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Nucleation in small volumes of water has garnered renewed interest due to the relevance
of pore condensation and freezing under conditions of low partial pressures of water, such
as in the upper troposphere. Molecular simulations can in principle provide insight on this
process at the molecular scale that is challenging to achieve experimentally. However,
there are discrepancies in the literature as to whether the rate in confined systems is
enhanced or suppressed relative to bulk water at the same temperature and pressure. In
this study, we investigate the extent to which the size of the critical nucleus and the
rate at which it grows in thin films of water are affected by the thickness of the film.
Our results suggest that nucleation remains bulk-like in films that are barely large
enough accommodate a critical nucleus. This conclusion seems robust to the presence
of physical confining boundaries. We also discuss the difficulties in unambiguously
determining homogeneous nucleation rates in nanoscale systems, owing to the
challenges in defining the volume. Our results suggest any impact on a film's thickness
on the rate is largely inconsequential for present day experiments.

1 Introduction

The formation of ice from liquid water is one of the most important phase
transitions on Earth, and plays a vital role in climate science,*”
cryopreservation,®® geology'»"* and many industrial applications. For
example, many properties of clouds are affected by the relative compositions of
ice and water,>'”"** and consequently, the accuracy of climate models rely heavily
on parameterizations to predict ice nucleation in the atmosphere.

Broadly speaking, when ice forms, it can do so either heterogeneously, where the
surface of, say, a solid particle facilitates nucleation, or homogeneously, in the

13-16

“Yusuf Hamied Department of Chemistry, University of Cambridge, Lensfield Road, Cambridge CB2 1EW, UK.
E-mail: sjc236@cam.ac.uk

*Department of Physics and Astronomy, University College London, London WC1E 6BT, UK

‘Department of Chemistry, University of Warwick, Gibbet Hill Road, Coventry CV4 7AL, UK

School of Earth and Environment, University of Leeds, Leeds, UK

t Electronic supplementary information (ESI) available. See DOI: https://doi.org/10.1039/d3£fd00099k

210 | Faraday Discuss., 2024, 249, 210-228  This journal is © The Royal Society of Chemistry 2024


http://orcid.org/0009-0001-8257-896X
http://orcid.org/0000-0001-5734-0645
http://orcid.org/0000-0002-1062-2685
http://orcid.org/0000-0002-9169-169X
http://orcid.org/0000-0003-2708-8711
https://doi.org/10.1039/d3fd00099k
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d3fd00099k
https://pubs.rsc.org/en/journals/journal/FD
https://pubs.rsc.org/en/journals/journal/FD?issueid=FD024249

Open Access Article. Published on 22 Féndo 2023. Downloaded on 14/8/2024 00:04:58.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

View Article Online
Paper Faraday Discussions

absence of such surfaces. Despite heterogeneous nucleation being by far more
common, homogeneous nucleation is important when temperatures approach
approx. —40 °C, e.g, in cirrus cloud formation in the upper troposphere.>**** Yet,
even in the absence of surfaces presented by solid particles, the finite volume
occupied by the liquid means an interface (e.g., with vapor or oil) nonetheless
remains. A long-standing issue for homogeneous nucleation has therefore been to
establish whether nucleation is enhanced close to the liquid-vapor interface, or
suppressed. Owing to the small length and fast times scales involved, however, it is
experimentally challenging to establish whether homogeneous nucleation occurs
near the interface, or in the bulk of the fluid. Molecular simulations have therefore
been employed by several groups to investigate where in the liquid, homogeneous
nucleation occurs.>*?* While pioneering simulation studies from Vrbka and Jung-
wirth>?® suggested that nucleation is enhanced at the liquid-vapor interface, their
results are likely affected by the finite size of the simulation cell.** The broad
consensus from multiple simulation studies is that ice formation occurs away from
the interface, in regions of the fluid that are bulk-like. These conclusions are also
supported by thermodynamic arguments made by Qiu and Molinero.*?

If ice forms preferentially in the bulk of the liquid, what does this mean for the
observed rate of ice nucleation? In 2013, using forward flux sampling, Li et al.”
found, upon decreasing the droplet radius from approx. 4.9 nm to approx. 2.4 nm,
that nucleation rates at 230 K were decreased relative to that of bulk water by eight
orders of magnitude; for radii =5 nm, nucleation rates were virtually indistin-
guishable from that of the bulk. With the exception of the smallest droplet
investigated, this significant decrease of the rate upon decreasing the radius
appeared to be explained well by the associated change in Laplace pressure. These
findings were consistent with a previous study by Johnston and Molinero.?®
However, subsequent simulation studies that investigated ice nucleation in thin
water films,*** whose planar interfaces correspond to zero Laplace pressure,
found that nucleation rates were noticeably suppressed relative to that of bulk,
even for film thicknesses =5 nm. Owing to the computationally demanding
nature of simulating ice formation, these studies used a coarse-grained repre-
sentation of water’s interactions, the mW model.** In this model, instead of
explicitly representing the hydrogen bond network, the local tetrahedrality is
enforced by a three body contribution to the potential energy function. Despite its
simplicity, the mW model reasonably describes the anomalies and structure of
water and its phase behavior, including the density maximum, the increase in
heat capacity and compressibility of the supercooled region and melting
temperatures of both hexagonal and cubic ice.***”

To add further complication to the above apparent discrepancy between
droplets and films, tour-de-force simulations employing the TIP4P/ice model,*
which unlike the coarse grained mW model, accounts explicitly for electrostatic
interactions and water’s hydrogen bond network, found that nucleation in thin
water films was increased relative to that of bulk water by approximately seven
orders of magnitude.*® This increase was attributed to an increase in average
crystalline order and cage-like structure for TIP4P/ice (in the liquid state) in
a thin-film geometry, which even persisted in film thicknesses as large as 9 nm.
These pronounced structural changes were not observed with the coarse grained
mW model. While the origin of such a discrepancy might be attributed to a lack of
essential physics in the coarse grained model, this may raise a question mark over
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the use of mW to investigate ice formation in confined geometries, despite its
success,*”*** e.g., in explaining ice nucleation from vapor via a pore condensation
and freezing mechanism.*'

In this article, we first aim to resolve this apparent discrepancy between the
coarse grained mW model and the all-atom TIP4P/ice model. Then, in Section 3,
using the computationally more efficient mW model, we directly assess how the
simplest confining geometry of all—a thin film of water in contact with its vapor—
impacts ice formation. In Section 4 we extend our investigation to a more realistic
case where water is confined between two solid surfaces. We conclude our find-
ings in Section 5. A broad overview of the methodology is described throughout
the manuscript, with full details provided in Section 6 and the ESI.}

2 Structural properties of thin water films
converge to their bulk values on a microscopic
length scale

As discussed above, previous work from Haji-Akbari and Debenedetti,* using the
TIP4P/ice water model at 230 K reported that the nucleation rate J(W) in a film of
thickness W = 4 nm is roughly seven orders of magnitude larger than in bulk
water, whose rate we denote as J(«). This significant enhancement of the rate has
been attributed to a structure of liquid water “deep” in the interior of thin films
that is distinctly different from that found for homogeneous bulk water. In
particular, measures of local order, as prescribed, e.g., by a Steinhardt order
parameter* for the i™ water molecule,

) "0, 0)
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— @)
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: (1)
indicate that the average structure of liquid water is more ice-like for thin films
when compared to homogeneous bulk water under the same conditions.} The
prime indicates that the sum only includes the ») nearest neighbors of molecule i
(see ESIT),
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where £ is the unit vector pointing from molecule i to molecule j, and Yer, is the
mth component of a sixth-rank spherical harmonic. Similarly, the number of
cage-like structures was also found to be increased in thin water films. In contrast,
when using the mW potential, such measures of local structure converge to their
bulk values within approx. 1 nm of the interface.

In a recent study, Atherton et al.*® discussed the sensitivity of the melting point
of simple point charge models such as TIP4P/ice, on the choice of cutoff, r*, for
the non-electrostatic interactions between water molecules. There it was shown
that decreasing r* led to a systematic increase in the melting temperature. More
importantly, it was noticed that choices of r* typically used in molecular

1 There are several similar measures of local order in the literature,*** but the analysis we present in this
section is robust to the exact choice.
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simulations effectively correspond to negative pressures of a few hundred bar,
when compared to homogeneous bulk systems that use a mean-field treatment to
correct for truncated interactions. This observation was argued to be particularly
relevant when comparing nucleation in thin water films (where standard mean-
field treatments of truncated interactions have no impact) to homogeneous
bulk systems. In ref. 46, rough arguments based on results from Bianco et al.*’
were used to suggest that this effective negative pressure was the root of faster ice
nucleation in thin films, but firm evidence was lacking.

For a thin film of water in coexistence with its vapor, it can readily be argued
that the pressure far from the interfaces is approximately 0 bar.*® Therefore, to
obtain a suitable reference for the local structure in the homogeneous bulk fluid,
we have performed simulations in the isothermal-isobaric ensemble at
a temperature 7 = 230 K, and pressure p = 0 bar (see ESI{ for full simulation
details), and computed

(@)/p = %<ZQ)(”>7 (3)

where p is the density of bulk water, N is the number of water molecules in the
simulation, and angled brackets indicate an ensemble average. An important
detail is that, when using the TIP4P/ice potential, we have truncated and shifted
non-electrostatic interactions at r* = 8.5 A; following ref. 46 we indicate this
molecular model as TIP4P/ice®. We find (gq)/p = 0.266.

We now turn our attention to a thin film, as shown in Fig. 1a, also at 7= 230 K.
The specific system we consider comprises 3072 TIP4P/ice®* water molecules,
and the lateral dimensions of the simulation cell are chosen such that W =
4.3 nm. Throughout this paper, the width of a film is defined as W = N/Ap, where A
is the cross-sectional area. W is then varied by changing A. This simple measure is
roughly consistent with the separation of Gibbs dividing surfaces.

To analyze the spatial variation in the structure of this film, we compute

(@(2))/(p(2)) = m <Z§J“a<z - >> @

where z is the coordinate normal to the average liquid-vapor interface, z; is the z
coordinate of i water molecule’s oxygen atom, and

(0() = §<Za<z - >> 6

is the number density profile. The result of this analysis is shown in Fig. 1b; while
some interesting structure is observed close to the interface on the liquid side, the
important point is that (ge(z))/(p(z)) = 0.266 converges to its bulk value within
approx. 1-1.5 nm of the interface, as indicated by the dashed blue line in Fig. 1b.
In addition, the dashed green line shows (ge)/(p(z)) = 0.260 obtained from
a simulation of the bulk fluid at 7= 230 K and p = 0 bar, in which a mean-field
treatment for truncated interactions has been employed; we denote this molec-
ular model TIP4P/ice®>~ *), We see that the result obtained with TIP4P/ice®*~ %)
lies, on average, below (g(2))/(p(z)) obtained with TIP4P/ice!®?).

This journal is © The Royal Society of Chemistry 2024  Faraday Discuss., 2024, 249, 210-228 | 213


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d3fd00099k

Open Access Article. Published on 22 Féndo 2023. Downloaded on 14/8/2024 00:04:58.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

View Article Online
Faraday Discussions Paper

0.28} = -
3 e = = = — A L — — — — — -
S 026 == & — — —m e BN
= . AP /i en(8.5—00) .
< . TIP4P /ice .
22 0.241 ]
© - -
IS~ . [
~ (- [r— N

0.2 —— TIP4P/ice®? :]

: — mw :

020723 -1 0 i o

z [nm]

Fig. 1 Structural properties of TIP4P/ice®® and mW converge to their bulk values within

approx. 1-1.5 nm of the liquid—vapor interface. (a) Snapshot of a TIP4P/ice®® film of
thickness W = 4.3 nm at T = 230 K. The z axis (normal to the liquid—vapor interface) lies
along the horizontal. Local structure away from the interface soon becomes bulk-like, as
shown by (gs(2))/{p(2)) in (b) for TIP4P/ice’®® (blue) and mW (orange). Dashed lines show
(ge)/p obtained from simulations of the bulk fluid at T = 230 K and p = 0 bar. When
truncated interactions are accounted for in a mean-field fashion, a discrepancy in local
structure in the center of the film and homogeneous bulk water emerges, as indicated by
the dashed green line. The vertical dotted lines indicate the location of the liquid—vapor
interface at z = £W/2.

Also shown in Fig. 1b is a similar analysis for the mW model. While we see
quantitative differences with the TIP4P/ice®® result, the important point is that
(Ge)/(p(z)) = 0.226 converges to its bulk value in the center of the film, on
a similar length scale to TIP4P/ice®?)., This result demonstrates that the structural
differences between mW and TIP4P/ice that lead to apparently qualitative
differences in nucleation rates can be resolved through a consistent treatment of
truncated interactions. Combined with previous observations that the mecha-
nism of ice formation in thin films is similar between the two models,>*3° the
results in this section strongly suggest that the coarse-grained mW model likely
contains the essential physics to describe ice nucleation in these systems.
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In the following section, we will exploit the computational efficiency of the mW
model to explore how the nucleation rate in thin water films depends upon W.
Specifically, using the seeding technique, we will investigate how both the size of
the critical nucleus and its growth depend upon W. Preliminary results for TIP4P/
ice®® with W = 4.3 nm are given in the ESL+

3 Nucleation in thin water films remains bulk-
like down to very small length scales

Having established consistency between TIP4P/ice®® and mW in describing the
structure of thin water films, we will now investigate the extent to which W
impacts ice nucleation. To do so, we will make use of the ‘seeding’ method, first
introduced by Bai and Li*** in their study of Lennard-Jones particles, and
popularized for ice nucleation by Vega and co-workers.*”*” As the seeding
approach has been detailed previously by others,**>**** here we will only briefly
sketch an outline of the procedure.

3.1 Investigating ice nucleation in thin water films with seeding simulations

The principal idea behind the seeding method is to initialize the system with
a preformed ice nucleus (a ‘seed’) and observe whether the seed, on average,
grows such that the system ends up as ice, or shrinks such that the system ends
up as liquid water. If the seed is smaller than the critical ice nucleus, it will tend to
melt, whereas if it is larger, it will tend to grow; the size of the critical ice nucleus
can be determined from seeds that have equal tendency to grow or melt. In our
case, this was achieved by first equilibrating a bulk crystal of hexagonal ice

Fig. 2 A snapshot from a seeding simulation with W = 3.5 nm after initial equilibration at
T =220 K, using the mW model. Molecules identified as belonging to the largest ice-like
cluster are shown by large blue spheres, while all other molecules are shown by small red
spheres. In this case, the initial seed happens to be critical, with approximate radius rk, as
indicated.
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comprising 16 000 molecules at 220 K and 0 bar, and then carving out a spherical
cluster. The cluster was then inserted into the center of a thin film of liquid water
of thickness W, which itself had been equilibrated at 220 K; this was done after
first removing water molecules to create a spherical cavity of an appropriate size
to accommodate the ice cluster. With the molecules in the ice cluster held fixed,
the surrounding fluid was then relaxed by performing a short 80 ps molecular
dynamics simulation. We subsequently calculated the size of the largest cluster of
ice-like molecules in the system, n., which we took to define the size of our initial
ice seed. An example of such a seed is shown in Fig. 2.

We have investigated film thicknesses in the range 2.5 nm < W < 6 nm, with
N = 6000 throughout (different thicknesses are achieved by varying A). For each
W, approximately 700-900 seeding simulations were performed. The range of
initial cluster sizes depended on film width, with 60 < n. < 220 overall; this was
sufficient to span both pre- and post-critical cluster sizes. In Fig. 3a, we present
the probability pjc.(n.; W) that a seed of size n. goes on to form ice. The critical
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Fig. 3 Assessing the impact of film width, W, on ice nucleation. (a) The size of the critical
cluster for a given W [as indicated in the legend in (c)] is obtained by finding the size of
cluster after initial equilibration, nq(t = 0) = n¥, for which there is equal probability to grow
or shrink, pice(nc; W) = 0.5. We find that nk, only differs significantly from its value in bulk
water for W < 3.5 nm, as shown in (b). Error bars indicate the range of results obtained by
splitting each data set into three. In (c) we show ((nq(t) — nf;l)z) for each W. The attachment
frequency ™ is obtained by fitting a straight line after an initial transient period, as shown in
bold for W = 3.5 nm. Dotted lines indicate hypothetical values of f* to give a sense of scale.
Using the obtained ni and f, and Aulkg = 122 K, the nucleation rate is obtained from egn
(6), as shown in (d). In panels (b) and (d), the shaded region indicates the result obtained
from simulations of bulk water.
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cluster size n is estimated from pice(nil; W) = 0.5. We observe that for W >
3.5nm, n} = 120, which compares well to the value obtained in a bulk simulation
of mW. To help give this result some perspective, the radius of these critical
clusters is ¥, = 0.96 nm. If we consider W = 3.5 nm, this gives (W — 2r5)/2 =
0.8 nm, which is broadly in line with accepted thicknesses of the liquid-vapor
interface.>”*>*® In other words, as soon as the films are thick enough to accom-
modate a bulk-like region, critical nuclei appear ambivalent to the nearby pres-
ence of the liquid-vapor interface. For W < 3 nm, deviations of n¥ from its bulk
value are observed, with nf, = 170 in the thinnest film investigated (W = 2.5 nm).
For all systems investigated, n¥ vs. W is plotted in Fig. 3b.

Computation of nucleation rates with the seeding approach relies upon clas-
sical nucleation theory (CNT):*>

J =21 pexp( ~Blduln; /2), ©)
where Au is the chemical potential difference between bulk ice and liquid water,

1/2
B = 1/kgT (kg is Boltzmann’s constant), Z = <,8|A;L| /6Tcnzl> is the Zeldovich

factor, and f is the attachment frequency. For the chemical potential difference,
a range of values spanning approximately 118 K < |Au|/kg < 126 K have been
reported in the literature®>*® and for simplicity, we take |Au|/kg = 122 K. (We have
repeated the following analyses with the extremal values of this range, and find
that the results are virtually indistinguishable [see ESIt].) As we have found that
n} remains roughly constant for W = 3.5 nm, the remaining source for deviations
of the rate from that of the bulk may lie in the dynamics, as codified by f. In
Fig. 3c we present the attachment frequency obtained from

o)

2t ’ )

as first proposed by Auer and Frenkel."** In practice, f* is obtained by starting
many simulations with n(t = 0) = n¥, and fitting ((nq(¢) — n5)?) to a straight line
after an initial transient time. Despite significant noise in ((nq(£) — n))?), it is clear
that the attachment frequency is largely insensitive to W. Bringing together the
above, in Fig. 3d we present J(W) for the different film thicknesses investigated
(see also Table 1). As a check of our implementation, our result for j(e0)—obtained

Table 1 Summary of results from seeding simulations. For each W, the range of critical
cluster sizes (indicated in parentheses) is obtained by splitting its data set into three. The
range for J(W) is calculated using the largest and smallest values for nf, for a given Win egn
(6) (Au/kg = 122 K and p = 33.3774 nm~3), and is also reported in parentheses

W [nm] né fps™] log1o(//(m ™~ s71)
® 122.5(117.5-127.5) 13.7 25.1(24.4-25.7)
6.0 119.5(113.5-126.5) 11.9 25.4(24.5-26.2)
5.0 121.5(121.5-124.5) 9.3 25.1(24.6-25.1)
4.0 121.5(119.5-125.5) 14.2 25.2(24.7-25.5)
3.5 125.5(120.5-126.5) 13.1 24.7(24.5-25.4)
3.0 132.5(129.5-134.5) 9.7 23.7(23.4-24.1)
2.75 143.5(139.5-153.5) 9.5 22.4(21.1-22.9)
2.5 172.5(166.5-187.5) 14.2 19.0(17.1-19.8)
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from a simulation of bulk water under periodic boundary conditions—agrees well
with that previously reported by Sanchez-Burgos et al.®* at T= 220 K and p = 1 bar.
The biggest drawbacks of the seeding method are that it presupposes the
nucleation mechanism and relies upon CNT to compute J. Previously, Lupi et al.**
provided strong evidence that using the size of the critical cluster is a good
“reaction coordinate” for nucleation; in the ESIT we present committor analyses
for W =5 nm and W = 2.5 nm that suggests that this is also the case for the thin
film systems we consider.

3.2 Comparing, and reconciling, results from seeding with previous studies

Despite good agreement of J() with previous literature values, our results for
W ~ 5 nm are at odds with previous work. For example, using forward flux
sampling, for mW under the same conditions, Haji-Akbari et al.** found j(5 nm)/
J(0) = 0.006. Similarly, by computing mean first passage times at 205 K, Lii et al.*®
found that ice nucleation rates in thin water films were suppressed compared to
that of the bulk. How can we rationalize this apparent discrepancy of our seeding
simulations, which find that j(W)/J(©) = 1 once the film is thick enough to
accommodate a critical nucleus? We, in fact, argue that this discrepancy is largely
superficial. In the case of Li et al, the reported impact of W on the rate was
relatively modest, with J(5 nm)/j(«) = 0.5, within the range of uncertainty of our
result. But there is also a more subtle aspect at play. Methods such as forward flux
sampling and calculating the mean first passage time obtain a rate first by
computing the probability to undergo a nucleation event per unit time in
a particular sample, and then normalize by the volume of the sample. For
homogeneous systems, the definition of this volume is unambiguous. In contrast,
for inhomogeneous systems such as thin water films, what to take for the volume
is less clear-cut, and J(W) becomes increasingly sensitive to this normalization
procedure as W decreases. The seeding method, on the other hand, provides an
estimate of the rate directly (see eqn (6)), albeit conditioned, in our study, on the
nucleus forming in the bulk-like region. The advantage of the seeding method is
that it clearly demonstrates that ¥, and f* remain roughly constant for W =
3.5 nm. We note that in the ESI of Li et al.,”” who used forward flux sampling, the
nucleation rate in a film comprising 4096 mW water molecules was found to be
indistinguishable from that of the bulk; it appears that Li et al. account for the
surface region in their normalization procedure.

To help further understand the differences between J(W) computed with
seeding and previous work, it is instructive to introduce the following simple
model, which is similar to existing models introduced by others.?”*** We suppose
that the thin film can be separated into two interfacial regions of thickness ¢; that
sandwich a central bulk-like region of thickness W — 2¢;. Accounting for the
volume occupied by the critical nucleus, the volume accessible for nucleation in

the bulk-like region is A(W — 24 — 2r§1> (see Fig. 4). In the remaining volume,

2A (Zi + ’"§1> , we assume that nucleation occurs with a rate J;. For a sample of total

volume AW, the number of nuclei that form per unit time is determined by an
effective nucleation rate J.¢:

AW(W) = 24 (zi n ;~§1>Ji +4 (W 24— 2r§1)J(oo). 8)
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Fig. 4 Reconciling nucleation rates obtained from seeding with other approaches. (a)
Schematic of the simple model described in the text. Nucleation is assumed to proceed in
a bulk-like fashion in the centralvolumeA(W —20; — ng). In (b) we present the fraction of

frozen samples for W/nm = 3.5 and 6, and bulk water. Each system comprises 6000 mW
molecules and is cooled at a rate of 0.2 K ns~* from an initial temperature of 220 K. There is
a modest shift to lower temperatures with the films compared to bulk water. The freezing
rate, R, for W = 3.5 nm, as shown in (c), differs at most by a factor of five compared to the
bulk result.

Rearranging for J., and assuming that J; = 0, we find

2 (ei n rﬁ,)

Jar(W) = [1- W

J (). ©)

Using rf = 0.96 nm obtained from our seeding simulations, a suppression of the
nucleation rate of Je(5 nm)/j(©) = 0.006, as obtained from forward flux
sampling,* requires ¢; =1.53 nm. While this order of magnitude is reasonable for
an interfacial thickness, it is inconsistent with our finding that the size of critical
nucleus remains constant for W 2> 3.5 nm. As we did above, we can instead estimate

b= (3.5 nm — Zrécl) /2=0.8 nm. For W = 5 nm, we then obtain J.i{(5 nm)/j(e) =

0.3. This more modest suppression in the rate appears comparable to that obtained
at 205 K by Li et al.*®

3.3 Probing the effective rate in thin water films through the lens of an
experimentalist

What the above analysis demonstrates is the sensitivity of the effective nucleation
rate to the interfacial thickness ¢ and the size of the critical nucleus r%. While the
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latter is in principle a physical observable, there is a degree of arbitrariness in
defining an interfacial thickness, which obfuscates direct interpretation of Jes. In
an attempt to gauge the significance of any suppression of J.¢ with W, it is useful
to think of an instance when one might be interested in ice formation in such
small volumes, such as to understand how a porous material (or a rough surface
with, e.g., cracks) might promote ice formation via a pore condensation and
freezing mechanism.*°** In such cases, one is probably less interested in the
precise value of an effective rate, and instead more concerned whether ice can
form, given that a pore/crack is filled with water under these conditions.

In this spirit, in Fig. 4b we present the fraction of frozen samples against
temperature for bulk water, W = 6 nm and W = 3.5 nm, obtained by cooling 100
replicas of each system at 0.2 K ns~". Note that the number of water molecules is
the same in each case (6000 mW). The size of the largest ice-like cluster was
monitored, and the system was considered frozen when the largest cluster 7.(T)
= 200.§ We see that the curves are shifted relative to each other, with the bulk
samples freezing at the highest temperature, and the W = 3.5 nm film at the
lowest temperature being separated by around 2 K. We are able to achieve
statistically different freezing temperatures and rates in our studies primarily due
the artificially high control we can exert on the number of molecules (N = 6000)
and with it the volume undergoing cooling.

In experimental systems such fine control is impossible, and with it the
deviations in freezing temperatures and freezing rates reported here become
unimportant. To see this, we compare the impact of varying W by computing the
freezing rate, R, for each of the data sets using an approach typically employed in
the analysis of laboratory experiments.” R is analogous to the radioactive decay
constant (a first-order reaction rate constant) and is most easily determined from
experiments conducted on completely identical supercooled droplets under
isothermal conditions. In the isothermal case, the fraction of droplets which
freeze in a given time period can be found using:™*

/\j\/‘hiq‘ff) = exp(—Rt) (10)
where Njq(2) is the number of liquid droplets remaining after time ¢ and N is
the total number of droplets (liquid or solid) present in the experiment [equal to
Niig(t = 0)]. In order to calculate R from continuously cooled experiments, it is
necessary to divide the experiment into small time intervals A¢ over which
changes in temperature are treated as small. Rearranging eqn (10) we find

R— 40g(1 *Nf/Ni)

A7 (11)

where N is the number of unfrozen droplets present at the start of the time
interval and N is the number of droplets which freeze during the time interval.
We have calculated R for the three systems by treating each of their 100 replicas as
a droplet. We have used At = 5 x 10~ s, resulting in temperature bins 1 K wide.
The results of this analysis are shown in Fig. 4c, where the data points indicate the
midpoint of the temperature bins. Confidence intervals were calculated using

§ In rare cases where the largest nucleus recrossed 200 molecules, the lower temperature for which n¢(T)
passed 200 molecules was taken. Such recrossings occurred in fewer than 1% of our simulations.
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a simple Monte Carlo simulation implemented in Stata 17.”> For physically
identical droplets it is expected that the number of freezing events in a tempera-
ture interval will follow a Poisson distribution on repeat testing.”"”® For each
temperature bin, the observed number of freezing events was taken as the
expectation value for the bin. Poisson distributed random numbers were then
generated to create 5000 simulated repeats of each of the three data sets. The bars
on Fig. 4c show the 5th to 95th percentile range of the simulated experiments.
(Data points generated from bins containing so few freezing events that the 5th
percentile simulation had a value of R = 0 have not been included in Fig. 4c.) The
freezing rates determined for the bulk system are clearly higher than those found
for W= 3.5 nm. This difference is largest for the bins centered at 201.65 K, where
the bulk rate is greater by approximately a factor of five.

In principle, the homogeneous nucleation rate, /, can be found as R/V where V
is the volume of the water droplets undergoing freezing. Taking the volume o