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Impact of the energy dispersion anisotropy on the
plasmonic structure in a two-dimensional
electron system

Unai Muniain*a and Vyacheslav M. Silkin abc

The effect of the band structure anisotropy (triangular, square, and hexagonal wrapping) on the

electronic collective excitations (plasmons) in a two-dimensional electron gas (2DEG) is studied in the

framework of the random-phase approximation. We show that the dynamical dielectric response in

these systems strongly depends on the direction of the in-plane momentum transfer q. The effect is so

pronounced that it results in a different number of electronic collective excitations in some q regions,

both with � ffiffiffi
q
p

- and Bq-like energy dispersions. This finding is in striking contrast to the conventional 2DEG

case with isotropic energy band dispersion where only a single plasmon with � ffiffiffi
q
p

dispersion can exist. Our

prediction of acoustic modes (with the Bq dispersion) in a one-energy-band electron system expands the

previous knowledge that such kind of plasmon can be realized only in two-component systems.

1 Introduction

The field of plasmonics has progressed rapidly over the last few
decades, motivated by the ability of plasmonic resonances to
control light in the nanoscale.1–3 Plasmons are collective oscil-
lations of valence electrons that originate from long-range
Coulomb interactions. In bulk metals, these resonances are
polarized longitudinally and, therefore, they cannot interact
with light. However, metal–dielectric boundaries support addi-
tional plasmonic modes with a transverse polarization, which
enables the interaction with electromagnetic radiation and the
creation of surface plasmon polaritons. These light–matter
hybrid quasiparticles enhance the electromagnetic field by
many orders of magnitude by concentrating light on a scale
much smaller than the wavelength.

Many works in the field of plasmonics have been devoted to
the analysis of the effects of the geometry of the system on the
plasmonic properties.4 For instance, considering a Drude metal
with the bulk plasmon frequency oP,5 the frequency of the
surface plasmon (SP) that can be excited at the interface

between this metal and vacuum is oSP ¼ oP

� ffiffiffi
2
p

in the
long-wavelength limit.6 The localized plasmons (LP) that are

supported by nanostructures further shift the plasmon frequency

to oLP ¼ oP

� ffiffiffi
3
p

for spherical particles.7 Therefore, by choosing
appropriate materials, the plasmon frequency can be engineered
by fabricating devices. However, in three-dimensional (3D) mate-
rials, the plasmon frequency tends to a finite value, and the use of
two-dimensional (2D) materials has been a promising alternative
since Stern predicted8 that in these systems the plasmon fre-
quency o disperses as � ffiffiffi

q
p

in the q - 0 limit (the symbol q

denotes the amplitude of the in-plane momentum q). Therefore,
2D materials can support plasmons of arbitrarily small frequen-
cies, even in the mid-infrared and THz parts of the spectrum.
This prediction has been confirmed in metals by further calcula-
tions and experiments on metallic layers9 and graphene.10

Recently, plasmons have been extensively studied in 2D
materials including graphene11–15 and in systems exploiting
electronic surface states like those at surfaces of metals and
topological insulators.16–18 In many 2D systems the dispersion
of energy bands may be very different from the free-electron-like
behavior. Thus, it was found that the in-plane anisotropy in the
electronic structure leads to the anisotropic 2D plasmon dispersion
in graphene,10,19 borophene,20,21 and black phosphorous.22–24 Some
previous works have analyzed the effect of anisotropy on the
conventional 2D and 3D plasmons,25–27 considering materials with
an elliptical band dispersion, but no additional plasmon mode has
been found there.

In the two-component electron systems, another kind of
electronic collective excitation can appear if two groups of
carriers with different Fermi velocities reside in the vicinity
of the Fermi surface.28 This excitation is characterized by a
linear sound-like dispersion and is, therefore, called acoustic
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plasmon (AP). Due to such dispersion those plasmons can
concentrate light on an even smaller scale. A similar excitation
called acoustic surface plasmon was predicted29,30 and mea-
sured on simple,31 noble,32–35 and transition36 metal surfaces
where the slow electrons in a partially filled Shockley state are
dynamically screened by the fast electrons of the metallic
substrate. It has also been predicted that in graphene the
presence of carriers moving with different Fermi velocities in
the same energy band (namely in two valleys) can also lead to
an AP.19 Such a mode was predicted by first-principles calcula-
tions in alkali-doped graphene as well.37,38

Since there have been measurements of band dispersions
with other types of anisotropy, such as that of the triangular
form in borophene,39 diamond-like in the topological nodal
semimetal ZrSeS,40–42 or hexagonal in the topological insulator
Bi2Se3,43 in this work we analyze the plasmon dispersions of
materials with such anisotropies. In particular, we study the
excitation spectra in a free electron gas that has a distorted
Fermi surface with triangular, square, or hexagonal shapes. The
calculations of the dielectric properties of these systems allow
us, on the one hand, to analyze how the dispersion of the
conventional 2D plasmon is altered depending on the aniso-
tropy, and, on the other hand, to perform a systematical study
of the properties of additional plasmons with a sound-like
dispersion.

2 Calculation methods

Here we calculate the excitation spectra of 2D anisotropic materi-
als by random phase approximation (RPA). In this approach, we
start modelling their electronic systems with the Hamiltonian44

H ¼
X
k

Ekc
y
kck þ

X
q

Vðq;oÞeiotrqðoÞ: (1)

The first term of the Hamiltonian is the non-interacting part,
where c†

k and ck are the creation and annihilation operators of an
electron excitation with wavevector k. Ek indicates the band
structure of the material, where we consider that the system
contains only one band and, therefore, we only take into account
intraband transitions. The second term in the Hamiltonian
represents the potential energy of the system in terms of Fourier
components of the potential, V(q), and of the electron density,

rq ¼
P
k

c
y
kþqck.

The potential V(q, o) includes the contribution due to
external perturbation Vext(q, o) and due to the screening charge
Vsc(q, o): V(q, o) = Vext(q, o) + Vsc(q, o). According to the linear
response theory, the response of the system to an external
perturbation is encoded in the linear response function w0, so
that hrq(o)i = w0(q, o)V(q, o). w0 reads

w0ðq;oÞ ¼ lim
Z!0

X
k

fk � fkþq
oþ iZ� ðEkþq � EkÞ

: (2)

Here fk is the Fermi occupation factor of a one-particle state
with wavevector k. Since we consider the case of zero tempera-
ture, this function is approximated by the Heaviside step

function of the form fk E y(Ek � EF), where EF is the Fermi
energy.

We note that eqn (2) is the response function of a non-
interacting system because in the RPA the interactions between
the electrons are considered to be external to the system and
are included in the total potential V(q, o). However, the
response function w(q, o) of the interacting system describes
the reaction solely with respect to the external potential
Vext(q, o) without the screening potential Vsc(q, o), i.e.,
hrq(o)i = w(q, o)Vext(q, o). In the RPA, w(q, o) can be calculated
from the non-interacting response function w0(q, o), as45

wðq;oÞ ¼ w0ðq;oÞ
1� VCðqÞw0ðq;oÞ

; (3)

where VC is the 2D-Fourier transform of the Coulomb potential

VCðqÞ ¼
2p
q
e2: (4)

The plasmonic resonances in the system are given by the poles
of the density response function or, equivalently, by the zeroes
of the dielectric function e(q, o) � e1(q, o) + ie2(q, o) = 1 �
VC(q)w0(q, o). Alternatively, by evaluating the loss function of
the system �Im[e�1] the collective excitations of the system
appear as well-defined peaks.

A key parameter for determining the dielectric function e is
the energy band dispersion Ek of the system. In this work, we
consider anisotropic free-electron gases with different geome-
tries of the Fermi surfaces, and in all the systems the dispersion
can generally be expressed as

Ek ¼ max
n2f1;2;...;Ng

kx cos 2p
n

N

� �
þ ky sin 2p

n

N

� �n o� �2

: (5)

The geometry of the band dispersion is fixed by the number N,
because the curves of constant energy are regular polygons of N
sides. In particular, we analyze the triangular anisotropy (N = 3),
the square anisotropy (N = 4) and the hexagonal anisotropy

(N = 6). In a fixed direction û ¼ k

jkj in the k-space the dispersion

is free-electron-like, Ek p |k|2, but the effective mass depends
on the direction û, the minimum being in the normal direction
to the sides of the Fermi surface (indicated by brown dashed
lines in the band dispersions of the figures) and the maximum
in the direction of the edges (indicated by green dashed lines).

3 Results and discussion
3.1 Triangular anisotropy

The dielectric function e(q, o) and the loss function �Im[e�1(q,
o)] for the electronic system with a triangular anisotropy (where
the band dispersion is given by eqn (5) with N = 3) are reported
in Fig. 1. We calculate the dielectric properties as a function of
the x component of the momentum, qx, for three different direc-

tions of the q vector given by the equations qy = 0, qy ¼
ffiffiffi
3
p

2
qx, and

qy ¼
ffiffiffi
3
p

qx. The momentum transfer qs along these three direc-
tions are indicated by magenta arrows in panels (a1), (b1), and (c1)
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of Fig. 1, respectively. In each of these panels, the energy band
dispersion Ek is indicated by the contour plot.

The collective excitations characterized by the momentum q
and energy o are extracted from the positions of the sharp
peaks in the loss function. When the momentum of the
perturbation lies in the qy = 0 direction we observe in
Fig. 1(a4) a continuum of electron–hole excitations in the area

delimited by
o
EF

o
qxffiffiffiffiffiffi
EF

p
� �2

þ2 qxffiffiffiffiffiffi
EF

p
� �

. This condition corre-

sponds to the range of energies where intra-band transitions
can occur for a given qx, as also occurs for systems with an
isotropic 2D band dispersion.8 An additional peak corres-
ponding to the 2D plasmon (2DP) can be observed in the loss
function, highlighted by a dashed line. This excitation lies
outside the electron–hole continuum, so the plasmon has an
infinite lifetime since there is no decay into electron–hole pairs.
The finite thickness of the plasmon peak seen in Fig. 1(a4) is
solely due to the finite parameter Z introduced in numerical
calculations employing eqn (2). Interestingly, the dispersion of

the 2D plasmon is similar to that in an isotropic free electron

gas predicted by Stern,8 with a
ffiffiffiffiffi
qx
p

-like dependence at small

momentum transfers. The triangular energy anisotropy only

causes a weak distortion in the dispersion of the plasmon in

this symmetry direction because most of the dielectric proper-

ties of isotropic materials appear also in the anisotropic case.

At momentum transfers in the line qy ¼
ffiffiffi
3
p

2
qx (indicated by

the magenta arrow in Fig. 1(b1)), the excitation spectrum of the
system with the triangular anisotropy is richer than that in the
qy = 0 case, as can be observed in e1, e2, and �Im[e�1] reported
in Fig. 1(b2), (b3), and (b4), respectively. While the upper
border for the electron–hole continuum in e2 of Fig. 1(b3)
appears at almost the same position as in Fig. 1(a3), an
additional sharp peak is seen in e2 at small energy transfers.
The presence of the clear two-peak structure in e2 is explained
by the fact that the intraband transitions close to the Fermi
surface occur mainly around two energies. Here we take into
account that in this system the Fermi velocity vF of all electrons

Fig. 1 Band structure, dielectric functions, and loss functions for a 2D system with the triangular band structure. (a1) The band structure of the material
(contour plot) with the two main symmetry directions of the lowest and the largest effective masses marked by thick brown and green dashed lines,
respectively. Thin black dashed lines highlight curves of constant energies, and the black solid line shows the Fermi surface. The momentum q along the
qy = 0 direction is shown by the magenta arrow. The Fermi velocities vF1 and vF2 of the carriers at the two edges are marked by purple arrows. (a2) The
real and (a3) the imaginary parts of the dielectric function, and (a4) the loss function as a function of the momentum component qx and energy o. In (a4)

the 2D plasmon peak (2DP) is marked by the dashed line. Row (b): The same as in the panels of row (a), for momentum transfers q with qy ¼
ffiffiffi
3
p

2
qx.

Additionally, in (b4) the acoustic plasmon peak AP is highlighted by a dashed line. Row (c): The same as in the panels of row (a), for qs with qy ¼
ffiffiffi
3
p

qx.
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is of the same magnitude vF = |vF|, but there are three groups of
carriers with the Fermi vector pointing in different directions:

vF1 = vF(1,0), vF2 ¼ vF �
1

2
;

ffiffiffi
3
p

2

 !
, and vF3 ¼ vF �

1

2
;�

ffiffiffi
3
p

2

 !
.

These vectors point in the directions of the three brown dashed
lines shown in Fig. 2(b1). Each group of electrons is on one side
of the triangle of the Fermi surface (indicated by the thick black
line in Fig. 1(b1)). Considering that the carriers at the Fermi
energy level, Ek = EF, are excited to the states with energy
Ek+q = EF + q2 + q�vF, the energies of the excited states are
different for electrons with Fermi velocities vF1 and vF2 as
indicated in Fig. 1(b1) [we note that for qy = 0 (the case reported
in the upper row of Fig. 1) only the carriers with the Fermi
velocity vF1 are excited]. The consequence of the existence of
these two different excitation channels is seen in e2 of Fig. 1(b3),
where there are two separate regions with large values of e2. The
presence of two groups of carriers moving mainly with two
different velocity components along the direction of q results in
the existence of two different modes, in which both groups of
carriers oscillate in phase and out of phase. The former collec-
tive excitation is the 2D plasmon that has also been observed for
the momentum transfers with the zero qy component. The
dispersion of this plasmon seen in Fig. 1(b4) is very similar to
that reported in Fig. 1(a4). The out-of-phase46 collective oscilla-
tion represented by a peak in the loss function of Fig. 1(b4)
comes from an additional zero crossing of e1 detectable in the
low-energy part of Fig. 1(b2). We attribute this peak to an AP
since its dispersion is linear and is similar to that of the sound
waves. However, as opposed to the 2D plasmon case, the AP is
located inside the electron–hole continuum, where e2 does not
vanish for the respective moments and energies and has a local
minimum just above the lower-energy peak. Hence, the acoustic
plasmon is predicted to have a finite lifetime even in a free-
electron model. Upon the momentum increase the width of the
AP peak in the loss function gradually increases with the
respective lifetime decreasing.

Furthermore, at the momentum transfer along the line qy ¼ffiffiffi
3
p

qx (the panels (c1)–(c4) in Fig. 1), the acoustic plasmon does not
appear. Although along this symmetry direction of the system two
groups of carriers with different Fermi velocities vF1 and vF2 can be
excited (as highlighted by purple arrows in Fig. 1(c1)), these two
velocities have the same component q�vF along the direction of the
momentum q, preventing the appearance of two well separated
peaks in e2, which is a necessary condition for the existence of an
acoustic plasmon. This is related to the fact that the vector q is
pointing in a symmetry direction of the band structure (green
dashed line in Fig. 1(c1)), as also happens in the case of qy = 0
(brown dashed line in Fig. 1(a1)). Therefore, these results suggest
that in order to excite an AP in an anisotropic electron system, the
momentum transferred by the perturbation should not follow the
symmetry directions in the energy band structure.

Having discussed the dielectric properties in three different
directions for the momentum transfer, let us generalize the discus-
sion to any direction of q. In Fig. 2 we present the plots with the
energies of the two plasmons normalized to the Fermi energy,
o2DPðqÞ

EF
and

oAPðqÞ
EF

, as a function of q. The dispersion of the 2D

plasmon is plotted in Fig. 2(a), where the dashed lines highlight the
curves of constant energies of this plasmon. As expected for the
system geometry, the 2D plasmon dispersion is positive in any
radial direction of q and follows the triangular symmetry of the
energy band dispersion. For large values of q, the curves of constant
plasmon energy o2DP have a very similar triangular shape as the curves
of constant energy in the band dispersion (first column in Fig. 1).
However, at small q the shape of the curves with constant plasmon
energy o2DP becomes significantly distorted from the characteristic
triangular shape of the band dispersion, leading to a more complex
dependence on the direction of the momentum transfer.

The dispersion of the acoustic plasmon energy
oAPðqÞ
EF

is

reported in Fig. 2(b). As already observed in Fig. 1, this plasmon

Fig. 2 Contour plots of the dispersion of (a) the 2D plasmon normalized energy
o2DPðqÞ

EF
and (b) the acoustic plasmon normalized energy

oAPðqÞ
EF

in the

qx� qy plane, for a system with a free-electron-like dispersion with triangular anisotropy. The black dashed lines in (a) highlight curves of constant energy

o2DP. Brown and green dashed lines in (b) indicate the symmetry directions of the band structure with the lowest and the largest effective masses,

respectively. The gray regions represent the momentum q regions where the acoustic plasmon does not exist.
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cannot exist at certain momentum transfers, and these regions
of q are represented in Fig. 2(b) by the gray areas. The energy of
the acoustic plasmon can be written approximately as oAP C q�
vF, where vF corresponds to the lowest Fermi velocity among the
two groups of carriers. Taking into account that in the system
with triangular anisotropy electrons have three different velo-
city vectors, for some momentum transfers only one group of
carriers has a positive value for q�vF, and, therefore, the condi-
tion for the appearance of an acoustic plasmon cannot be
satisfied. This happens in the gray areas of Fig. 2(b) around
qy = 0 and positive qx or in the equivalent symmetry directions

(around brown dashed lines). In the qy ¼
ffiffiffi
3
p

qx direction and
the symmetry equivalent ones (shown by green dashed lines),
although two groups of carriers have a positive value of q�vF,
both values are the same. Although the AP is forbidden by
symmetry in these particular directions it cannot appear in the
extended regions around the brown dashed lines. This is
because the electron–hole transitions involving the states with
different Fermi velocities generate two peaks with a finite

linewidth in e2 around q�vF. As a result, if the two Fermi velocity
components are close enough, these peaks in e2 overlap and an
AP cannot realize. That is, for the appearance of the AP it is
necessary to have a range of energies with e2(o) C 0 between
the two peaks, and thus both velocity components along q must
be sufficiently different. The linewidth of the two electron–hole
peaks in e2 increases with increasing amplitude of q with the
respective increase of the overlap between these two peaks.
Therefore at small q the acoustic plasmon can exist in more
directions than at larger q.

3.2 Square anisotropy

After analyzing in detail the dielectric function and the excita-
tion spectra of the system with triangular anisotropy, we now
consider the case when the shape of the Fermi surface takes a
square form, which corresponds to the band dispersion para-
meterized by eqn (5) for N = 4. The dielectric function and the
loss function for such a system are plotted in Fig. 3 as a

function of qx for q with (a) qy = 0, (b) qy ¼
qx

2
, and (c) qy = qx.

Fig. 3 Band structure, dielectric functions, and loss functions for a 2D system with the square band structure. (a1) The band structure of the material
(contour plot) with the two main symmetry directions of the lowest and the largest effective masses marked by brown and green dashed lines,
respectively. Thin black dashed lines highlight curves of constant energies, and the black solid line shows the Fermi surface. The momentum q along the
qy = 0 direction is shown by the magenta arrow. The Fermi velocities vF1 and vF2 of the carriers at the two edges are marked by purple arrows. (a2) The
real and (a3) the imaginary parts of the dielectric function, and (a4) the loss function as a function of momentum component qx and energy o. In (a4) the

2D plasmon peak is marked by a dashed line. Row (b): The same as in the panels of row (a), for momentum transfers q with qy ¼
1

2
qx. Additionally, in (b4)

the acoustic plasmon peak AP is highlighted by a dashed line. Row (c): The same as in the panels of row (a), for qs with qy = qx.
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The line qy = 0 is the symmetry direction with the lowest
effective mass (these directions are indicated by brown dashed
lines in the first column of Fig. 3), while along the line qy = qx

(or qy = �qx) the system has the largest effective mass. These
directions are indicated by green dashed lines. The results
shown in Fig. 3 confirm the observations that we have made
for the case with the triangular band dispersion. In the N = 4
case we also find that the conventional 2D plasmon exists at
momentum transfers in all directions, while the phase space
where the AP can appear is more restrictive. This is because in
order for this plasmon to exist at a certain q, two groups of
carriers with different Fermi velocity components along the
same direction should be presented. By symmetry, this does not
occur for qy = 0 (row (a) in Fig. 3) and qy = qx (row (c) in the same
figure). The conditions for the existence of the AP can be
fulfilled only at q other than the lines of high symmetry.

In Fig. 4 we report the full dispersion in the qx � qy plane
of both plasmons that can exist in materials with the band
structure having a square shape. In Fig. 4(a) the dispersion of

the 2D plasmon
o2DP

EF
is presented. This dispersion is very

isotropic at small q while at larger distances from q = 0 the
anisotropy increases and acquires the same shape as the energy
band. This behavior is different from the 2D plasmon disper-
sion observed in a system with the triangular symmetry where,

as discussed before, the dispersion
o2DP

EF
is highly anisotropic

even at small momentum transfers.
The dispersion of the AP,

oAP

EF
, is reported in Fig. 4(b). In

principle, the origin of the AP in the system with a four-fold
symmetry is the same as in the previously studied triangular
system. It resides in the existence of two groups of carriers
moving in a given direction with different group velocities. As
pointed out before, in the case of the square band structure,
there are only two particular directions (here we do not distin-
guish the directions connected by the symmetry operations of

the system) where this does not occur. However, as seen in
Fig. 4(b) the regions around each symmetry line where this
plasmon does not appear have different extensions. At q close
to the directions with the lowest effective mass (indicated by
brown dashed lines), the AP emerges very quickly upon break-
ing the symmetry. In contrast, in the regions close to the
directions with the largest effective mass (green dashed lines),
the space with no AP is substantially more extended. This can
be related to the fact that in the former case the AP energy is
minimal (with a low damping rate) close to the symmetry
directions marked by brown dashed lines, whereas in the latter
case the AP energy becomes maximal (accompanied by a heavy
decay into the electron–hole pairs) upon approaching the green
dashed lines.

Up to this point, we have analyzed systems having ideal band
dispersions, where the Fermi surfaces are perfect regular poly-
gons. However, even though the anisotropy of different symme-
tries has been measured in several materials,25 the Fermi
surface geometry differs from such an ideal shape. In order to
establish whether our analysis realized for the ideal systems can
also be valid in non-ideal realistic cases, here we study how the
dielectric properties and the excitation spectra depend on the
level of the anisotropy in a system with a four-fold band
structure. For that, we consider the following band dispersion,

Ek ¼ kxj jaþ ky
�� ��a	 
2

a; (6)

where index a quantifies the anisotropy level of the system. At
a = 2 the band dispersion corresponds to the isotropic free
electron gas. For a 4 2 some kind of anisotropy is introduced.
By increasing a the band dispersion deviates more notably from
the isotropic case, until, in the a - N limit, one recovers the
same dispersion given by eqn (5) for N = 4, i.e. the ideal square
anisotropy.

The dependence of the dielectric properties on the aniso-
tropy index can be seen in Fig. 5. Here we show e1, e2, and

Fig. 4 Contour plots of the dispersion of (a) the 2D plasmon normalized energy
o2DPðqÞ

EF
and (b) the acoustic plasmon normalized energy

oAPðqÞ
EF

in the

qx � qy plane for a system with a free-electron-like dispersion with the square anisotropy. The black dashed lines in (a) highlight curves of constant o2DP.
Brown and green dashed lines in (b) indicate the symmetry directions of the band structure with the lowest and the largest effective masses, respectively.
The gray regions represent the momentum q regions where the acoustic plasmon does not exist.
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�Im[e�1] as a function of o for different values of a and at
q ¼ ðqx; qyÞ ¼ 0:15

ffiffiffiffiffiffi
EF

p
; 0:075

ffiffiffiffiffiffi
EF

p	 

. As expected, in the isotro-

pic case (a = 2) we observe that the electron–hole continuum
(orange line) in e2 of Fig. 5(b) is spread up to the energy

o
EF
¼ jqjffiffiffiffiffiffi

EF

p
� �2

þ2 jqjffiffiffiffiffiffi
EF

p ’ 0:364. By increasing a, the density of

states with the Fermi velocities in the qx and qy directions
increases, favouring intraband transitions with energies
around o = qxvF = 0.3EF and o = qyvF = 0.15EF. Therefore two
peaks in e2 grow at these two energies with increasing a, as
observed in Fig. 5(b). The emergence of these two peaks in
e2 causes dramatic modifications in e1 (Fig. 5(a)) around

Fig. 5 (a) The real and (b) the imaginary parts of the dielectric function and (c) the loss function of an electron system with the square symmetry
evaluated at q ¼ 0:15

ffiffiffiffiffiffi
EF

p
; 0:075

ffiffiffiffiffiffi
EF

p	 

for different anisotropic factors a. The Fermi surfaces corresponding to each value of a are sketched in the inset

of (c).

Fig. 6 Band structure, dielectric functions, and loss functions for a 2D system with the hexagonal band structure. (a1) The band structure of the material
(contour plot) with the two main symmetry directions of the lowest and the largest effective masses marked by brown and green dashed lines,
respectively. Thin black dashed lines highlight curves of constant energies, and the black solid line shows the Fermi surface. The momentum q along the
qy = 0 direction is shown by the magenta arrow. The Fermi velocities vF1, vF2, and vF3 of the carriers at the three edges are marked by purple arrows. (a2)
The real and (a3) the imaginary parts of the dielectric function, and (a4) the loss function as a function of momentum component qx and energy o. In (a4)
the 2D plasmon (2DP) and the acoustic plasmon (AP1) peaks are marked by dashed lines. Row (b): The same as in the panels of row (a), for momentum

transfers q with qy ¼
1

2
ffiffiffi
3
p qx. Additionally, in (b4) the second acoustic plasmon peak AP2 is highlighted by a dashed line. Row (c): The same as in the panels

of row (a), for qs with qy ¼
1ffiffiffi
3
p qx.
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o = 0.15EF, where it reaches zero at a exceeding 4. We attribute
the appearance of the AP to this situation when e1 approaches
zero, with the respective emergence of a well-defined peak in
the loss function of Fig. 5(c) at slightly larger energies. This
confirms that even though we are mainly focused here on the
2D systems with the band dispersions being ideal polygons, our
results can be applied to more realistic systems.

3.3 Hexagonal anisotropy

Here we consider the dielectric properties of 2DEG with the
energy band having hexagonal anisotropy (corresponding to
N = 6 in eqn (5)). The respective dielectric functions and the loss
function are reported in Fig. 6 as a function of the energy and
the momentum transfer component qx. The qy component of
vector q in the top, middle, and bottom rows is fixed as qy = 0,

qy ¼ qx
�
2
ffiffiffi
3
p

, and qy ¼ qx
� ffiffiffi

3
p

, respectively. The respective
directions are shown by magenta arrows in the first column.
As opposed to the materials with the triangular and square
anisotropic band structures, in the loss function at q = (qx, 0) of
Fig. 6(a4) one can observe two clear peaks. Namely, besides the
conventional 2D plasmon, which exists in 2D electron gases
with any anisotropy, an additional mode with a linear disper-
sion at lower energies appears along this symmetry direction.
We denote this acoustic branch as AP1. The emergence of the
AP1 can be explained by the existence of three different groups
of carriers at the Fermi surface. Those residing at the Fermi
surface edge with the Fermi velocity vF1 constitute a fast moving
group. The intraband transitions involving these carriers gen-
erate in e2 of Fig. 6(a3) a well defined peak on the upper side of
the electron–hole continuum. The carriers at the edges with the
Fermi velocities vF2 and vF3 are moving with equal velocities in
the direction of vector q. These velocities at the Fermi level are
lower than vF1 by a factor of 2. The transitions related to these
slow carriers result in the appearance of a second clear peak in
e2 at lower energies. The initial dispersion slope of this peak is
lower by exactly the same factor 2 than that of the upper peak.
At small qx these peaks in e2 are very sharp. Upon increasing the
momentum the thickness of these peaks increases in accor-
dance with the incorporation of the states with the velocities
increasingly deviating from the Fermi surface values. This is
accompanied by an increase in the linewidth of the AP1 peak in
the loss function of Fig. 6(a4). At qx larger than � 1:0

ffiffiffiffiffiffi
EF

p
this

mode ceases to exist.
When the q vector points as shown in Fig. 6(b1), the

respective components of vF2 and vF3 become different. Taking
into account the states with vF1, now in the system there are
three groups of carriers moving with different group velocities.
As a result, the lower energy peak in e2 splits into two well-
separated ones as seen in Fig. 6(b3). The presence of three well
separated peaks in e2 at small qs makes the real part of e cross
the zero line six times. In turn, this produces three clear peaks
in the loss function of Fig. 6(b4), namely, the upper-energy
optical branch 2DP and two acoustic ones, denoted as AP1 and
AP2. The lower-dispersing AP2 mode corresponds to the out-of-
phase oscillation of the carriers residing at the Fermi surface

edges with vF2 and vF3. The AP1 mode with a larger group
velocity presents the out-of-phase movement of the carriers
with vF1 and vF2.

One can notice that the AP2 peak in Fig. 6(b4) appears at
larger qx in comparison to the AP1 one. However, after its
disappearance, the AP1 peak reappears again and can be traced
up to qx � 1:4

ffiffiffiffiffiffi
EF

p
. Nevertheless, the exact limit for the disper-

sion of these two modes is rather difficult to establish because
of the gradual evolution of all the quantities with the variation
of q. Moreover, at every qx beyond 0:8

ffiffiffiffiffiffi
EF

p
the AP1 peak

has a strongly asymmetric shape. This is explained by the
almost constant value of e2 at the energies exceeding the AP1
energy at a fixed qx. Additionally, by varying the q direction the
low-energy excitation spectra change rather quickly, which
presents some difficulties in the determination of the whole
picture.

When the q vector points along the green dashed line, as
shown in Fig. 6(c1), the only transitions involving the states
close to the borders with vF1 and vF2 are allowed. Moreover, the
respective group velocity components are equal, i.e., both
groups of carriers are moving with the same velocities and
are indistinguishable. This results in a single peak in e2 of
Fig. 6(c3), i.e., the situation is similar to the conventional one-
component electron gas case.8 In consequence, the electron–
hole continuum in the loss function shown in Fig. 6(c4) is not
altered, and a single 2D plasmon peak is presented only at
upper energies. By changing the direction of q, the two acoustic
plasmons AP1 and AP2 have an opposite dispersion and their
energies get closer while q approaches the brown dashed line.

The dispersion of the conventional 2D plasmon for momen-
tum transfers q in any direction is shown in Fig. 7(a). At small q
its dispersion is highly isotropic, while at large momentums the
dispersion acquires the hexagonal form characteristic of elec-
tron dispersion. This same behavior has been observed for the
system with square anisotropy. However, for the system with a
square-shaped band structure, the anisotropic behavior of the
2D plasmon dispersion appears at smaller q than in the
hexagonal case. This is expected because the hexagonal form
is closer to the isotropic case than the square symmetry. Only
for the triangular case, which is the regular polygon that
strongly differs from the circle, an anisotropic dispersion for
very small wavevectors is observed.

The dispersions of the two acoustic plasmons AP1 and AP2
observed in the system with hexagonal anisotropy are plotted in
Fig. 7(b) and (c), respectively. For both of them, the initial
dispersion is linear in any radial direction of q, and the slopes
are defined by the two lowest values of the velocity components
q�vF among the three groups of electrons that are excited by the
perturbation. Directions of high symmetry in the band disper-
sion do not allow the existence of one or two acoustic plasmons
because there are no three different velocity components q�vF

there. The importance of the direction has already been dis-
cussed in the previously analyzed cases of the triangular and
square forms, but in comparison to them, the acoustic plas-
mons are more strongly damped for the hexagonal form. That
is, although the number of plasmons with a sound-like
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dispersion increases for the hexagonal system, the overall
strength of such modes reduces.

We can generalize the existence of the acoustic plasmons for
materials with a band structure in the form of any regular
polygon (that is, given by eqn (5) with any value of N). For any q,
the number of acoustic plasmons that can be excited is given by
the number of different Fermi velocity components in the q
direction, that is, q�vF. This can be obtained by increasing N,
where the Fermi surface contains a larger number of linear
sides and therefore the Fermi velocities of the electrons point in
a larger number of different directions, with at most N/2
different positive values of q�vF. But, on the other hand, the
q�vF components become closer to each other and the density of
electrons decreases for each vF. Therefore different groups
overlap with each other and the damping increases. This means
that at the cost of having more acoustic plasmons, each of them
becomes more efficiently damped. This is easily seen in the
limit N - N, where we recover the circle or the isotropic case.
Here, each electron of the Fermi surface has a different value q�
vF, but since there is no group of electrons with a particular
Fermi velocity, there is no acoustic plasmon.

4 Conclusions

Here we have shown that the dielectric properties in a two-
dimensional free electron gas can be profoundly modified by
the variation of the shape of the energy band. Considering the
systems with a single band having triangular, square, and
hexagonal shapes, we found anisotropy in the dispersion of a
conventional two-dimensional plasmon with characteristic
� ffiffiffi

q
p

behaviour. In the case of the triangular system the strong
distortion of the plasmon dispersion from the isotropic beha-
vior is observed on any momentum transfer. In the cases of
higher symmetry at small momentum transfers, the plasmon

dispersion becomes almost isotropic. The respective symmetry
becomes visible at larger momentum transfers. The threshold
for the transition from the isotropic to the anisotropic disper-
sion increases with increasing symmetry in the systems.

Additionally, we have found that in the momentum-energy-
phase-space regions which in the isotropic case are dominated
by electron–hole pairs, strong inhomogeneity in the Fermi
velocities of the carriers causes strong variations in the dielec-
tric function. As a result, additional plasmon modes with
characteristic sound-like dispersion can emerge. In the case
of the systems with the triangle and square symmetries, one
acoustic plasmon is found and its dispersion in the whole
momentum space is determined. In the hexagonal case the
number of acoustic plasmons increases to two. Thus, it is
possible to have acoustic plasmons in a one-component 2D
system just due to energy-band dispersion anisotropy which
enlarges the class of systems in which acoustic plasmons might
arise with respect to what has been known so far. We predict
that at higher symmetries the number of such plasmons should
increase even more. However, this process is accompanied by a
quick reduction of the spectral weight of such modes, which
eventually leads to the well-known result that such kind of mode
cannot be realized in an isotropic two-dimensional electron gas.
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Fig. 7 Contour plots of the dispersion of (a) the 2D plasmon normalized energy
o2DPðqÞ

EF
, (b) the upper acoustic plasmon normalized energy

oAP1ðqÞ
EF

and

(c) the lower acoustic plasmon normalized energy
oAP2ðqÞ

EF
in materials with free-electron-like dispersion with hexagonal anisotropy. The black dashed

lines in panel (a) highlight curves of constant o2DP. Brown and green dashed lines in panels (b and c) indicate the symmetry directions of the band
structure of the lowest and largest effective mass, respectively. The gray regions represent the wavevectors q for which the respective acoustic plasmon
does not exist.
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