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Topological insulator nanoparticles (TINPs) host topologically protected Dirac surface states, just like their

bulk counterparts. For TINPs of radius <100 nm, quantum confinement on the surface results in the dis-

cretization of the Dirac cone. This system of discrete energy levels is referred to as a topological quantum

dot (TQD) with energy level spacing on the order of Terahertz (THz), which is tunable with material-type

and particle size. The presence of these discretized energy levels in turn leads to a new electron-

mediated phonon-light coupling in the THz range, and the resulting mode can be observed in the

absorption cross-section of the TINPs. We present the first experimental evidence of this new quantum

phenomenon in Bi2Te3 topological quantum dots, remarkably observed at room temperature.

Topological nanophotonics is an emerging discipline that
aims to control light at the nanoscale using topological states.1

Topological insulator nanoparticles (TINPs) provide an excel-
lent route towards this goal, and so understanding and experi-
mentally demonstrating how they interact with light is of para-
mount importance.

Topological insulators (TIs) are 3D materials which are
insulating in the bulk but host topologically protected, conduct-
ing surface states.2–5 These surface states display a linear dis-
persion relation, seen as a Dirac cone which bridges the bulk
band gap. The Dirac cone can only be opened by breaking time-
reversal symmetry, making these states remarkably robust to
perturbations such as material defects and stray (non-magnetic)
fields. These surface states also do not exhibit back scattering.

In a bulk sample, only a small number of atoms in the
material contribute to surface state behaviour and so topologi-
cal effects are notoriously weak. Nanoscale structures have an

enhanced surface area to bulk ratio, and a larger proportion of
atoms participate in the surface physics. This results in a pro-
nounced topological contribution to the electronic and optical
properties of the system. Pioneering theoretical work6,7 has
studied spherical topological insulator particles. Spherical
TINPs have a maximal surface to volume ratio whilst still main-
taining a true 3D ‘bulk’. These finite systems exhibit the same
level of topological protection as their continuous counter-
parts,8 but quantum confinement results in the discretization
of the surface state energies, with energy spacing on the order
of Terahertz (THz). This has exciting implications for both the
electronic and optical properties of the nanostructures9–14 and
recent theoretical work has also studied the optical properties
of hybrid systems coupling the energy levels of TINPs with
quantum dots and emitters.15,16 The THz regime (∼0.1–10
THz) is notoriously difficult to access with plasmonic or purely
photonic technologies, so investigation of TINPs and their
hybrid systems could lead to important advancements in the
development of THz sensors, lasers and waveguides.1,17,18

Some nanostructures (such as nanoribbons and thin
films19) can already be reliably produced, but equiaxed (e.g.
spherical or rhombohedral) TINPs have so far proved techni-
cally challenging.20,21 This means that their optical properties
have received relatively little experimental attention. The
identification and classification of modes in the optical
spectra of other TI nanostructure samples (such as nanosheets
and nanoplates) has been a lively endeavour, oftentimes
leading to contradictory conclusions.22–28 Unexpected peaks
observed with Raman and optical spectroscopy have been
attributed to multiple different origins, such as surface oxi-
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dation, phonon confinement effects, unverified topological
effects or simply left unclassified. The presence of discretized
energy levels in TINPs leads to a new electron-mediated
phonon–light coupling in the Terahertz (THz) range. This
work presents evidence of a new, purely topological contri-
bution to the spectra of TINPs.

In the case of small (5 < R/nm < 100) TINPs the continuous
Dirac cone becomes discretized due to finite size effects,
giving a set of discrete energy levels much like those in a
quantum dot.12,13 A schematic of a spherical TINP and its bulk
and surface states is given in Fig. 1a. These energy levels are
equally spaced, with energies increasing away from the Γ-point
in integer values of A/R (as illustrated schematically in Fig. 1b).
A = 2.0 eV Å is a material-dependent quantity, given by the
matrix element of momentum calculated for a four band
model Hamiltonian of Bi2Te3 and averaged over three axes, cal-
culated by a density functional theory approach and taken
from Liu et al.,29 discussed in more detail in Appendix A.
When irradiated with THz (1 THz = 33 cm−1 = 4 meV) light, a
transition between two of these topological, delocalised
surface states occurs within the same frequency range as a
bulk phonon excitation, resulting in a strong Fano resonance,
referred to as the surface topological particle (SToP) mode.12

This is a purely quantum mechanical feature of the system,
and the asymmetric profile of this resonance creates a point of
zero-absorption when the energy spacing of the surface states
is matched by the incident light. This means that the exci-
tation of a single electron occupying a topological surface state
can shield the bulk from the absorption of incoming light.
This mode has been theoretically predicted but had not been
experimentally observed until the present work. Light–matter
interactions in nanoparticles requiring a quantum mechanical
approach have attracted much attention in quantum plasmo-
nics in recent years,30 and TINPs made of materials such as
Bi2Te3 present a promising extension of this field.

Bismuth telluride nanoparticle
synthesis

Bi2Te3 has a layered crystal structure with quintuple covalently-
bonded Te–Bi–Te–Bi–Te layers stacked along the c-axis and

therefore can be easily produced in the form of two-dimen-
sional sheets via physical31 or wet-chemical methods.32 In
order to suppress preferential formation of anisotropic two-
dimensional structures unavoidable in the direct solution-
phase synthesis due to the high reactivity of Bi salts, spherical
Bi2Te3 nanoparticles were synthesised using a two-stage reac-
tion analogously to ref. 20. Briefly, the growth involved the
reduction of Bi ions by organic primary amine in an inert
atmosphere leading to the formation of spherical Bi nano-
particles and followed by tellurisation of the produced Bi
nanospheres in trioctylphosphine telluride solution.
Transmission electron microscopy (TEM) images shown in
Fig. 2a and b are representative images of the ensembles of Bi
and Bi2Te3 nanoparticles respectively. The Bi nanoparticles are
nearly spherical with radius of 14.4 ± 2.3 nm, while upon tell-
urisation the shape of Bi2Te3 nanoparticles changes to slightly
rhombohedral with a larger average radius of 17.5 nm (stan-
dard deviation 1.8 nm) due to the inclusion of tellurium

Fig. 2 Bi2Te3 nanoparticle synthesis: (a) TEM images of Bi nano-
particles, which are nearly spherical and of average radius 14.4 nm. (b)
Successfully synthesized Bi2Te3 nanoparticles with a slightly rhombohe-
dral shape and average radius of 17.5 nm. (c) X-ray diffraction patterns
illustrating the successful tellurisation of the Bi nanoparticles to form
Bi2Te3 nanoparticles.

Fig. 1 Small topological insulator nanoparticles: (a) Schematic of TINP
of radius R irradiated with light, illustrating bulk states and surface states
which decay into the bulk with a length scale ∼Å. (b) For small TINPs
(R < 100 nm) the Dirac cone becomes discretized with the position of
energy levels inversely scaling with R.
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species. Powder X-ray diffraction (XRD) patterns of both inter-
mediate Bi and final Bi2Te3 nanoparticles clearly demonstrate
a phase change accompanied by a significant shift of the diffr-
action peaks to the higher angles corresponding to smaller
interplanar distances of the rhombohedral Bi2Te3 lattice
(Fig. 2c). A more detailed experimental method is provided in
Appendix B.

Theoretical framework

In the theoretical treatment of a TINP irradiated with THz
light of frequency ν, we treat the bulk behaviour classically
with a bulk dielectric function and the surface states are
treated quantum mechanically. We focus on Bi2Te3 but the fol-
lowing analytic results are valid for other materials within the
Bi2Te3 family given the correct parameter substitutions. We
follow the theory method given in ref. 12. We work in the limit
in which the particle radius R is much smaller than the wave-
length of incoming light, R ≪ λ. The bulk dielectric function
of Bi2Te3 is a rank 2 tensor and to treat the system analytically
we take ε(ν) as a diagonal matrix with principal components
[ε⊥(ν), ε⊥(ν), ε∥(ν)] and all other components equal to 0. ε∥(ν)
gives the dielectric function along the c-axis of the material,
while ε⊥(ν) is the dielectric function in both axes perpendicu-
lar to the c-axis. Here, we assume that each component can be
described through a Lorentzian shape

εðνÞ ¼
X

j¼α;β;f

νp;j2

ν0;j2 � ν2 � iγjν
; ð1Þ

which contains contributions from α and β transverse
phonons and free charge carriers (denoted by f) arising from
bulk defects. In this last case, ν0,j = 0. νp,j, ν0,j and γj denote the
amplitude, resonance frequency and harmonic broadening
parameters for each mode. The parameters (given in Table 1)
for ε∥(ν) have been determined by fitting to experimental data
for samples illuminated with light propagating along the c-axis
of the material,33 and measured at 300 K. The real and imagin-
ary parts of ε∥(ν) are plotted in Fig. 3a with purple and green
lines respectively. To present a transparent analysis, the follow-
ing theoretical study only considers the contribution to the
TINP optical response from ε∥(ν). We also expect a contribution
from ε⊥(ν) (and so should average over all three material axes),
but due to limited reliable ε⊥(ν) data, we present theoretical
results derived using only ε∥(ν). Considering the material iso-
tropic in this manner does not affect the conclusions of this

work. However for reference, the plot of ε∥(ν) in Fig. 3a is anno-
tated with vertical lines denoting the α and β phonon frequen-
cies for both ε∥(ν) and ε⊥(ν) (values taken from ref. 34). For
ε∥(ν), the resonance frequencies for the α and β phonons are
1.56 THz and 2.85 THz respectively (as given in Table 1), whilst
for ε⊥(ν), the frequencies used are 2.82 THz and 3.60 THz
respectively.

The absorption cross-section for a spherical particle sus-
pended in a transparent material (in our case, mineral oil in
order to preserve the quality of the particles, for which noil =
1.47 and εoil = noil

2 = 2.16, (ref. 35) is calculated from the ima-
ginary component of the particle polarizability α0, such that

σabs ¼ k
ε0

Imfα0g and is given by

σabsðνÞ ¼ 4πR3noil
2π
λ
Im

εðνÞ þ δRðνÞ � εoil
εðνÞ þ δRðνÞ þ 2εoil

� �
; ð2Þ

and for a Fermi level which resides in the band gap between
energy levels separated by energy A/R, the δR contribution is
given by

δRðνÞ ¼ e2

3πε0
1

A� hνR
þ 1
Aþ hνR

� �
: ð3Þ

δR is the contribution to the particle polarizability from the
topological delocalised surface states, in which transitions
occur between the quantized energy levels of the discretized
Dirac cone resulting in a modified surface charge density. The
derivation of this term can be found in the ESI of ref. 12. For a
Fermi level within ±A/R, δR is modified (for more details see
Appendix C) owing to the absence of an energy level at the
Dirac point. While we do not know the precise Fermi level of
each TINP in the experimental sample, Bi2Te3 samples tend to
be n-doped, resulting in the Fermi level residing close to or in
the conduction band. It is thus assumed that very few TINPs in
the sample will contribute a topological term to the absorption
cross-section, and those which do contribute will likely not have
a Fermi level close to the Dirac point. In the absence of surface
states (such as by applying a magnetic field term and thus
destroying the surface states), δR = 0 and we return to the usual
solution of a dielectric sphere in a constant electric field.

For a given Fermi level, δR varies only with R and ν. In
Fig. 3b, we plot the theoretically expected absorption cross-sec-
tions of TINPs with EF = A/R and radii 15, 20 and 25 nm
respectively, and the topologically trivial case where δR = 0.
Each cross-section with a topological contribution has a
characteristic shape of three peaks, corresponding to the β
phonon mode, a localised surface plasmon-polariton (LSPP)
mode, and the SToP mode. A point of zero absorption can be
seen for each SToP mode, at which a single electron in a Dirac
state shields the bulk from absorbing incoming light. The
LSPP and β modes are bulk contributions and as such, their
positions do not change with particle size. The SToP peak posi-
tion and point of zero-absorption do vary with R. As the par-
ticle size varies, the spacing between discretized surface state
energies varies as ∼1/R. This in turn changes the frequency at

Table 1 Parameters of ε∥(ν) for Bi2Te3 (extracted from experimental
data in ref. 33). νp,j, ν0,j and γj denote the amplitude, resonance frequency
and harmonic broadening parameters for each mode

νp,j (THZ) ν0,j (THZ) γj (THZ)

α 21 1.56 0.18
β 4 2.85 0.2
f 11 0 0.24
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which the particle polarizability is modified when a surface
state is excited, as described by δR(ν) in eqn (3). This in turn
leads to a R-dependence of the absorption cross-section of the
nanoparticle. As particle size is reduced, the frequency of
surface state excitations increases, and thus the SToP mode
peak and point of zero-absorption both shift to higher fre-
quencies. For particles of approximately R = 15 nm, the SToP
mode appears on top of the β phonon mode, resulting in a
double peak structure of broader linewidth. The R and ν

dependence of the absorption cross-section is illustrated in
Fig. 3d. A study of how the absorption cross-section is modi-
fied by isolating the various phonon contributions in the
dielectric function is given in the Appendix D.

The synthesised Bi2Te3 nanoparticles discussed in this
work are rhombohedral, however their topological properties
are well-approximated by those of spherical particles, due to

the robustness of topological states against surface defor-
mation. This is demonstrated in ref. 6 and 12 in which it is
shown that the discrete energy levels of TI spheres and cubes
of equal volume converge for particles of radius R > 10 nm.
This means that the topological contribution to the absorption
cross-section is also the same for particles of equal volume. If
a cube of volume V were to be deformed to a sphere, it would
have an effective radius Reff, such that V = 4πReff3/3. This value
of Reff can then be used in eqn (3) to calculate the topological
contribution to the absorption cross-section, δR. The absorp-
tion cross-section of a cube can be calculated analytically,36

with the topological contribution described as above. In
Fig. 3e we plot the absorption cross-sections of a sphere with
R = 20 nm (dotted blue), a cube with diagonal length 2R (green),
such that L = 28.3 nm and cube with Reff = 20 nm (purple),
such that it has the same volume as the sphere. The cross-sec-

Fig. 3 Theoretical SToP results: (a) The real (purple) and imaginary (green) components of Bi2Te3 bulk dielectric function ε∥(v), for incident light par-
allel to the c-axis using parameters fitted to data in ref. 33, presented in Table 1. The positions of the α and β phonon frequencies are annotated for
both k∥c-axis and k⊥c-axis incoming light (denoted α∥, β∥, α⊥, and β⊥ respectively). (b) Absorption cross-section of a TINP with EF = A/R, R = (15, 20,
25) nm and a TINP of radius 15 nm for which δR = 0. The LSPP and β mode are visible and labelled, whilst the α mode is over-damped and thus not
seen in the theoretically calculated absorption cross-section. Increased TINP radius results in a lower frequency SToP mode peak (also labelled). For
R = 15 nm, the SToP mode and β modes overlap and a split peak is seen. For each SToP mode there is a point of zero absorption which occurs to the
right of the peak. (c) For an ensemble of particles with a Gaussian distribution of radii (R̄ = 17.5 nm and standard deviation 1.8 nm) and in which only
(10, 15, 20)% of TINPs show a SToP mode, the peak height is reduced and no longer displays a point of zero absorption. (d) Absorption cross-section
varying with R and v. The bulk LSPP and β phonon positions remain constant for varying radius size, and the line of zero-absorption is annotated (A
= hvR). (e) Comparison of absorption cross-section for nanoparticles of varying geometry and size. Absorption cross-section of sphere (dotted blue)
with R = 20 nm, projection S = πR2. Absorption cross-section for a cube with diagonal length 2R = 40 nm (green), such that L = 28.2 nm, and projec-
tion S = L2. Absorption cross-section of cube of length L = 32.2 nm (purple) and S = L2, with volume V = L = 4πReff

3/3 such that effective radius Reff

= 20 nm.
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tions are normalised by the projection of each nanostructure,
i.e. S = πR2 for the sphere and S = L2 for the cubes. The quali-
tative results for each nanostructure are very similar, with the
sphere and cube of equal volume demonstrating a SToP peak
and point of zero-absorption at the same position. The cube
with diagonal length equal to the diameter of the sphere has a
slightly smaller effective radius, and thus presents a SToP
mode and point of zero-absorption shifted to a slightly higher
frequency. As the rhombohedral nanoparticles in our experi-
ment fall between the two limits of a sphere and a cube, we
conclude that approximating the rhombohedral nanoparticles
as spherical should give a qualitatively good result.

So far we have discussed the optical properties of a single
TINP, which is representative of an ensemble of non-interact-
ing particles of equal radius, normalised to the number of
TINPs. However in our experimental sample, we have a partial
agglomerate of nanoparticles, and the nanoparticles have a
range of radii. Before measurements were taken, the sample
was agitated to separate the nanoparticles. It is however inevi-
table that some particles will remain as an agglomerate. We
would expect this agglomerate to contribute to the bulk pro-
perties of the absorption-cross section, but lose the quantum
confinement effects expected from small, separate nano-
particles. Any topological peak from such a large mass of
material would occur at such a low frequency as to not be
measured in our experiment. For example, a particle of R =
100 nm would be expected to exhibit a SToP mode peak at
approximately 0.45 THz with a greatly suppressed amplitude.
This is outside of the frequency range of our measured data.
Due to uncertainty in the Fermi level and orientation of each
TINP in relation to the incoming light, it can be assumed that
while all TINPs contribute to the bulk properties of the absorp-
tion cross-section, only a small percentage will give a topologi-
cal contribution. Fig. 3c illustrates the theoretically calculated
absorption cross-section of an ensemble of TINPs of mean
radius 17.5 nm and standard deviation 1.8 nm (values taken
from analysis of TEM images of the experimental sample),
with a varying percentage contributing to the topological prop-
erty. The peak height is greatly suppressed and a point of zero-
absorption is no longer observed.

Results

In Fig. 4, we show the experimental absorption cross-section
(solid black line) of Bi2Te3 TINPs suspended in mineral oil,
measured at 300 K. The vertical dotted lines denote the four
phonon frequencies (α∥, β∥, α⊥, β⊥) corresponding to the two
bulk dielectric functions ε∥ and ε⊥ respectively. We have per-
formed a Lorentzian decomposition using four Lorentz peaks,
with fit values given in Table 2. Using four peaks (which we
label P1–P4) yields a fitting error of 0.23%, whereas using
three or five peaks results in an error of 2.3% or 3.4% respect-
ively. We assign P3 and P4 to the β∥ and β⊥ phonons respect-
ively. α phonons are typically under-damped in bulk samples
and so not observed in the theoretical calculations of the

absorption cross-section using the bulk dielectric function (as
demonstrated in Fig. 3b and c). This can be understood by
studying the bulk dielectric function for Bi2Te3 depicted in
Fig. 3a, where the very large value of Im[ε(ν)] at the α phonon
frequency will result in a very small contribution to σabs (given
in eqn (2)) at this frequency. However, finite size effects may
reduce damping of transverse modes, resulting in an increased
amplitude which may be visible in the absorption cross-
section. So, it is possible that the α⊥ phonon also slightly con-
tributes to the amplitude of P3.

P1 and P2 do not appear to relate to any expected bulk
modes. We rule out oxidation effects as the sample was kept in
chloroform, and exchanged for mineral oil for THz measure-
ments. Samples typically show oxidation effects on the time-
scale of days,25 which is not the case for our sample. We note
that P2 appears at a frequency commensurate with the SToP
mode peak predicted for an ensemble of varying radius as
demonstrated in Fig. 3c. While the short height of the SToP
mode peak is partially explained by the assumption that very
few particles contribute to the topological properties of the
sample, we also note that our theory is modelled at zero temp-
erature, whereas the experiment operates at room temperature
(∼6 THz), where the probability of finding a level empty in our
system is low. Temperature smearing will result in the modes

Fig. 4 Experimental results: Experimental absorption cross-section
data with impurity absorption band subtracted, superimposed with a
Lorentzian decomposition of the same data, fitted with four peaks, P1–
P4. This data was taken from a sample of Bi2Te3 nanoparticles with R̄ =
17.5 nm and standard deviation 1.8 nm.

Table 2 Parameters of four peak Lorentzian fit with a fit error of 0.24%

P1 P2 P3 P4

Peak position (THz) 1.98 2.41 2.95 3.77
Peak width (THz) 0.51 0.42 0.86 1.26
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seen experimentally being less visible than those seen in
theory. This could be remedied by studying a TI with a bigger
band gap and/or smaller particles. It is possible that the pres-
ence of two new non-bulk modes (P1 and P2) is due to SToP
modes resulting from both the α∥ and α⊥ phonons.

The observation of two unexpected peaks at frequencies
which do not relate to expected bulk modes allows us to conclude
that at least one of the peaks is likely topological in origin. We
conclude from this experimental comparison with the theory
model that we have observed the SToP mode in Bi2Te3 nano-
particles, which was theoretically predicted in ref. 12.
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Appendix A: Four band model
Hamiltonian

The important topological physics occurs near the Γ-point,
allowing us to use k·p perturbation theory to expand about the
Γ-point and write down a low-energy, 4-band effective
Hamiltonian,

HðkÞ ¼ E0ðkÞ14 þ
MðkÞ A1kz 0 A2k�
A1kz �MðkÞ A2k� 0
0 A2kþ MðkÞ �A1kz

A2kþ 0 �A1kz �MðkÞ

0
BB@

1
CCA ð4Þ

where k± = kx ± iky, E0(k) = C + D1kz
2 + D2k⊥

2 and
MðkÞ ¼ M � B1kz2 � B2k?2. The parameters (A1, A2, B1, B2, C,
D1, D2, M) in this effective model can be determined by fitting
the energy spectrum of the Hamiltonian to that of ab initio cal-
culations,37 with the results for Bi2(SexTe1−x)3 presented by Liu
et al.29 In the theory model used in this work, the crystal struc-

ture is taken to be isotropic, such that A ¼ 1
3
ðA1 þ 2A2Þ. Fig. 5a

shows how the theoretically calculated absorption cross-
section varies with uncertainty in A. Shifting A → A′ by 10%
shifts the position of the SToP peak by <10%. Fig. 5b illustrates
that modifying the magnitude of the topological contribution
to the particle polarizability δR(ν) (by multiplying by a constant
coefficient δcoeff ), has little effect on the position of the SToP
peak. Fig. 5c shows that when a finite lifetime of excited
surface states is considered (by detracting a small, complex

component iΓA from the denominator of all δR(ν) terms), the
height of the SToP mode peak becomes smaller (for a particle
of R = 20 nm and Γ = 0.01, the height of the SToP mode peak
reduces by ∼45%) and the position remains the same.

Appendix B: Experimental method –
further details of synthesis and THz
measurements

In a standard synthesis, 114 mg of bismuth acetate (Bi
(CH3COO)3, 99% Aldrich) and 3.5 mL of 1-dodecanethiol
(DDT, 98% Aldrich) were mixed in a three-neck flask and
heated to 45 °C under vacuum and kept at this temperature
until a transparent pale-yellow solution is formed. Then the
flask was flashed with nitrogen and heated to 60 °C and
6.5 mL of oleylamine (OlAm, 70%, Aldrich) was quickly added.
After 24 hours the as-prepared bismuth nanoparticles were
used without any further purification. For tellurisation
0.45 mL of 1 M trioctylphosphine telluride (TOP : Te) was
injected at 60 °C into the solution containing bismuth nano-
particles. The reaction mixture was kept at this temperature for
48 hours until complete tellurisation and then annealed at
110 °C for 8 hours in order to restore crystallinity. Thus pro-
duced Bi2Te3 nanoparticles were washed three times with
ethanol and then redispersed in chloroform. For THz measure-

Fig. 5 Modifying theory parameters and Fermi level: (a) For R = 20 nm,
varying A by 10%, which shifts the position of the SToP mode peak and
modifies the height of the peak. (b) Varying the magnitude of δR(ν) by
10%, which has no effect on the position of the SToP mode peak and
very little effect on the height of the peak. (c) Introducing a small
complex component to the denominator of δR(ν), iΓA, equivalent to
introducing a finite life-time to the excited surface states. Introduction
of this finite lifetime reduces the height of the SToP mode peak. (d)
Changing the Fermi level from EF = A/R to EF = 0 (for R = 40 nm) results
in the SToP mode occurring at twice the frequency of incoming light,
shown for R = 40 nm.
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ments solvent was exchanged to mineral oil. THz measure-
ments were been performed in transmission through a Vertex
70 V Bruker interferometer equipped with a Hg THz source, a
Pyroelectric detector and a broad band high resistivity Si
beamsplitter.

Appendix C: Modifying the Fermi level

For −A/R < EF < A/R, the dominant transition is between energy
levels directly below and above the Fermi-level, of energy 2A/R.

δRðνÞ ¼ e2

6πε0
1

2A� hνR
þ 1
2Aþ hνR

� �
: ð5Þ

Fig. 5d shows σabs/πR2 for a particle R = 40 nm, at the two
Fermi levels EF = A/R and EF = 0. While the bulk modes remain
in the same positions, we see a shift in the SToP mode peaks.
The behaviour of the SToP mode and zero absorption trough
can be seen in Fig. 3e. Although we do not know the precise
Fermi level of each TINP in the sample, for particles whose
Fermi level resides in the band gap (and thus contribute to the
SToP mode peak in the absorption cross-section) it is most
likely that transitions are occurring between energy levels sep-
arated by A/R rather than 2A/R.

Appendix D: Modifying theory
parameters

The δR term in eqn (3) has no dependence on the dielectric
function of either the topological material or the mineral oil,
but is affected by the A value. The peak in absorption due to
the topological term will experience a shift dependent on
which material is being used. For example, the SToP peak for a
R = 20 nm TINP made of Bi2Te3 and Fermi level EF = A/R will
occur at 2.21 THz, whereas for a Bi2Se3 TINP of the same
radius (with A = 3.0 eV Å,29 as studied in the original work by
Siroki et al.12) the peak will occur at 3.1 THz.

In order to demonstrate how the various contributions to
the dielectric function manifest in the absorption cross-
section, we perform a study in which we artificially remove
first the α phonon and then the β phonon contribution from
the theoretical calculation. For clarity, Fig. 6a gives the absorp-
tion cross-section as a function of ν and R with the LSPP con-
tribution artifically removed (such that νp,f = 0). The position
of the removed mode is given in white, while the β phonon
peak, SToP mode and trough of zero absorption can be clearly
seen. In Fig. 6b, the α phonon contribution is also removed,
(such that νp,f = νp,α = 0. The trough of zero absorption can still
be seen, but the SToP mode peak is no longer present. This
confirms that the SToP mode is mediated by the α phonon.
This is further confirmed in Fig. 6c, in which both the LSPP
and β phonon contributions are removed (νp,f = νp,β = 0) and
the SToP mode is still present.
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