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Brownian simulations for tetra-gel-type phantom
networks composed of prepolymers with
bidisperse arm length†
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Naoyuki Sakumichi c and Takamasa Sakai c

We studied the effect of arm length contrast of prepolymers on the mechanical properties of tetra-

branched networks via Brownian dynamics simulations. We employed a bead-spring model without the

excluded volume interactions, and we did not consider the solvent explicitly. Each examined 4-arm star

branch prepolymer has uneven arm lengths to attain two-against-two (2a2) or one-against-three (1a3)

configurations. The arm length contrast was varied from 38–2 to 20–20 for 2a2, and from 5–25 to 65–

5 for 1a3, with the fixed total bead number of 81, including the single bead located at the branch point

for prepolymers. We distributed 400 molecules in the simulation box with periodic boundary conditions,

and the bead number density was fixed at 4. We created polymer networks by cross-end-coupling of

equilibrated tetra-branched prepolymers. To mimic the experiments of tetra gels, we discriminated the

molecules into two types and allowed the reaction only between different types of molecules at their

end beads. The final conversion ratio was more than 99%, at which unreacted dangling ends are

negligible. We found that the fraction of double linkage, in which two of the four arms connect a pair

of branch points, increases from 3% to 15% by increasing the arm length contrast. We stretched

the resultant tetra-type networks to obtain the ratio of mechanically effective strands. We found that

the ratio is 96% for the monodisperse system, decreasing to 90% for high arm length contrast. We

introduced bond scission according to the bond stretching to observe the network fracture under

sufficiently slow elongation. The fracture behavior was not correlated with the fraction of double linkage

because the scission occurs at single linkages.

1. Introduction

Tetra gels are known as a class of defect-free polymer
networks.1,2 Wallace et al.3 first synthesized a tetra-branched
gel created from mixtures of tetra-N-succinimidyl poly(ethylene
glycol) (tetra-NHS-PEG) and tetra-thiol-derivatized PEG (tetra-
TD-PEG) for biomedical use. Sakai et al.4 employed tetra-amine-
derivatized PEG (tetra-AD-PEG) instead of tetra-TD-PEG and
defined tetra gels as polymer gels formed from two tetra-
branched prepolymers with mutually reactive functional
groups. They examined the mechanical properties and the
network structure of a series of tetra gels. They found that tetra
gels have a uniform network with a negligible number of

defects to exhibit superior mechanical toughness. Here, the
defects mean entanglements, loops, unreacted dangling ends,
and polydispersity in the strand length. Due to the binary
nature, given that the gelation time is appropriately tuned,
there is no primary loop formation in tetra gels and a limited
number of unreacted ends.5–8 Besides, one can control the
uniformity of the strand length and entanglement formation by
the molecular weight of prepolymers.9,10 The network uniformity
is a distinguishable feature of tetra gels from the other network
polymers, and the studies based on the uniformity have been
made both toward fundamental and application directions.11–15

An interesting approach is to utilize tetra gels as reference
materials for studying the effects of defects. Sakai et al.16 have
conducted such an attempt using tetra gels made of prepolymers
with the arm length contrast. They mixed a monodisperse tetra-
NHS-PEG (arm molecular weight of 5 k) with bidisperse tetra-AD-
PEGs (arm molecular weights of 1.3 k and 5 k). The mixtures
realize a contrast in the strand molecular weights of 6.3 : 10 at
the maximum. They have summarized that the examined arm
length contrast does not significantly affect the toughness of
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resultant gels. We note that if further contrast is introduced,
the inhomogeneous stretching of strands probably depresses
the toughness, as suggested by earlier studies for end-linked17,18

and randomly cross-linked19 poly (dimethylsiloxane) (PDMS)
elastomers.

Although most studies have reported that the inclusion of
defects suppresses the mechanical properties of polymer net-
works, a few studies imply that some inhomogeneity may
improve the toughness. For instance, Lin and Zhao20 have
theoretically proposed that the fracture energy of polymer networks
increases with increasing number of double linkages (i.e., cyclic
loops in their terminology). Here, the double linkage expresses
connectivity between a pair of network nodes that share two
strands. They calculated the fracture energy from the required
work to elongate the strand up to its scission, assuming that double
linkages are located on the crack path. The obtained fracture
energy linearly increases with increasing the fraction of double
linkages. Although the crack path may not propagate by selectively
cutting double linkages, this direction is worth investigating. For
instance, let us consider an asymmetric tetra-branched polymer
having long and short arms as a prepolymer. In this case, the
fraction of double linkages in the resultant gel increases with
increasing the ratio between the molecular weights of long and
short arms, as expected from the conformational distribution
function.21 (We do not consider the primal loop formation, in
which two arms of a single polymer connect because the primal
loop is forbidden in the reaction.) Based on the theory, the
toughness of such networks may be better than that of the network
made of symmetric prepolymers. One may argue that this thought
contradicts the results by Sakai et al.16 mentioned above. However,
their range of molecular weight contrast is rather limited, and they
only examined the mixtures of symmetric prepolymers.

Molecular simulations would be useful for the problem.
There have been several simulation studies for tetra-gel-type
networks. Lange et al.22 have investigated the fraction of double
and higher-order linkages with respect to the prepolymer
concentration via a bond-fluctuation Monte Carlo method to
report that the results are qualitatively consistent with NMR
measurements. Lin et al.23 have performed a similar analysis
based on kinetic graph theory in addition to the Monte Carlo
simulations. Nishi et al.24 have calculated the elastic modulus
of a series of tetra-gel-type networks with various connectivity
ratios between the network nodes. Sugimura et al.25 have
extended the method to discuss the fracture. Wang and
Escobedo26 have constructed coarse-grained models of defect-
free tetra-gel networks to exhibit stress–strain relations. Furuya
and Koga27 performed bead-spring simulations to see the num-
ber of effective strands in the tetra-gel-type networks. Apart from
the simulations for tetra-gel-type networks, very recently, Arora
et al.28 have conducted simulations for polymer networks made
of linear prepolymers and tetra-functional cross-linkers. They
reported that the toughness decreases with increasing number
of primary loops. Nevertheless, these earlier studies did not
discuss the effect of double linkages on mechanical properties.

In this study, we performed Brownian dynamics simulations
of tetra-gel-type networks formed from prepolymers, for which

the arm molecular weight is bidisperse. From such prepolymers,
networks were created via Brownian simulations of gelation.
The introduced bidispersity of the arm molecular weights does
not affect the gelation kinetics and the conversion ratio. In
contrast, the number of double linkages increases with increasing
arm length contrast. The resultant networks were uniaxially
stretched, and the number of mechanically effective strands was
estimated from the elastic modulus. We also examined the
fracture behavior by introducing bond scission according to the
bond stretching to discuss the toughness. The results imply that
the inclusion of double linkages does not improve the mechanical
properties. Details are shown below.

2. Model and simulations

We consider 4-arm star prepolymers represented by bead-
spring chains. All the chains are phantom since we neglect
the effects of excluded volume interactions, including entangle-
ments. No solvent is considered explicitly. The bead position
{Ri} obeys the standard Langevin equation of motion written as

0 ¼ �z _Ri þ
3kBT

a2

X

k

fikbik þ Fi

In RHS, the first term is the drag force, the second term is
the contribution of connected springs, and the third term is the
thermal random force. z is the friction coefficient, a is the
average bond length, and bik � Ri � Rk is the bond vector
between the connected beads. fik is the spring factor for finite
chain extensibility. We had fik = 1 for the simulations with

Gaussian springs, whereas fik ¼ 1� b2ik
�
b2max

� ��1
with bmax = 3

for the case with the finite extensibility. We have confirmed
that this choice of bmax avoids thermal degradation for the
examined networks. Fi is the Gaussian random force, which
obeys hFii = 0 and hFi (t)Fj (t0)i = 2kBTd ijd (t� t0)I/z, where I is the
unit tensor. We chose units of length, energy, and time as a, kBT and
t = z a2/kBT, and quantities reported hereafter are normalized. For
the numerical integration, a second-order scheme29 was employed.

We examined several star prepolymers, as shown in Table 1
and Fig. 1. The arm molecular weights were bidispersed in

Table 1 Examined systems

Code Nl
a Ml

b Ns
c Ms

d

2a2-3802 38 2 2 2
2a2-3604 36 2 4 2
2a2-3208 32 2 8 2
2a2-2713 27 2 13 2
s2020 20 4 — —
1a3-0525 25 3 5 1
1a3-1123 23 3 11 1
1a3-3515 35 1 15 3
1a3-5010 50 1 10 3
1a3-6505 65 1 5 3
Rnde — — — —

a Number of beads for the long arm. b Number of long arms stemming
from the branch point. c Number of beads for the short arm. d Number
of short arms stemming from the branch point. e Created via random
linking of a single long chain.
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two-against-two (2a2) and one-against-three (1a3) manners. The
total molecular weight of polymers was fixed at 81, including
one bead at the branch point and the other 80 beads on the
stemming arms. We mimicked the formation of tetra gels
by considering two types of molecules (A and B) that react
only with the other type of molecules. The prepolymer
configurations were common for A and B prepolymers. For
comparison, a network created by random linking of a single
long chain (for which the molecular weight is 32 400)
across periodic boundary conditions was also provided and
subjected to mechanical tests. The number of cross-links
in this case was common with the tetra systems, and the
distribution of the strand length between crosslinks is given in
the ESI.†

The polymers were dispersed in a simulation box, for
which periodic boundary conditions were employed. The
number of molecules was 200, both for A and B polymers
to attain equimolar conditions. The bead number density
was fixed at 4. This density is sufficiently higher than the
overlapping concentration30 of prepolymers (C* B0.8), and
we did not observe any structural inhomogeneity even after
the gelation. Fig. 2 shows a typical snapshot of an s2020
system. Note that all the chains are phantom, and bead
overlapping is allowed. For sols, equilibration was attained
with fik = 1 and the numerical integration time step size Dt =
0.1. The equilibration time was chosen at 104, which is
sufficiently longer than the Rouse relaxation time of prepo-
lymers (o300).

After equilibration of sols, we performed gelation simula-
tions with fik = 1 and Dt = 0.1. We had a reaction site at the end

of each arm stemming from the branch point. This reaction site
was connected to another one when the two reaction sites came
close within a predetermined reaction distance with a certain
reaction probability and only when the two sites considered
were on different types of molecules. We chose the reaction
distance at unity and the cumulative probability at 0.1, respectively.
The gelation was performed until the conversion ratio became
more than 99% as shown later.

The mechanical properties of created networks were
examined as follows. To see the elastic modulus, we uniaxi-
ally stretched the network with fik = 1 and Dt = 0.1. The
stretching rate was _e = 2 � 10�5, which is sufficiently lower
than the relaxation rate of the single strand. We also per-
formed stretch simulations considering bond scission to
discuss the toughness of networks. In this case, we employed
the non-linear spring with finite extensibility to avoid bond
scission due to thermal fluctuations. (One may argue that
such a thermal degradation does not occur if the critical
bond length of scission is set at a large value. However, in
such a case, we have to apply an impractical magnitude of
stretching to achieve the scission.) The length of each bond
was monitored, and the bond was broken when bij

�� �� > 0:9bmax

(with bmax = 3 as mentioned above). The result of the fracture
simulation strongly depends on the stretching rate, as shown
in the ESI,† because of large-scale structural relaxations
following every single bond scission. We empirically chose
the stretching rate to be _e = 2 � 10�5, below which the result
is practically insensitive to the stretching rate. Dt for the
breakage simulations was chosen at 0.002 according to the
tests reported in the ESI.†

Fig. 1 Examined two-against-two (top) and one-against-three (bottom) type prepolymers. The sample codes from left to right are 2a2-3802, 2a2-3604,
2a2-3208, 2a2-2713 and s2020 for the two-against-two systems and are 1a3-0525, 1a3-1123, s2020, 1a3-3515, 1a3-5010 and 1a3-6505 for the one-
against-three systems.
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3. Results and discussion
3.1 Gelation kinetics and network structures

Fig. 3 shows the time development of the arm number fractions
for different connectivity for 2a2-3802 and s2020. ja is the
fraction of unreacted arms. Because all the arms are unreacted
at t = 0, ja decays from unity. In the long-time region, ja

exhibits a power-law decay with the exponent of �1. This
behavior is consistent with the mean-field theory.31,32 In most
experimental studies, the exponent is larger than �1 due to the
retardation induced by several reasons, including entangle-
ment between polymers.33,34 We do not consider such effects
for simplicity. In the resultant network at t = 105, the conversion
rate is more than 99%. The entire behavior of ja is not sensitive to
all the examined prepolymers regardless of the arm length con-
trast. This result is rational in the late stage because the molecular
weight is common, and the diffusion constant of the prepolymers
is identical. js and jd are the fractions of reacted arms forming
the single and double linkages. Here, a single linkage means that
two network nodes are connected only by a single network strand.
As mentioned above, a double linkage is referred to as a cyclic
loop or a secondary loop in earlier studies.30 jd is apparently

larger for the case with the arm length contrast 2a2-3802 (black
broken curve) than that for the symmetric arm length s2020
(red broken curve). Due to this difference, the number of single
links (solid curves) depends on the arm length contrast, though it
is not visible in the log plot. We do not discuss triple and quad
linkages27 because the fraction is quite small.

Fig. 4 shows ja, js, and jd in the resultant network plotted
against the arm length contrast. Hereafter, N2s/N2l is the bead
number ratio of the short arms to the long arms for 2a2
systems, and N1/N3 is that of the minor arms to the major
arms for 1a3 systems. As seen in Fig. 4, most of the strands
form single linkages, and the arm fraction involved in such
strands, js, is close to unity for all the examined cases (see
filled circle). The fraction of unreacted arms, ja, is independent
of the arm length contrast and is less than 0.4% (cross).
In contrast, the arm fraction in double linkages jd (unfilled
circle) depends on the arm length contrast. Both panels exhibit
that the double link formation is enhanced when the contrast
becomes large.

For the symmetric case (N2s/N2l = N1/N3 = 1), Lange et al.22

have reported jd as a function of the prepolymer concentration
C normalized by the overlapping concentration C*. According
to their Monte Carlo simulations, the value of jd at our
concentration (C/C* B5) is ca. 0.05. This value is close to but
slightly larger than our result (jd = 0.04). The discrepancy is
probably due to the excluded volume effect neglected in our
simulations and the difference in the employed models for the
reaction kinetics. The other simulations23,27 suggest similar
values of jd, though a direct comparison is difficult.

Fig. 5 shows the number fraction of strands formed by two
short arms jss, long arms jll, and long and short arms jsl.
For 2a2 systems (left panel), jsl B1/2 (triangle) and jss–jll B1/
4 (square). For 1a3 systems (right panel), jll and jss are 1/16 or
9/16 (filled and unfilled square), depending on which arm is
dominant. jsl B6/16 (triangle). These results are consistent
with the expected values from the number ratio between short
and long arms. The effect of the unreacted portion is negligible.

Fig. 6 shows the fractions of double linkages formed by two
short arms jdss, two long arms jdll, and a pair of short and long
arms jdsl. jd (= jdss + jdll + jdsl) is also plotted for comparison.

Fig. 2 Snapshot of an equilibrated sol for the s2020 system and one of the involved 800 molecules. Red and blue beads represent the segments on
type-A and B prepolymers, respectively.

Fig. 3 Time development of number fraction of the arms. Dotted, solid,
and broken curves are unreacted dangling ones ja, the fraction involved in
single linkages js, and those contributed as double linkages jd, respec-
tively. Black and red curves are for 2a2-3802 and s2020, respectively.
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Note that jd cannot be decomposed for the symmetric case
(N2s/N2l = N1/N3 = 1). For 2a2 systems (left panel), jdss (green
filled circle) is dominant when N2s/N2l is small. With increasing
N2s/N2l, jdss decreases and becomes smaller than jdsl (blue
unfilled circle). In contrast, jdll (red filled circle) increases with
increasing N2s/N2l. For 1a3 systems (right panel), due to the
asymmetry of the arm number, jdll is much larger than jdss

when N1/N3 o 1. In contrast, double linkages for N1/N3 4 1 are
formed mainly by the short–short connection, and jdll becomes
negligible. jdsl is not that sensitive to the arm length contrast
for both cases.

3.2 Elastic modulus of Gaussian networks

To evaluate the fraction of effective strands that contribute to the
mechanical response, we stretched the networks with fik = 1. Fig. 7
shows the stress–stretch (s � l) relation and the Mooney plot.
In the latter, we normalize the stress by u (l2 � l�1) (where u is
the strand number density calculated from the number of

prepolymers) and plot it against l�1 to see if the (s � l) relation
follows the neo-Hookean prediction. As seen for the large l region
(i.e., the small l�1 region), the normalized stress exhibits
a horizontal line consistent with the neo-Hookean behavior.
We note that the stress fluctuations are large in the small l region
even though the presented results are ensemble-averaged for eight
different networks, and the fluctuations are not visible in the
top panel.

Nevertheless, assuming the neo-Hookean behavior, we can
determine the elastic modulus G = s/u (l2 � l�1) by averaging
the value in the range l�1 r 0.5, where the l-independent
behavior is clearly seen in Fig. 7. The value of G is slightly
smaller than the theoretical value of 0.5 for the defect-free
network.35,36 As discussed earlier,22,24,27 this reduction of G is
due to defects that do not sustain the stress. (Note that the
strand number density u introduced above is calculated from
the number of dispersed prepolymers, and inactive strands and

Fig. 4 Arm fractions in dangling ends ja (cross), single linkages js (filled
circle), and double linkages jd (unfilled circle) in the resultant networks for
2a2 and 1a3 systems.

Fig. 5 Strand fractions formed with two short arms jss (unfilled square),
two long arms jll (filled square), and short and long arms (triangle) jsl for
2a2 and 1a3 systems. For 2a2 systems, jll and jss overlap with each other;
thus, jll is not visible.
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double linkages are not excluded.) As we see that the modulus
of the symmetric case (s2020, red curve) and that of a 2a2
system (2a2-3802, black curve) are similar, the fraction of
defects is not drastically affected by the arm length contrast.
Meanwhile, the randomly connected network (Rnd, blue curve)
exhibits a modulus significantly smaller than the tetra-gel-type
networks.

Fig. 8 top panel shows the spatial distribution of stretched
segments for a s2020 network at the applied stretching of 5.
This snapshot exhibits no clear force chain formation,37 implying
that the stress is not localized. Although not shown, the distribution
for the other tetra systems is similar even for the systems
formed by highly asymmetric prepolymers. In contrast, in the
bottom panel for Rnd, there exist some long, colored chains that
indicate stress localization along the dominant force chains.
This result is consistent with the modulus shown in Fig. 7.

Fig. 9 shows the modulus G as a function of the arm length
contrast for 2a2 and 1a3 systems. As the difference is within the
error-bar, the modulus is essentially insensitive to the arm
length contrast. Since the modulus is more than 0.45, 90% of
the strands carry the stress for the examined tetra-gel-type
networks. Meanwhile, the modulus is ca. 0.38 for Rnd, indicating
that the fraction of effective strands is less than 80%. Since Rnd
systems were created from single chains, there are neither
isolated clusters nor dangling ends. As such, the small modulus
reflects inhomogeneity due to the widely dispersed strand
length. In this respect, modulus of tetra-branched networks
would become lower if further contrast is introduced for the
strand length.

3.3 Fracture

Fig. 10 shows stress–stretch relations for 2a2 systems with bond
scission. (The results for 1a3 systems are available in the ESI.†)
The stress s increases up to a certain maximum smax, and it
decays following the peak. The stretching at the peak lp is
located around 16 for s2020. This lp is consistent with the
maximum stretch lmax for a single network strand containing
40 bonds with the maximum bond stretch of 3 (lmax = 3 � 40/
O40 ~ 19). The curves for 8 independent simulation runs are
rather similar to each other for s2020, whereas the curves

Fig. 6 Strand fractions in double linkages formed by the arm combinations
of short–short jdss (green filled circle), long–long jdll (red filled circle), and
short–long jdsl (blue unfilled circle). The total fraction of double linkages jd

(unfilled black circle) is also shown for comparison. Note that for the
monodisperse case (s2020, for which N2s/N2l = N1/N3 = 1), the strand
length is uniform, and jd cannot be decomposed.

Fig. 7 Stress–strain relation under uniaxial stretch with a constant
stretching rate for s2020 (red broken), 2a2-3802 (black solid), and Rnd
(blue solid). The broken horizontal line indicates a value of 0.5.
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become diverse for the networks with asymmetrical strand
lengths. For instance, the curves are largely scattered for the
random networks (Rnd) to exhibit similar smax and different
mitigation behaviors. This variation of lp implies that the bond
scission happens at network strands with various segment

numbers. Indeed, for the tetra-gel-type networks with asymme-
trical strand lengths, we see a few bundles of curves that reflect
the strand length subjected to the scission. Takahashi et al.19

have shown that for PDMS gels the elongation at break is
significantly reduced when they introduced the strand length
distribution. Our result is in harmony with this report, though a
direct comparison is difficult since our polydispersity index is
only 2 for Rnd, whereas it was ca. 600 for their study.

We note that the simulated stress–strain curves are different
from typical experimental data. Namely, in most of mechanical
experiments, the stress immediately drops to zero when the
specimen is broken, and the stress exhibits a sharp-edged peak.
In contrast, the simulated stress mitigates with a certain
duration after a dull peak. This discrepancy is due to structural
relaxations induced by every single bond scission. The structural
relaxation takes place with a long relaxation time, when the
fragmented dangling domains become large. If we choose a
stretch rate smaller than the slowest relaxation rate of the entire
system, it should be smaller than _e = 3 � 10�8 as we have 32 800
Rouse beads in total. Such a stretching rate is significantly
smaller than the employed rate chosen at _e = 2 � 10�5, being
hardly achieved with practical computation costs. One may
argue that this problem can be solved if the network structure
is immediately relaxed at each bond scission according to the
energy minimization.25,38 For example, Lei et al.38 have reported
such a calculation, in which obtained stress–strain relations are
close to those in typical experiments. However, they neglect
thermal fluctuations at the network nodes, and thus, the model
construction is rather macroscopic. Arora et al.28 have very
recently reported another simulation scheme to discuss the
effect of primary loops on the mechanical properties of the
network. Although they cleverly implemented the relaxation
process during the network fracture in their numerical scheme,
their stress–strain curves are similar to ours exhibiting dull
peaks. As such, to the best of our knowledge, no impeccable
simulation scheme for the targeted problem is available at
present. Nevertheless, we have confirmed that the result does
not strongly depend on the stretching rate below the employed
value as shown in the ESI,† and we note that the presented
results include the effect of structural relaxations.

Fig. 8 Distribution of stretched segments (red cylinders) in resultant gels for s2020 (top) and Rnd (bottom) under the applied stretch l = 5. The stretched
segments are highlighted when consecutive segments are stretched. For the colored segments, the squared segment length is larger than 3. The
dispersed beads are also shown by light blue spheres.

Fig. 9 Modulus plotted against the arm length contrast for 2a2 (top) and 1a3
(bottom) systems. The horizontal broken line indicates the value for Rnd. The
error bar shows the standard deviation between 8 different systems for s2020.
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We evaluated the toughness from the obtained stress–strain
curves by numerically integrating the curve to obtain the
required work for fracture. (Note that the curves in Fig. 10
exhibit true stress versus stretch, and the work for fracture was
calculated from the relation between true stress versus true
strain.) Fig. 8 shows the apparent fracture energy Fa, which is
the required work for the network fracture calculated from the
stress–strain curve. Note that we refer to Fa as the apparent
energy because the stress–stretch curve includes the contribu-
tion of structural relaxation as mentioned above. The examined
tetra-gel-type networks exhibit higher Fa values than the
random network (shown by broken horizontal line) being essen-
tially independent of the arm length contrast of prepolymers.
This result is in harmony with the experiment by Sakai et al.16

One may argue that our result is different from earlier
studies for end linked PDMS gels, for which the toughness is
significantly dependent on the bimodality of the network
strand.18,39–42 The discrepancy is highly likely due to the
difference in the short strand fraction. The strategy proposed
by Mark39 for the improvement of mechanical properties is the
inclusion of a small number of long strands in a network
mainly composed of short prepolymers. For example, in the
case of Llorente et al.,40 the fraction of short strand is 90% for
the network that exhibits superior mechanical properties. Our
examined cases for the 2a2 networks are opposite; long strands
are the majority. For the 1a3 systems, the network strands are
trimodal (see Fig. 5). Nevertheless, the volume fraction of the
shortest strand is not the largest. The strand length contrast is
also different from each other. For the study by Llorente et al.,40

the molecular weights of prepolymers are 660 and 220 g mol�1

for the short chains and 18 500 g mol�1 for the long chain. The
ratios of the short strand lengths to that of the long chain are
0.035 and 0.012, respectively. These ratios are smaller than our
smallest ratio 4/76 = 0.053 realized for 2a2-3802.

Fig. 4 and 11 demonstrate that the inclusion of double
linkages does not improve the toughness of tetra-gel-type net-
works. We rationalize this result by exhibiting the scission rate
of linkages. Fig. 12 shows a typical example of the fraction of
broken strands during the stretch for one of the 1a3-6505
networks. The stress and the broken fraction of double linkages
are also shown for comparison. The network does not sustain
stress after the broken strand fraction reaches ca. jb B0.13.
Meanwhile, for this specific case, we observe the scission of
double linkages up to jdb = 0.08. Note that jdb is the ratio of
broken double linkages to all the embedded double linkages.
Because the number of double linkages is not large as shown in
Fig. 4, the evolution of jdb is discrete.

Fig. 13 shows the broken strand fraction jb and jdb

observed at the final broken networks. For all the examined
tetra-gel-type networks, jb is ca.0.12, irrespective of the arm
length contrast. This value is larger than that for Rnd, originat-
ing the toughness shown in Fig. 8. Concerning double linkages,
the broken fraction jdb is less than 1/4 of jb for the examined
cases. This result demonstrates that double linkages are
relatively tougher than single linkages. In this respect, our

Fig. 10 Stress–stretch curves for 2a2 systems. The results from 8 inde-
pendent simulation runs are shown. The results for the random network
(Rnd) are also shown for comparison. The results for 1a3 systems are
available in the ESI.†

Fig. 11 Apparent fracture energy obtained from the stress–stretch curves
plotted against the arm length ratio for 2a2 (top) and 1a3 (bottom) systems.
Horizontal broken lines indicate the value for Rnd. Error bars correspond
to the standard deviation for 8 independent simulation runs.
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results are in harmony with the theory by Lin and Zhao.20

However, double linkages survive, and they do not contribute to
the toughness of the network, since the fracture propagates

mainly through single linkages. Consequently, the inclusion of
double linkages does not improve the mechanical properties of
the examined tetra-gel-type networks.

4. Conclusions

To discuss the effect of the arm length distribution of prepo-
lymers for tetra-gel-type networks, we performed Brownian
simulations for a series of tetra prepolymer mixtures with
various bidispersed prepolymer arm lengths, without dealing
with the solvent explicitly. Since we did not consider the
excluded volume effect, the gelation kinetics followed the
mean-field theory, and the conversion ratio was more than
99% for all the examined cases. For the resultant networks, the
number of ineffective strands involved in dangling portions
and isolated clusters was estimated from the elastic modulus.
The obtained modulus indicated that more than 90% of the
strands contributed to the stress, irrespective of the arm length
contrast of prepolymers. Besides, we observed the formation of
double linkages, and their number increased with increasing
arm molecular weight contrast. To the resultant networks, we
applied large stretching to observe the network fracture by
introducing bond scission. From the observed stress–stretch
curves, we calculated the apparent work for fracture to discuss
the toughness of networks. The obtained fracture energy does
not depend on the arm length contrast of prepolymers. This
insensitivity of toughness to the strand length distribution is in
harmony with the earlier experimental study.16 The result also
implies that the toughness is not sensitive to the inclusion of
double linkages, contrary to the recent theoretical prediction.20

This inconsistency is indeed due to the toughness of double
linkages, which are rarely broken in comparison to single
linkages. As such, to be fair, we note that double linkages
may improve network toughness as theoretically suggested, if
the fraction of double linkages becomes higher than the
examined range, and/or double linkages are installed by differ-
ent strategies from the present work.

Concerning the employed model and the simulation
scheme, the present results include some effects of network
relaxation during the fracture. Besides, we did not consider
non-bonded interactions and solvent molecules, which may
change the results via the effects of entanglement and network
swelling. For a quantitative comparison to a specific experi-
ment, a coarse-grained model systematically constructed as
proposed earlier26 is necessary. Studies toward such directions
are ongoing and the results will be reported elsewhere.
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Fig. 12 Evolution of the broken strand fraction jb (red curve) during
stretch for a 1a3-6505 network. Blue line indicates the broken double
linkage fraction jdb. The gray curve shows the stress for comparison.

Fig. 13 Broken strand fraction in the final fractured networks jb (red) and
the fraction of broken double linkages to all the embedded double linkages
jdb (blue) against the arm length ratio for 2a2 (top) and 1a3 (bottom)
systems. Horizontal broken lines indicate the value for Rnd. Error bars
correspond to the standard deviation for 8 independent simulation runs.
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