–tetragonal phase
transition. The unstable mode corresponds to a double-well
potential for the potential energy along this eigenvector, char-
acteristic of soft-mode instabilities (Fig. 3(d)). This indicates
that symmetric PS4 libration dynamics in the cubic phase freeze
in with a finite amplitude in the tetragonal phase below Tc.
The energy required to unlock these libration dynamics
corresponds to the energy barrier between minima of the

Fig. 2 (a) Temperature-dependent INS measurements of the Q-integrated (1.0 Å�1 r Q r 4.0 Å�1) dynamical structure factor (S(E)) of Na3PS4,
measuring the ARCS spectrometer with Ei = 20 meV. (b) Temperature-dependent neutron-weighted DOS derived from the INS measurement of S(Q,E).
(c) Simulated neutron-weighted DOS obtained from the NVT-MLMD simulations at different temperatures. The measured and simulated DOS are
normalized to unity over the energy range 0–15 meV.
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double-well (50 meV C 580 K), which is fairly close to the
observed transition temperature in Na3PS4.11 On warming
above Tc, anharmonic renormalization stabilizes phonons in
the cubic phase, as shown in our finite-T phonon dispersion
simulations (solid red lines in (Fig. 3(a)). The kinetic energy
gain above Tc enables PS4 units to oscillate between double-well
minima and stabilizes the symmetric H-point mode, but its
energy remains low, just a few meV.

At high T, such low-energy modes lead to large vibrational
amplitudes, particularly Na translations and PS4 librations and
wiggling. This is shown by the decomposed MSD of individual
elements as a function of phonon energy in Fig. 3(c). The MSD
of atom j contributed by phonon of energy E was obtained as:

uj
2ðEÞ

� �
¼

nþ 1
2

	 

�hgjðEÞ

mjE
(11)

where gj (E) and mj are the partial DOS and mass of atom j. As
can be seen in Fig. 3(c), the modes below 7 meV are dominated
by Na dynamics. We also observed significantly larger MSD for
S than for P, confirming the librational dynamics of PS4

tetrahedra at low-E, although the P MSD also indicate wiggling
motions of PS4 units. At elevated T, the large population of
these modes enhances the Na hopping probability from site to
site along the [100] channels.

Importantly, the motions of PS4 units widen the gateway for
Na hopping, as we now detail. We have identified the minimum
(near 12d site) and maximum diameters (near 6b) along the Na
diffusion channels and their dependence on PS4 motions
(Table 1). We find that PS4 motions indeed increase the
channel diameter thus facilitating Na migration. This effect is
similar to prior findings in the related compound NSPS.38

Hence, cooperative effects between Na translation and PS4

dynamics, captured in the anharmonic low-E phonon modes
at the H-point, are critical for the fast Na hopping.

Our MD simulations further confirm that Na diffuses via
jumps between 6b Wyckoff sites along the interconnected 1D
channels. Hence, the most probable minimum energy pathway
(MEP) is across 6b sites via the intermediate 12d sites (halfway
between 6b sites along [100]). NEB calculations provide an
estimated Eb B 0.3 eV. In addition, we also find that the
presence of Na-vacancies (B2.0%) significantly lowers Eb, to
B0.2 eV. By decomposing the NEB path onto the phonon

Fig. 3 (a) Calculated phonon dispersions at T = 0 K under QHA (dotted blue lines) and at 600 K using anharmonically renormalized force-constants
(solid red lines) in the cubic phase of Na3PS4. (b) The eigenvector of the lowest unstable phonon mode at H-point (1/2 1/2 1/2) in cubic-Na3PS4.
(c) Calculated hu2i as a function of phonon energy E averaged over entire Brillouin zone at 530 K in the cubic phase of Na3PS4. The modes below 10 meV
significantly contributed to Na vibrations and PS4 librations. (d) The calculated energy profile of the lowest unstable phonon mode at H-point (1/2 1/2 1/2)
in cubic-Na3PS4. The vertical dashed line represent the configuration where all the Na atoms are at 6b sites (e) NEB calculation of energy barrier profile
for Na migration between 6b crystallographic sites in stoichiometric phase (solid blue line) and 2% Na-vacant (dotted orange lines). The lowest phonon
energy profile near 6b shown in (d) closely follows the stoichiometric NEB profile near 6b. (f) The calculated Na phonon DOS from NVT-MLMD in
unconstrained, frozen-host (with only Na atomic degree of freedom) and frozen-rotation (PS4 rotational degree are frozen, while PS4 translations are
allowed) simulation environment at 600 K. Constraining PS4 dynamics results in suppression of low-E modes around B3–5 meV.

Table 1 The calculated minimum (Rmin) and maximum (Rmax) channel
diameter and channel volume for Na-diffusion in Na3PS4 at equilibrium
and saddle point configurations of NEB images60

(Rmin)/(Rmax) (Å) Channel volume (Å3)

At equilibrium 1.63/2.13 146.2
At saddle point 1.68/2.22 146.6
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eigenvector basis (zNEB), we find that for small distortion
amplitudes around 6b sites, the NEB profile and z6b

NEB closely
follow the H-point phonon potential and eigenvector (zH

phonon)
(Fig. 3(d and e) and Table S1, ESI†). However, the NEB path
near the 12d site (z12d

NEB) deviates significantly from zH
phonon,

indicating either that: (i) at higher distortion amplitude
zH

phonon changes significantly, and/or (ii) z12d
NEB (Na pathways)

cannot be represented by zH
phonon. To understand this further,

we performed calculations including the large distortion ampli-
tude corresponding to the saddle-point configuration (moving
3 Na atoms from 6b site to 12d in a conventional unit cell).
Strikingly, the phonon eigenvector with saddle-point configu-
ration z0phononH follows the z12d

NEB (Table S1, ESI†). This further

confirms that these low-E phonons indeed constitute precur-
sors of the Na-hopping motions.

3.3 Hopping dynamics and diffusion mechanism

The temperature evolution of experimental QENS spectra at
Q = 1.4 Å�1 is shown in Fig. 4(a). A characteristic broadening is
seen upon warming, which can be attributed to Na diffusion, as
supported by our simulations. In particular, we find a negligi-
ble contribution of PS4 dynamics to the QENS signal, see below.
The Q dependence of QENS width contains rich information
about the hopping process. The fits of QENS spectra are shown
in Fig. S6 (ESI†). The fitting was performed over a Q range of 0.2
to 1.5 Å�1. The results for G vs. Q at 600 K is shown in Fig. 4(b).
The Q dependence of G follows the CE model well, and the
estimated jump length is 3.6 Å. The estimated diffusion coeffi-
cient D is on the order of B10�6 cm2 s�1 at 600 K, typical of
superionic conductors (Table 2).

We performed the AIMD simulations at 100 K to 1000 K
using an NVT ensemble. The calculated MSD for the stoichio-
metric compositions Na3PS4 did not show any signs of Na
diffusion, as seen in Fig. S8 (ESI†), in agreement with previous
investigations.14 Upon introducing Na vacancies in simula-
tions, fast diffusion occurs in Na3�xPS4 (Fig. S8, ESI†). This
result is intuitive, since fully filled 1D channels are expected to
block the diffusion path. Hence, some vacant Na sites are

needed to enable diffusion. To analyze the QENS spectra, we
employed MLMD to reach sufficient long simulation times (see
details in Materials and methodology section). This enables us
to achieve the required energy and Q resolution to simulate the
QENS spectra, which was impractical with AIMD simulations.
We also note that AIMD trajectories of limited duration
can result in significant errors in estimates of diffusion coeffi-
cients due to limited statistics of jump events, especially at
low T.61

Further, we use MLMD simulations to assess the contribu-
tions to the QENS signal and resolve the element-specific
coherent and incoherent contributions. While separating these
components based on measurements alone is not practical.
We identified that mobile Na atoms mainly contribute to the
QENS spectra. The measured intensity in neutron scattering
experiments is the sum of coherent and incoherent compo-
nents:62

IðQ;EÞ /
X
i;j

bicohb
j
cohS

ij
cohðQ;EÞ þ

X
j

b
j2

incS
j
incðQ;EÞ (12)

where bi
coh and bi

inc are the coherent and incoherent scattering
length of ith element and summation index i and j runs over
different elements in the unit cell. For Na, sNa

coh(= 4pb2
coh) = 1.66b

(barns) and sNa
inc(= 4pb2

inc) = 1.62b, so both contributions need to
be considered. The coherent component is sensitive to two-
body correlations, such as in a correlated diffusion process,
while the incoherent term reflects the time-correlations of the
position of a single atom, or self-diffusion process. Hence, one
can quantify the coherent (correlated) and incoherent (inde-
pendent) contribution of Na diffusion to QENS spectra by

Fig. 4 (a) Temperature dependent QENS spectra of Na3PS4, measured at Q = 1.4 Å�1 (integrated over dQ = 0.2 Å�1). (b) The measured Q-dependence of
G (orange markers) fitted with Chudley–Elliot jump-diffusion model (solid line). (c) The calculated G obtained by fitting the Lorentzian to simulated SNa

inc

(Q,E) (dots) using NVT-MLMD trajectories with 0.6% Na-vacancy in Na3PS4 and Chudley–Elliot fit (solid line).

Table 2 The Na diffusion characteristics (d, t and D) in Na3PS4 estimated
from a Chudley–Elliot jump-diffusion model using the QENS measure-
ment and simulated S(Q,E) (with 0.6% Na-vacancy and NVT ensemble) at
600 K

d (Å) t (ps) D (�10�6 cm2 s�1)

QENS 3.6 246 0.9
MLMD 3.6 237 0.9
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simulating SNa
inc(Q,E) and SNa–Na

coh (Q,E) given by eqn (13) and (14)
from MD:

SNa
inc ðQ;EÞ ¼

1

2p

ð1
0

X
i

e�iQ� Rið0Þ�RiðtÞð ÞeiEt=�hdt (13)

SNa�Na
coh ðQ;EÞ ¼ 1

2p

ð1
0

X
i; j

e�iQ� Rið0Þ�RjðtÞð ÞeiEt=�hdt (14)

where summation indices i and j run over all Na atoms in the
simulation cell.

We computed SNa
inc(Q,E) and SNa�Na

coh (Q,E) in Na3PS4 with 0.6%
Na-vacancy from our NVT-MLMD simulations (Fig. S7, ESI†).
Our calculated SP

inc(Q,E) and SS
inc(Q,E) do not show any signifi-

cant quasi-elastic contribution, confirming that Na dynamics
dominate the QENS (Fig. S13, ESI†). This can be understood as
follows. At elevated temperatures (B600 K), the large vibra-
tional amplitude of anharmonic low-energy modes (involving
Na vibrations and PS4 librations) results in intermittent sto-
chastic Na hopping along (100) channels, which generates the
QENS signal. However, the PS4 units do not undergo stochastic
reorientations at 600 K. Thus, they do not contribute to QENS
(from low-frequency stochastic dynamics), but rather to the
inelastic signal at higher frequency. To further establish this,
we have also calculated an angular autocorrelation function,
B(t) of PS4 tetrahedra.40 This quantity remains very close to
unity at all times at 600 K (see Fig. S14, ESI†), confirming the
absence of stochastic reorientations of PS4. The calculated SNa

inc

(Q,E) was fit with a single Lorentzian and the Q-dependence of
G was satisfyingly described by a CE model. The simulated
SNa–Na

coh (Q,E) has a much smaller intensity than SNa
inc(Q,E) (Fig. S7,

ESI†), except near the Bragg peaks, indicating the dominance of
incoherent diffusion. In Fig. 4(c), we show the simulated G(Q)
from SNa

inc(Q,E), in excellent agreement with our QENS measure-
ments. Further, we also computed the MSD of each species in
Na3PS4 with 0.6% Na-vacancy at several temperatures from
100 K to 600 K (Fig. S4, ESI†). The estimated D from MSD is
B10�6 cm2 s�1 at 600 K, in good agreement with our estimates
from QENS. Higher Na-vacancy concentrations enhance Na
diffusion in Na3PS4 (see Table 3 and Fig. S10, ESI†). A recent
study on Na3�xPn1�xWxS4 (Pn = P, Sb) also showed that

Na-vacancy significantly enhances the Na-conductivity,63 con-
sistent with our finding.

So far, we discussed the effect of vacancies and the possible
role of low-E phonons on Na diffusion based on our lattice
dynamics analysis. We now isolate the effect of host framework
dynamics on Na diffusion via constrained MLMD simulations
(see Materials and methodology section). We compare NVT-
MLMD simulations performed with: (i) unconstrained host-
lattice, (ii) frozen host-lattice and, (iii) frozen PS4 rotation (but
‘wiggling’ translations allowed). The resulting MSD for the
three cases are shown in Fig. S11 (ESI†). Upon freezing the
host dynamics, D decreases by about a factor of five, clearly
demonstrating the importance of lattice flexibility (Table 3). We
find that only freezing the PS4 rotations (case (iii)) also results
in a suppression of Na MSD but to a lesser extent than the fully
frozen lattice (case (ii)).

Further, we also compare the Na partial DOS in all three
cases (Fig. 3(f)). We find that constraining the PS4 dynamics
significantly reduces the soft phonon modes at E B 5 meV. In
addition, we find that, conversely, increased Na-vacancy con-
centrations enhance the phonon-DOS at E B 3–5 meV (Fig. S3,
ESI†), and thus the slow PS4 modes coupled with Na diffusion.
Thus, all our simulations point to a significant role of low-
energy PS4 dynamics coupled with Na translation in promoting
the Na diffusion in Na3PS4. Thus, we have shown that some
vacant Na sites are needed to enable diffusion in 1D channels
in b-Na3PS4. Yet, even in the presence of Na vacancies, the host
dynamics of PS4 units enable a significant increase in the Na
diffusivity (see Table 3 and Fig. S11, ESI†). Hence, while a
minimum Na-vacancies is required to enable the onset of
diffusion, low-energy phonons of the host lattice play an
important role of their own.

4 Conclusions

In the present study, we used high-resolution INS and QENS
measurements combined with extensive simulations of atomic
dynamics, to investigate the role of phonons in enabling fast Na
diffusion in Na3PS4. We revealed the existence of prominent
phonon modes with surprisingly low energy in such a light-
atom compound (E o 7 meV), and showed that these modes
drastically broaden and soften with increasing temperature,
corresponding to a breakdown of harmonic phonon quasipar-
ticles. We computationally established how these modes
involve coupled motions of Na ions in 1D channels together
with PS4 dynamics, and how the large population of these
modes at elevated temperatures yields a large vibrational
amplitude that helps Na to diffuse in 1D channels. Importantly,
we show that the dynamics of low energy modes at the Brillouin
zone boundary match the minimum energy pathways for Na
hopping, and thereby link these anharmonic soft phonon
modes with Na diffusion. Further, we investigated the coupled
effects of both host dynamics and Na vacancies on diffusion
and found that both contribute significantly toward increasing
Na diffusivity. Our results emphasize the importance of

Table 3 The calculated Na diffusion constant, D (a) with different degrees
of host-flexibility and (b) with different Na-vacancy concentration in
Na3PS4 at 600 K, on a 2 � 2 � 2 supercell from a linear fit to MSD

(a) Host-flexibility vs. D, with 2% Na-vacancy

Degree of host-flexibility D (�10�6 cm2 s�1)

Unconstrained 2.4
Frozen PS4 0.5
Frozen PS4 rotation 2.1

(b) Na-vacancy vs. D

% Na-Vacancy D (�10�6 cm2 s�1)

0.0 0.0
0.6 1.0
1.8 2.7
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anharmonic host dynamics for fast diffusion, in addition to the
better known effect of vacancies. These results thus represent
new insights into the role of phonon dynamics in solid electro-
lytes. Our QENS measurements and large-scale MLMD simula-
tions both show the presence of long-range diffusion at 600 K
and provide diffusion constants in remarkable agreement,
D B 10�6 cm2 s�1.

These results establish the importance of anharmonic low-
energy modes in a soft crystal structure near a structural phase
transition as a means of facilitating fast ion conduction, which
provides a new type of descriptor in screening for future solid
electrolyte candidates. INS and Raman measurements of pho-
nons as a function of temperature, as well as ultrasonic sound-
velocity measurements, can detect soft anharmonic phonon
modes and can be used to screen for such effects in candidate
SEs.24–27 In addition, first-principles simulations can be used to
reveal incipient lattice instabilities and potentially beneficial
anharmonic soft modes.
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