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A heterometallic [LnLn'Ln] lanthanide complex as a qubit with
embedded quantum error correction

We show that a [Er-Ce-Er] molecular trinuclear coordination
compound is a promising platform to implement the three-qubit
quantum error correction code protecting against pure dephasing,
the most important error in magnetic molecules. We characterize
the compound by performing thorough magnetometry, specific-
heat and electron paramagnetic resonance measurements on
[Er-Ce-Er] and on the [Lu-Ce-Lu] and [Er-La-Er] analogues. We
then demonstrate by numerical simulations that each [Er-Ce-Er]
complex can efficiently encode a logical qubit protected from pure
dephasing.
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We show that a [Er—Ce—Er] molecular trinuclear coordination compound is a promising platform to
implement the three-qubit quantum error correction code protecting against pure dephasing, the most
important error in magnetic molecules. We characterize it by preparing the [Lu—-Ce-Lu] and [Er—La—Er]
analogues, which contain only one of the two types of qubit, and by combining magnetometry, low-
temperature specific heat and electron paramagnetic resonance measurements on both the elementary
constituents and the trimer. Using the resulting parameters, we demonstrate by numerical simulations
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1 Introduction

Quantum error correction (QEC) is mandatory for the realiza-
tion of scalable quantum computing architectures® going
beyond the capabilities of current intermediate scale noisy
devices.”® Indeed, superposition states are inherently fragile
and error-prone, due to unavoidable interactions of the
quantum computer with environmental noise. QEC algorithms
are based on encoding a single logical qubit into several phys-
ical objects, thus often making the implementation and control
of such a platform very demanding. In this regard, Molecular
Nanomagnets (MNMs) are a particularly attractive class of
materials.”® Each molecule can host several distinguishable
qubits, with chemically tailored magnetic interactions,"”*® and
can show remarkably long coherence times."”” In addition,
they can be characterized and manipulated by radio-
frequency***** and electron paramagnetic resonance (EPR)
pulses addressing different transitions,* as already probed even
on individual atoms on surfaces.** Here, we propose to exploit
these peculiarities in order to embed a protected logical unit
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that the proposed molecular device can efficiently suppress pure dephasing of the spin qubits.

into the three weakly coupled effective spins 1/2 located within
the same molecule.

The QEC code we aim to implement is schematically shown
in Fig. 1(a) and described in Sec. 2.4.1 below. It corresponds to
the three qubit repetition code (TQC) that corrects phase
flips,**** the most likely source of decoherence in magnetic
molecules. Its specific requirements set challenging conditions
to chemically design and synthesize a suitable molecular plat-
form. These ingredients include three individually addressable,
yet mutually interacting, qubits, the ability to get factorized
states, e.g. by applying a sufficiently strong magnetic field, and
the existence of suitable coherent transitions linking different
states. Lanthanide Ln(m) ions with half-integer spins are
particularly well-suited to this end. They often have a well iso-
lated magnetic ground state doublet and therefore behave as
effective S — 1/2 systems with large and distinct g values. These
provide individually addressable transitions and fast process-
ability, thus making it possible to implement the TQC in times
much shorter than the phase memory time 7. In addition, their
mutual interactions are weak, mainly dominated by dipolar
magnetic couplings. Conversely, total-spin states®* in clusters of
strongly interacting ions could yield correlated errors, which are
not corrected by these codes.*

Here we show that the heterometallic lanthanide coordina-
tion complex [CeEr,(LA),(LB),(py)(H20),](NO3) (1)*, hereafter
referred to as [ErCeEr], meets these stringent conditions and
hence can be exploited to encode a logical qubit for the TQC. To
fully characterize the system, we prepare two iso-structural
compounds in which either Er or Ce are replaced by a diamag-
netic analogue. We then combine magnetization,
temperature specific-heat and continuous-wave electron para-
magnetic resonance measurements (CW-EPR) on the different
molecules to derive the corresponding Hamiltonian, whose

low-
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Fig. 1 (a) Quantum circuit for the three qubit phase-flip repetition
code, with encoding, decoding and correction steps shaded in gray,
light blue and yellow, respectively, and a memory time 7 included
between encoding and decoding. The central qubit carries the
quantum information in its state |y) and those at the bottom and top
are auxiliary qubits. Time increases from left to right. Encoding
(decoding) consist of two cNOT gates in which Ce ions acts as control
(e) and each of the two Er as target (@) qubit, followed (preceded) by
R,(+£7/2) rotations on each qubit. The final correction step is a condi-
tional flip of the Ce ion (ccNOT) controlled by the state of both Er. (b)
Molecular structure of 1, with lanthanide ions (Er, green, and Ce, light
red) corresponding to the qubits of the circuit shown in (a). (c) Energy
levels as a function of the external field B applied along z (the Er—Ce
direction), obtained by diagonalizing Hamiltonian (1). The qubits state
corresponding to each level is indicated on the right. The orange arrow
represents the transition implementing a ccNOT gate via a resonant
microwave pulse, while blue arrows are the transitions associated to
a cNOT,_, 3 gate.

parameters are found to be well within the acceptable range to
ensure the feasibility of the QEC algorithm. We finally demon-
strate by numerically solving the Lindblad equation (including
the full sequence of microwave pulses) that the code can be
efficiently implemented on the present system and significantly
suppress pure dephasing.

2 Results and discussion

2.1. Synthesis

The structure of [CeEr,(LA),(LB),(py)(H20),] (NO3) is shown in
Fig. 1(b). Here H,LA and H,LB are bis-B-diketonate ligands
(Fig. S1t). The preparation of this heterometallic molecule,
which exhibits a selective distribution of two types of Ln(m)
ions, makes use of the remarkable ability of the molecular
scaffold provided by donors LA>~ and LB*>” to generate two
different coordination sites that discriminate the metals solely
based on their different ionic radii. This allows to locate
a Ce(m) ion (rce = 1.220 A) at the central site and two Er(i)
metals (rg; = 1.040 A) at the sides. Both ions show strongly
different g factors and the ensemble benefits from a minimal
influence of nuclear spins as sources of decoherence (Ce has
no magnetic nuclear isotopes, while Er features only a small
abundance of these). In this cluster, the two Er(ui) ions are
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made inequivalent by the different orientations of their coor-
dination environments within the molecule. This versatile
synthetic resource has also enabled the preparation of the new
isostructural analogues [LuCeLu] (2, Fig. S2t) and [ErLaEr] (3,
Fig. S31) (ra = 0.995 A and ry, = 1.250 A). These molecules
provide model systems to study each type of qubit in the
absence of the other (since La(m) and Lu(m), replacing Ce(m)
and Er(m), respectively, are both diamagnetic). These two
compounds crystallize from a reaction system containing
stoichiometric amounts of the Ln(NO;); salts involved,
together with the corresponding amounts of H,LA and H,LB.
The structures of 2 and 3 have been determined (full details in
the ESI, Fig. S2 and S3, Tables S1 to S3).t

2.2. Requirements for implementation of the scheme

The spin Hamiltonian describing the 8 lowest energy levels of
the [ErCeEr| trimer, the only ones being populated at low
temperatures and relevant to the QEC, is given by:

H, = MBZS;'g,'B-f- Si-J12:8 + 85 J23-S; + 81 J13-S3, (1)

where labels 1,3 are for the two Er(m) ions, while 2 indicates
Ce(m). The Zeeman interaction of each of them with an external
magnetic field B is described by the effective S = 1/2 g tensors g;
= gy 82 = geel and g3 = ggr. The coupling tensors J; between
each pair of spins can contain both anisotropic dipole-dipole as
well as isotropic exchange contributions.

The actual implementation of the QEC code on a molecular
hardware requires to meet essentially two criteria. On the one
hand, (i) sizeable dipolar (and/or exchange) interactions
between the magnetic ions (and in particular its component J,
parallel to the external field), in order to make all transitions
well resolved (and hence individually addressable) by pulsed
EPR. On the other hand, (ii) a computational basis consisting of
direct product states, because most QEC codes are designed to
correct independent errors on any of the three qubits. As
a consequence, they cannot handle correlated errors which
could arise in a basis of entangled states. Condition (i) is
accomplished by ensuring that J, is significantly larger than the
finite band-width of the Gaussian pulses used to implement the
TQC. Requirement (ii) sets an upper limit to the transverse
component of the exchange interaction J, , which needs to be
much smaller than the difference between the excitation ener-
gies of the qubits, which is approximately given by |g§ — g7|ugB.
In particular, thanks to the large |gf — g7| probed by EPR (see
below), we find that acceptable values for the Er-Ce coupling
(enabling the implementation of the code with an error smaller
than 3% at short memory times) are |J,| > 0.1cm 'and |J, | <
0.3 cm™'.§ The Er-Er J, coupling is not strictly required for the
implementation of the scheme, but can improve spectral reso-
lution of some transitions if J;, and J,3 couplings are not clearly
distinguishable. These estimates are done using a magnetic
field < 1 T, but can be further relaxed by (i) using longer, thus
more selective, microwave pulses (allowing smaller J,) and/or (ii)
tuning the orientation and magnitude of the applied field (thus
enabling larger J, ). Note that the key point is the hierarchy of

This journal is © The Royal Society of Chemistry 2020
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the interactions in the magnetic Hamiltonian and not their
precise value.

Our measurements (reported in the subsection below) show
that both requirements (i) and (ii) are fulfilled by 1, even in
relatively small magnetic fields, and that a slight uncertainty in
the determination of the Hamiltonian parameters does not
influence our conclusions about the feasibility of the scheme.

2.3. Characterization

Molecular complexes 1, 2 and 3 have been characterized by
thorough magnetization, specific heat and EPR measurements.
These experiments allow us to determine all parameters in eqn
(1), the effective spin Hamiltonian of 1 that provides the basis to
simulate the implementation of the TQC in this system (c¢f.
Fig. 1(c)).

The g tensors of the individual Ce(m) and Er(m) ions in 1,
which embody the three qubits, have been determined on the
isostructural 2 and 3 molecules (Fig. 2) that contain either one
or the other. Experimental data for 2 [Fig. 2(a-c)] are satisfac-
torily reproduced using an isotropic gce = 1.85. The slight
discrepancy in the high-field dependence of the low-
temperature magnetization can be fixed by assuming an
axially anisotropic gc. = (1.7, 1.7, 2.2), as shown in Fig. S8,
which also improves the agreement of experimental and simu-
lated EPR spectra. However, since this anisotropy produces only
a minor improvement of the fit and does not affect our
conclusions on the feasibility of the scheme, we prefer to reduce
the number of parameters and use an isotropic gc. in the
following simulations of the QEC code. Conversely, a good
agreement with the experimental data measured on complex 3
is obtained using gg: = (1, 5, 11.5), as shown in Fig. 2(d-f).

As a second step, the same set of measurements were per-
formed on the full [ErCeEr] molecular trimer 1 in order to assess
the Er-Ce interaction. EPR spectra shown in Fig. 3(c) are
collected on a frozen solution of 1, in order to reduce the effect
of inter-molecular dipole-dipole interactions, leading to
broadening of the lines and to a reduction of the corresponding
T,. A comparison with the solid state spectrum reported in

M/pg

M/ ug

10° 10! 0 200 400 600

Fig. 2 Experimental data for powder samples of 2 (a—c) and 3 (d—f)
and corresponding best fit simulations, which characterize the
constituent Ce and Er spin qubits, respectively. (@ and d) Field
dependence of the magnetization measured at different temperatures.
(b and e) Temperature dependence of the specific heat at different
applied fields. (c and f) CW-EPR spectra at T = 4.5 K. Simulations
include inter-molecular dipole—dipole interactions between pairs of
nearest-neighboring molecules, as described in the ESIL.{
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Fig. 3 Experimental data for 1 and corresponding best fit with spin
Hamiltonian (1). (@ and b) Temperature dependence of the specific
heat at different applied fields (a) and field dependence of the
magnetization at different temperatures (b). Measurements (dots) have
been performed on a concentrated sample, compared with the cor-
responding simulation (lines) including nearest-neighbour inter-
molecular interactions, as described in the ESL.T (c) CW-EPR data on
a diluted sample (blue) and simulation (red), showing a good agree-
ment. (d) Phase memory time T, at different fields, extracted from
pulsed EPR measurements on frozen solutions of 1.

Fig. S121 shows that the complex is stable in solution and its
magnetic properties are not significantly altered. Indeed, we
only note a narrowing of the EPR lines due to a reduction of
inter-molecular dipole-dipole interactions. The residual width
of the lines can be ascribed to several reasons: relatively high
concentrations in solution (to keep a sizable signal); the pres-
ence of magnetic N nuclei surrounding the magnetic ions and
of "®’Er isotope (nuclear spin I = 7/2) with 23% natural abun-
dance, hyperfine coupled to Er electronic spin. This latter effect
can be reduced by preparing an isotopically purified analogue,
as done e.g. in ref. 37 for a Dy compound.

A direct comparison between heat capacity data measured, at
zero field, on 1 and on 2 and 3 points to an extra contribution in
the former, which shows up at low temperatures (below 1 K).
This contribution suggests the existence of a non-zero magnetic
coupling between the central Ce(m) spin and the two Er(u)
spins, which gives rise to an additional energy splitting between
the spin levels. This interpretation is confirmed by numerical
simulations of the heat capacity, magnetization and EPR
spectra, performed on basis of eqn (1). We find that the dipolar
couplings calculated from the previously determined gc. and
8en Jy = (88 — 3(8: 1) (Ey-g;)lus®/rs°, account well for all
data collected on 1, as Fig. 3 shows. These dipole-dipole
interaction tensors are calculated in the point-dipole approxi-
mation. The principal components of J;, and J,; are (0.01, 0.07,

—0.29) cm ™', while for Jy; are given by (0.00, 0.02, —0.22) cm ™.

Chem. Sci., 2020, 11, 10337-10343 | 10339
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Due to the molecular structure of 1 and 3, g, and gg,, are not
independent but are related via a rotation (see Fig. 1(b) and
ESIT). Note that, using the previously determined g tensors,
Hamiltonian (1) has no free parameters.

Altogether, the experiments show that the molecular
complex 1 perfectly fits the requirements (i) and (ii) for the
implementation of the TQC that were defined in Section 2.2. In
particular, low-field specific heat results show the existence of
sizeable spin-spin interactions, while EPR spectra clearly indi-
cate a large and highly anisotropic g tensor for Er, significantly
different from that of Ce. We note, in turn, that the significant
¥, value ensures fast manipulation of the Er ion spin. A further
refinement of these values (e.g. with the addition of possible
small isotropic exchange contributions) would not alter our
conclusions, because their uncertainty is well within the
acceptable ranges. We have checked (see Fig. S10 and S11 in the
ESI}) that low-field specific heat and EPR measurements fix an
upper bound of ~0.1 cm™" to the modulus of a possible Er-Ce
isotropic exchange, thus leaving J; well within the acceptable
range for the feasibility of the scheme. We stress that this
feasibility is determined only by the hierarchy of the interac-
tions in eqn (1) and not by the precise value of these parameters.
This, in turn, potentially widens the class of molecular systems
that can be of interest for applying our scheme.

The Zeeman energy level scheme derived from eqn (1) is
shown in Fig. 1(c) (with a zoom at low field in Fig. S16%). It
allows establishing a correspondence between the logical
operations of the TQC (¢f: Fig. 1(a)) and transition between spin
states of 1 induced by resonant microwave pulses. The actual
implementation of this code is described in what follows.

2.4. Quantum error correction

2.4.1. Three-qubit phase-flip repetition code. Repetition
codes exploit several physical qubits, prepared in an entangled
state, to encode a single logical qubit protected from a certain
class of errors. The simplest repetition code is the 3-qubit code
(TQC), which enables one to recover a single bit or phase flip
error on any of the three qubits. This corresponds to an error
operator proportional to ¢, or ¢, Pauli matrices. The former
transforms a generic superposition «|0) + §|1) into «|1) + 3|0),
while the latter introduces a phase error, yielding the corrupted
state «|0) — B|1). This is by far the most important error in
magnetic molecules, resulting from pure dephasing.** Hence,
we focus hereafter on the three-qubit phase flip code and we
show below a scheme to efficiently implement it on 1, thus
protecting the system from continuous pure dephasing.

The code is schematically shown in the quantum circuit of
Fig. 1(a), where each line represents a qubit and time increases
from left to right. It is divided in encoding, decoding and
correction steps, corresponding to the gray, light blue and yellow
areas, respectively. The qubit which carries the logical infor-
mation (in the form of an initial arbitrary wave function «|0) +
B|1)) is indicated by |y) and corresponds to the central line in
the quantum circuit, while the other two qubits need to be
initialized into their ground state |0). The encoding step
consists of two controlled-NOT (cNOT) two-qubit gates inducing
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a flip of the target qubit (& symbol in Fig. 1(a)) if the control
(central qubit, e symbol) is in |1). This brings the initial fac-
torized state «|000) + (|010) to the entangled state «|000) +
B|111), which is protected from a bit flip error. Such protection
(and hence our capability of detecting errors) arises indeed from
this entanglement.* The following R,(7/2) rotations transform
0y into o, i.e. Ry(Tt/2)0R)(—T/2) = 7,. Hence, they also change
bit flip errors (associated to o,) into phase flips (associated to
0,), thus making the encoded state robust against pure
dephasing.

Encoding is followed by a memory time 7, during which the
logical qubit remains stored. This step corresponds to a free
evolution of the three qubits subject only to pure dephasing (see
below). After the memory time, the TQC includes a decoding
part, during which the same gates of the encoding are imple-
mented in reverse order (blue shaded area in Fig. 1(a)). Finally,
correction consists of a single controlled-controlled-NOT
(ccNOT) gate applied to qubit |y), ie. |¢) is flipped condi-
tioned from both the others being in |1).

2.4.2. Numerical simulations and discussion. The level
diagram of Fig. 1(c) enables translating the evolution of the TQC
circuit of Fig. 1(a), into sequences of actual transitions between
spin levels. For this, we identify Ce(m) with the qubit that carries
information and the two Er(m) ions with the auxiliary qubits,
initialized into their ground state |0).

The dipolar couplings in eqn (1) make the excitation energy
of the Ce dependent on the state of both ancillary qubits and
vice versa. This allow us to implement the necessary quantum
gates by means of micro-wave pulses resonant with specific
transitions. In particular, the error correcting ccNOT gate is
obtained (much more easily than in other implementations) by
a single pulse resonant with the |101) « |111) transition
[orange arrow in Fig. 1(c)]. In the ¢NOT two-qubit gates of the
encoding/decoding steps one of the Er(m) ancillas acts as target
and Ce(m) acts as the control qubit. Each ¢cNOT is implemented
by the application of two resonant pulses (blue arrows in
Fig. 1(c)). Finally, R)(+£/2) rotations of each qubit require four
pulses of slightly different frequencies, because they must be
performed irrespective of the states of the other two qubits.

In the following, we demonstrate the efficiency of the
proposed implementation in fighting phase errors, by means of
time-dependent simulations of the TQC, based on realistic
parameters. Simulations are done by numerically integrating
the Liouville-von Neumann equation of motion for the system
density matrix p:

p = —i[Hy + Hy, p] + Z% (sipsi=12), @)

where the first term represents the coherent evolution due to
both the static (H,) and time-dependent (H;) parts of the spin
Hamiltonian, while the second models pure dephasing induced
by the finite phase memory time T, of each qubit.§ H; includes
the whole set of Gaussian-shaped microwave pulses designed to
efficiently implement the TQC on 1 (see ESIt). In all simula-
tions, we initialize Ce in the most error-prone qubit state,
[¥) = (]0) +i|1))/v/2 and we apply a magnetic field of 1 T

This journal is © The Royal Society of Chemistry 2020
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parallel to z axis, in order to get well factorized states. We have
checked (see Fig. S20 in the ESI}) that the same experiment
could be done using typical X-band fields ~0.5 T, with only
a small increase of the final error. In addition, a tilt of the
magnetic field direction with respect to the inter-molecular axis
does not affect our simulations. To test that such sequence of
pulses correctly implements the code, we have first simulated
the coherent time evolution of 1, subject to an instantaneous
phase error between encoding and decoding. We find that the
ideal text-book performance of the TQC?? is well reproduced by
our numerical simulations (see ESIT), indicating that gate errors
(which arise from the finite bandwidth of the pulses) are
negligible. Besides gate errors, we then include in our realistic
simulation the more harmful effect of continuous pure
dephasing, acting also during the finite time (Tqrc) required to
implement the code. To quantify the efficiency of the QEC
procedure, we compute the ratio R = £y/E¢ between the error
probability on an uncorrected qubit (£y) and the one after
implementation of the TQC (£¢). The error probability is given
by

€=1- WYlpcl¥), (3)

and is a measure of the “distance” between the initially stored
logical state |y) (without errors) and the actual corrected/
uncorrected state of the Ce(ur) qubit, pc. (see ESIT). R>1
indicates an advantage of the QEC procedure. This is achieved
as soon as the error correction overcomes the effect of pure
dephasing acting during Tqgc.

As reported in Fig. 4, R shows a maximum R at an inter-
mediate memory time 7, which we choose as the optimal repe-
tition time of the code. This represents the time before
repeating the correction procedure and is therefore related to

T/TQ

Fig. 4 Gain R after correction as a function of memory time /T, for
different values of T, corresponding to different colours. R is given by
the ratio between error on an isolated qubit £y = 2|a|2|6|2(1 —e/T)
and after implementation of the TQC, &£c. This shows a maximum at
T = 7, reported in the inset as a function of T,. We work in a static field
B, = 1T, use magnetic pulses of peak amplitude 50 G and choose

a=—if =1/V2.
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the number of operations which can be performed between two
corrections. Both 7 and R increase with T, [inset of Fig. 4], with
a significant gain of the QEC procedure already shown for T, of
a few ps. Indeed, the error is halved (7~2 ~2) for T, ~ 3 ps,
meaning that the procedure is efficient in correcting phase
errors. In these conditions 7 ~ 700 ns, allowing one to imple-
ment 50-100 gates before repeating the code. Remarkably, QEC
shows an advantage (R > 1) already for 7, = 0.5 us, thanks to
the large and anisotropic g tensors. These lead to well resolved
transitions and fast implementation of the pulses, which
reduces Togc to less than 55 ns (see ESIT). Values of T, = 0.5 ps
have been measured by pulsed EPR experiments on 1, [Fig. 3(d)]
nearly independently of magnetic field and longer coherence
times could be achieved by proper optimization of these
samples. We note that the most important sources of deco-
herence are given by inter-molecular dipole-dipole interactions
and by the coupling of the rare-earth ions with the surrounding
fluctuating nuclear spins, mainly N and H nuclei. In
particular, N nuclear spins are close to Er and Ce in the
molecular structure and their dynamics can significantly affect
spin coherence times. To reduce the effect of coupling to H
nuclei in the solvent, experiments on frozen solutions could be
done by using a deuterated solvent. This strategy could signif-
icantly improve T,, even of orders of magnitude at low
temperature (as reported in ref. 17). A further improvement
could be obtained by deuteration of the ligand cage of the
magnetic ions, thus practically eliminating the coupling to
protons. Moreover, the concentrations could be reduced (we
kept them relatively high in order to retain a measurable signal)
to diminish inter-molecular couplings. Both sources of deco-
herence are therefore subject to improvement by removing
most of the magnetic nuclei and by reducing concentration.

We finally note that achieving shorter manipulation times
(e.g. by the use of state-of-the-art spectrometers® or on-chip
resonators®*") could be a viable alternative to the increase of
T, producing similar results on the final error (as shown in the
simulations reported in Fig. S217).

3 Conclusions

In conclusion, we have presented the first concrete proposal for
using a molecular nanomagnet to encode a qubit with
embedded quantum error correction. To achieve this, we have
synthesized a [Er-Ce-Er] trimer consisting of three weakly-
interacting lanthanide ions, fulfilling the requirements to
implement the three-qubit phase flip code, i.e. a tailored qubit-
qubit interaction together with different and highly anisotropic
g factors. Access to this molecule is possible by exploiting
a remarkably selective synthetic methodology that has been
used here to obtain the [LuCeLu] and [ErLaEr] analogues for the
full characterization of each type of qubit individually. We have
experimentally characterized the system and performed
numerical simulations demonstrating that the present platform
can efficiently protect the encoded qubit from decoherence.
This represents the first step toward the realization of
complexes embedding a sizeable number of qubits (thus
extending the class of correctable errors) which could constitute
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the elementary error-protected unit of a forthcoming magnetic
quantum processor.*’
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