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ABSTRACT: Chemical bonding is key to unlocking the potential of magnetic materials for 
future information technology. Magnetic skyrmions are topologically protected nano-sized 
spin textures that can enable high-density, low-power spin-based electronics. Despite 
increasing interest in the discovery of new skyrmion hosts, the electronic origins of the 
skyrmion formation remain unknown. Here, we study GdRu₂X₂ (X = Si, Ge, Sn) as a model 
system to investigate the connection between chemical bonding, electronic instability, and 
the critical temperature and magnetic field at which skyrmions emerge. The nature of the 
electronic structure of GdRu2X2 is characterized by chemical bonding, Fermi surface analysis, 
and the density of energy function. As X-p orbitals become more extended from Si-3p to Ge-
4p and Sn-5p, improved interactions between the Gd spins and the [Ru2X2] conduction layer, 
along with increased destabilizing energy contributions, are obtained. GdRu₂Si₂ possesses a 
Fermi surface nesting (FSN) vector [Q = (q, 0, 0)] r.l.u.; whereas GdRu₂Ge₂ displays two 
inequivalent FSN vectors [QA = (q, 0, 0); QB = (q, q, 0)] r.l.u., and GdRu2Sn2 features multiple 
Q vectors. In addition, competing ferromagnetic and antiferromagnetic exchange 
interactions in the Gd plane become more pronounced as a function of X. These results reveal 
a correlation among the electronic instability, the strength of competing magnetic 
interactions, and the temperature and magnetic field conditions under which skyrmions 
form. This work demonstrates how chemical bonding and electronic structure can enable a 
new framework for understanding and developing skyrmions under desired conditions that 
would otherwise be impossible.    
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1. INTRODUCTION

Understanding how chemical bonding and electronic instability influence magnetic phase 
transitions is crucial for developing materials for various applications, including spintronics, 
sensors, and quantum technologies.1-10  Skyrmions are dynamic, particle-like magnetic states 
capable of twisting and turning in a unique way, with sizes ranging from a few nanometers 
to ~100 nm, and exhibit unique properties arising from their non-trivial topology. Their 
topologically protected properties provide a promising platform for studying the interaction 
between electronic effects and magnetic phase transitions while improving our 
understanding of novel states of matter.11-18  Topological protection enables skyrmions to 
maintain their unique properties even in the presence of defects in real materials, offering 
new opportunities for developing next-generation information carriers and memory 
architectures.19-21 

Skyrmions evolution in noncentrosymmetric magnets is driven by antisymmetric 
Dzyaloshinskii–Moriya interactions,22-33 whereas skyrmions formation in centrosymmetric 
magnetic metals is facilitated by a delicate balance between competing exchange 
interactions, the Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions, frustrated exchange 
coupling, and dipolar interactions. The long-range RKKY exchange interaction J(r) ~ sin(2kF 

r) / r3, where kF is the Fermi wavevector of conduction electrons, and r is the distance 
between the magnetic moments, assisted by intra-orbital magnetic frustration, promotes 
skyrmion formation with small sizes (a few nm).13,34-39 

Gd-based centrosymmetric tetragonal lattice systems, GdRu2X2 (Gd3+, S = 7/2, L = 0, X = Si 
and Ge), have been demonstrated as skyrmion hosts with rich magnetic phase diagrams.40-

44 This is in part attributable to the unique crystal structure and chemical flexibility, allowing 
an array of atomic substitutions (Figure 1a). Recent theoretical studies on skyrmion hosts 
adopting centrosymmetric tetragonal lattices suggested several microscopic origins for 
skyrmion emergence, such as RKKY exchange interactions, and interorbital frustration 
originating in Gd-d-f spins can stabilize a spin structure with a finite modulation vector, Q.45 
Magnetic frustration, anisotropy, high-order spin interactions and FSN have been recognized 
as essential physical parameters to induce phase transitions to skyrmions at a given field and 
temperature.46,47 The elegant studies provided valuable insights into the microscopic origins 
of centrosymmetric skyrmion materials; however, chemical connections to critical 
temperature and magnetic field conditions at which skyrmions emerge remain elusive.  This 
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significantly hinders the materials development of skyrmions that may evolve at room 
temperature and zero field. 

It has been demonstrated that in GdRu2Si2, indirect RKKY interactions stabilize equivalent 
magnetic modulation vectors, resulting in a square skyrmion lattice at 2 T ≤ μ0H ≤ 2.5 T, 2 K 
≤ T ≤ 20 K, with the smallest diameter of 1.9 nm among the known skyrmion materials.42,48,49 
Magnetic torque and resistivity measurements revealed that FSN enhances the strength of 
the RKKY interaction, resulting in a helical modulation QA = (0.22, 0, 0) r.l.u. in GdRu2Si2.42,50 
Angle-resolved photoelectron spectroscopy measurements in conjunction with density 
functional theory calculations revealed a nested Fermi surface (FS) band at the corner of the 
Brillouin zone that is responsible for the skyrmion formation in the Si material. 51 
GdRu2Ge2—an isostructural compound—has recently been realized to feature the 
successive formation of two distinct skyrmion pockets.40,41 Resonant X-ray scattering and 
magnetotransport studies suggested the presence of competing RKKY exchange interactions 
at inequivalent wavevectors, [QA =(q, 0, 0) r.l.u.  and QB = (q/2, q/2, 0) r.l.u.] that drive such 
rich topological phase formation.40 Our previous studies have demonstrated the evolution of 
two skyrmion pockets in GdRu2Ge2 at 2 K ≤ T ≤ 30 K, 0.9 T ≤ µ0H ≤ 1.2 T and 1.3 T ≤ µ0H ≤ 1.7 
T.  It is worth noting that the skyrmions in GdRu2Ge2 form at higher temperatures and lower 
fields than those in GdRu2Si2. Electronic structure and exchange interaction evaluations 
revealed that the more extended Ge-4p orbitals, compared to Si-3p, enhance competing 
exchange interactions, thereby making the phase transition to skyrmions more accessible in 
GdRu2Ge2 (at higher temperatures and lower fields).41

Figure 1. (a) Crystal structure of GdRu2X2 (X = Si, Ge, and Sn) showing exchange interactions and 
increased dispersion of X-p orbitals going from Si-3p to Ge-4p and Sn-5p, and (b) Potential 
connections among orbital overlap, electron instability, and competing exchange interactions, and 
critical temperature and magnetic field conditions at which skyrmions emerge.
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This work provides a systematic investigation into how electronic structure and chemical 
bonding manifest the temperature and magnetic field conditions for skyrmion evolution in 
the isostructural model system GdRu2X2 (X = Si, Ge, and Sn). While the Sn compound has not 
been experimentally realized due to its thermodynamically unfavorable formation energy 
(Figure S1a and S1b), its hypothesized crystal structure is optimized for this study using 
variable cell calculations. Our research goal is to provide some answers to the central 
scientific questions: What underlying chemical and electronic parameters influence the 
formation of skyrmions in GdRu2X2? How do they manifest in critical temperature and 
magnetic field conditions at which skyrmions emerge? (Figure 1b). In this study, we employ 
density functional theory (DFT) calculations to investigate chemical bonding via crystal 
orbital Hamilton population (COHP) and crystal orbital bond index (COBI), analyze Fermi 
surface nesting, probe electronic instability through the density of energy (DOE), and use 
total-energy methods to elucidate the exchange interactions in the model system. This 
approach enables us to delve into the impact of Si-3p/Ge-4p/Sn-5p on the orbital overlap 
and electronic structure of GdRu2X2 and connect the chemical bonding concepts to 
skyrmions formation.

2. Computational Details
2.1 Quantum Espresso DFT Calculations.

The spin-polarized electronic structure, density of states, and Fermi surface calculations 
were performed using the Quantum ESPRESSO (QE) package. A kinetic energy cutoff of 60 
Ry for the plane-wave basis set and 452 Ry for the charge density was used. The interaction 
between core and valence electrons was described using the projector augmented-wave 
(PAW) method, and the exchange–correlation functional was treated within the Perdew–
Burke–Ernzerhof (PBE) formulation. For Gd, the valence configuration included 4𝑓7, 5𝑑1, 6
𝑠2 with semicore 5𝑠2, 5𝑝6. For Ru, the valence configuration consisted of 4𝑑7, 5𝑠1with 
semicore 4𝑠2, 4𝑝6. For Ge, the valence configuration included 4𝑠2, 4𝑝2, and semicore 3𝑑10.  
The on-site Coulomb interaction (Hubbard parameter) and Hund’s exchange parameter for 
the Gd-4𝑓 level were set to be 𝑈 = 6.7 eV and 𝐽 = 0.7 eV. The double-counting correction 
was handled by the Fully Localized Limit (FLL) double-counting scheme, as implemented in 
QE. The Brillouin zone integrations were performed using a 13 × 13 × 6 Monkhorst–Pack k-
point mesh to achieve self-consistency of energy threshold of 5 × 10―9Ry. Lattice 
parameters for GdRu2Sn2 were estimated using variable cell calculation. The pseudo 
potential DFT calculations for the J-coupling constant used the same parameter, except the 
k-mesh was changed to 3 ⨯ 3 ⨯ 2 to account for the (2a, 2b, c) super cell. The charge and spin 
density maps are calculated with the pp.x in the QE package and visualized with the VESTA 
software. The pseudopotential wavefunctions calculated from the QE package are projected 
into a linear combination of atomic orbitals (LCAO) based representation by means of the 
Local Orbital Basis Suite Towards Electronic-Structure Reconstruction (LOBSTER)52 
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program to extract the projected COHP (pCOHP)53, k-space COHP54, COBI55, DOE56 and the 
molecular orbital diagrams. k-space COHP data were visualized using the functionalities 
implemented within the LOPOSTER code.57

Additional SCF calculations were performed to compute the Lindhard response function 
(LRF). To extract the Fermi surface, the self-consistent field (SCF) calculation was performed 
using a denser Monkhorst-Pack (MP) k-point grid. The Brillouin zone was numerically 
integrated for the total energy estimation using a 38 × 38 × 19 MP k-point sampling. The 
Fermi velocity across the Brillouin zone was mapped onto the Fermi surface as a color plot. 
The orbital character of the Fermi surface was computed using the Fermi projector operator, 

which calculates the following quantity:  ∑𝑛𝑠
𝑖=1 |⟨∅𝑎𝑡𝑜𝑚

𝑛𝑠(𝑖) │∅𝑛𝑘⟩|2
 where ns represents the 

number of target wavefunctions. The results from this Fermi projection calculation are saved 
in a format compatible with the FermiSurfer 2.4.0 software for visualization.58

2.2 Green’s function-based DFT calculations
To estimate the magnetic exchange constants (𝐽𝑖𝑗), the Dzyaloshinskii–Moriya interactions (
𝐷𝑖𝑗), and the magnetocrystalline anisotropy constant (𝐾), we employed the Green’s function 
and multiple scattering theory based DFT calculation using the spin-polarized relativistic 
Korringa–Kohn–Rostoker (SPR-KKR) code.59 The exchange–correlation potential was 
treated within the local density approximation (LDA) using the Vosko–Wilk–Nusair (VWN) 
parameterization.60 Self-consistent field (SCF) calculations were carried out using the spin-
polarized scalar-relativistic (SP-SREL) Dirac Hamiltonian.  To achieve self-consistency, the 
Brillouin zone integration was carried out using a 41 × 41 × 41 k-mesh, corresponding to 
68,921 k-points in the full Brillouin zone, equivalent to 4,851 irreducible k-points. The SCF 
mixing parameter, energy convergence tolerance and the angular momentum cutoff were set 
to 0.2, 0.01 mRy, respectively. The above SCF conditions successfully converged the 
potential, and all subsequent post-processing calculations were carried out using this 
converged potential. Magnetic exchange constants 𝐽𝑖𝑗 were computed within the magnetic 
force theorem using the Liechtenstein–Katsnelson–Antropov–Gubanov (LKAG) scheme.61 
Real-space couplings were evaluated up to a cluster radius 𝑅𝑐 = 7.0 and the reciprocal space 
coupling constant 𝐽(q) were obtained by performing a lattice Fourier transform. For 
estimating the Dzyaloshinskii–Moriya interactions (𝐷𝑖𝑗) and the magnetocrystalline 
anisotropy energy (MAE), we carried out fully relativistic (REL) calculations using the same 
SCF parameters as in the scalar-relativistic calculations.

3. RESULTS AND DISCUSSION
3.1 Electronic Structure

We have previously studied the skyrmion host GdRu2Ge2, which adopts ThCr2Si2-type 
structure—a centrosymmetric tetragonal space group I4/mmm.41 For the magnetoentropy 
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mapping, electrical transport and heat capacity data of the Ge material, the reader is invited 
to visit the reference.41 The previous results lay some groundwork for our systematic studies 
on the isostructural centrosymmetric magnets GdRu2X2 (X = Si, Ge, and Sn), of which the 
structure includes the Gd square lattice connected to [Ru2X2] layers (Figure 1a).  To gain 
insight into how the electronic structure of GdRu2X2 determines its physical properties, 
pseudo-potential spin-polarized DFT calculations were performed using the QE software 
package.62 The crystal structure information of GdRu2X2 used in the DFT computations is 
provided in Table S1. The band structure and density of states (DOS) results clearly 
demonstrate some common electronic features in GdRu2X2 (Figure 2). The spins of the Gd-
4f states are polarized, which then polarizes the Ru-4d and X-p states. The contribution of 
Gd-4f states is localized, deep in low energy ~ -8 eV for majority spins, and slightly above the 
Fermi level (EF) energy ~ 4 eV for minority spins. The spin-polarized band structure and 
density of states of GdRu2X2 display a metallic behavior, where multiple bands cross EF and 
finite DOS at EF. These features demonstrate that interactions between the localized Gd-4f 
magnetic moments are mediated by itinerant electrons through RKKY interactions. Around 
EF, the bands are mostly comprised of the Gd-5d, Ru-4d, and X-p states. The band structures 
exhibit an increase in overall band dispersion as the valence electron configurations 
progress from Si-3p, Ge-4p, and Sn-5p. This distinction becomes clearer when examining the 
derivatives dE/dk and d2E/dk2 of the bands that are crossing the Fermi level. Among the 5 
bands, particularly in Band-2 near the Z point, Si bands display a sudden change in slope, 
which gives the appearance of an abrupt dispersion change (Figure S10). By contrast, the 
corresponding bands for Ge and Sn evolve more smoothly and exhibit nearly parabolic 
dispersion, indicating more dispersive features. As a result, the extended X-p orbital 
character generates more diffuse features in Gd-d and Ru-d orbitals, improving the 
interaction between Gd-X and Ru-X (Figure 2).

3.2 Chemical Bonding Analysis 
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DOS analysis is helpful in describing the atom projected state contribution; however, it does 
not capture the phase relationships among the orbitals involved in the overlapping 
wavefunctions. To extract the information on bonding characters (bonding = constructive 
interference of wavefunctions, nonbonding = zero interference, and antibonding = 
destructive interference) and how the microscopic mechanisms can influence skyrmion 
formation, we used the Local Orbital Basis Suite Towards Electronic-Structure 
Reconstruction (LOBSTER) program to reconstruct the local-orbital picture from PAW 
wavefunctions.63-67 

Figure 2. Spin-polarized band structures showing bands around the Fermi level and spin-
polarized DOS of (a) GdRu2Si2, (b) GdRu2Ge2, and (c) GdRu2Sn2.
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Crystal orbital Hamilton population (COHP) determines the energy-resolved bonding, 
antibonding, or nonbonding contributions between interatomic (pair-wise) interactions; 
whereas integrated COHP (ICOHP) estimates the overall strength of a chemical bond.53,65 The 
projected COHP (pCOHP) curves (Figure 3) indicate bonding character (-pCOHP > 0) for Gd
Gd, GdX, and XX bonds and antibonding character (-pCOHP <0) for RuRu and RuX bonds 
around EF. The integrated COHP (ICOHP) value of GdGd decreases as X changes from Si to 

Figure 3. Projected crystal orbital Hamilton population (-pCOHP) curves for (a) relevant bonding 
environments, (b) GdRu2Si2, (c) GdRu2Ge2, and (d) GdRu2Sn2 with their integrated values (ICOHP). 
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Ge and Sn, suggesting a reduced overlap of the Gd orbitals.  For the [Ru2X2] conduction layer, 
the increased ICOHP value of RuX implies an improved overlap of the Ru-d and X-p orbitals 
as X changes from Si to Ge and Sn. These combined features provide some insight into the 
improved interaction between the Gd-4f localized electrons and the [Ru2X2] layer as X 
changes from Si to Ge and Sn. 
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10

Crystal orbital bond index (COBI) provides a generalized bond index term for crystalline 
solids. To quantitatively analyze the quantum-chemical bond order in solids, integrated COBI 
(ICOBI)55,68 was calculated for all bonds (Figure S3). RuX and XX bonds have the greatest 

Figure 4. k-resolved COHP of Ru–X and Ru–Ru near EF along the Γ–X–P–N–Γ–M path for (a-d) 
GdRu2Si2, (e-h) GdRu2Ge2, (i-l) GdRu2Sn2. The color scale represents pCOHP (eV). 
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ICOBI values of ~0.5, about half a bond, indicating a strong covalent bonding character. The 
small ICOBI value of Gd-Gd (~0.03) implies negligible pairwise interactions. Overall, the 
COBI results are in line with and complementary to COHP.

To gain more insight into the anti-bonding occupation around the EF, we calculated the k-
resolved COHP for Ru-4d and X-p bonds in GdRu2X2, since these orbitals are the main 
composition of the EF.69 The k-COHP maps (Figure 4) reveal that the bonding sign switches 
to antibonding well below EF and then persists up to and across EF, with a continuous 
antibonding range from roughly −1.2 eV to 0 eV, for both Ru–X and Ru–Ru pairs. Moving from 
Si to Ge and Sn, the Ru–X antibonding strengthens modestly (Figure 4, first two rows), 
whereas the Ru–Ru antibonding grows substantially (Figure 4, last two rows), indicating 
that the common Ru sublattice experiences progressively stronger destabilization around EF 
as a function of X. We attribute this trend to strong bonding among [Ru₂X₂] slab (seen in the 
COHP) that enhances Ru–X mixing and, in turn, feeds the Ru–Ru antibonding near EF. Spin-
resolved panels show nearly comparable contributions from the majority and minority 
spins, with the minority spin channel lying slightly closer to EF; thus, the effect is not strongly 
spin-selective in this collinear setting. 

Crucially, the strongest, flat, antibonding segments near EF cluster along Γ–X and P–N in the 
−1.2 eV  0 eV energy window, while X–P also appears antibonding but sits relatively farther 
from EF (Figure 4).  This directional pattern matters: the Γ–X and P–N segments identify the 
k-space regions most capable of low-energy scattering, providing a bond-specific map of 
where the electronic structure is primed for modulation. Along P–N, the k-COHP plot shows 
a progressive shift of antibonding bands toward EF: it remains below EF in Si, approaches EF 
in Ge, and crosses EF in Sn. Together with the flat, near- EF antibonding seen along Γ–X, these 
features delineate specific k-space segments where low-energy scattering is available. While 
a full analysis is presented later, we note that this evolution could be consistent with the 
directions of the FSN vectors and may relate to the multi-Q behavior observed only in Ge and 
Sn compounds. 

3.3Spin Density Analysis 

Spin, charge, and orbital are the three fundamental components of an electron. Next, we 
examine spin and charge density maps while considering orbital contributions.  Spin density 
maps (ρup - ρdown)  projected on selected lattice planes illustrate supplementary evidence for 
the effect of the X-p orbitals on spin polarization (Figure 5).70 In the [100] plane cutting 
through Gd, Ru, and X (Figure 5a), the spin polarization of the [Ru2X2] layer is enhanced as 
X changes from Si to Ge and Sn.  Figure 5b-c shows the [001] plane slicing through Gd and X 
and between Ru and X, respectively. The spin density of Gd and Ru in these projections 
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becomes more polarized, following the trend GdRu2Si2 < GdRu2Ge2 < GdRu2Sn2. The tunable 
spin polarization as a function of X-3p/4p/5p orbitals suggests the feasibility of modifying 
interactions between the Gd localized magnetic spins and the [Ru2X2] conduction layer—
ingredients for RKKY interactions. As shown in Figure 5a-d, the Gd site exhibits a strong, 
red-colored, spherically symmetric contour pattern, indicating well-localized Gd-4f magnetic 
moments. In the vicinity of the Gd moment, the Ru–X layer exhibits spin density in the blue-

Figure 5. Spin density map of GdRu2X2 (a) [100] plane cutting through Gd, Ru, and X atoms, (b) 
[001] plane cutting though Gd and X atoms, (c) [001] plane cutting in between Ru and X atoms, 
and (d) [110] plane cutting through Gd atoms (X= Si, Ge, and Sn). The color bar provides a 
qualitative indication of the relative magnitude of spin polarization.
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purple color, reflecting strong hybridization between the Ru-4d states and X-p states (Figure 
5a). If we interpret the blue-purple region as induced spin polarization due to the RKKY 
interaction, it becomes evident from Figure 5a that the substitution of the X atom from Si to 
Ge to Sn leads to subtle changes in both the intensity and the spin density contours along the 
[100] direction. The contour lines emerging along the [100] projection indicate spin density 
elongation and are associated with the FSN vector QA = (q, 0, 0) r.l.u. experimentally observed 
for GdRu2Si2 and GdRu2Ge2.40,42 Additionally, short, wave-like modulations in the form of 
spin density lobes along the b-axis are observed in Figure 5a. The spin density wave along 
the a-axis (a and b are equivalent in tetragonal systems) can be linked to the experimentally 

Page 13 of 30 Journal of Materials Chemistry C

Jo
ur

na
lo

fM
at

er
ia

ls
C

he
m

is
tr

y
C

A
cc

ep
te

d
M

an
us

cr
ip

t

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

2 
O

kt
ob

a 
20

25
. D

ow
nl

oa
de

d 
on

 1
7/

11
/2

02
5 

22
:0

2:
13

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
DOI: 10.1039/D5TC02333E

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5tc02333e


14

observed propagation vector QA = (0.22, 0, 0) r.l.u. Furthermore, the Ge variant shows visibly 
stronger polarization and a tendency to diffuse along the c-axis, suggesting that the enhanced 
orbital spatial extension of Ge-4p and Sn-5p facilitates increased hybridization and thereby 
supports FSN. Another interesting feature is observed along the [110] direction in the spin 
density contours. For the Si system, we observe nearly isotropic spin polarization at the Gd 
site. In contrast, the Ge and Sn variants exhibit reconfigured spin density contours around 
Gd, indicating the presence of additional spin density modulations (Figure 5d). This 

Figure 6. Charge density map of GdRu2X2 (a) [110] plane cutting through Gd and X atoms, 
(b) [110] plane cutting through Ru layer, (c) [001] cutting through Gd and X atoms, and (d) 
[001] plane in between Ru and X atoms. (X= Si, Ge, and Sn).
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observation aligns with experimental reports of inequivalent multiple modulation vectors in 
GdRu2Ge2. Since we do not observe a clear antiferromagnetic-like coupling between the 4f 
moments and the Ru–X layer as seen in the [100] modulation, the spin density contours along 
[110] may originate from inter-orbital frustration between Gd-4f and Gd-5d. Similar spin 
density features are observed in the [110] projection (Figure S5), connecting to the QB = (q, 
q, 0) r.l.u. FSN vector in GdRu2X2. A more detailed description of FSN is discussed in the 
subsequent sections. 

3.4 Charge Density Analysis 

In addition to the spin density, charge density maps visually represent the distribution of 
electronic charge within the GdRu2X2 crystal (Figure 6).70 Figure 6a highlights the [110] 
projection on the Gd and X planes. As X changes from Si to Ge to Sn, the charge density of the 
XX dumbbells increases, enhancing the charge anisotropy of Gd. Meanwhile, Figure 6b 
shows the [110] plane cutting through the Ru layer, where the charge distribution of Gd 
appears more diffused. Figures 6c and 6d show the [001] projections on the Gd and X plane 
and the plane between Ru and X, respectively. As X goes from Si to Ge and Sn, the charge 
density of Gd and [Ru2X2] increases and becomes more dispersed. This indicates improved 
bonding interactions between Gd and [Ru2X2]. 

3.5 Electronic Instability 
3.5.1 Fermi surface nesting and Lindhard response function
 

Electronic instability around EF in metals gives rise to phase transitions to novel states of 
matter under external perturbations, such as temperature and field.69,70 To describe how 
itinerant electrons behave under the influence of various interactions in GdRu2X2, we 
extracted the Fermi surface from the bands that cross EF.  The Fermi surface topology and 
potential nesting in the Si and Ge materials as well as in Gd2PdSi3 have been realized to 
enable spin spiral magnetic ordering and double-Q density wave modulation.40,46,51,71 There 
are situations where sections of the Fermi surface are parallel (or nearly parallel) and can 
be connected by a single nesting vector Q, leading to instabilities such as charge and spin 
density waves in materials. There is a general agreement in the literature regarding the FSN 
driving the helical and skyrmion phases. However, minor discrepancies arise regarding the 
specific nesting vector. Despite several studies, the precise modulation vector and the 
specific portion of the FS responsible for nesting remain unresolved in GdRu2X2 (X = Si, Ge).
 
To further understand FSN in GdRu₂X₂ (X = Si, Ge, Sn) and whether and how the modification 
of X-p orbitals influences nesting vectors, we examine the FS and the LRF for GdRu₂X₂. 
Figures 7 and 8 present the FS diagrams for both spin-up and spin-down channels, along 
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with the corresponding LRF projected along the [100] and [111] directions, respectively. Our 
calculations showed five distinct FSs in the Si and Ge materials, and only four FSs in the Sn 
variant (Figure S6), agreeing well with the band structures. The presence of small, 
ellipsoidal FSs at the Z point is common in GdRu2X2 (Figure S6). These smaller ellipsoid 
pockets are identified as localized hole pockets and show parallel features at the Z point. 
However, LRF and other experimental evidence are absent for such modulation. A larger 
barrel-like FS (band 4 for Si/Ge and band 3 for Sn) is observed in all three compounds. This 
surface extends to the zone boundary and shows strong dispersion along the kx and ky 
directions with limited dispersion along the kz direction  (Figure S6). These features are 
observed for both spin-up and spin-down channels. Additionally, band 5 (band 4 for Sn) 
shows a distinct difference between spin-up and spin-down channels. We observed a less 
dispersive parallel surface centered at the X point in the spin-down channel. In contrast, the 
spin-up band is well extended (tubular type FS) within the Brillouin zone, suggesting 
significant band interaction, possibly due to the influence of 4f and 5d orbital mixing and/or 
multi-band effects of Ru-4d (Figure 7a, c and e). This band primarily arises from Gd-5d and 
Ru-4d states, crosses EF at multiple k-points, and displays linear dispersion just below EF and 
a flat band segment along the Z-Y1-P-Γ direction, indicating potential topological features 
(Figure 2). Overall, this analysis highlights the similarities and differences in the FS 
characteristics in GdRu₂X₂. However, these characteristics alone cannot definitively 
determine the presence or absence of FSN in this system. Therefore, we employed the 
FermiSurfer software to compute the LRF from the conventional Fermi surface.
 
FSN and associated divergence in electronic susceptibility, owing to lattice instability, spin 
density wave modulation, or Friedel oscillations, are understood in several low-dimensional 
systems through the Lindhard susceptibility or Lindhard Response Function (LRF).69,72-74 
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Such electronic instabilities show 
up as part of parallel segments in 
the FS. However, these 
apparently parallel sections 
themselves are insufficient to 
draw conclusive evidence for 
FSN, as certain geometric and 
energy conditions are required to 
obtain FSN. One way to 
determine a possible FSN is by 
calculating the Lindhard 
susceptibility function 𝜒’(q) that 
describes the stability of the 
electron system. The Lindhard 
susceptibility function can be 
written as,

(1)

where a  and   are 
Fermi-Dirac probability 
distribution functions related to 
the occupancy of the states with 

energy  and , 
respectively.74 The above 
equation assumes that the k-
dependent matrix element is set 
to a constant (unity), 
representing non-interacting 
electronic susceptibility. Such a 
function captures the details of 
the Fermi surface topology and 
geometrical features; however, 
the orbital contribution, SOC or 
multiband effect are captured 
only if we include the k-
dependent matrix element. 
The observed parallel regions 
centered around the X point, 

Figure 7. Fermi surface nesting with respective 
projections indicating nesting vector for (a-b) GdRu2Si2, 
(c-d) GdRu2Ge2, and (e-f) GdRu2Sn2, respectively.
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perpendicular to the Γ-X direction, suggest a nesting vector QA = (q, 0, 0) (Figure 7a and 7c), 
in agreement with previous reports.40,51 There are diffuse peaks in the Lindhard function at 
the X point, which is consistent with the observation of the parallel surfaces for both spin-up 
and spin-down channels for all three compounds. (Figures 7a and 7c).  In addition, FS and 
LRF show potential nesting along QB = (q, q, 0) r.l.u. and QB

’ = (-q, -q, 0) r.l.u. for GdRu2Ge2 
(Figure S7). This multi-Q FSN features in GdRu2Ge2 are supported by the work by 
Yoshimoshi et al., which suggests that the competition of RKKY interactions at inequivalent 
wavevectors drives the formation of such a rich topological phase.40 This feature is observed 
only with Ge and Sn variants, whereas Si shows no nesting along these directions. 

 

Figure 8. Lindhard response function with respective projections for (a-b) GdRu2Si2 (c-d) 
GdRu2Ge2, and (e-f) GdRu2Sn2 respectively. The color bar indicates the real part of χ0(q,0) in 
arbitrary units.
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For GdRu2Sn2, the Lindhard susceptibility possesses diffuse features for spin-up and doubly 
degenerate susceptibility peaks and rhombohedral ridge patterns for spin-down (Figure 8f). 
These rhombohedral features are also observed in the spin-down channel for GdRu2Ge2. 
These complex features in the Lindhard response indicate the presence of multiple nesting 
wavevectors in GdRu2Sn2. This could be attributed to the interactions between the Gd-f/d 
spins and the [Ru2Sn2] layer, as demonstrated by chemical bonding analysis. Our FSN and 
LRF analysis capture the interplay between the RKKY interaction and conduction electron 
density modulation, which is essential for the stabilization of topologically nontrivial spin 
states in GdRu2X2. The real part of the LRF, governed by equation (1), can be used to screen 
geometrical features linked to potential nesting, as observed in a peak or ridge pattern 
corresponding to electronic instability. However, directly linking nesting to a Periels 
instability or density wave ordering must be done by incorporating the k-dependent matrix 
elements.

Consistent with these FSN assignments, as mentioned above, the k-resolved COHP identifies 
EF-proximal antibonding segments along Γ–X and, more sensitively, along P–N, which shift 
toward and through EF across the series (below EF in Si, near EF in Ge, and crossing EF in Sn). 
These k-localized antibonding features occur precisely on the band segments that define the 
parallel FS sheets underlying QA = (q, 0, 0) r.l.u and the inequivalent QB = (q, q, 0) r.l.u 
directions. This observation suggests that the occupied antibonding state near EF enhances 
susceptibility along those vectors and may facilitate multi-Q behavior in Ge and Sn, where 
the P–N antibonding is around or crosses EF, respectively.
  
 3.5.2 Density of Energy 

The observation of FSN validated by the LRF confirms the presence of electron instability in 
GdRu2X2. This argument is further examined by calculating the DOE. The DOE accounts for 
both interatomic and on-site atomic energy contributions as it integrates the entire 
electronic band structure with respect to energy (Eq (2)), unlike COHP, which focuses only 
on interatomic (pair-wise) interactions.56 Figure 9 shows the DOEs and the corresponding 
integrals. Overall, there are strongly destabilizing energy contributions (negative -DOE 
values), consistent with the electron instability underpinning FSN. The integrated DOE-band 
energy (Eband) for GdRu2X2 reveals that the chemical substitution of Si by Ge and Sn, 
separately, increases the overall destabilizing energy (Figure 9), as suggested by the Ru-Ru 
and Ru-X COHP curves (Figure 3). The Eband curves of GdRu2X2 display similar shapes, 
confirming their resemblance in chemical and crystal structures.    

Eband = ∫𝐸𝐹

―∞ DOE(𝐸)𝑑𝐸 (2)
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4. Exchange Interaction Evaluation 
In addition to the bonding and DOE analysis, we study the exchange interactions in GdRu2X2. 
Building upon our earlier findings, 41 here we performed an energy-mapping analysis, using 
DFT calculations, as illustrated in Figure 10.62,71-73 The Gd spins form two square sublattices 
within a unit cell. Our model incorporates the nearest-neighbor exchange interaction J1 along 
the a- or b-axis, the exchange interaction J2 between the Gd square sublattices and the 
interaction J3 within the ab-plane along the [110] direction. To accurately simulate an 
extended solid and avoid artificial interactions between periodic images of atoms, we used a 
(2a, 2b, c) supercell (containing four formula units) and six different spin-ordered states 
(Figure 10). The total spin exchange energy per supercell can be expressed by the following 
equations:5

 𝐸1 =  𝐸0 + ( ―8𝐽1 + 0𝐽3 + 0𝐽2) ∙ 𝑆2                          (3)
 𝐸2 =  𝐸0 + (0𝐽1 ― 16𝐽3 + 0𝐽2) ∙ 𝑆2

𝐸3 =  𝐸0 +  (0𝐽1 + 0𝐽3 ― 8𝐽2) ∙ 𝑆2

𝐸4 =  𝐸0 +  (8𝐽1 ― 8𝐽3 + 0𝐽2) ∙ 𝑆2

𝐸5 =  𝐸0 +  (8𝐽1 + 0𝐽3 + 0𝐽2) ∙ 𝑆2

𝐸6 =  𝐸0 +  (16𝐽1 ― 16𝐽3 + 0𝐽2) ∙ 𝑆2

where the E0 corresponds to the non-magnetic contribution to the total energy, and S = 7/2, 
the spin for Gd3+. From these energies, the exchange interactions per four formula units can 
be calculated as:

𝐽1 = (𝐸6―𝐸2)
16𝑆2 (4)

𝐽2 = (𝐸1+𝐸5―2𝐸3)
16𝑆2

Figure 9. Density of energy analysis of (a) GdRu2Si2, (b) GdRu2Ge2, and (c) GdRu2Sn2. (d) 
Comparison of band energy (Eband) for GdRu2X2 where X = Si, Ge and Sn).
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𝐽3 = (𝐸5―𝐸4)
8𝑆2   

The J-coupling interaction can then be obtained: 
Table 1. Calculated J-coupling constants and an inverse of the Mean Absolute Deviation 
(MAD-1) for GdRu2X2 (X = Si, Ge, Sn)

X Site |J1|(K) |J2| (K) |J3| (K) MAD-1

Si 0.7(2) 153.5(2) 0.5(2) 0.015

Ge 71.1(2) 153.8(2) 2.3(2) 0.019

Sn 76.2(2) 153.0(2) 0.3(2) 0.020

As shown in Table 1, J1 varies from negligible to strong ferromagnetic (FM) when the X site 
changes from Si to Sn. Meanwhile, J2 remains unaffected by the X site, which reveals that the 
shape of the Gd orbitals changes primarily along the a or b axis when Si is replaced by Ge/Sn, 
suggesting an enhancement of J₁.

Figure 10. Representing exchange interactions J1, J2 and J3 between Gd3+ atoms within the unit 
cell and spin-ordered states within the (2a, 2b, c) supercell based on energy mapping method.  
Pink and blue colors correspond to the spin down and up, respectively. 
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To assess the competing strength of these exchange interactions, we calculated the inverse 
of the Mean Absolute Deviation (MAD⁻¹), which measures the closeness of interaction 
strengths. As the X site progresses from Si to Ge and Sn, the MAD⁻¹ value improves from 
0.015 to 0.019 and 0.020, respectively. This increase in the appreciable, competing FM and 
AFM interactions in the Gd square lattice (the ab-plane) as a function of X follows similar 
trends in enhanced electronic instability and destabilizing energy Eband. Competing FM and 
AFM interactions bear a resemblance to those in other skyrmion hosts.

For further insight into long-range RKKY exchange interactions within GdRu2Ge2, additional 
exchange interaction calculations were performed based on the magnetic force theorem 
using the LKAG scheme. Magnetic exchange constants (𝐽𝑖𝑗) between Gd moments as a 
function of scaled distance (𝑅 𝑎) are shown in Figure 11(a).  We observed predominantly 
FM interactions (positive 𝐽𝑖𝑗) for (𝑅 𝑎) <  2; however, oscillatory behavior is seen up to 
(𝑅 𝑎) = 7, indicating long-range RKKY interaction. The strongest interaction is identified as 
the second-neighbor (interlayer) coupling 𝐽2, corresponding to the body-diagonal direction 
[111]. Since 𝐽8 ((𝑅 𝑎) = 𝑐) also shows a strong ferromagnetic interaction, the interplane 
exchange (𝐽2, 𝐽8) is stronger than the basal-plane interactions 𝐽1and 𝐽3. The competition 
between intra- and interlayer exchange frustration suggests the presence of non-collinear 
magnetic ordering in GdRu₂Ge₂. To examine whether the system has spin density wave 
modulation, we performed a lattice Fourier transform of the real-space exchange constants 
and estimated J(q), with 𝑞 expressed in units of 2𝜋/𝑎 (Figure 11b).  For cluster radii smaller 
than 4, FM interaction is stabilized, but above this radius we observed a stable peak with an 
amplitude of about 4 meV, located at 𝑸𝐴 = (0.3, 0, 0) r.l.u. along Γ–X direction. This SDW 

Figure 11. Exchange interaction calculations based on magnetic force theorem (a) Gd-Gd exchange 
interactions as a function of reciprocal lattice distance Jij(R), R - lattice translational vector, a - 
lattice constant and (R/a) - Cluster radius, (b) and (c) Reciprocal space exchange interaction 
function J(q) along [100] and [110] directions respectively. 
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modulation was observed experimentally in both GdRu2Ge2 and GdRu2Si2.41,48,74 The Fourier 
transform of 𝐽𝑖𝑗 along the Γ–M direction [110] also shows a peak at 𝑸𝐵 = (0.25, 0.25, 0) r.l.u. 
with an amplitude of 4.5 meV, indicating that the system favors a multi-𝑄 state where the 
modulations along [100] and [110] coexist (Figure 11 b and c).

We propose a correlation between Eband and the temperature and magnetic field conditions 
at which skyrmions emerge (Figure 12). For the Si and Ge materials, the conditions for 
skyrmion formation have been experimentally proven. Our attempts to create the Sn version 
have not been fruitful yet, possibly due to its highest electron instability and 
thermodynamically unfavorable formation energy among the series. GdRu2Sn2 exhibits 
72 meV/atom above the convex hull and is predicted to decompose into GdSn2 + 2Ru (Figure 
S1b). Unconventional synthesis approaches, such as ion exchange or high-pressure 
synthesis, may be required to access this metastable phase.    While we are making additional 
efforts to create GdRu2Sn2, we predict that this phase hosts skyrmions at a higher 
temperature and a lower field than its siblings, attributable to its highest destabilizing 
energy Eband. This prediction can be justified by the DOE formalism, which fundamentally 
paints the entire energetic picture. 
 
Taken together, we propose a trend: the more destabilizing energy Eband and the more 
competing FM and AFM interactions in the Gd square lattice, the more accessible skyrmion 
formation becomes (higher temperatures and lower fields) (Figure 12). This suggestion 
demonstrates that destabilizing energy contributions and competing interaction strengths 
can serve as indicators for predicting and realizing the emergence of skyrmions. While the 
suggested trend may prove useful, it warrants rigorous experimental evidence for the Sn 
material.  
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CONCLUSIONS

Developing skyrmion materials for 
spintronics requires a comprehensive 
understanding of the chemical origins that 
facilitate a system undergoing a phase 
transition under a given condition to form 
topologically distinct spin phases. Our 
results provide a new pathway toward 
understanding and developing 
centrosymmetric magnetic metals that 
host skyrmions, rooted in chemical 
concepts in solids. We study the impact of 
X-p (Si-3p/Ge-4p/Sn-5p) orbitals on the 
skyrmion evolution in GdRu2X2. The 
chemical bonding analysis reveals that 
increased interactions occur between the 

Gd-4f localized electrons and the [Ru2X2] conduction layer as X changes from Si-3p to Ge-4p 
and Sn-5p (resulting in more extended orbitals). The realization of FSN indicates the electron 
instability in GdRu2X2. In this analysis, an FSN vector [QA = (q, 0, 0)] r.l.u. and two 
inequivalent FSN vectors [QA = (q, 0, 0); QB = (q, q, 0)] r.l.u. are extracted for the Si and Ge 
compounds, respectively. For the Sn material, multiple FSN vectors are suggested. The 
competition between RKKY interactions at different wavevectors, stemming from FSN along 
several directions, can work in favor of skyrmion formation in centrosymmetric magnetic 
metals. The DOE analysis complements COHP in that it captures the significance of both 
interatomic and atomic energetic contributions for electron (in)stability. We propose that 
the more destabilizing energy and the stronger competing interaction, the more accessible 
conditions are for skyrmions to emerge (at higher temperatures and lower fields). Ongoing 
experimental studies on the Sn compound will help verify this proposed trend. Overall, our 
work provides a new framework for approaching skyrmion materials research from 
chemical bonding and electronic instability perspectives, while inviting other studies to 
dissect the multifaceted aspects of the emergence of topologically nontrivial states of matter 
for high-density memory and logic architectures. 
 

ASSOCIATED CONTENT 
Abbreviations. 
    RKKY – Ruderman–Kittel–Kasuya–Yosida (exchange interaction)

Figure 4. Spin-polarized band structures and density of states (DOS) showing orbital overlap around the fermi level for (a) 
GdRu2Ge2 , and (b) GdRu2Si2.

Figure 12. Correlation between skyrmion 
formation T, and µ0H with band energy (Eband) 
for GdRu2X2 (X = Si, Ge, and Sn), with the blue 
color filling indicate the MAD-1.
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    FSN – Fermi surface nesting
    DFT – Density Functional Theory
    GGA – Generalized Gradient Approximation
    PAW – Projector Augmented Wave
    LCAO – Linear Combination of Atomic Orbitals
    LOBSTER – Local Orbital Basis Suite Towards Electronic-Structure Reconstruction
    COHP – Crystal Orbital Hamilton Population
    k-COHP – k-space resolved Crystal Orbital Hamilton Population
    COBI – Crystal Orbital Bond Index
    ICOHP – Integrated Crystal Orbital Hamilton Population
    ICOBI – Integrated Crystal Orbital Bond Index
    MO – Molecular Orbital
    DOE – Density of Energy
    LRF – Lindhard Response Function
    FS – Fermi Surface
    FM / AFM – Ferromagnetic / Antiferromagnetic
    MAD – Mean Absolute Deviation
Supporting Information. Additional data analysis, tables, figures, including COBI, Fermi 
surface. This material is available free of charge via the Internet at http://pubs.acs.org. 
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