
This journal is © the Owner Societies 2022 Phys. Chem. Chem. Phys., 2022, 24, 26539–26546 |  26539

Cite this: Phys. Chem. Chem. Phys.,

2022, 24, 26539

Observation of diffuse scattering in scanning
helium microscopy†

S. M. Lambrick, *a M. Bergin, b D. J. Ward, a M. Barr,b A. Fahy,b T. Myles,b

A. Radić, a P. C. Dastoor,b J. Ellisa and A. P. Jardinea

In understanding the nature of contrast in the emerging field of neutral helium microscopy, it is

important to identify if there is an atom–surface scattering distribution that can be expected to apply

broadly across a range of sample surfaces. Here we present results acquired in a scanning helium micro-

scope (SHeM) under typical operating conditions, from a range of surfaces in their native state, i.e. with-

out any specialist sample preparation. We observe diffuse scattering, with an approximately cosine

distribution centred about the surface normal. The ‘cosine-like’ distribution is markedly different from

those distributions observed from the well-prepared, atomically pristine, surfaces typically studied in

helium atom scattering experiments. Knowledge of the typical scattering distribution in SHeM

experiments provides a starting basis for interpretation of topographic contrast in images, as well as a

reference against which more exotic contrast mechanisms can be compared.

1 Introduction

Understanding scattering distributions has been fundamental
to the application of helium atom scattering (HAS) as a surface
characterisation technique. Typically HAS has been used to
characterise surface structure, phonon dynamics, adsorbate
motion, and even electron-phonon coupling,1–6 however, more
recently it has become possible to perform atom–surface scatter-
ing experiments with high spatial resolution, by collimating7,8 or
focusing9–11 a beam of neutral helium atoms to form a micro-
probe. The microprobe is scattered from a sample surface which
is then raster-scanned to form an image.7,8,12 The resulting
technique of scanning helium microscopy (SHeM) has emerged
as a unique form of imaging, capable of completely non-
destructive measurements.13 Research efforts have shifted from
the construction of proof of concept instruments7,8,12 to the
exploration of applications14,15 and understanding the contrast
mechanisms which control SHeM image formation,16 as well as
efforts to optimise SHeM configurations.17–19 It has already been
established that SHeM images can be strongly affected by mask-
ing and shadowing effects,20 where part of the body of the sample
obscures the line of sight between the surface being imaged and
either the detector or atom-source. SHeM images can also exhibit

unique contrast features due to multiple scattering,21 and computa-
tional methods for predicting contrast have been developed.22 How-
ever, there remains an important open question comparable to the
early days of HAS: for a surface being imaged with SHeM, is there a
typical scattering distribution that controls contrast formation, and if
so what form does that distribution take? Beyond just understanding
the contrast observed in SHeM, we expect the scattering distribution
to encode information about the state of the imaged sample. In
particular, the ultra-low energy of the incoming beam (o100 meV)
means that the technique only probes the top layer of atoms in the
sample and thus the scattering distribution can provide unique
insight into the physical chemistry of the surface.

In the following work we have studied the most commonly
imaged materials in SHeM, commonly known as ‘technological’
samples – samples in their native state without any specialist
sample preparation. In contrast, most surfaces studied using
HAS have involved traditional surface science methods, where
the sample has been rigorously prepared using methods such
as ion sputtering and annealing, to leave an atomically pristine
surface. The surface is then maintained through the use of an ultra-
high vacuum (UHV) environment. For example, SHeM images
published to date include biological structures8,14,20,21,23–27; various
untreated metal, silicon, or plastic test specimens (often mounted
on carbon)7,20–22,24,25; inorganic crystals14,20; magnets;8 and inte-
grated circuits.25 The only pristine surfaces imaged so far are
cleaved lithium fluoride crystals16,28 and arguably, thin metal
films.15,27 The scattering distribution from ‘technological’ surfaces
determines the contrast seen in SHeM images and therefore it is
important to determine the model that best describes the
experiment.
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The helium–surface scattering distribution – or using the
formal terminology developed for light, the bidirectional reflec-
tion distribution function29 (describing the probability of an
atom with a particular incidence direction scattering into a
particular outgoing trajectory) – is a key parameter in under-
standing SHeM contrast. Therefore to understand the contrast
in SHeM images we must establish the scattering distributions
produced by a range of surfaces. Surface studies using helium
atom scattering (HAS) have shown that many different scatter-
ing processes are possible, including pure specular reflection,30

atom diffraction,3 rainbow effects,31 as well as various inelastic
processes.32,33 In this paper, a series of measurements are
presented of the scattering distribution obtained directly from
SHeM images. In contrast to the complex HAS distributions
from pristine surfaces, a simple cosine model is shown to be in
good agreement with the experimental SHeM data obtained
from various surfaces. Observation of similar features from
different surfaces supports the conclusion that a ‘cosine-like’
distribution should be the default scattering distribution
assumed in SHeM imaging.

2 Background

While methods for modelling neutral atom scattering from a
well ordered atomic lattice are well established, the scattering
from a disordered surface is more difficult to determine. There
are several physical and chemical models to build on, including
elastic billiard-ball like scattering from a rough surface that
randomises the outgoing direction;34 thermalisation models
dating back to Knudsen; models involving bound state reso-
nances;35 and interactions between the helium atoms and
surface adsorbates.

Regardless of the mechanism that produces them the main
models for the resulting scattering distribution from disor-
dered surface found in the literature can be divided into three
primary groups:

(1) True diffuse scattering with a cosine distribution centred
on the surface normal, where there is no correlation between
incoming and outgoing directions. This distribution is known
for gas atoms as Knudsen’s law36 and for light as Lambert’s
law.37

(2) A broad distribution centred around the specular scatter-
ing direction, i.e. atoms are scattered in many directions but
with a bias towards the specular direction. Such scattering may
be expected for a mirror surface that is somewhat disordered.38

(3) Diffuse scattering with a significant backscattered com-
ponent, which can occur where the surface roughness is very
large.39,40

In fact, an early experimental study of the scattering of
atomic beams from macroscopically rough surfaces by OKeefe
and Palmer40 presents evidence for all three scattering models
in the list above. However, we note that the macroscopic
roughness used in at least some of their experiments would
be resolved as topography in SHeM, as investigated by Bergin.41

Generally, scanning helium microscopes are not designed to
perform scans with varying detection angle and the instruments
built to date have a poor angular resolution. However, performing
the measurements directly in a SHeM rather than using a dedi-
cated helium atom scattering apparatus provides distinct advan-
tages. There could be a difference in comparing the scattering
from the B(1 mm)2 spot size of the SHeM and the B(1 mm)2 spot
size of modern atom scattering apparatus, due to a difference in
the topography on those length-scales. Additionally, the different
levels of vacuum may also affect the results; HAS is generally
performed under ultra-high vacuum conditions while SHeM oper-
ates in un-baked high-vacuum – the greater number of contami-
nants present in high-vacuum, in particular water, may change the
level of order of measured surfaces.

3 Microsphere measurements

As SHeM instruments are set up to gather data as a function of
sample position rather than of detection direction, an alter-
native approach is taken to acquire scattering distribution
information: 2D images of microspheres provide information
on many different incidence and detection conditions. The
basic concept is presented in Fig. 1, where a helium beam is
scanned across a sphere causing the incidence and detection
angles to change.

A set of standard glass microspheres‡ were imaged using the
University of Cambridge SHeM in three diameters (50 mm, 100
mm, 400 mm), both with and without a thin sputtered gold
coating. In addition, complimentary data was taken using the
University of Newcastle SHeM on large (B1 mm diameter)
stainless steel spheres as an independent measurement.42

The 50 mm and 100 mm diameter spheres are small enough
that changes in detection probability due to the height of the
sphere above the nominal sample plane can be ignored and

Fig. 1 Schematic showing that as the helium beam moves across a
sphere (shown here in cross-section) the detection and incident angles
change, allowing us to gather data on the scattering distribution of the
surface of the sample. The concept extends to the whole 3D surface of the
sphere.

‡ The spheres were Monodisperse Standards from Whitehouse Scientific,
MS0009, MS0026, MS0049, MS0114 & MS0406, https://www.whitehousescienti

fic.com/category/monodisperse-standards?c341c912_page=2.
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therefore can be used for quantitative analysis. However the 400 mm
and B1 mm spheres are large enough to cause significant changes
in detection probability across them (predominantly through solid
angle variations of the detector aperture across the image) and are
therefore most useful in comparison with ray-tracing simulations.

Fig. 2 presents a summary of experimental SHeM images
alongside equivalent ray tracing simulations for a range of
different conditions. A variety of materials were imaged: the
400 mm glass spheres with and without a thin coating of gold,
as well as the 1 mm stainless steel spheres. Additionally,
different imaging geometries were used to vary the scattering
angles, using either the perpendicular working distance, H, to
vary the outgoing detection angle or using a normal incidence
beam (rather than the typical yi = 451 geometry) to vary the
incidence angle. Projection distortions were accounted for
either before or after image collection by scaling the horizontal
axis by cos yi.

20 Comparative ray tracing simulations were
performed for a pure cosine model, a broad specular distribu-
tion and a distribution with a backscattering component. The
cosine model is centred on the surface normal and thus has no
adjustable parameters. The broad specular model uses a Gaus-
sian centred on the specular condition combined with a cosine
term to account for the surface area projection. The probability
of scattering in a direction d with an angle w to the specular
condition and an angle y to the surface normal is,

P3DðdÞ / cos yð Þ sin wð Þ exp �w
2

2s2

� �
(1)

The distribution has a single parameter s, which in the limit of
narrow distributions will be the standard deviation of the
distribution. A parameter value of s = 301 was used, which
corresponds to a standard deviation of 241 for the resulting
distribution. The backscattering model comprises of a cosine
component and an additional component that uses the same
form as eqn (1), except that it is centred on the incidence
direction rather than the specular direction.

The experimental SHeM images (Fig. 2a) comprise three
distinct SHeM intensity regions: (i) the overall body of the
sphere (marked S), (ii) the underlying surface masked from
the detector by the sphere (shadow-like feature below the
sphere marked M) and (iii) the brighter upper sphere surface
(marked T). The relative size of these three regions varies with
illumination and thus will be a function of working distance
(H), incident angle (yi) and sphere diameter; as observed in the
images. Comparison of the experimental data with the corres-
ponding ray-tracing images derived for the cosine-scattering
model reveal good qualitative agreement with all four images;
reproducing well the observed slowly varying intensity across
the surface of the sphere that is weakly peaked towards the
detection direction (region T) and the strong contrast that
arises from masking of the detector (region M). In contrast,
the corresponding ray-tracing images derived for the specular-
scattering model all exhibit a characteristic bright reflection
‘spot’ at the top of the sphere that is not seen in the experi-
mental images. Similarly, the ray-tracing image derived for the
backscattering model at normal incidence exhibits a bright
boundary region at the top of the sphere that again is not
observed in the experimental image. Thus, Fig. 2 provides
qualitative evidence that the scattered helium follows most
closely a slowly varying distribution that is peaked closer to
the surface normal than specular. To quantitatively test the
level of agreement with a cosine model, the scattering angles
across the sphere must be extracted in order to obtain the
distribution directly.

4 Quantitative scattering distributions
4.1 Polar relationship

To make quantitative use of data on spheres, the transforma-
tion between the coordinates (x,y), in an image need to be
converted into the detection polar y and azimuthal f angles
(see Fig. 3). The polar detection angle is

cos yðx; yÞ½ � ¼ d̂ � n̂ðx; yÞ
h i

;

¼ x

r
cos

p
4
� c

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
sin

p
4
� c

� �2
4

3
5
(2)

where c is the, constant across an image, detection angle for a
flat surface, the equation is derived in Appendix A.

A helium micrograph of a sphere has been isolated in
Fig. 4(a) and the corresponding polar angle, y, is labelled in

Fig. 2 (a) Experimental SHeM images of microspheres of different dia-
meters obtained at different perpendicular working distances, H, and
incidence angles, yi. Equivalent ray tracing simulations derived for the
(b) cosine scattering model, (c) specular scattering model and (d) back-
scattering model. Scalebars are 200 mm.
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panel (b) to demonstrate the process of extracting the informa-
tion associated with each pixel in the sphere image.

Fig. 5 plots the extracted scattering distribution as a func-
tion of the polar detection angle, y, for a 100 mm glass sphere
imaged at two different working distances, H, both with and
without a gold coating. The results clearly demonstrate the
broad nature of the underlying scattering distribution with
atoms being sent into trajectories at all possible outgoing polar
angles. In fact, the experimental points are in close agreement
with a cos(y) distribution, shown by the orange line. Therefore,
we conclude that diffuse scattering is occurring giving a broad,
cosine-like, angular distribution that is peaked near to the
surface normal.

4.2 Azimuthal dependence

While there is a good agreement between the extracted scatter-
ing distribution and a cosine-like model, it is possible that
there is an azimuthal bias within the data that was not
visible in Fig. 5. The azimuthal detection angle is derived in
Appendix A to be

cos½fðx; yÞ� ¼ 1

sk k dk k ŝ � d̂ � ðd̂ � n̂Þðŝ � n̂ÞÞ
h i

: (3)

The azimuthal angle, f, across a sphere is plotted in Fig. 4(c).
Although f is a continuous variable, for the purposes of the
current work the azimuthal detection angle is split into three
regions to simplify the discussion. We consider forwards scat-
tering where the atoms scatter largely towards the specular
direction; backwards scattering where the atoms scatter
towards the incidence direction; and out of plane scattering,
where the atoms scatter in between the incidence and specular
directions. Mathematically these regions are defined by,

|f| o 451, forwards scattering (4)

|f| 4 135, backwards scattering (5)

451 o |f| o 1351, out of plane scattering. (6)

These three regions of the azimuthal angle, f, are plotted on a
sphere in Fig. 4(d).

Fig. 6 presents the extracted scattering distribution, allowing
for variation between different azimuths as described above,

Fig. 4 The angles of detection across a microsphere image. (a) A SHeM
image of a sphere plotted as a function of the pixels (x,y). (b) A heatmap of
the polar detection angle y. (c) The azimuthal detection angle, f. (d) The
sphere separated in regions of forwards (black), backwards (orange) and
out of plane (blue) scattering. The grey regions do not have direct line of
sight to the detector and so are excluded from the analysis.

Fig. 5 Extracted scattering distributions from the 100 mm sphere both
with and without gold coating, with insets showing the SHeM images the
data was extracted from. The data is normalised by removing the back-
ground then scaled so that the fitted cosine has an amplitude of unity. It is
clear that the atoms are scattered in a broad diffuse distribution with a
stronger tendency for scattering close to the surface normal.

Fig. 3 Co-ordinate system and vectors used in the derivation of the
relation between image positions and incidence and detection angles. d
is the vector towards the detector, n̂ is the unit normal to the sphere at the
beam-sphere intersection point and ŝ is the vector pointing in the specular
reflection direction.
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again compared with a cosine distribution. Overall there is still
good agreement with the cosine model, with the peak in the
distribution being close to the surface normal. None of the data
sets show evidence of a backscattering component to the
distributions.

5 Discussion

The results show that for the different microsphere material surfaces
and helium scattering geometries explored in this work, the SHeM
images are best described by a surface-normal centred, approximately
cosine-shaped, scattering distribution. Indeed, the wide range of
SHeM images reported in the literature7,14,20,21,23,24,26,27,41 can all be
qualitatively understood in terms of a cosine-like scattering distribu-
tion coupled with local topographic variations in the surface to give
rise to the basic image contrast. The contrast is then further
enhanced by masking, macroscopic sample height and other sec-
ondary effects. As such, this work provides a justification for the use
of a cosine-like scattering distribution in ray tracing simulations.21,22

In particular, several images can be collected at different angles to
determine the local surface orientation, enabling reconstruction of
the complete three dimensional topography of a surface through the
heliometric stereo method.43

Observing a cosine-like diffuse scattering mechanism pro-
vides insight into the state of the surface of a technological
sample. The complete ‘loss of memory’ of the atom’s initial

trajectory after scattering could be explained through either
roughness on a length-scale comparable to the wavelength of
the helium beam (B0.05 nm), a strongly inelastic scattering
event, or most likely a combination of both. Therefore, these
surfaces must deviate significantly from the perfect crystal
surfaces typically studied using HAS. In particular, when com-
paring the measurements collected in a SHeM to a HAS instru-
ment, the pressure difference between UHV and HV means
there will be a greater abundance of contaminants on the
surface that are likely to contribute to the observed diffuse
scattering. Given the early stage of development and interpreta-
tion of the SHeM technique it is difficult to make specific
conclusions about the mechanisms that underpin the scatter-
ing distribution. Indeed, the data presented here demonstrates
that there is considerable opportunity for collaboration
between experimental and theoretical groups, to develop the
energy resolved measurements and associated in-depth theory
required to fully describe the phenomenon.

Deviations from simple cosine-scattering have already been
observed, such as the case of dissimilar metal films on silicon,
implying that surfaces that are nominally flat can also exhibit
contrast differences in SHeM.27 Therefore, while technological
surfaces generally exhibit cosine-like scattering distributions,
further work is needed to understand and exploit these devia-
tions to extract information about the surface. Looking for-
ward, we expect it to be possible to determine both the
contamination state and even changes in nanoscale topography
of many surfaces.

6 Conclusions & outlook

By analysing SHeM images of various microspheres, we have
established that the atoms scattered from unprepared ‘techno-
logical’ samples in a scanning helium microscope follow an
approximate cosine distribution centred around the local sur-
face normal direction. These observations are consistent with a
wide range of helium images now in the scientific literature,
collectively demonstrating cosine-like scattering distributions
should be generally expected in SHeM. These distributions
represent a marked contrast with traditional HAS experiments
on pristine surfaces where very different distributions are
observed, reflecting the atomic structure and dynamics of the
surface, and demonstrate how the development of SHeM is now
pushing the limits of understanding within the traditional
boundaries of atom–surface scattering.

Importantly, these observations establish a firm basis for
both qualitative and quantitative interpretation of typical SHeM
images, on the basis of a dominant topographic mechanism
which can be supplemented by, and form a reference to
compare to, other contrast effects. Our observations also raise
new and exciting questions at a theoretical level, specifically
relating to understanding the atomic scale origin of the cosine-
distribution effect, its generality and the point at which
approximation breaks down – which will all be crucial for the

Fig. 6 Extracted scattering distributions from a 100 mm sphere both with
and without gold coating, with a distinction being drawn between ‘for-
wards’, ‘backwards’ and ‘out of plane’ scattering as defined in eqn (6). The
data is normalised by removing the background then scaled so that the
fitted cosine has an amplitude of unity. Little difference is seen between
the different azimuthal directions, indicated that there is good agreement
with the cosine model.
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future quantitative analysis and interpretation in the field of
helium microscopy.
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A Derivation of transformation

In order to make quantitative use of data on spheres, the
relationship between the coordinates, x,y, in an image need
to be converted into the incidence angle Y and the detection
polar and azimuthal angles y,f. A vector approach is taken in
the native coordinate system of the image projection, x,y, which
has the z axis parallel to the incidence beam. The derivation of

the relationships assumes that the sphere is small and there-
fore changes to the detection conditions across the sphere are
negligible.

The Cartesian coordinate system used is shown in Fig. 7,
relative to the spherical sample and the basic instrument
geometry, with the z axis parallel to the beam making the
(x,y) coordinates equivalent, up to a linear transformation, to
the coordinates of the nano-stage motion: (x = X cosY,Y = y). In
this coordinate system, assuming spheres of negligible size,
there is a constant vector to the detector, d̂, and the quantity
that must be derived is the local normal vector of the sphere
n̂(x,y).

Consider a sphere of radius r, with its centre on the origin,
as shown in Fig. 7. At a distance R from the centre of the sphere,
on the positive z hemisphere, the unit normal will have a
component in z of magnitude

sin arccos
R

r

� �
(7)

and a component in the (x,y) plane radially away from the
centre of the sphere of R/r. Therefore, we can write the normal
vector as,

n̂ ¼

x=r
y=rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

r
0
BB@

1
CCA: (8)

Next, the vector from the sphere to the detector needs to be
acquired. Using the variables from Fig. 7,

d̂ ¼
cos

p
4
� arctan

p

h

� �
0
sin

p
4
� arctan

p

h

� �
0
B@

1
CA: (9)

Note that the ‘overall’ detection angle c is found via

arctan
p

h
¼ c: (10)

A full description of the scattering distribution is a function of
the incident angle to the surface, which can be calculated using
the local surface normal in eqn (8) and the incident beam
direction given in the native coordinate system of the image as,

ê = (0,0, �1), (11)

thus the incidence polar angle, Y is

Yðx; yÞ ¼ arccos �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s0
@

1
A: (12)

Assuming that the surface is isotropic, it is possible to ignore
the incident azimuthal angle, F. The outgoing polar angle is

Fig. 7 Co-ordinate system and vectors used in the derivation of the
relation between image positions and incidence and detection angles. d
is the vector towards the detector, and n̂ is the unit normal to the sphere at
the beam-sphere intersection point. The coordinate system is defined to
have the z axis parallel to the beam and the origin at the centre of the
sphere. The distance from the scattering point to the pinhole plate h does
vary across the sphere but can be neglected for small enough spheres.
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then given by,

cos yðx; yÞ½ � ¼ d̂ � n̂ðx; yÞ
h i

;

¼ x

r
cos

p
4
� c

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
sin

p
4
� c

� �2
4

3
5:

(13)

Finally the outgoing azimuthal angle, f, which is the angle
between the specular direction and the detector direction must
be computed. The specular direction is given by subtracting
twice the projection of the incidence direction onto the surface
normal,

ŝ = ê � 2(ê�n̂)n̂ (14)

and the azimuthal angle is the angle between the d̂ and ŝ
vectors after projection onto the plane normal to n̂ (also the
tangent plane of the sphere through the scattering point).
Projection onto the plane can be performed by subtracting
the component of the vector that is parallel to the normal

vector. Using bar to denote the projected vectors,

u ¼ u� u � n̂
k u k2n̂; (15)

which must then be normalised, gives the azimuthal angle as

cos[f(x,y)] = %s� %d (16)

¼ 1

k s kk d k ŝ� ðŝ � n̂Þn̂½ � � d̂ � ðd̂ � n̂Þn̂
h i

(17)

¼ 1

k s kk d k ŝ � d̂ � ðd̂ � n̂Þðŝ � n̂ÞÞ
h i

: (18)

Thus the scattering distribution information can be derived
from a SHeM image of a sphere. The general scattering dis-
tribution that can be obtained is a function of three variables,
I(Y,y,f) and it should be noted that only a small part of the
total space will be sampled. However the result can be directly
compared to potential models of scattering.

The transform for the outgoing azimuthal angle can be
written out explicitly in terms of the image coordinates thus:

cos½fðx; yÞ� ¼ 1

1� x2

r2

� �
cos

p
4
� arctan

p

h

� �
þ x

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s2
4

3
5
28<

:

þ �xy
r2
þ y

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
sin

p
4
� arctan

p

h

� �2
4

3
5
2

þ � � � þ 2� x2 þ y2

r2
sin

p
4
� arctan

p

h

� �� �
� x

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s2
4

3
5
29=
;

1=2

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
x

r
� 4x

x2 þ y2

r3

� �2

þ y

r
� 4y

x2 þ y2

r3

� �2
(

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
1� 4

x2 þ y2

r2

� �
� 1

2
4

3
5
29=
;

1=2

� 2x

r
cos

p
4
� arctan

p

h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s8<
:
þ 2

x2 þ y2

r2
þ 1

� �
sin

p
4
� arctan

p

h

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
x

r
cos

p
4
� arctan

p

h

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2 þ y2

r2

s
sin

p
4
� arctan

p

h

� �2
4

3
5 4

x2 þ y2

r2
þ 1

� �9=
;:

(19)
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