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Properly spin-adapted coupled-cluster theory for general open-shell configurations remains

an active area of research in electronic structure theory. In this contribution we examine

Lindgren's normal-ordered exponential ansatz to correlate specific spin states using spin-

free excitation operators, with the aid of automatic equation generation software. We

present an intermediately normalised and size-extensive reformulation of the unlinked

working equations, and analyse the performance of the method with single and double

excitations for simple molecular systems in terms of accuracy and size-consistency.
1 Introduction

Coupled cluster (CC) theory based on a single Slater-determinant reference
wavefunction is rmly established and is widely used in high-accuracy electronic
structure calculations.1 Many chemical systems, including diradicals, transition
metals, and molecules at non-equilibrium geometries, display open-shell
congurations for which multi-determinant reference states are required. The
analogous multi-reference coupled-cluster (MRCC) theory for correlating open-
shell systems remains an area of active research due to challenges arising from
the complexity of dening wave operators and working equations for multi-
determinant reference spaces.2–4 Our work concerns the generalisation of
closed-shell coupled-cluster theory to arbitrary open-shell states while retaining
full spin-adaption, through a state-specic formulation. State-specic MRCC
ansätze can be broadly classied into two categories: those that dene a different
wave operator for each reference conguration are known as Jeziorski–Monkhorst
(JM) ansätze;5 the other type, in which a single wave operator is applied to a linear
combination of the reference functions, are known as internally contracted
ansätze.6–8 These methods are multi-reference because they include linear or non-
linear parameters that are optimised separately for each contributing reference
determinant.
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Owing to the limitations of the single Slater determinant picture, open-shell
systems are oen misidentied as multi-reference. Multi-reference treatments
are necessary when competing congurations are involved in bonding or when
targeting excited state spectra, but are not necessary9 for states that are correctly
represented by a single open-shell conguration state function (CSF), which are
eigenfunctions of the spin operators. Many open-shell systems, such as organic
radicals and transition metal spin states may be treated using single-reference
open-shell coupled-cluster theory. In these cases, it is not necessary to perform
a full CAS calculation, whose cost formally scales exponentially with the number
of open-shell electrons. In this work, we explore fully spin-adapted coupled-
cluster theory for correlating single open-shell CSF reference states. Our ansatz
takes the form of the internally contracted theories, but where the coefficients of
the multi-determinant reference state are pre-determined by spin and spatial
symmetry constraints. Full spin-adaptation is achieved through the use of spin-
free excitation operators in our cluster operator, in a manner similar to unitary
group approaches.10–14

Since excitations involving singly-occupied orbitals do not commute, we adopt
Lindgren's normal-ordered exponential (NOE) form of the coupled-cluster wave
operator.15 This choice ensures that there are no contractions among cluster
operators and thus the working equations terminate at nite order in the cluster
amplitudes. Single CSF references are invariant with respect to rotations among
the doubly-occupied orbitals, but not in general among the open-shell (active)
orbitals. We include purely active-to-active excitations in our cluster operator,
since these are required to fully allow for correlation-induced orbital relaxation of
the CSF reference. The normal-ordered ansatz allows the inclusion of these
otherwise problematic excitations. It is our opinion that this ansatz, with its
origins in the factorisation theorem, best aligns with the physical motivation for
coupled cluster as modelling independent excitation events.

The NOE ansatz has previously been considered in the context of Fock-Space
MRCC16–21 and the Similarity Transformed Equation-of-Motion Coupled
Cluster22–27 (ST-EOM-CC) approaches. In these two methods, normal-ordering of
the exponential allows for a partial decoupling of the different valence sectors,
simplifying the working equations. Mukherjee and co-workers have explored the
NOE ansatz with unitary group adapted cluster operators for state-universal and
state-specic MRCC theories, using a JM ansatz in an effective Hamiltonian
formulation.28–33 Very recently, they succeeded in replacing the sufficiency
conditions used in their earlier work with a rigorous effective Hamiltonian
formulation.34–36 The single-reference limit of Mukherjee's approach34 reduces to
the same NOE ansatz as used in this work.

In this contribution we present an alternative and much simpler formulation of
the working equations for NOECC theory that permits systematic approximation.
We generate our working equations via an intermediately normalised unlinked CC
formalism in such a way as to preserve size extensivity. We demonstrate through
analysis and numerical testing that our methods are rigorously spin-adapted, and
that the errors in size-extensivity and size-consistency for homolytic bond ssion
introduced by truncation of our theory may be systematically removed at a nite
order in the cluster operator. Our approach also differs from previous work in that
we formally allow purely active-to-active excitations in order to treat active orbital
relaxation, and that we do not insist on spin-completeness of the excited state
This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 170–190 | 171
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projectionmanifold. Due to the complexity of obtaining spin-free working equations
with the NOE ansatz, we have implemented our own domain-specic Wick
contraction engine and automated equation generator, using similar ideas to those
of Hermann and Hanrath.37–39
2 Theory
2.1 Preliminaries

We employ the following convention for orbital labelling: i, j, k, . for core
(doubly-occupied) orbitals, a, b, c, . for virtual (unoccupied) orbitals, t, u, v, .
for active orbitals, and p, q, r, . for general orbitals. The core, active, and virtual
spaces will be denoted ℂ;A; and V respectively. We express creation and anni-
hilation operators using the tensor notation âps = â†ps and âps = âps, and dene
spin-free unitary group generators

Ê
p

q ¼
X
s

âpsâqs (1)

Ê
pq

rs ¼
X
ss

âpsâqsâssârs (2)

and so on for higher-body operators. Our cluster operator is a sum of n-body spin-
free excitation operators T̂n that each commute with the total spin squared
operator Ŝ2.

T̂ ¼ T̂1 þ T̂2 þ. ¼
X

p˛AWV

q˛ℂWA

tqp

n
Ê

p

q

o
þ 1

2

X
p;q˛AWV

r;s˛ℂWA

trspq

n
Ê

pq

rs

o
þ. (3)

where the braces {} denote normal ordering with respect to the closed shell
vacuum corresponding to doubly occupying the core orbitals and leaving the
active and virtual orbitals vacant.

We consider the spin-free molecular electronic Hamiltonian Ĥ in normal
order40 with respect to the same vacuum:

Ĥ ¼
X
pq

f qp

n
Ê

p

q

o
þ 1

2

X
pqrs

grspq

n
Ê

pq

rs

o
(4)

with hqp = hpjĥjqi and grspq = hpqjr−1
12 jrsi = (prjr−1

12 jqs), and the core Fock matrix is

dened by f qp ¼ hqp þ
P
i
ð2gqipi � giqpi Þ.

The open-shell part of the reference is a CSF of N electrons in N orbitals with
total spin S and projected spin M, expressed through a linear combination of
creation operator strings acting upon a closed shell vacuum, jF0i = jN,S,M;ti =
ÔS,M
N (t)j0i.41 The genealogical coupling vector t species a particular Gel'fand–

Tsetlin state in cases of spin degeneracy when there are more than two open-shell
electrons. The creation operator ÔS,M

N (t) is built up by recursively applying the
denition

Ô
S;M

N ðtÞ ¼ CS;M

tN ;
1
2

Ô
S�tN ;M� 1

2
N�1 ðtÞâNa þ CS;M

tN ;� 1
2

Ô
S�tN ;Mþ 1

2
N�1 ðtÞâNb (5)
172 | Faraday Discuss., 2024, 254, 170–190 This journal is © The Royal Society of Chemistry 2024
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This recursive construction is known as a genealogical coupling scheme as it
depends on the history, specied by t, of the congurations as the angular
momentum of each electron is added in turn. Each component tN

denotes whether each electron increases the total spin
�
tN ¼ þ1

2

�
or decreases

it
�
tN ¼ �1

2

�
when added (âNa/b) in the N-th orbital to the previous (N − 1)-

electron CSF. The Clebsch–Gordan coefficients CS;M

tN ;� 1
2
for addition of a single

electron simplify to CS;M

þ1
2;� 1

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
S�M
2S

r
and CS;M

�1
2;� 1

2
¼ H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SHM þ 1
2Sþ 2

r
. For

example, an open-shell singlet in orbitals p and q is formed from the closed shell
vacuum j0i by the operator

Ô
0;0

2 ¼ 1ffiffiffi
2

p �
âpaâqb � âpbâqa

�
(6)

and the M = 0 component of a triplet by

Ô
1;0

2 ¼ 1ffiffiffi
2

p �
âpaâqb þ âpbâqa

�
(7)
2.2 Normal ordered exponential coupled cluster

The traditional coupled cluster wavefunction for a cluster operator containing
terms that mutually commute is written as an exponential wave operator applied
to the reference determinant

jJi = eT̂jF0i (8)

Projecting the Schrödinger equation for this ansatz onto a manifold of excited
states jFIi yields the coupled cluster equations in their energy-dependent,
“unlinked” formulation

E = hF0jĤeT̂jF0i (9)

0 = RI = hFIj(Ĥ − E)eT̂jF0i (10)

It is common to use the alternative “linked” formalism, which pre-multiplies the
Schrödinger equation by the inverse wave operator e−T̂ to give an effective
Hamiltonian ~H = e−T̂ĤeT̂ = (ĤeT̂)C that contains only linked diagrams, with the
CC equations

E = hF0j ~HjF0i (11)

0 = RI = hFIj ~HjF0i (12)

retaining size-extensivity for each term in the cluster operator, and terminating at
fourth order in the amplitudes, as shown by the Baker–Campbell–Hausdorff
(BCH) expansion for ~H in nested commutators. The single-reference closed-shell
and spin-unrestricted open-shell CC theories use cluster operators that mutually
This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 170–190 | 173
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commute, and so are almost always implemented in the linked formalism. The
appropriate generalisation for an open-shell CSF reference state jF0i is Lindgren's
normal-ordered exponential coupled-cluster (NOECC) wave operator

jJi = {eT̂}jF0i (13)

where braces indicate normal-ordering with respect to the closed-shell vacuum.
The normal-ordered exponential form excludes contractions between cluster
operators and properly parametrises independent correlation processes accord-
ing to the factorisation theorem.15 Without normal-ordering, contractions among
active-to-active excitations in the cluster operator, such as T̂u

t and T̂uy
tx , would give

rise to non-terminating working equations. Normal-ordering ensures that the
energy and amplitude equations terminate at nite order in the cluster operators.
The order at which the equations terminate is 4 + min(n,2Nr), where n is the
number of active orbitals and Nr is the maximum rank of the excitation operators.
When applied to a closed-shell reference, {eT̂} = eT̂ and NOECC is equivalent to
the standard coupled-cluster ansatz. Internally contracted MRCC can be formu-
lated with linked equations because active-to-active excitations are excluded.
Using a linked formalism for NOECC theory in an analogous way to the standard
theory would require knowledge of the inverse wave operator {eT̂}−1, which is non-
trivial.23 Several attempts have been made to construct linked equations equiva-
lent to a similarity transformed Hamiltonian by other means. The work by
Mukherjee et al. uses the Bloch formalism

Ĥ{eT̂}jF0i = {eT̂}ĤeffjF0i (14)

where Ĥeff is an effective Hamiltonian in the reference space jF0i with the same
eigenenergy as the target space {eT̂}jF0i. By applying Wick's theorem to factor out
{eT̂} they obtain a rigorous expression for the effective Hamiltonian as an innite
series, along with a hierarchy of nite order approximations of increasing accu-
racy.34,35 Intermediate normalisation P̂{eT̂}P̂ = P̂ is not imposed since it is in
general incompatible with size-extensivity, which requires (1 − P̂)ĤeffP̂ = 0, where
P̂ projects onto the reference space.42,43 Our approach is much simpler. Recog-
nising that for the single-reference case intermediate normalisation can be
imposed, we use the unlinked form.

The unlinked energy and amplitude equations are given by

E = hF0jĤ{eT̂}jF0i (15)

RI = hFIj(Ĥ − E){eT̂}jF0i (16)

where the rst-order interacting space is hFIj = hF0jÊ†I , with I standing for one of
the cluster excitations. The unlinked residual equations can be rewritten as

RI = hFIjĤ{eT̂}jF0i − hFIj{eT̂}jF0iE (17)

= hFIjĤ{eT̂}jF0i − hFIj{eT̂}jF0ihF0jĤ{eT̂}jF0i (18)

A proof that eqn (18) is equivalent to a connected form of the residual equations
and that the formulation is therefore size extensive is provided in Appendix A. The
174 | Faraday Discuss., 2024, 254, 170–190 This journal is © The Royal Society of Chemistry 2024
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equations terminate, but at a high order in T̂ of 4 + min(n,2Nr). In this contri-
bution, we study truncated equations. Naively truncating the exponential in the
unlinked formalism to obtain a lower-cost approximation would result in non-
size extensive equations. However, the size-extensivity error can be kept small
by retaining all terms in eqn (18) up to a given power in the amplitudes (see
Appendix A).

Specically, the linearised equations (l-NOECC) are:

E = hF0jĤ{1 + T̂}jF0i (19)

RI = hFIjĤ{1 + T̂}jF0i − hFIj{T̂}jF0ihF0jĤjF0i (20)

and the quadratic equations (q-NOECC) are:

E ¼
�
F0

����Ĥ	1þ T̂ þ 1

2
T̂

2

����F0

�
(21)

RI ¼
�
FI

����Ĥ	1þ T̂ þ 1

2
T̂

2

����F0

�
�
D
FI

��nT̂o��F0

ED
F0

��Ĥn1þ T̂
o��F0

E
�
�
FI

����	12T̂2

����F0

�D
F0

��Ĥ��F0

E (22)

Since standard CCD only includes terms up to quadratic in the amplitudes, our
truncated q-NOECCD method exactly replicates closed-shell CCD, and q-
NOECCSD differs from CCSD only by neglecting third- and fourth-order terms
involving singles amplitudes and the failure to cancel the disconnected hFIj{T̂}j
FKihFKjĤ{T̂}jF0i term in the residual equation, where jFKi is a singly excited state
and jFIi is doubly excited.

Our unlinked formulation explicitly imposes intermediate normalisation. It
therefore allows for the possibility to include purely active-to-active excitations in
the cluster operator that would formally break intermediate normalisation, since
the amplitudes that would violate intermediate normalisation are necessarily zero
at convergence.

2.3 The cluster operator

We choose the cluster operator so that it generates the entire rst-order inter-
acting space out of the reference state. For excitations from core orbitals to virtual,
this leads to the usual inclusion of singles and doubles as in standard CCSD
approaches. We also include core-to-active, active-to-virtual, and active-to-active
excitations in both the singles and doubles. The active-to-active excitations are
important to allow the possibility of correlation-induced orbital relaxation of the
reference state. The Goldstone diagrams for the general excitation operators for
NOECCSD are depicted in Fig. 1. For reference states with only one active orbital,
we exclude purely active-to-active excitations in the singles and doubles.

The active-to-active amplitudes introduce spectator excitations, where
a double excitation involves an electron being annihilated and created in the
same active orbital and acts as a single excitation when applied to the reference.
The same residual equation is therefore obtained by projection with either the
single excitation Êqp or the double excitation with a spectator Êqupu, and there are an
insufficient number of equations to uniquely determine the amplitudes.5,16,43–45 In
This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 170–190 | 175
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Fig. 1 Goldstone diagrams for the singles and doubles amplitudes used in our NOECCSD.
Core and virtual electrons are represented by solid arrows; active electrons are repre-
sented by skeleton arrows.
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the linearised approximation l-NOECCSD, the redundant excitations are inter-
changeable and the innite set of amplitudes that solve the residual equations all
result in exactly the same energy. We have also observed that different amplitude
solutions also yield exactly the same energies for the q-NOECCSD method,
although we do not expect this to be true in general. Despite the fact that in the
current formulation the equations contain redundant excitations and are under-
determined, we nd that is always possible to converge the residual equations.
Typically, convergence requires use of an appropriate level shi and the Direct
Inversion in the Iterative Subspace (DIIS) technique.46 It should be noted that,
while spectator excitations are present, we choose to include these only at the
ranks denoted by the ansatz, i.e. the NOECCSD cluster operator only includes one-
and two-body operators, even though there may be higher rank operators that
produce the same conguration from the reference.
176 | Faraday Discuss., 2024, 254, 170–190 This journal is © The Royal Society of Chemistry 2024

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4fd00044g


Paper Faraday Discussions
O

pe
n 

A
cc

es
s 

A
rt

ic
le

. P
ub

lis
he

d 
on

 0
1 

ok
to

ba
r 

20
24

. D
ow

nl
oa

de
d 

on
 3

1.
1.

20
26

. 0
5.

47
.0

7.
 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online
We make no attempt at spin completeness of the excitation manifold. For
single-reference cases the dominant spin-coupling is present in the CSF and the
remaining dynamic correlation processes are contained within the rst-order
interacting space. The higher-rank excitations necessary for spin completeness
lead to computationally expensive terms in the NOECC equations and are not
necessary to guarantee spin adaptation. We expect that higher-order excitations
will be of much less signicance that the ones generating the rst-order inter-
acting space. Hermann and Hanrath found that although excluding spectators in
spin-adapted CC treatments gave a signicant spin-incompleteness error in the
energy, including them only up to the tensor rank was sufficient to remove it
almost entirely, despite the excitation manifold not being fully spin-complete.38
3 Method
3.1 Automated equation generator

The large numbers of terms appearing in the spin-free open-shell coupled cluster
equationsmake it necessary to automate the generation of working equations. We
therefore constructed an object-oriented Python code that implements a second-
quantised operator algebra along with a tensor algebra to represent the associated
coefficients. In this framework, a particular coupled-cluster ansatz may be rep-
resented as a sum of tensor products, with associated second-quantised operator
products. The open-shell reference is included through the application of second-
quantised operators with specic orbital indices that create the appropriate
conguration state function out of the closed shell Fermi vacuum. Rigorous spin
adaptation of the theory is performed at the level of the coupled-cluster ansatz by
including all terms in the spin summation. This brute force approach leads to
very many terms in the equations, but produces a fully spin-adapted coupled
cluster theory. The equations are projected onto the excited state manifold
generated by the cluster operators and Wick's theorem is applied to obtain the
terms that contribute to the energy and amplitude equations.

As an example, consider a doublet with one open-shell electron, with spin a, in
an orbital labelled t. Each contribution rI to a residual RI is found by evaluating its
contribution to the expectation value when projected onto the excitation
manifold,

hatajfIÊ
†
I
rIjatai (23)

For example, the linear contribution riuab of amplitude tiuab with gbjia to the residual
Riuab is found from

hatajfab
iu {Ê

iu
ba}g

dk
jc {Ê

jc
kd
}tlvef{Ê

ef
vl}jatai (24)

One of the spin cases is

hatajfab
iu {a

iaauaabaaaa}g
dk
jc {a

jaacaakaada}t
lv
ef{a

eaafaavaala}jatai (25)

where possible full contraction is

fab
iu r

iu
ab = fab

iu g
dk
jc t

lv
efd

u
t d

i
kd

f
bd

c
ad

j
ld
e
dd

t
v (26)
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Fig. 2 Goldstone diagram construction representing the automated generation of the
residual term riuab = gdkjc t

lv
efd

u
t d

i
kd

f
bd

c
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ld
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dd

t
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for a residual contribution of

riuab = gdkjc t
lv
efd

u
t d

i
kd

f
bd

c
ad

j
ld
e
dd

t
v (27)

The automated procedure to generate this expression is equivalent to the Gold-
stone diagram construction in Fig. 2.

This and other possible spin components are accounted for automatically,
together with the factor of 4 associated with this diagram. In our pilot imple-
mentation, we do not identify equivalent terms in the equations by the topologies
of their diagrammatic construction. Furthermore, the equations are not factor-
ized in this naive implementation, giving a suboptimal scaling of computational
cost that remains to be addressed in future versions of the code. It is expected that
the efficiency will be improved by a substantial factor when these steps are
introduced through future code developments.
3.2 Solution of CC equations

The solution scheme used for these NOECC equations is based on the iterative
quasi-Newton method commonly employed in coupled cluster methods. With no
true spin-free Fock matrix available, the preconditioner was the generalized Fock
matrix, given by

Fm
n ¼

X
q

D
F0

���Êm

q

���F0

E
hqn þ

X
qrs

D
F0

���Êmr

qs

���F0

E
gqsnr (28)

Iterative solution of the generated equations is aided by use of a level shi, chosen
to be larger than the difference between the Fock matrix eigenvalues corre-
sponding to the highest core orbital and lowest virtual orbital. Direct Inversion in
the Iterative Subspace (DIIS) was used to accelerate convergence.46,47
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Table 1 l-NOECCSD and q-NOECCSD correlation energies in mEH for ROHF doublets
states in a cc-pVTZ basis compared to unrestricted spin–orbital based CCSD (uCCSD),
Szalay and Gauss's restricted CCSD (rCCSD) and spin-free quadratic CCSD (q-CCSD)

Molecule uCCSD rCCSD l-NOECCSD q-NOECCSD q-CCSD

2CH −141.105 −140.973 −137.013 −140.851 −141.049
2OH −230.302 −230.156 −223.133 −230.306 −230.331
2CN −354.724 −353.995 −325.369 −353.749 −354.454
2NO −433.834 −433.354 −402.668 −433.327 −434.265
2CH3 −199.002 −198.832 −191.233 −198.833 −198.974
2NH2 −220.008 −219.831 −211.911 −219.806 −219.991
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4 Results
4.1 Doublets

We start with doublet electronic states because the single determinant ROHF
reference can be correlated using standard unrestricted and spin-restricted spin–
orbital coupled cluster implementations, which enables us to compare directly to
our spin-free approach. In Table 1 we present results for unrestricted CCSD
(uCCSD), Szalay and Gauss's spin-restricted CCSD (rCCSD)48 and our normal-
ordered exponential NOECCSD, truncated to linear and quadratic order. Szalay
and Gauss's spin-restricted approach constrains the cluster amplitudes by
imposing the exact S2 expectation value, rather than fully spin-adapting the
amplitudes. We also present results for the quadratic spin-free CCSD without
normal-ordering. The geometries were obtained from Szalay and Gauss48 and we
use the same cc-pVTZ basis as that work. In all cases, the ROHF state is used as the
reference determinant. Energies were converged to 10−10 EH.

The rCCSD correlation energies are smaller than uCCSD due to the spin-
restriction imposed on the amplitudes. The spin-free NOECCSD energies are in
close agreement with rCCSD, differing by only 0.3 mEH. Exact agreement between
spin-restricted and spin-adapted theories is not expected, even if we had not
truncated the NOECCSD equations to quadratic order. The difference between the
two approaches is small in comparison to the expected magnitude of the
contribution from the three-body excitations that are absent in both methods.
The non normal-ordered spin-free CCSD correlation energies are universally
lower than for NOECCSD, in some cases by as much as 0.8 mEH. This is because,
without normal-ordering, quadratic terms involving active orbitals result in
spurious additional energy contributions. For example tuat

i
uE

a
uE

u
i gives rise to an

additional core to virtual excitation tuat
i
uE

a
i that lowers the energy. Normal-ordering

has no impact on the linear terms, but linearised NOECCSD only recovers 90% of
the correlation energy.
4.2 Open shell singlets and triplets

4.2.1 Beryllium atom.Having demonstrated our spin-free NOECC framework
for one-electron doublets, we now turn to the two-electron cases: the triplet and
the open-shell singlet. The 3P and 1P 2s2p excited states of the beryllium atom
exemplify these electronic congurations, in a system simple enough to allow
This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 170–190 | 179
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Table 2 l-NOECCSD and q-NOECCSD 2s2p excited state energies and singlet–triplet gap
D of the beryllium atom in EH in a cc-pCVTZ basis, compared to the energies of the CSF
references, the full CI energies, and the unrestricted CCSD energy for the triplet state

2S +
1 CSF uCCSD l-NOECCSD q-NOECCSD FCI

3 −14.513129 −14.561352 −14.561504 −14.561358 −14.561412
1 −14.356425 — −14.473941 −14.462727 −14.463057

D 0.156703 — 0.087563 0.098630 0.098355
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comparison of the singlet–triplet splitting with full conguration interaction
(FCI).

Table 2 lists energies computed for the CSF references, and all-electron FCI
and NOECCSD energies of the singlet 1P and triplet 3P states. uCCSD energies are
also included for the triplet state, which has a single reference determinant. We
use the cc-pCVTZ basis and the orbitals for both CSF references were generated
from an ROHF calculation for the M = 1 triplet state. The CSF for the open-shell
singlet is that generated by eqn (6). Energies are converged to 10−10 EH.

The uCCSD, q-NOECCSD and FCI energies for the single-reference triplet state
are all in excellent agreement, within 60 mEH. The agreement between CCSD and
FCI is a consequence of the higher-order excitations all involving core–valence
correlation, which is small for Be. We can also conclude that spin-contamination
in the uCCSD wavefunction for this state is very small, and that the neglected
cubic and higher NOECCSD contributions must also either be small in magni-
tude, or cancel.

The singlet CSF reference is almost 0.1 EH above FCI, whereas the triplet
reference was 0.05 EH above the corresponding FCI energy. This is in part
a consequence of using the ROHF orbitals optimised for the triplet, but also
because the correlation among singlet spin-coupled electrons is larger than triplet
spin-coupled due to the Fermi heap in their joint probability distribution.49 The
effect of both orbital relaxation and correlation are well captured in the spin-free
NOECCSD approach. At linear order, l-NOECCSD is within 10 mEH of FCI, which
reduces to 0.3 mEH for q-NOECCSD. The singlet–triplet gap is also accurate to 0.3
mEH compared to FCI.

A fully spin-adapted theory should recover the same energy for each of the (2S +
1) spin-projections of a state with total spin S. Our approach enables us to
correlate arbitrary CSFs, and as a test of our method, we computed all-electron l-
NOECCD energies of the M = 1 and M = 0 components of the triplet state. The
M = 1 CSF is a single ROHF determinant, whereas the M = 0 CSF is a linear
combination of two determinants (eqn (7)). The two calculations converged with
energies that were identical at every iteration, conrming that our method is fully
spin-adapted.

4.2.2 Oxygen molecule. Another archetypical singlet–triplet system is
provided by the oxygen molecule. The lowest energy singlet state 1Dg lies 0.0359
EH above the triplet 3Sg

− ground state. Both states correspond to the open-shell
conguration p1

g,xp
1
g,y. The O1,1

2 reference CSF for the 3Sg
− is a single ROHF

determinant, whereas the O0,0
2 reference CSF for the 1Dg state is a linear
180 | Faraday Discuss., 2024, 254, 170–190 This journal is © The Royal Society of Chemistry 2024
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Table 3 l-NOECCSD and q-NOECCSD energies in EH of the triplet ground state and
lowest-lying open and closed shell singlet excited states of O2 in a cc-pCVTZ basis set,
compared to the CSF reference energies and the unrestricted CCSD energy of the triplet
state

2S+1L Reference energy uCCSD l-NOECCSD q-NOECCSD

3Sg
− −149.653208 −150.223429 −150.238029 −150.222443

1Dg −149.605647 — −150.204043 −150.183136
1Sg

+ −149.558086 — −150.187127 −150.156285

1Dg − 3Sg
− 0.047561 — 0.033986 0.039307

1Sg
+ − 3Sg

− 0.095122 — 0.050903 0.066158
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combination of two determinants. Table 3 reports all-electron NOECCSD energies
for the singlet and triplet states of O2 at a bond length of 1.2075 Å using a cc-
pCVTZ basis. For both CSFs, the orbitals were obtained from a ROHF calcula-
tion on the triplet state. We also report energies for the 3Sg

− ground state
computed by ROHF-uCCSD for comparison. All energies are converged to 10−10

EH.
As before, the q-NOECCSD energy is within 1 mEH of the uCCSD energy, where

they can be compared. The computed singlet–triplet gap of 0.0393 EH is in good
agreement with the experimental value of 0.0359 EH, considering that the
experimental value is the adiabatic 0–0 energy, whereas we have computed the
vertical electronic energy, and that triple excitations are not fully accounted for in
our method. The 1Sg

+ state, which lies 0.0598 EH above the triplet ground state, is
a p2

g,x + p2
g,y conguration that is a symmetry-adapted linear combination of two

closed-shell CSFs. Our single-reference open-shell formalism extends straight-
forwardly to this multi-determinant state and we obtain a singlet–triplet gap with
q-NOECCSD of 0.0662 EH.

5 Discussion

We discuss the characteristics of the NOECC method using criteria set out by
Köhn2 and coworkers for MRCC theory: size extensivity; size consistency; orbital
invariance; compatibility with SRCC; satisfying the proper residual condition.

5.1 Size extensivity

As shown in Appendix A, solving for the amplitude equations is equivalent to
solving for a corresponding set of equations comprising only connected terms.
Since the energy of the CSF reference is also size extensive, our NOECC method is
fully size extensive when all terms are included up to the nite order at which the
equations terminate. Truncating our equations at a lower order introduces a size-
extensivity error.

5.2 Size consistency

Size consistency requires that the energy of a molecule composed of two innitely
separated spin-coupled fragments is equal to the sum of the energies of the iso-
lated fragments. For size consistency to be satised, the reference CSF must
This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 170–190 | 181
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Table 4 l-NOECCD and q-NOECCD correlation energies in mEH for Li and Li2 at
a separation of 109 Å in cc-pCVTZ basis, compared to unrestricted CCD

uCCD l-NOECCD q-NOECCD

Li(2S) −41.505947 −41.680942 −41.532939
Li2(

3Sg
−), r = 109 Å −83.011893 −83.389282 −83.091473

Li2(
1Sg

+), r = 109 Å — −83.389289 −83.091788

2E(2S) − E(3Sg
−) 0.000000 0.027398 0.025595

2E(2S) − E(1Sg
+) — 0.027404 0.025910

Table 5 l-NOECCSD and q-NOECCSD correlation energies in mEH for Li and Li2 at
a separation of 109 Å in cc-pCVTZ basis, compared to unrestricted CCSD

uCCSD l-NOECCSD q-NOECCSD

Li(2S) −41.546366 −41.694641 −41.545784
Li2(

3Sg
−), r = 109 Å −83.092731 −83.389282 −83.091498

Li2(
1Sg

+), r = 109 Å — −83.389289 −83.091947

2E(2S) − E(3Sg
−) 0.000000 0.000001 −0.000070

2E(2S) − E(1Sg
+) — 0.000007 0.000379
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dissociate into the corresponding CSFs for the constituent fragments, and non-
vanishing higher-order excitations present in the NOECC wave operator for the
molecule must be representable through products of lower-order excitations of
the fragments.

The appropriate CSF for spin-coupled, but non-interacting fragments is the
one constructed from Clebsch–Gordan coupling of the spins of the fragments. For
example, a two-electron open-shell triplet and singlet are formed by high-spin or
low-spin coupling two one-electron doublet states, respectively. To assess the size
consistency of the NOECC ansatz, we examine the energies for the homolytic
bond ssion of Li2 as the simplest non-trivial test case.

At dissociation, the 1Sg
+ and 3Su

+ states of a lithium dimer should have the
same energy, and this should be equal to twice that of an isolated lithium atom in
the 2S state. The results of all-electron spin-free NOECCD and NOECCSD calcu-
lations assessing the extent to which this is true are presented in Tables 4 and 5,
respectively. The orbitals of the 3Su

+ state of Li2 and the 2S state of the Li atom
were obtained from ROHF calculations. The 1Sg

+ state was constructed using the
localised 1s and 2s orbitals of the 3Su

+ state, ensuring that the energy expectation
value of the open-shell singlet CSF exactly matches the ROHF energy of the triplet,
and that both are exactly twice that of the doublet. The cc-pCVTZ basis was used
and an interatomic distance of 109 Å was chosen to represent the system of the
two dissociated, but still spin-coupled, lithium atoms. All energies are converged
to 10−10 EH. uCCD and uCCSD energies are also provided for comparison.

Both l-NOECCD and q-NOECCD show signicant size-inconsistency errors of
0.03 mEH. Size consistency is violated because the cluster operator includes terms
that excite fragment A with spectator orbitals on fragment B, and vice versa
182 | Faraday Discuss., 2024, 254, 170–190 This journal is © The Royal Society of Chemistry 2024
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Ê
qu

pu/Ê
qAuA

pAuA
þ Ê

qAuB

pAuB
þ Ê

qBuA

pBuA
þ Ê

qBuB

pBuB
(29)

The terms Ê
qAuB

pAuB
þ Ê

qBuA

pBuA
are non-vanishing in the molecule, but are absent in the

cluster operators of fragments and the cluster operator is therefore not additively
separable in the dissociative limit, which for CCD would require

Ê
qu

pu/Ê
qAuA

pAuA
þ Ê

qBuB

pBuB
(30)

The doubles spectator excitations correspond to single excitations when acting on
the reference. Since the l-NOECCSD and q-NOECCSD methods explicitly include
the single excitations Ê

qA
pA
; Ê

qB
pB

that were absent in NOECCD, size consistency can
be restored numerically through the combined action of the singles and doubles.
The size-inconsistency errors are reduced to 7 nEH for l-NOECCSD and 4 mEH for
q-NOECCSD. While the NOECCSD method is not rigorously size consistent, it is
numerically very close to being size consistent in practice. Similar observations
have been made by Hanauer and Köhn8 for the ic-MRCC method, where they
found that the magnitude of size-inconsistency errors depended critically on the
way they removed the redundancies from their working equations. These small
size-inconsistency errors may be due in part to the size-extensivity errors intro-
duced by truncating our theory. The fact that q-NOECCSD has a larger error than l-
NOECCSD would align with the presence of disconnected terms in the q-
NOECCSD equations that do not appear in l-NOECCSD. This suggests that
taking the full NOECCSD equations (5-NOECCSD for the Li atom and 6-NOECCSD
for the dimer) could remove the errors, although this would be prohibitively
expensive in our current version of the code.

5.3 Orbital invariance

The NOECC method proposed is invariant to core–core and virtual–virtual rota-
tions in the same way as standard coupled-cluster theory. The reference CSF is not
in general invariant to active–active rotations. This is in contrast to a CASSCF
reference function, used in ic-MRCC methods, which is invariant to active–active
rotations.50 For any given excitation order, the NOE cluster operator T̂ consists of
all possible excitations from the set of core and active orbitals to the set of active
and virtual orbitals. The NOE wave operator {eT̂} is therefore invariant to orbital
rotations within each of these sets. If a certain subset of these excitations were
excluded, the wave operator ceases to be orbital invariant. Our proposed NOECC
method includes all excitations of a given type and therefore retains all orbital
invariance properties of the reference CSF.

5.4 Compatibility with SRCC

The state-specic NOECC method we have proposed is a single-reference method
in the sense that we correlate a single reference CSF representative of the elec-
tronic eigenstate under consideration. In general, the CSF is a specic linear
combination of many determinants. In the case that the CSF is a single closed-
shell determinant, NOECC reduces identically to conventional spin-free
coupled-cluster theory, making it seamlessly compatible with SRCC methods.
Many of the problems associated with combining results from MRCC methods
with SRCC methods stem from the use of a CASSCF reference, where it is oen
challenging to keep the reference space consistent across different regions of the
This journal is © The Royal Society of Chemistry 2024 Faraday Discuss., 2024, 254, 170–190 | 183
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potential energy surface. In the context of state-specic NOECC, this problem
becomes one of choosing an appropriate CSF reference. Some regions of the
potential energy surface will not be well represented by a single CSF9 and there the
state-specic approach is expected to be less accurate.
5.5 Projected Schrödinger equation

A proper residual equation2,3,51 is dened as one that is equivalent to solving
a projected Schrödinger equation. In general, the amplitude equations for
methods using the JM ansätze, where each reference determinant has its own
wave operator, do not correspond to a projected Schrödinger equation (a notable
exception being Hanrath's MRexpT52,53 method). The NOECC approach uses an
internally-contracted ansatz with a complete rst-order interacting space and
therefore does satisfy the condition of having a proper residual equation.
6 Conclusion

We have developed a novel formulation of the single-reference normal-ordered
exponential coupled-cluster method to correlate multi-determinant states,
NOECC. The ansatz is rigorously spin-adapted and recovers the dynamic corre-
lation and orbital relaxation of an arbitrary conguration state function, without
spin contamination. Both high- and low-spin states of an atom or molecule can be
correlated. Our working equations are derived from a reformulation of the
unlinked coupled-cluster equations, which we prove are equivalent to solving fully
connected equations. The method formally terminates at 4 + min(n,2Nr) in the
cluster amplitudes, where n is the number of open-shell orbitals and Nr is the
maximum excitation rank of the cluster operator, at which order the theory is fully
size extensive. In this way, we circumvent the requirement for the inverse of the
normal ordered exponential, for which the closed form is not known. We have
developed code to automatically generate spin-adapted equations in a truncated
form, while keeping the size extensivity errors as small as possible. The NOECCSD
method truncated at second-order has been examined numerically using a set of
small atoms and molecules, with encouraging results. Our energies for doublet
systems are comparable to those found by Szalay and Gauss using a spin-
restricted formalism and the singlet–triplet energy splittings are shown to be in
excellent agreement with FCI for the 1s2s conguration of beryllium and within
10 kJ mol−1 of experiment for the oxygen molecule. Numerical tests of size
consistency reveal that, while the method is not rigorously size consistent, size-
inconsistency errors are on the order of mEH for the cases tested. In common
with many MRCC methods, the NOECC wavefunction contains spectator excita-
tions that lead to a set of redundant amplitudes in the residual equations.
Although this leads to an innite family of solutions, we nd that different
amplitude solutions yield exactly the same energies. NOECC is a single-reference
method in the sense that coefficients of the multi-determinant reference state are
not relaxed. Since our formulation does not rely on the absence of active-to-active
excitations in the cluster operator, it can in principle therefore be used to
correlate single CSFs, or CASSCF, RASSCF54 or GASSCF55 references to recover the
dynamic correlation of highly multi-reference states, without spin contamination.
While for cases such as bond dissociation, or near degeneracies, a fully multi-
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reference approach is more appropriate, NOECC is highly suited for correlating
specic spin states, such as those in organic radicals and high- or low-spin
transition metal spin states.
Conflicts of interest

There are no conicts of interest to declare.
Appendix A Connectedness of the residual
equation

We demonstrate here that our working equations (eqn (18)) are equivalent to
a connected form of the residual equations. We also show that truncating our
equations does introduce disconnected terms, but that size extensivity can be
restored if the equations are taken to the full (nite) order at which they termi-
nate. The proof uses a derivation found in Lindgren's paper15 that extracts the
connected terms from the product of the Hamiltonian and the normal ordered
exponential form of the wave operator:

(31)

The contracted terms can be separated into products of the connected parts and
the remaining cluster operators:

(32)

¼
XN
n¼1

1

n!

Xn
k¼1

 
n

k

!n�
ĤT̂

k


C

on
T̂

n�k
o))

(33)

¼
XN

ðn�kÞ¼0

XN
k¼1

1

k!

1

ðn� kÞ!
n�

Ĥ
n
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k
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C

n
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n�k
oo

(34)

¼
XN
k¼1

1

k!

n�
Ĥ
n
T̂

k
o


C

n
eT̂
oo

(35)

The rst term of eqn (31) corresponds to extending the sum to k = 0, leading to
the classic result that15,44

Ĥ
n
eT̂
o
¼
XN
k¼0

1

k!

n�
Ĥ
n
T̂

k
o


C

n
eT̂
oo

¼
nn

eT̂
o�

Ĥ
n
eT̂
o


C

o
(36)

where the subscript C denotes connected terms. We have also used the fact that,
within a normal ordered product, operators consisting of even numbers of crea-
tion and annihilation operators commute.
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A.1 Size extensivity in the closed shell case

Our residual equation is

RI = hFIjĤ{eT̂}jF0i − hFIj{eT̂}jF0ihF0jĤ{eT̂}jF0i (37)

= hFIj{{eT̂}(Ĥ{eT̂})C}jF0i − hFIj{eT̂}jF0ihF0jĤ{eT̂}jF0i (38)

(39)

−hFIj{eT̂}jF0ihF0jĤ{eT̂}jF0i (40)

In the closed shell case, amplitudes cannot be contracted with from the right so
the middle term is zero. The disconnected terms in hF0jĤ{eT̂}jF0i will also vanish.
We then have

RI = hFIj{eT̂}(Ĥ{eT̂})CjF0i − hFIj{eT̂}jF0ihF0j(Ĥ{eT̂})CjF0i (41)

¼
X
Ks0

D
FI

���neT̂o���FK

ED
FK

����ĤneT̂o

C

���F0

E
(42)

¼
D
FI

����ĤneT̂o

C

���F0

E
þ
X
Ks0

D
FI

���neT̂ � 1
o���FK

ED
FK

����ĤneT̂o

C

���F0

E
(43)

If jFIi is to be reached from jFKi using only excitations and jFKis jF0i, then jFKi
must be in the manifold spanned by the states jFIi. If jFKi is an excited state that
can only be reached from jF0i, then hFKj(Ĥ{eT̂})CjF0i = RK. The disconnected
terms vanish at convergence because they are comprised of smaller connected
terms that are already solved in our equations. Solving our (not fully connected)
equation is equivalent to solving the connected equation

0 = RI = hFIj(Ĥ{eT̂})CjF0i (44)

A.1.1 The truncated residual equation. Expanding our equation (including
disconnected terms) for RI at each order in T̂ :

R
ðnÞ
I ¼ 1

n!

D
FI

���ĤnT̂n
o���F0

E
(45)
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¼ 1
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(49)

Our residual including terms up to order N is then

R
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I ¼
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(52)

The disconnected terms on the right are no longer zero in general, as we are not
solving the lower-truncated residual R[N−a]

K , and our method is not size-
extensive.

We do however avoid the spurious higher-order disconnected terms that would
arise if each exponential were independently truncated at order N:

~R
½N�
I ¼

XN
a¼0

1

a!

D
FI

����ĤnT̂a
o
���F0

E
(53)

�
XN
a¼0

1
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FI

���nT̂a
o���F0

EXN
b¼0

1

b!

D
F0

���ĤnT̂b
o���F0

E
(54)

This does not affect the fact that the equations for closed shells terminate at
4th order in the amplitudes. If our equations are truncated at 4th order, we do
recover the full size extensive formulation of the theory without truncation. In the
smaller connected components of the disconnected terms where jFIi can be
reached from jFKi by application of {T̂a}, R[N]K only has terms up to order N − a, so
R[N]K = R[N−a]

K and our equation is equivalent to the connected form.
A.2 The general case

We rst use the fact that the product of Hamiltonian and normal ordered wave
operator Ĥ{eT̂} can be expressed as the product of {eT̂} with a fully connected
operator:

Ĥ{eT̂} = {eT̂}L̂ (55)

where L̂ is a sum of fully connected terms. This result was rst published by
Mukherjee,34,35 and we will reproduce the proof here. It is convenient to dene the
fully connected term ~H0 = (Ĥ{eT̂})C and the modied exponential {~eT̂} = {eT̂ − 1}.

Repeatedly applying Wick's theorem to eqn (36) yields the relation obtained by
Chakravarti, Sen, and Mukherjee,34,35 that

Ĥ{eT̂} = {{eT̂} ~H0} = {eT̂}L̂ (56)
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where L̂ is the sum of connected terms dened by

L̂ = { ~H0} − {({ẽT̂} ~H0)C}+{({~e
T̂}({~eT̂} ~H0)C)C} (57)

−{({ẽT̂}({~eT̂}({~eT̂} ~H0)C)C)C} + . (58)

Using this result, the residual equation can be written

RI = hFIjĤ{eT̂}jF0i − hFIj{eT̂}jF0ihF0jĤ{eT̂}jF0i (59)

= hFIj{eT̂}L̂jF0i − hFIj{eT̂}jF0ihF0j{eT̂}L̂jF0i (60)

¼
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ED
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E
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�
(61)

= hFIjL̂jF0i (62)
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ED
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E
�
FK

���� bL����F0

�
(63)

where the K = 0 terms cancel due to the intermediate normalisation condition
hF0j{eT̂}jF0i = 1.

Assuming intermediate normalisation also gives that hF0j{~eT̂}jFKi = 0, so we
can write

RI ¼
�
FI

���� bL����F0

�
þ
X
Ks0

D
FI

���n~eT̂o���FK

E�
FK

���� bL����F0

�
(64)

As for the closed shell case, if jFKi cannot be reached from another excited state,
then we have hFKjL̂jF0i = RK, which vanishes at convergence.

Solving the residual eqn (18) is therefore equivalent to solving the fully con-
nected equation

0 = RI = hFIjL̂jF0i (65)

The contribution of order T̂n to the residual is

R
ðnÞ
I ¼

X
Ks0

Xn
c¼0

1

ðn� cÞ!
�
FI

���T ðn�cÞ���FK

��
FK

��LðcÞ��F0

�
(66)

where L(c) is the sum of (connected) terms in L of order c with respect to T̂.
The residual truncated at order N is then

R
½N�
I ¼
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n¼0

R
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I ¼

X
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a¼0

1

a!
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�
(67)

where the relabelling a = (n − c) has been made inside the sum. Equivalently,

R
½N�
I ¼

X
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whereL[N−a] indicates the sum of terms inL up to order N− a in T̂ . Since we have
not solved the connected equations hFKjL[N−a]jF0i = 0 truncated to lower order,
the truncation of our equations has once again introduced a size-extensivity error.
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