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From megahertz to terahertz qubits encoded
in molecular ions: theoretical analysis of
dipole-forbidden spectroscopic transitions in N2

+

Kaveh Najafian, Ziv Meir and Stefan Willitsch *

Recent advances in quantum technologies have enabled the precise control of single trapped molecules

on the quantum level. Exploring the scope of these new technologies, we studied theoretically the

implementation of qubits and clock transitions in the spin, rotational, and vibrational degrees of freedom

of molecular nitrogen ions including the effects of magnetic fields. The relevant spectroscopic

transitions span six orders of magnitude in frequency, illustrating the versatility of the molecular

spectrum for encoding quantum information. We identified two types of magnetically insensitive qubits

with very low (‘‘stretched’’-state qubits) or even zero (‘‘magic’’ magnetic-field qubits) linear Zeeman

shifts. The corresponding spectroscopic transitions are predicted to shift by as little as a few mHz for an

amplitude of magnetic-field fluctuations on the order of a few mG, translating into Zeeman-limited

coherence times of tens of minutes encoded in the rotations and vibrations of the molecule. We also

found that the Q(0) line of the fundamental vibrational transition is magnetic-dipole allowed by

interaction with the first excited electronic state of the molecule. The Q(0) transitions, which benefit

from small systematic shifts for clock operation and is thus well suited for testing a possible variation

in the proton-to-electron mass ratio, were so far not considered in single-photon spectra. Finally,

we explored possibilities to coherently control the nuclear-spin configuration of N2
+ through the

magnetically enhanced mixing of nuclear-spin states.

1 Introduction

Over the past two decades, a range of different methods have
been devised for the generation of cold trapped molecules
in the gas phase. These include molecular-beam slowing and
trapping,1–3 direct laser cooling,4–6 assembly from ultracold
atoms,7 and sympathetic cooling.8,9 In this context, experi-
ments in which single molecular ions are co-trapped with
single atomic ions10–15 show excellent prospects for achieving
the long-standing goal of gaining full control over the quantum
state and dynamics of single isolated molecules. In these
experiments, a quantum-logic approach16 is pursued in which
the co-trapped atomic ion is used to cool the external motion of
the molecular ion to the quantum ground state and to non-
destructively detect its internal quantum state. Coherent
Rabi and Ramsey spectroscopy,11,13 quantum-non demolition
state detection10,12,15 and atom-molecule entanglement14 have
recently been demonstrated.

A full control over the quantum states of cold and trapped
molecules will enable improved experiments in the realm of

precision spectroscopy. Applications range from precisely
validating existing physical theories such as quantum electro-
dynamics,17–19 testing fundamental concepts20,21 such as a
possible time variation of physical constants22,23 and the putative
existence of new forces of nature,24 benchmarking molecular-
structure theory,13,25 performing controlled chemical reactions,26,27

to implementing new time standards based on narrow rovibra-
tional molecular transitions in the mid-infrared spectral
domain.28–30

In many sensitive approaches to the spectroscopy of molecular
ions, the molecule is destroyed in the process of detection.28,31

The newly developed methods for non-destructive detection and
coherent manipulation of molecular ions promise an increase of
several orders of magnitude in the experimental duty cycle.12,32

This increase will result in a markedly improved spectroscopic
sensitivity and, therefore, precision. Another exciting aspect of
this technology is the implementation of molecular qubits which
can be used for applications in quantum computation,33

simulation,34 metrology,35 and communication.36

Here, we studied theoretically the implementation of mole-
cular qubits and their prospective application for spectroscopic
precision measurements in the homonuclear 14N2

+ molecular ion.
We chose this molecule due to its prospects for investigating a
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possible time variation of the electron-to-proton mass ratio37 and
for serving as a mid-infrared (MIR) frequency standard.29,30,38

These applications are enabled by the lack of a permanent dipole
moment of the molecule such that rovibrational transitions
within the same electronic state are electric-dipole forbidden.
These transitions only become allowed in higher order and thus
exhibit very narrow natural linewidths28,39 and low to vanishing
susceptibility to external perturbations such as blackbody radia-
tion and stray electric fields.37,38 These qualities also make N2

+

an excellent system for encoding qubits in its rovibrational state
manifold in which radiative lifetimes of excited states are
estimated to be on the order of months to years.39

While electric perturbations are inherently small in N2
+

(see discussion in ref. 37 and in Appendix A), the molecular
states are strongly coupled to external magnetic fields due to
the doublet electron-spin character of the molecule.38 Finite
magnetic fields are present in a typical experimental apparatus,
especially in ion-trapping experiments in which they are a
perquisite for operation. Moreover, an external magnetic field
is used to lift the degeneracy of Zeeman states and to define the
quantization axis of qubits realized in atomic systems. There-
fore, there is a need for a comprehensive theoretical analysis of
the influence of external magnetic fields on the rovibrational
states of N2

+.
Here, we expanded the theory of the hyperfine structure of

N2
+ in ref. 40 to include the Zeeman effect. We numerically

diagonalized the effective molecular Hamiltonian of N2
+ in the

electronic ground state, X 2S+
g, including the interaction with

magnetic fields. From the energy-level structure thus derived,
we analyzed several classes of spectroscopic transitions from
the radio (MHz) to mid-infrared (THz) domains. The different
types of transitions (Zeeman, hyperfine-structure, fine-structure,
rotational and vibrational) are discussed with respect to their
applications as qubits and in precision spectroscopy.

Magnetic-field insensitive transitions are important since
magnetic-field fluctuations are amongst the dominant effects
causing decoherence of qubit superpositions. The use of
magnetic-field-insensitive transitions for molecular qubits can
dramatically increase their coherence time.41 We identified
‘‘magic’’ transitions42 for which the relative Zeeman shift
between the energy levels involved cancels to first order at
an experimentally practicable magnetic-field strength of a few
Gauss. These transitions allow for magnetic-field-limited
coherence times of tens of minutes in rotational and vibra-
tional qubits at realistic levels of magnetic field noise without
the need for magnetic shielding or active magnetic-noise
cancellation. We also identified transitions in which the linear
Zeeman shift is only on the order of 10 Hz G�1 irrespective of
the magnetic-field strength. The latter are transitions between
‘‘stretched’’ states of different rovibrational manifolds in
the electronic ground state for which the contribution of the
electron spin to the Zeeman shift largely cancels.37,43 These
‘‘stretched’’ magnetic-insensitive transitions are unique to
molecular qubits.

Previous experimental and theoretical works on N2
+ analyzed

the S(0) rotational component of the fundamental vibrational

transition,28,38 i.e., the transition from the vibrational and rota-
tional ground state to first vibrationally and second rotationally
excited state. This transition is single-photon allowed by electric-
quadrupole (E2) selection rules. The corresponding Q(0)
transition, i.e., the pure vibrational transition with no excita-
tion of the rotation, was predicted to exhibit superior properties
for clock and precision-spectroscopy applications due to smaller
systematic shifts.37 Here, we show that the Q(0) transitions,
which were previously considered to be forbidden in single-
photon excitation in the present system,38 are actually magnetic-
dipole (M1) allowed through the anisotropy of the interaction of
the electron spin with the magnetic field. This is enabled by
a mixing of the first excited electronic state, A 2Pu, with the
electronic ground-state, X 2S+

g, of the nitrogen ion.44

In addition, we identified avoided crossings of energy levels
originating from two different nuclear-spin configurations with
nuclear-spin quantum numbers I = 0 and I = 2. The avoided
crossings occur at low, experimentally accessible magnetic-field
strengths of a few tens of Gauss. Around these avoided cross-
ings, the molecular eigenstates have a mixed character of the
I = 0 and I = 2 spin states. This magnetically enhanced nuclear-
spin mixing opens up opportunities for transmuting molecular-
spin states on demand by coherent two-photon processes,
e.g., stimulated Raman pumping,45 through the highly mixed
states around the avoided crossings.

Finally, we found that for some transitions, M1 coupling
dominates the spectrum while for others E2 coupling prevails
due to selection rules forbidding M1 coupling. We also found
that hyperfine mixing terms in the Hamiltonian allow for
otherwise forbidden transitions which significantly changes
the spectra compared to zeroth-order expectations.

2 Theory
2.1 Basis states

The molecular nitrogen ion, N2
+, in the electronic ground state,

X 2S+
g, is adequately described within the Hund’s case (bbJ)

angular momentum coupling scheme46 given by,

N + S = J, (1)

J + I = F. (2)

Here, N is the rotational angular momentum in a S electronic
state, J is the angular momentum resulting from the coupling
between the electron spin S and the rotation, and F is the total
angular momentum including the nuclear spin I. The Hund’s
case (bbJ) basis describing this coupling scheme is denoted by,

|fii = |v,N,S, J, I,F,mi. (3)

Here, v is the vibrational, N the rotational, S the electron-spin,
J the fine-structure (spin-rotation), I the nuclear-spin and F the
hyperfine quantum number. We denote the projection of the
total angular momentum F on the axis of the external magnetic
field by m, and i is a compound index for all quantum numbers.
We used an effective Hamiltonian approach47,48 in which global
perturbations from other electronic and vibrational states are
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absorbed in the molecular constants. Therefore, we omit the
electronic index of the basis states.

Since each 14N atom has a nuclear spin of 1, the total nuclear
spin, I, of the 14N2

+ molecule can take the values of I = 0, 1, 2.
This gives rise to different nuclear-spin-symmetry isomers with
even (odd) I denoted as ortho (para). In N2

+, even (odd) values of
I allow for only even (odd) rotational quantum numbers N due
to the total permutation symmetry of the molecular wave-
function imposed by the generalized Pauli principle. While
our results are applicable for both spin isomers of N2

+, in this
manuscript, we mainly focus on the ortho nuclear-spin isomer
with I = 0, 2 which is associated with the rotational ground state
of particular interest in experiments.

2.2 Effective Hamiltonian

We considered the following effective Hamiltonian for the
electronic ground state, X 2S+

g, of N2
+,40,47,49

H = Hvib + Hrot + Hfs + Hhfs + Hz. (4)

The first three terms describing the vibration, rotation and fine
structure are diagonal in the Hund’s case (b) basis eqn (3). Their
matrix elements are given by Hvib,ii = Gv, Hrot,ii = BvN(N + 1) �
Dv(N(N + 1))2, and Hfs,ii = gv,N( J( J + 1) � N(N + 1) � S(S + 1))/2.
Here, the subscript v indicates that the molecular constants are
effective values for a given vibrational and Born–Oppenheimer
electronic state, Gv is the vibrational energy, Bv is the rotational
constant, Dv is the centrifugal-distortion constant and gv,N is
the electron spin-rotation coupling constant which includes a
centrifugal correction term gv,N = gv + gDvN(N + 1).40 The relevant
spectroscopic constants are listed in Table 1. Note that our
notation of the constants differs in places from the one found
in the literature40 to render it unambiguous in the present
context.

The effective hyperfine-interaction Hamiltonian takes the
form,40

Hhfs = HbF + Ht + HeqQ + HcI. (5)

Here, HbF represents the Fermi-contact interaction which has
off-diagonal matrix elements in the J quantum number, Ht is
the dipolar hyperfine interaction with off-diagonal matrix
elements in N and J, HeqQ is the electric-quadrupole hyperfine
interaction with off-diagonal matrix elements in N, J and I and
HcI is the magnetic nuclear spin-rotation interaction which
mixes states of different quantum number, J. All matrix elements
are given in Appendix B, and the effective coupling constants are
given in Table 1. A schematic of the resulting energy levels is
shown in Fig. 1.

In the X 2S+
g ground state of N2

+, the effective Zeeman
Hamiltonian, Hz, neglecting relativistic and radiative corrections,50

has four first-order contributions corresponding to the inter-
action of the magnetic field B with the magnetic moments of the

Table 1 Molecular constants of 14N2
+ in the v = 0 and v = 1 vibrational

states of the electronic ground state, X 2S+
g, used to calculate the energy

levels. The numbers in parentheses are uncertainties given in the literature
(corresponding references are indicated near their values). The values of
the effective coupling constants of the electric-quadrupole hyperfine
interaction, eqQv=0, and the magnetic nuclear spin-rotation hyperfine
interaction, cIv=0, in the vibrational ground state, v = 0, are not reported
in the literature. It was assumed that they are equal to the values reported
for the first excited vibrational state, v = 1

v = 0 v = 1

Gv � G0 (cm�1) 0 2174.746(1)55

Bv (cm�1) 1.9223897(53)56 1.90330(2)57

Dv (�106 cm�1) 5.9748(50)56 5.904(21)57

gv (MHz) 280.25(45)58 276.92253(13)40

gDv
(kHz) 0 �0.39790(23)40

bFv
(MHz) 102.4(1.1)58 100.6040(15)40

tv (MHz) 23.3(1.0)58 28.1946(13)40

tDv
(Hz) 058 �73.5(2.7)40

eqQv (MHz) — 0.7079(60)40

cIv (kHz) — 11.32(85)40

gsmB (MHz G�1) 2.802538,59 2.802538,59

grmB (Hz G�1) 50.10738 49.54738

gnmN (Hz G�1) 307.9238 307.9238

glmB (Hz G�1) �379344 �382144

Fig. 1 Partial schematic of the field-free energy levels of N2
+ in the

electronic ground state, X 2S+
g (not to scale). The states are labeled using

the Hund’s case (bbJ) basis eqn (3). The dotted boxes indicate the level
subspaces shown in Fig. 2 and 5 where the relevant Zeeman manifolds are
displayed. The color coding of the levels is identical with the one used in
these figures.
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electron spin, rotation and nuclear spin,47,48,51,52

Hz ¼ gsmBT
1
p¼0ðBÞT1

p¼0ðSÞ

� grmBT
1
p¼0ðBÞT1

p¼0ðNÞ

� gnmNT
1
p¼0ðBÞT1

p¼0ðIÞ

þ glmBT
1
p¼0ðBÞ

X
q¼�1

D1
p¼0;qðoÞ

�T1
q ðSÞ:

(6)

Here, gs, gr and gn are the g-factors for the spin, rotation and
nuclear spin where the sign conventions of ref. 47 are followed,
and mB (mN) is the Bohr (nuclear) magneton. The last term in Hz

represents the anisotropic correction to the electron-spin Zee-
man interaction and gl is the corresponding effective g-factor.
T1

p denotes a spherical tensor operator of rank 1 in the space-
fixed (subscript p) coordinate system, D1

pq(o) is a Wigner
rotation-matrix element, and the subscript q denotes spherical
tensor components in the molecule-fixed coordinate system. The
p = 0 component of the space-fixed coordinate system is taken to
be aligned with the direction of the magnetic field, T1

p=0(B) = BZẐ.
The rotational and anisotropic spin g-factors, gr and gl, show a
non-negligible dependence on the vibrational state (see Table 1).
Diagonal terms in the interaction of the magnetic field with the
electronic orbital angular momentum (L) vanish in a S state and
terms of higher order in the magnetic field (pB2)47,53 are
neglected in our analysis.

The interaction of the magnetic field with the electron spin
mixes states with different J and F quantum numbers. The
matrix elements are given by,

hN 0;S0; J 0; I 0;F 0;m0jT1
p¼0ðBÞT1

p¼0ðSÞjN;S; J; I ;F ;mi

¼ BZdNN0dSS0dII 0 ð�1ÞF
0þF�m0þ2J 0þNþSþI

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2F 0 þ 1Þð2F þ 1Þð2J 0 þ 1Þð2J þ 1ÞSðS þ 1Þð2S þ 1Þ

p

�
F 0 1 F

�m0 p m

0
@

1
A J 0 F 0 I

F J 1

8<
:

9=
;

S J 0 N

J S 1

8<
:

9=
;:

(7)

The same type of mixing occurs also for the interaction with
the rotational magnetic moment,

hN 0;S0; J 0; I 0;F 0;m0jT1
p¼0ðBÞT1

p¼0ðNÞjN;S; J; I ;F ;mi

¼ BZdNN0dSS0dII 0 ð�1ÞF
0þF�m0þJ 0þJþNþSþI

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2F 0 þ 1Þð2F þ 1Þð2J 0 þ 1Þð2J þ 1ÞNðN þ 1Þð2N þ 1Þ

p

�
F 0 1 F

�m0 p m

0
@

1
A J 0 F 0 I

F J 1

8<
:

9=
;

N J 0 S

J N 1

8<
:

9=
;:

(8)

Interaction with the nuclear spin only mixes states with
different F quantum numbers,

hN 0;S0; J 0; I 0;F 0;m0jT1
p¼0ðBÞT1

p¼0ðIÞjN;S; J; I ;F ;mi

¼ BZdJJ 0dNN0dSS0dII 0 ð�1Þ2F
0�m0þJ 0þIþ1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2F 0 þ 1Þð2F þ 1ÞIðI þ 1Þð2I þ 1Þ

p

�
F 0 1 F

�m0 p m

 !
I F 0 J 0

F I 1

( )
:

(9)

The matrix elements of the anisotropic correction to the
electron-spin interaction in the Zeeman Hamiltonian are
given by,

hN 0;S0;J 0;I 0;F 0;m0jT1
p¼0ðBÞ

X
q¼�1

D1
p¼0;qðoÞ

�T1
q ðSÞjN;S;J;I ;F ;mi

¼BZdSS0dII 0 ð�1ÞF
0�m0þFþJ 0þI 0þ1þN0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SðSþ1Þð2Sþ1Þ
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2F 0 þ1Þð2Fþ1Þð2J 0 þ1Þð2Jþ1Þð2N 0 þ1Þð2Nþ1Þ

p

�
F 0 1 F

�m0 p m

 !
J 0 F 0 I

F J 1

( )

�2
X
k¼0;2
ð2kþ1Þ

1 1 k

�1 1 0

 !
N 0 k N

0 0 0

 ! J 0 J 1

N 0 N k

S0 S 1

8>>><
>>>:

9>>>=
>>>;
:

(10)

This interaction mixes different F, J and N quantum numbers.
The complete Hamiltonian given in eqn (4) was diagonalized

numerically by solving H(BZ)|cki = Ek(BZ)|cki in the Hund’s
case (bbJ) basis eqn (3) to obtain the energies, Ek(BZ), and
mixing-coefficients, ck

i (BZ),

jcki ¼
X
i

cki ðBZÞ fij i; (11)

as a function of the external magnetic field, BZ. A basis set of
2 vibrational (v = 0, 1), 3 rotational (N = 0, 2, 4), 2 nuclear-spin
(I = 0, 2) and all resulting fine, hyperfine and Zeeman states was
used yielding a total of 360 states. We note that the hyperfine
interaction can in principle also mix states of gerade and
ungerade electronic symmetry,54 but this effect is expected to
be insignificant for the lowest vibrational levels of the X 2S+

g

state of N2
+ and was, therefore, neglected in the present work.

2.3 Transition moments

In homonuclear diatomic molecules, transitions within the
same Born–Oppenheimer electronic state are electric-dipole
(E1) forbidden due to the permutation symmetry of the two
nuclei. We therefore derived general expressions for magnetic-
dipole (M1) and electric-quadrupole (E2) transitions and
calculated their strengths under the influence of an external
magnetic field.

In the basis set of eqn (3), the square of the transition
moment Skl between different Zeeman levels can be separated
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into angular (A) and radial (R) parts as,60

Skl ¼
X
p

jhckjTu
p ðlÞjclij2

¼
X
p

j
X
i;j

ck�j clihfj jTu
p ðlÞjfiij2

¼
X
p

j
X
i;j

ck�j cliAð. . . ;Fj ;mj ;Fi;mi; pÞRðvj ; viÞj2:

(12)

Here, |ck(l)i is the upper (lower) state of the transition and Tu
p(l)

is the transition operator in spherical tensor notation. For M1
and E2 transitions, u = 1 and 2, respectively. The quantum
number p =�u,. . .,u represents the polarization of the radiation
in the space-fixed frame with respect to the quantization axis
defined by the direction of the static magnetic field. The sum
over the different polarizations in eqn (12) yields a polarization-
independent transition moment.

2.4 Magnetic-dipole transitions within the same vibrational
state

For magnetic-dipole transitions, the operators that couple to
the radiation have the same form as the Zeeman Hamiltonian
for coupling with an external magnetic field given in eqn (7)
with the substitution BZ - B(t).47 Therefore, the angular part of
the transition moment eqn (12) for M1 transitions can be
obtained from the matrix elements eqn (7)–(10) where p is
now the polarization index of the magnetic-field of the radiation,
B(t). Transitions induced by isotropic and anisotropic interaction
with the electron spin and interaction with the rotation and
nuclear spin are denoted by M1S, M1aS, M1N and M1I. From the
angular part of the transition moment, the following selection
rules can be derived,

8M1: Dm ¼ 0; �1; DF ¼ 0; �1; DI ¼ 0; DS ¼ 0; (13)

M1S: S a 0, DN = 0, (14)

M1aS: S a 0, DN = 0, 2, (15)

M1N: N a 0, DN = 0, (16)

M1I: I a 0, DN = 0, DJ = 0. (17)

For transitions within the same vibrational state, Dv = 0, the
radial part of the transition moment is given by the expectation
value of the magnetic moment, R(v,v) � g, where the values of
the g-factors are determined by the underlying interaction
(Table 1).

2.5 Electric-quadrupole transitions within the same
vibrational state

For E2 transitions, the coupling operator is T2
p(Q) in spherical

tensor notation where Q is the electric-quadrupole-moment
tensor.61 The matrix elements for the E2 transition moments

are given by,61

hv0;N 0;S0; J 0; I 0;F 0;m0jT2
p ðQÞjv;N;S; J; I ;F ;mi

¼ dSS0dII 0 ð�1ÞSþIþJþJ
0þFþF 0�m0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2N þ 1Þð2N 0 þ 1Þð2J þ 1Þð2J 0 þ 1Þð2F þ 1Þð2F 0 þ 1Þ

p

�
N 0 2 N

0 0 0

 !
F 0 2 F

�m0 p m

 !
N 0 J 0 S

J N 2

( )
J 0 F 0 I

F J 2

( )

� jRðv0; vÞj:
(18)

From the angular part of the transition moment, the following
selection rules can be derived for E2 transitions,

E2: Dm ¼ 0; �1; �2; DN ¼ 0; �2; DF ¼ 0; �1; �2

DI ¼ 0; DS ¼ 0:

(19)

In addition, N = 0 - 0 transitions are not allowed within a S
electronic state.

For transitions within the same vibrational level Dv = 0, the
radial part of the transition moment is given by the permanent
electric quadrupole moment, R(v,v) = Qv = 1.86 ea0

2,44 for low
vibrational states.

2.6 Vibrational transitions

The transition strength between different vibrational levels
was estimated by expanding the radial part of the transition
moment to first order around the equilibrium bond length
(Re),60

Rðv0; vÞ � mphv0jvi þ
dm
dR
j ðR¼ReÞ hv

0jR� Rejvi: (20)

Here, mp = m(R)|(R=Re) is the permanent (electric quadrupole or
magnetic dipole) moment and dm/dR|(R=Re) is its derivative as a
function of internuclear distance evaluated at the equilibrium
bond length.

From eqn (20), it seems that the first term only contributes
to transitions within the same vibrational manifold, since hv0|vi
= dvv0. However, rovibrational mixing, which is not explicitly
apparent in the effective Hamiltonian approach taken here,
introduces a non-zero overlap between different vibrational
states.49 Therefore, the first term in eqn (20) allows for vibra-
tional transitions according to eqn (12).

The second term in eqn (20) introduces vibrational transi-
tions through the change in the transition moment with
internuclear distance. The vibrational matrix element for the
fundamental vibrational transition within the harmonic
approximation is given by,

hv0 ¼ 1jR� Rejv ¼ 0i � Re

ffiffiffiffiffiffi
Be

oe

r
: (21)

Here, Re = 2.13 a0
44 is the equilibrium bond length, and oe E

2207 cm�1 55 and Be E 1.93 cm�1 58 are the harmonic vibration
wavenumber and the equilibrium rotational constant.
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For low rotational states, we found that the strongest (M1S)
transitions caused by the first term in eqn (20) are 4–5 orders of
magnitude weaker than those originating from the second term
for E2 and M1aS coupling. Transitions due to vibrational mixing
are therefore neglected in the following. The reader is referred
to Appendix C for further details.†

The couplings can be estimated from the change in the
relevant g-factors with the effective bond length upon vibra-
tional excitation given in Table 1 yielding Dgr/DR E 4 �
10�5 mB/a0 and Dgl/DR E 2 � 10�3mB/a0. The difference in
averaged bond lengths, DR, between v = 0 and v = 1 is estimated
from the relation of the rotational constant to the equilibrium
positions, Bv=1/Bv=0 = Rv=0

2/Rv=1
2, such that DR E 0.01 a0.

For E2 transitions, the change in the electric quadrupole
moment with the internuclear distance is given by dQ/dR =
2.63 ea0.44

2.7 Einstein A coefficients

The relative importance of M1 and E2 transitions to the spectra
was assessed by comparing their Einstein A coefficients. For M1
transitions,65 one obtains

AM1
kl ¼

16p3m0
3hl3kl

SM1
kl ; (22)

while for E2 transitions,65 the A coefficient is given by,

AE2
kl ¼

16p5

15he0lkl5
SE2
kl : (23)

Here, lkl is the transition wavelength, m0 is the vacuum perme-
ability, e0 is the vacuum permittivity and h is the Planck
constant. All values are in SI units. Since Skl in eqn (22) and
(23) is the square of the polarization-independent transition
moment that was defined in eqn (12), the Einstein A coeffi-
cients slightly differ from their regular definitions as they
explicitly depend on the Zeeman levels.

3 Results and discussion
3.1 Hyperfine and Zeeman qubits in the rotational ground
state, N = 0

The hyperfine-Zeeman energy levels of the rovibronic ground-
state manifold, X 2S+

g (v = 0, N = 0), of N2
+ as function of the

strength of an external magnetic field are displayed in Fig. 2a.
For the I = 0 isomer, the situation is similar to the ground

state of bosonic alkaline-earth ions (e.g., 88Sr+) which are also
used as qubits.66 The total angular momentum J = 1/2 results in
two Zeeman levels which are separated by (gs + 2/3gl)mB E
2.8 MHz G�1 (green traces in Fig. 2). All terms in the Zeeman
Hamiltonian are zero except for the isotropic and anisotropic
electron-spin terms. Thus, the situation is formally identical
(apart from negligible mixing terms to higher rotational states)
to the atomic 2S1/2 case. Transitions between the two Zeeman
levels can be driven by M1S coupling (green stick in Fig. 3).

For the I = 2 isomer, the hyperfine interaction splits the
rovibronic ground state into two hyperfine manifolds with total
angular-momentum quantum numbers F = 3/2 and F = 5/2
(red and blue traces in Fig. 2). The relatively small splitting
of 5/2bF,v=0 E 256 MHz (for B = 0 G), together with the strong
magnetic coupling, M1S, leads to a deviation of the Zeeman
splittings from the weak coupling regime (linear Zeeman effect)
to the intermediate coupling regime already at relatively low
magnetic fields of few tens of Gauss. The full decoupling of the

Fig. 2 (a) Energies, E, of hyperfine-Zeeman levels in the rovibronic
ground-state (v = 0, N = 0) manifold of N2

+ as a function of the
external-magnetic-field strength, B. (b) Derivatives of the energies in (a)
with respect to the magnetic field. Circles indicate positions of ‘‘magic’’
magnetic-field values at which the transition energy between two levels is
independent of the magnetic field to first order. The corresponding M1S

transitions are indicated by the arrows in (a). All of these are allowed by the
selection rules.

Fig. 3 Strengths, S21, of M1S transitions, m - m0, between Zeeman levels
within the hyperfine manifolds of the rovibronic ground state, X 2S+

g (v = 0,
N = 0), of the I = 0 (green) and I = 2 (blue and red) nuclear-spin species of
N2

+ as a function of transition frequency, f21. The abscissa indicates the
transition frequencies at a magnetic field of 5 G. The color code is the
same as in Fig. 2.

† While for rovibrational E2 transitions it is well established to calculate the
transition moment via the second term in eqn (20),28,62,63 the situation is less
clear for rovibrational transitions of M1 type. Such transitions were first reported
in ref. 64 for the 3S�g ground electronic state of the O2 molecule. In ref. 49, two
types of mechanisms were elaborated to rationalize the M1 rovibrational transi-
tion intensities observed in ref. 64. One is rovibrational mixing and the other is
due to coupling of different Born–Oppenheimer states. The former, analyzed in
Appendix C, was found to be small in the present case, the latter is included in the
anisotropic electron spin Zeeman coupling which was found to give the dominant
contribution to the rovibrational M1 transition intensities studied here.
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spin and orbital angular momenta (Paschen–Back regime)
occurs already at magnetic fields of a few hundreds of Gauss.

As a consequence, Zeeman transitions within each hyperfine
manifold are not equally spaced (Fig. 3, blue and red bars). The
unequal spacing can be used to address Zeeman transitions
individually and to allow for optical pumping and state readout
as was demonstrated with polar CaH+ molecules.11 The transi-
tions are dominated by M1S coupling (see Fig. 3 for the
transition strengths). M1 transitions arising from the
anisotropic-spin, rotational and nuclear-spin terms were found
to be 3–5 orders of magnitude weaker due to the difference in
magnitude between gs and gr, gn, and gl.

Transition between the two hyperfine manifolds, |F = 3/2i-
|F0 = 5/2i, are also allowed by M1S coupling. These transitions
are commonly used as long-lived qubits in atomic ions.42 Here,
we identified transitions in which the dependence of the energy
levels on the magnetic field is equal for both the lower and
upper states for specific values of the magnetic field (see arrows
in Fig. 2a, circles in Fig. 2b and dotted lines in Fig. 4b).
This equal dependency results in an insensitivity of the transi-
tions to magnetic field fluctuations to first order. Insensitive
transitions at ‘‘magic’’ magnetic fields are used in atomic
systems42,67 to encode qubits with improved coherence times
and to circumvent the need for magnetic shielding. Due to the
small hyperfine splittings in N2

+, the ‘‘magic’’ magnetic field
occurs at small and easily accessible values. The second-order
Zeeman susceptibility of the transitions around the ‘‘magic’’
values is B16 mHz mG�2 (for all the hyperfine ‘‘magic’’
transitions in Fig. 4b) from which we estimated a shift as low
as DE/h = Df E 16 mHz in the transition frequencies for a

magnetic-field fluctuation of 1 mG. Thus, these transitions are
ideally suited for encoding qubits with magnetic-field-limited
coherence times of up to 1/Df E 60 s68 as well as for applica-
tions in precision spectroscopy. Typical strengths for these
hyperfine transitions are given in Fig. 4a.

3.2 Hyperfine and Zeeman qubits in the rotationally excited
state, N = 2

The energy levels of the second rotationally excited state in the
vibronic ground state, X 2S+

g (v = 0, N = 2), of the ortho nuclear-
spin isomer, are displayed in Fig. 5. The rotational excitation
shifts the spectrum by 6Bv=0 � 36Dv=0 E 345.784 GHz compared
to the rotationless case. The spin-rotation coupling, Hfs, splits
the levels into J = 3/2 and J = 5/2 manifolds which are separated
by 5/2gv=0 E 700 MHz (for B = 0 G). For the I = 0 species, this
coupling generates an energy-level structure which is qualita-
tively similar to that of the I = 2 configuration within N = 0
(Fig. 2). However, because of the large spin-rotation splitting,
the deviation from a linear Zeeman effect occurs at higher
magnetic fields compared to the situation in Fig. 2. For
instance, the first ‘‘magic’’ magnetic field for the | J = 3/2,
m = �1/2i - | J0 = 5/2, m0 = �1/2i transition occurs at
B49 G compared to B18 G for the |F = 3/2, m = �1/2i -
|F0 = 5/2, m0 = �1/2i transition in the N = 0, I = 2 state.

For the I = 2 nuclear-spin species in the N = 2 rotational
state, the levels are further split by the hyperfine interaction
which is dominated by the Fermi-contact (HbF

) and dipolar
(Ht) terms. Thus, the energy levels split into F = 9/2,. . .,1/2 and
F = 7/2,. . .,1/2 for the J = 5/2 (Fig. 5c) and J = 3/2 (Fig. 5d) spin-
rotation manifolds, respectively. M1S coupling is again domi-
nant. For spin-rotation transitions, we found that DF = 1
components are prevalent, as can be seen in the spectrum
displayed in Fig. 6. ‘‘Magic’’ transitions can be found at

Fig. 4 (a) Strengths, S21, of hyperfine-Zeeman M1S transitions, |F = 3/2i-
|F0 = 5/2i, within the rovibronic ground state, X 2S+

g (v = 0, N = 0), of the I =
2 nuclear-spin species of N2

+. The abscissa indicates the transition
frequencies, f21, at a magnetic-field strength of 70 G. The Zeeman
components, m - m0, of each transition are indicated. (b) Dependence
of the transition frequencies, f21, on the magnetic field, B. Dotted lines
indicate ‘‘magic’’ values of the magnetic field in which the transition
frequency is insensitive to changes of the magnetic field to first order.

Fig. 5 Energies, E, of the hyperfine-Zeeman levels of the v = 0, N = 2 state
as function of magnetic-field strength, B, for (a and b) the I = 0 and
(c and d) the I = 2 nuclear-spin species. The spin-rotation quantum
number is J = 5/2 in panels (a) and (c), and J = 3/2 in panels (b) and (d).
Color code for the different hyperfine states in (c) and (d): F = 1/2 in purple,
F = 3/2 in red, F = 5/2 in blue, F = 7/2 in green and F = 9/2 in light blue. In
panels (a) and (b), all Zeeman quantum numbers are shown while in panels
(c) and (d) only the level with the highest value of the Zeeman quantum
number (m = F) is indicated.
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magnetic fields as low as few Gauss (e.g., the |F = 5/2,
m = +1/2i - |F0 = 7/2, m0 = �1/2i at B756.3 MHz and
B = 1.55 G) with second-order Zeeman-shifts as low as
B8 mHz mG�2 (see Appendix D for a partial list of the strongest
‘‘magic’’ transitions below 70 G).

An interesting effect in N2
+ as exemplified here with the

N = 2 manifold is the coupling between nuclear-spin states
through the electric-quadrupole hyperfine interaction, HeqQ,
which mixes levels with even (or odd) total nuclear spin I.
In 14N2

+, there is only a single para nuclear-spin state with I = 1
such that only the ortho species with I = 0, 2 exhibit this
coupling. This interaction results in avoided crossings of
energy levels originating from the different ortho spin states.
As an example, Fig. 7a shows such an avoided crossing between
the |F = 3/2, m = �3/2i states originating from the I = 0 (red) and
I = 2 (blue) species. This avoided crossing occurs at a relatively
low magnetic field of B54 G. Around the crossing point, the
levels exhibit a strong mixing of the I = 0 and I = 2 basis states
(see Fig. 7b). This magnetically enhanced nuclear-spin mixing
is interesting as it opens up possibilities to manipulate the
nuclear-spin configuration of the molecule on demand
(see Fig. 12 and the accompanying discussion further below).

3.3 Rotational qubits

We now consider transitions from the rotational ground state
N = 0 to the second excited rotational state N0 = 2 at frequencies
around B345 GHz. The sensitivity of these transitions to the
proton-to-electron mass ratio69 renders them interesting for
testing a possible time variation of these fundamental con-
stants as they are within the reach of stabilized THz sources.70

In general, M1S transition selection rules do not permit a
change of rotational quantum numbers by DN = 2, but this
mechanism must still be considered due to mixing of rotational
states. In addition, the anisotropy of the electron-spin g-factor
tensor allows for DN = 2 transitions through M1aS coupling.
We also consider electric-quadrupole (E2) transitions which
also permit such a change in the rotational quantum number.
In addition, E2 transitions permit changes in the angular-
momentum-projection quantum number Dm = �2,�1, 0. Thus,
magnetic-dipole and electric-quadrupole rotational spectra will
show different signatures as illustrated in Fig. 8a and b. For the

Fig. 7 (a) Adiabatic level energies, E, as a function of the magnetic field
strength, B, showing an avoided crossing between two states originating
from two different nuclear-spin states (I = 0, 2) in the X 2S+

g (v = 0, N = 2)
level. The states indicated in the legend represent the dominant contribu-
tions at zero magnetic field. (b) Overlap of the eigenstates eqn (11) with the
basis vectors eqn (3), |hfi|cki|2 = |ck

i |2, at a magnetic field of 54 G. Here,
|hfi|cki|2 E dik for zero magnetic field.

Fig. 6 Strengths, S21, of transitions between hyperfine components of the
spin-rotation manifolds in the X 2S+

g (v = 0, N = 2) state of N2
+ as a function

of the transition frequency, f21, at a magnetic-field strength of 10 G. The
transitions shown are of the form |N = 2, J = 3/2, I = 2, F = 5/2i- |N 0 = 2,
J0 = 5/2, I0 = 2, F0i.

Fig. 8 Spectrum of Zeeman components of the spin-rotational transition
|N = 0, J = 1/2i- |N0 = 2, J0 = �5/2i for the I = 0 isomer. The intensities of
the transitions are given in the form of Einstein A coefficients (eqn (23) and
(22)) for comparison of (a) M1aS coupling with (b) E2 coupling. The
magnetic field was assumed to be 70 G. Labels indicate the Zeeman
components of the transitions. (c) Magnification of the dashed rectangle
in (b) showing the stretched transitions, |J = 1/2, m = �1/2i - |J0 = 5/2,
m0 = �5/2i, which show a very small dependence on the magnetic field
and are only separated by 66.5 kHz at 70 G. The frequency axis in (c) is
referenced to the field-free line positions.
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| J = 1/2i- | J0 = 3/2i transitions, M1aS coupling was found to be
B3 orders of magnitude stronger than the E2 coupling while
for the | J = 1/2i - | J0 = 5/2i, it was only found to be about 1
order of magnitude stronger (Fig. 8a and b).

The Dm = �2 and D J = 2 lines are allowed for E2 coupling
opening up opportunities to exploit transitions between
‘‘stretched’’ states, e.g., | J = 1/2, m = �1/2i - | J0 = 5/2, m0 =
�5/2i in the I = 0 nuclear-spin isomer and |F = 5/2, m = �5/2i-
|F0 = 9/2, m0 = �9/2i in the I = 2 nuclear-spin isomer. These
transitions show a very small linear dependence on the mag-
netic field due to cancellation of the major contribution from
the isotropic Zeeman Hamiltonian eqn (7) in the ground
and excited ‘‘stretched’’ states. The remaining susceptibility
of these levels to magnetic field is attributed to the rotational
dependence of the anisotropic (eqn (10)) and rotational
(eqn (8)) Zeeman Hamiltonians. The isotropic term (eqn (7))
still has a small effect due to mixing of the rotational states.
Thus, precise measurements of the magnetic dependence of
these transitions can be used for an accurate determination of
the anisotropic electron-spin and rotational g-factors.

The ‘‘stretched’’ transitions depend linearly on the magnetic
field in the range considered here (up to 70 G) as can be seen in
Fig. 8c. The frequencies of these transitions will change by
DE/h = Df E 475 mHz for magnetic field fluctuations of 1 mG.
Therefore, they can be exploited for encoding THz qubits with
coherence times of up to 1/Df E 2 s68 and for precision THz
spectroscopy. The rotational spectrum of the I = 2 nuclear-spin
species also exhibits ‘‘magic’’ magnetic-field insensitive transi-
tions with second-order shifts as low as B3 mHz mG�2

(Appendix D). Magnetic field fluctuations on the order of
B1 mG still permit qubits with Zeeman-limited coherence
times of up to 1/Df E 5 min.

In Fig. 9, the hyperfine components of the transition |N = 0,
J = 1/2, F = 5/2i- |N0 = 2, J0 = 5/2, F0i in the I = 2 nuclear-spin

state due to M1 and E2 coupling are shown. The M1S rotational
transitions are allowed by rotational mixing induced by the
dipolar hyperfine interaction, Ht. The strongest M1S lines are
on par with the strongest M1aS lines and are up to two order of
magnitude stronger than the E2 lines. However, in some cases
the strengths for both types of transitions are similar and in other
cases, only E2 transitions are allowed due to quadrupole selections
rules. Thus, one should consider both types of transitions when
analyzing the molecular spectrum. To directly compare the strength
of both types of couplings with eqn (12), we calculated the relevant
Einstein A coefficients using eqn (22) and (23).

3.4 Rovibrational qubits

Dipole-forbidden rovibrational lines in N2
+ were first observed

by Germann et al.28 Vibrational transitions are promising for
tests of a possible temporal variation of the proton-to-electron
mass ratio because of their sensitivity to these constants. Also,
they benefit from higher transition frequencies than rotational
lines and thus allow for a better relative spectroscopic
precision.37 Fig. 10 shows the O(N), Q(N) and S(N) branches
of the fundamental vibrational spectrum, i.e., transitions with
|v = 0, Ni- |v0 = 1, N0 = N + (�2, 0, +2)i and N = 0, 2, 4 and for
the two ortho nuclear-spin species.

Transitions within the Q(0) manifold, |v = 0, N = 0i- |v0 = 1,
N0 = 0i, are usually considered to be forbidden for single
photon excitation within a S electronic state.37 E2 selection
rules forbid transitions from N = 0 to N0 = 0. However, the
anisotropic electron-spin interaction eqn (10) permits N = 0 to
N0 = 0 transitions and it varies considerably with the inter-
nuclear distance (eqn (20)). This leads to the appearance of Q(0)
lines in the spectrum which, to the best of our knowledge, were
so far not considered for the present vibrational spectrum.

In Fig. 11, components of the Q(0) transition, i.e. |v = 0,
N = 0, J = 1/2i- |v0 = 1, N0 = 0, J0 = 1/2i, of both the I = 0 and I = 2

Fig. 9 Einstein A coefficients of hyperfine-Zeeman components of the
spin-rotational transition |N = 0, J = 1/2, F = 5/2i- |N0 = 2, J0 = 5/2, F0i of
the I = 2 nuclear-spin species. Transitions due to M1S, M1aS and E2 are
indicated by purple squares, blue diamonds and red circles. The magnetic
field was set to 5 G.

Fig. 10 Einstein A coefficients of E2 (red lines) and M1aS (blue lines)
transitions of the O(N = 2, 4), Q(N = 0, 2, 4) and S(N = 0, 2) branches of
the fundamental vibrational transition |v = 0, Ni - |v0 = 1, N0i. The
magnetic field was assumed to be 5 G. The lower panel shows a
magnification of the spectrum in the region of the Q branch.
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species is shown. For both nuclear-spin configurations, the
‘‘stretched’’ transitions, i.e. | J = 1/2, m = �1/2i- | J0 = 1/2, m0 =
�1/2i and |F = 5/2, m =�5/2i- |F0 = 5/2, m0 =�5/2i are allowed
by M1aS coupling and show very small linear Zeeman shifts of
Dgl/3 E 9.3 mHz mG�1. This dependency is B50 times smaller
than for transitions between ‘‘stretched’’ states in the S(0)
(|N = 0i - |N0 = 2i) manifold. Precise measurements of the
magnetic dependence of these transitions constitute a direct
measurement of the anisotropy of the electron-spin g-factor
tensor.

The Q(0) spectrum also exhibits ‘‘magic’’ transitions for the
I = 2 species (indicated by black crosses in Fig. 11) at relatively
low magnetic fields of a few 10 G. The second-order Zeeman
susceptibility of these transitions is B16 mHz mG�2. Note that
there are no ‘‘magic’’ transitions for the I = 0 nuclear-spin
configuration when driving a transition from the rotational
ground state, N = 0. This is due to the linear Zeeman shifts
of the rotational ground state at the magnetic field values
considered here (see Fig. 2a green lines).

We now turn to discuss S(0) transitions, i.e. |v = 0, N = 0i-
|v0 = 1, N0 = 2i. The S(0) spectrum is predicted to be B30 times
stronger (see Fig. 10 red lines) than the Q(0) spectrum due to E2
transitions (eqn (20)). The second largest contribution to the
S(0) spectrum is due to M1aS coupling (Fig. 10 blue lines).
All other coupling mechanisms were found to be more than
5 orders of magnitude smaller. Q(2) transitions, |v = 0, N = 2i-
|v0 = 1, N0 = 2i, are also dominated by E2 coupling.

The S(0) spectrum is predicted to exhibit ‘‘magic’’ transi-
tions at low magnetic fields of a few Gauss and with second-
order Zeeman susceptibilities as low as B1 mHz mG�2 (see
Appendix D). With magnetic field fluctuations on the order of
B1 mG, they can be used for encoding vibrational qubits with
coherence times of up to E15 min. This corresponds to a
relative Zeeman shift of DE/E E 1 � 10�17 without any active or

passive magnetic field stabilization. The S(0) spectrum also
features ‘‘stretched’’ transitions that have a low linear Zeeman
shift of B480 mHz mG�1.

The S(0) transitions at 4.574 mm with A E 3� 10�8 Hz can be
driven using commercial quantum-cascade lasers as demon-
strated in ref. 28. With typical values for the laser power of
100 mW and a 1/e beam radius of 50 mm at the position of
the molecule, Rabi frequencies71 of O B (2p)10 kHz are
estimated yielding p-pulse times of tp B 50 ms thus enabling
an efficient coherent manipulation of the rovibrational levels of
the molecule. For the Q(0) transitions, A E 4 � 10�10 Hz. With
the same laser parameters, O B (2p)0.5 kHz and tp B 1 ms are
estimated.

The |v0 = 1, N0 = 2i rotational manifold of the first excited
vibrational state exhibits avoided crossings between levels of
the two ortho-nuclear-spin species as illustrated in Fig. 12.
The mixing is again induced by the quadrupole hyperfine
interaction, HeqQ. At a magnetic field of B25.8 G, the states
labeled jc00;2i in Fig. 12 are composed of a 50–50 mixture of the
|I0 = 2, F0 = 3/2, m0 = �3/2i and |I0 = 0, J0 = 3/2, m0 = �3/2i basis
states. This opens up the possibility of coupling two distinct
molecular states of different nuclear-spin character, for
instance the |c2i = |I = 2, F = 5/2, m = 1/2i and |c0i = |I = 0,
J = 1/2, m = 1/2i in the rovibrational ground state, v = 0, N = 0.
These states show negligible nuclear-spin mixing. Fig. 12 illus-
trates how these two states in the vibrational ground state can
be interconverted by excitation and deexcitation to either of the
mixed states jc00;2i in v = 1. Alternatively, interconversion of the
nuclear-spin states can be achieved by populating one of

Fig. 12 (a) Adiabatic level energies, E, as a function of the magnetic field,
B, showing an avoided crossing between two states originating from |I0 = 2,
F0 = 3/2, m 0 = �3/2i (|c2

0i, blue line) and |I0 = 0, J0 = 3/2, m0 = �3/2i (|c0
0i,

red line) in the v0 = 1, N0 = 2 rovibrational-state manifold. The dashed-
dotted lines indicate the degree of mixing, |hfj

0|c0
0i|2, where |fj

0i are the
basis states ( j = 0, 2) describing |cj

0i at low magnetic fields. At a magnetic-
field strength of B25.8 G, a 50–50 mixture of the I = 0 and I = 2 states is
predicted. (b) Levels of the I = 2 (blue) and the I = 0 (red) nuclear-spin
configurations in the rovibrational ground state are coupled by a resonant
two-photon process (arrows). The coupling is performed through S(0)
transitions to one of the highly mixed nuclear-spin states. The coupling
strengths to the |c0

0i state in the form of the Einstein A coefficients for
Dm = �2 transitions are given in the plot.

Fig. 11 (a) Einstein A coefficients (b) and line positions as function of
magnetic-field strength, B, of hyperfine-Zeeman components of the Q(0)
line of the fundamental vibrational transition |v = 0, N = 0i - |v0 = 1,
N0 = 0i. Black crosses and dotted lines indicate positions of ‘‘magic’’
magnetic-field transitions.
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the mixed state in v = 1 and appropriately tuning the magnetic
field across the crossing region.

4 Summary and conclusions

In this paper, we presented a theoretical study of dipole-
forbidden spectroscopic transitions in N2

+ considering the
complete hyperfine, rovibrational and Zeeman level structure.
We identified magnetic-field insensitive transitions which are
promising for encoding qubits because of their excellent
coherence properties and for clock operation because of
their weak dependence on magnetic fields. We calculated the
strengths of magnetic-dipole and electric-quadrupole allowed
spectroscopic transitions showing the importance of both in
the radiofrequency, microwave and infrared spectrum of the
nitrogen molecular ion. We found that pure vibrational transi-
tions, Q(0), are allowed by M1 coupling induced by the aniso-
tropic spin-magnetic field interaction. These transitions, which
benefit from the lowest systematic shifts for clock operation,
were not considered in the single-photon spectrum of N2

+ so
far. Finally, we showed that the electric-quadrupole hyperfine
interaction causes avoided crossings between states of the two
ortho nuclear-spin configurations of nitrogen. This magneti-
cally enhanced nuclear-spin mixing opens the possibility to
coherently transmute the nuclear-spin state on demand.

It is instructive to make a quantitative comparison between
the magnetic insensitivity of clock transitions embedded in N2

+

to other clock systems, e.g., Al+ quantum-logic clocks which
currently exhibit among the lowest systematic uncertainties.72

The Al+ clock is based on the 1S0 2 3P0 electronic transition
which is first-order magnetically sensitive due to the nuclear
spin, I = 5/2, of 27Al+. By averaging two stretched Zeeman
transitions, the first-order shift is canceled, and the clock only
depends on second-order Zeeman shifts.73 This averaging
technique is not an option for qubit applications. The
second-order sensitivity of Al+, B7.2 � 10�4 mHz mG�2, is five
orders of magnitude smaller than the sensitivity of N2

+ ‘‘magic’’
transitions analysed here. However, since the Al+ clock works at
a finite magnetic field of 1.2 G,72 the clock transition acquires
an effective first-order sensitivity of B1.7 mHz mG�1. This first-
order sensitivity is five times smaller than that of the Q(0)
‘‘stretched’’ transitions in N2

+. However, for the ‘‘magic’’ tran-
sitions in N2

+, which have a vanishing first-order sensitivity, the
magnetic-field sensitivity breaks even with the Al+ clock transi-
tion at a fluctuating magnetic field value of B0.1 mG which is a
typical value for a system with actively stabilized magnetic field.
Below this value, the N2

+ ‘‘magic’’ transitions are less sensitive
than the Al+ clock while above they are more sensitive to
magnetic field fluctuations.

Data and materials availability

The codes used for diagonalizing the molecular Hamiltonian and
generating the plots of this study are available on the Zenodo
repository at http:/www.doi.org/10.5281/zenodo.4006578.
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Appendix
A Electric-field induced systematic shifts

In the main text, we have considered the usefulness of different
types of spectroscopic transitions for clock applications and as
qubits in terms of their sensitivity to magnetic fields which
causes the dominant systematic shifts in N2

+. In addition,
viable clock candidates should also have low susceptibilities
to electric fields. For completeness, we consider here the
AC-Stark and electric quadrupole shifts, complementing the
discussion in ref. 37.

A.1 Stark shifts. In a homonuclear diatomic molecule,
there is no electric-dipole coupling between rovibrational states
and the first-order Stark shift vanishes. There is, however,
dipole coupling to excited electronic states. The AC-Stark shift
of state j is given by,

DEj ¼ �
1

2
ajðoÞE0

2; (24)

where E0 is the electric field amplitude at frequency o and aj (o)
is the polarizability given by,

ajðoÞ ¼
X
k

jhkjmj jij2
�h

ojk

o2 � ojk
2
: (25)

Here, the summation runs over all states of the molecule,
k, with non-vanishing dipole matrix element, hk|m|ji, and transition
angular frequency, ojk. Data on excited electronic states of N2

+ can
be found in the literature, e.g., ref. 74. The AC-Stark-shift-induced
differential shift of the transition frequency between two levels
j and i is then given by hDfAC = DEj � DEi.

Different types of AC-Stark shifts contribute to the present
problem. The AC-Stark shift from the RF drive of an ion
trap with frequency o E (2p)20 MHz can be estimated in the
limit o - 0 in eqn (25). For vibrational transitions with
f E 65.2 THz, one obtains a relative shift of DfAC/(fE0

2) =
7 � 10�24 (m V�1)2. Typically, the electric field amplitude
vanishes at the position of the ions in a Paul trap. However,
trap imperfections can lead to a non-zero electric-field ampli-
tude. These fields will cause a relative shift of 1.26 � 10�18 at a
field amplitude of 300 V m�1 for the fundamental vibrational
transition. It should be noted that such a field amplitude is
excessive for an ion in a typical ion trap built for quantum-logic
experiments. For other classes of transitions, e.g., hyperfine or
rotational excitations, the corresponding shift is smaller as the
energy spacing decreases and the cancellation of the AC-Stark
shift between the upper and the lower state is more significant.

The AC-Stark shift induced by ambient blackbody radiation
can also be estimated in the limit of o - 0 because the
maximum of the thermal spectral energy density at a tempera-
ture of 300 K is situated around 31 THz which is small
compared to the frequencies of electronic transitions from
the vibrational ground-state. The time-averaged value of the
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quadratic electric-field amplitude of a 300 K radiator is E0
2/2 =

hE0
2iE (831.9 V m�1)2 75 yielding a relative shift of DfAC/f = 1.0 �

10�17 for vibrational transitions. Transitions within a vibrational
state will have smaller shifts due to cancellation between the upper
and lower levels. The N2

+ molecular clock is therefore suitable for
operation in a room-temperature environment.

AC-Stark shifts from the probe laser can be eliminated by
using the Hyper-Ramsey spectroscopic method76 or through a
balanced Raman scheme.77 In a Rabi- or Ramsey-type clock
experiment, the laser power is reduced in order to minimize
power broadening. In order to obtain a Rabi frequency of
OB (2p)1 Hz on the S(0) branch of the fundamental vibrational
transition, 1 nW of laser power focused to a beam radius of
50 mm is required. The intensity is thus I = 0.26 W m�2

corresponding to an electric field of 13.9 V m�1. The AC-Stark
shift obtained from eqn (24) is then DfAC/f = 8.9 � 10�22. With a
laser power more suitable for driving qubits of B100 mW, the
intensity is I = 2.55 � 107 W m�2 and an AC-Stark shift of 5.8 Hz
or DfAC/f = 8.9 � 10�14 is obtained.

A.2 Electric-quadrupole shift. The matrix element in
eqn (18) that was used to obtain the electric quadrupole transition
moment can also be used for estimating the quadrupole shift
caused by static-field gradients prevalent in an ion trap. For the
present purpose, the permanent moments R(0,0) E 1.86 ea0

2 for
v = 0 and R(1,1) E 1.89 ea0

2 for v = 144 were assumed in eqn (18).
Furthermore, we assumed p = 0 to describe a static field gradient
along the trap axis. The first-order energy correction due to the
quadrupole shift is then given by,78

DEj ¼ �
1

2

dE

dz
fj jQjfj

D E
: (26)

A typical field gradient, dE/dz, in an ion trap is B107 V m�2. From
the matrix elements in eqn (18), we see that the quadrupole shift
vanishes for all states in the rotational ground state, N = 0, as is also
apparent by the selection rules for E2 transitions. Further, for any
state with F = 0 or F = 1/2, the shift also vanishes. For other states in
v = 0, 1 and N = 2, 4, 6,. . ., the matrix element ranges between 10�3–
10�1R(v,v) corresponding to an absolute quadrupole shift between
0.21–14.4 Hz.

All the Zeeman- and hyperfine transitions in N = 0 are therefore
immune to electric-quadrupole shifts to first order. Rotational
transitions of the form N = 0 - (N0 = 2, F= 1/2), among which
several ‘‘magic’’ transitions were identified (see Appendix D), are
also not affected by this shift, as is the Q(0) branch of vibrational
transitions. The Q(0) transitions of the I = 0 nuclear-spin configu-
ration are therefore especially suitable for clock operation because
they are immune from the quadrupole shift and feature stretched-
state transitions which have a low susceptibility to magnetic fields.
Q(2) transitions can also be chosen with F = F0 = 1/2 such that the
quadrupole shift cancels. For S(0) transitions, the quadrupole shift
vanishes in the lower states N = 0 and the upper state can be chosen
as F0 = 1/2.

The differential shift of the fine-structure transitions with
DJ = 1 within the N = 2 manifold was calculated for the ‘‘magic’’
transitions listed in Appendix D. The differential shift ranges
between 1.13–5.65 Hz for the ‘‘magic’’ transitions with the exception

of | J = 3/2, I = 2, F = 7/2, MF = �1/2i - | J = 5/2,
I = 2, F = 9/2, MF = �3/2i for which an accidental cancellation leads
to a vanishing shift. Therefore, suitable clock transitions with a low
sensitivity to magnetic fields and vanishing quadrupole shifts were
identified in every class of transitions examined in this paper.

B The effective hyperfine Hamiltonian

The effective hyperfine-interaction Hamiltonian takes the form,

Hhfs = HbF + Ht + HeqQ + HcI. (27)

The individual terms in Hhfs and their matrix elements have
been discussed in ref. 40 and are reproduced here for conve-
nience. HbF represents the Fermi-contact interaction which
has off-diagonal matrix elements in J,

hv0;N 0;S0; J 0; I 0;F 0;m0jHbF jv;N;S; J; I ;F ;mi

¼ bFvdvv0dNN0dSS0dII 0dFF 0dmm0 ð�1ÞFþIþJ
0þJþNþSþ1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IðI þ 1Þð2I þ 1ÞSðS þ 1Þð2S þ 1Þð2J þ 1Þð2J 0 þ 1Þ

p

�
I J 0 F

J I 1

( )
S J 0 N

J S 1

( )
;

(28)

Ht is the dipolar hyperfine interaction with off-diagonal matrix
elements in N and J,

hv0;N 0;S0; J 0; I 0;F 0;m0jHtjv;N;S; J; I ;F ;mi

¼ tv;Ndvv0dSS0dII 0dFF 0dmm0 ð�1ÞJþIþFþN
0þ1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SðS þ 1Þð2S þ 1Þ
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30IðI þ 1Þð2I þ 1Þð2J þ 1Þð2J 0 þ 1Þð2N þ 1Þð2N 0 þ 1Þ

p

�
I J 0 F

J I 1

( ) N 0 N 2

S S 1

J 0 J 1

8>>><
>>>:

9>>>=
>>>;

N 0 2 N

0 0 0

 !
;

(29)

where tv,N = tv + tDvN(N + 1), HeqQ is the electric-quadrupole
hyperfine interaction with off-diagonal matrix elements in
N, J and I,

hv0;N 0;S0; J 0; I 0;F 0;m0jHeqQjv;N;S; J; I ;F ;mi

¼ eqQv

2
dvv0dSS0dFF 0dmm0

ð�1ÞI þ ð�1ÞI 0

2
ð�1ÞFþ2JþI 0þ2I1þSþ2N 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2I þ 1Þð2I 0 þ 1Þð2J þ 1Þð2J 0 þ 1Þð2N þ 1Þð2N 0 þ 1Þ

p

�
I 0 2 I

J F J 0

( )
I1 2 I1

I I1 I 0

( )
N 0 2 N

J S J 0

( )

�
N 0 2 N

0 0 0

 !
I1 2 I1

�I1 0 I1

 !�1
;

(30)

where I1 = 1 is the nuclear spin of a 14N atom, and HcI is the
magnetic nuclear spin-rotation interaction which mixes states
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of different quantum number, J,

hv0;N 0;S0; J 0; I 0;F 0;m0jHcI jv;N;S; J; I ;F ;mi

¼ cIdvv0dNN 0dSS0dII 0dFF 0dmm0 ð�1ÞFþIþJ
0þJþNþSþ1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IðI þ 1Þð2I þ 1ÞNðN þ 1Þð2N þ 1Þð2J þ 1Þð2J 0 þ 1Þ

p

�
J 1 J 0

I F I

( )
N 1 N

J 0 S J

( )
:

(31)

All effective coupling constants are given in Table 1.

C Rovibrational interactions

The rovibrational mixing was estimated in the same way as in
ref. 49 and 79, i.e., as a result of the dependence of the
rotational constant, B, on the bond length, R, within the
harmonic approximation for the vibration. The rotational con-
stant, B(R) p R�2, was expanded in a Taylor series to first order
around the equilibrium internuclear distance R = Re,

B(R) = Be[1 � 2x + O(x2)]. (32)

Here, x = (R � Re)/Re and Be is the equilibrium rotational
constant. The zero-order term corresponds to the rigid-rotor
rotational Hamiltonian whereas the linear term in x causes the
rovibrational interaction.

Inserting eqn (32) in the rotational Hamiltonian, B(R)N2,
the rigid-rotor Hamiltonian, BeN2, and the rotation–vibration
coupling Hamiltonian to first order,

Hro-vib = �2BexN̂2. (33)

are obtained. x is further expressed in terms of creation (a†) and
annihilation (a) operators of an harmonic oscillator,

x ¼
ffiffiffiffiffiffi
Be

oe

r
ðay þ aÞ; (34)

which results in the matrix elements,

hv0;N 0jHro�vibjv;Ni ¼ �2Be

ffiffiffiffiffiffi
Be

oe

r
dNN0

�NðN þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffi
vþ 1
p

dv0 ;vþ1 þ
ffiffiffi
v
p

dv0;v�1
� �

:

(35)

Here, oe is the harmonic vibration frequency (expressed in the
same units as Be).

The combined vibrational and rigid-rotor Hamiltonians,
Hvib = Gv and Hrot = BeN2, respectively, were diagonalized
including the rovibrational interaction Hro-vib numerically
using the v = 0, 1, 2, 3, 4 vibrational and N = 0, 2, 4, 6, 8, 10
rotational states as a basis set to obtain the mixing coefficients.
In this treatment, we found

P
ij

cicjRðv ¼ 0; v ¼ 1Þ � 5� 10�6mp

in N = 2 according to eqn (20). For E2 transitions, this
corresponds to transition moment of B10�5 ea0

2. The second
term in eqn (20), however, leads to a much stronger transition
moment of B10�1 ea0

2. Therefore, the effect of rovibrational
mixing in the calculation of the transition moments for low-
lying rotational states can be neglected.

D ‘‘Magic’’ magnetic-field-insensitive transitions

Table 2 Partial list of the strongest ‘‘magic’’ magnetic-field insensitive transitions within the hyperfine, fine, rotational and vibrational manifolds below
70 G. The labels |v,N,S,J,I,F,mi correspond to those basis states which exhibit the largest overlap with the true molecular eigenstates. For each transition,
the ‘‘magic’’ magnetic-field strength, B, the Einstein A coefficient, the transition frequency, f, and the second-order magnetic-field dependence, a, of the
transition are indicated. The dominant coupling mechanism (M1S, M1aS or E2) is also listed for each type of transition. The transition frequencies are given
with respect to an arbitrary reference frequency, f0, defined as follows: f0 = 0 for pure hyperfine (A) and fine-structure (B) transitions, f0 = B0 � 6 � D0 �
62 E 3450784.31 MHz for rotational (C) transitions, f0 = G1 – G0 E 6501970244.88 MHz for Q(0) rovibrational transitions (D), and f0 = G1�G0 + B1� 6� D1

� 62 E 6505390595.50 MHz for S(0) rovibrational transitions (E)

(A) Hyperfine transitions: (I = 2) M1S |v = 0, N = 0i- |v0 = 0, N0 = 0i B [G] A [s�1] f � f0 [MHz] a [mHz mG�2]

| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 1/2, I = 2, F = 5/2, m = �3/2i 54.85 8.6 � 10�18 204.80 19.1
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 1/2, I = 2, F = 5/2, m = �3/2i 38.40 6.1 � 10�18 233.51 16.1
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 1/2, I = 2, F = 5/2, m = �1/2i 38.42 6.1 � 10�18 233.48 16.1
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 1/2, I = 2, F = 5/2, m = �1/2i 18.28 1.6 � 10�17 250.83 15.6

(B) Fine-structure transitions: (I = 0, 2) M1S |v = 0, N = 2i- |v0 = 0, N0 = 2i B [G] A [s�1] f � f0 [MHz] a [mHz mG�2]

| J = 3/2, I = 0, F = 3/2, m = �1/2i- | J = 5/2, I = 0, F = 5/2, m = �1/2i 49.20 3.1 � 10�16 686.52 8.9
| J = 3/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 5/2, m = �1/2i 17.15 2.2 � 10�16 656.74 12.0
| J = 3/2, I = 2, F = 3/2, m = +1/2i- | J = 5/2, I = 2, F = 5/2, m = �1/2i 3.81 1.0 � 10�16 660.16 10.5
| J = 3/2, I = 2, F = 5/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = �3/2i 48.30 1.9 � 10�16 738.06 8.0
| J = 3/2, I = 2, F = 5/2, m = �3/2i- | J = 5/2, I = 2, F = 7/2, m = �1/2i 48.72 1.6 � 10�16 739.40 7.0
| J = 3/2, I = 2, F = 5/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = �1/2i 22.31 3.9 � 10�16 752.31 8.2
| J = 3/2, I = 2, F = 5/2, m = +1/2i- | J = 5/2, I = 2, F = 7/2, m = �1/2i 1.55 1.9 � 10�16 756.33 7.9
| J = 3/2, I = 2, F = 7/2, m = �1/2i- | J = 5/2, I = 2, F = 9/2, m = �3/2i 49.84 2.8 � 10�16 832.14 6.3
| J = 3/2, I = 2, F = 7/2, m = �3/2i- | J = 5/2, I = 2, F = 9/2, m = �1/2i 49.39 2.7 � 10�16 832.67 6.2
| J = 3/2, I = 2, F = 7/2, m = �1/2i- | J = 5/2, I = 2, F = 9/2, m = �1/2i 24.06 5.9 � 10�16 843.94 6.3

(C) Rotational transitions: (I = 2) M1aS |v = 0, N = 0i- |v0 = 0, N0 = 2i B [G] A [s�1] f � f0 [MHz] a [mHz mG�2]

| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 3/2, I = 2, F = 1/2, m = �1/2i 45.57 2.2 � 10�15 �244.08 9.4
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 1/2, m = �1/2i 15.80 9.3 � 10�15 �225.74 12.3
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Table 2 (continued )

(C) Rotational transitions: (I = 2) M1aS |v = 0, N = 0i- |v0 = 0, N0 = 2i B [G] A [s�1] f � f0 [MHz] a [mHz mG�2]

| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 1/2, m = +1/2i 9.37 2.7 � 10�15 �223.57 9.3
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 3/2, I = 2, F = 3/2, m = �3/2i 29.85 9.8 � 10�15 �257.50 7.3
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = �1/2i 36.99 1.2 � 10�15 �254.73 3.8
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 3/2, m = �1/2i 38.86 1.4 � 10�15 �488.22 �12.1
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = �1/2i 15.30 1.9 � 10�15 �504.42 �14.9
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = +1/2i 48.51 7.4 � 10�15 �264.22 5.3
| J = 1/2, I = 2, F = 3/2, m = +1/2i- | J = 3/2, I = 2, F = 3/2, m = +3/2i 17.64 5.9 � 10�15 �253.71 5.4
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 3/2, I = 2, F = 5/2, m = �3/2i 44.15 7.7 � 10�15 �297.86 5.9
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 5/2, m = �3/2i 60.07 1.9 � 10�15 �501.62 �12.6
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 5/2, m = �3/2i 35.38 5.4 � 10�15 �531.06 �10.9
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 5/2, m = �1/2i 16.71 7.1 � 10�15 �289.93 3.4
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 5/2, m = �1/2i 43.39 7.8 � 10�15 �521.55 �13.8
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 5/2, m = +1/2i 60.74 6.2 � 10�15 �302.52 3.2
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 5/2, m = +1/2i 4.82 6.8 � 10�15 �544.71 �11.7
| J = 1/2, I = 2, F = 3/2, m = +1/2i- | J = 3/2, I = 2, F = 5/2, m = +3/2i 30.76 7.5 � 10�15 �292.22 3.0
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 7/2, m = �3/2i 58.94 1.4 � 10�14 �539.71 �12.8
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = �3/2i 33.79 9.0 � 10�15 �568.41 �10.6
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 7/2, m = �1/2i 46.34 6.2 � 10�15 �556.10 �12.8
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = �1/2i 19.49 1.4 � 10�14 �576.51 �11.1
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = +1/2i 6.12 7.4 � 10�15 �580.31 �10.9

(D) Rovibrational transitions: (I = 2): M1aS |v = 0, N = 0i- |v0 = 1, N0 = 0i B [G] A [s�1] f � f0 [MHz] a [mHz mG�2]

| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 1/2, I = 2, F = 3/2, m = �3/2i 54.37 4.4 � 10�10 �202.56 �19.3
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 1/2, I = 2, F = 3/2, m = �3/2i 38.05 2.1 � 10�10 �230.99 �16.3
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 1/2, I = 2, F = 3/2, m = �1/2i 38.10 2.1 � 10�10 �231.01 �16.2
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 1/2, I = 2, F = 3/2, m = �1/2i 18.12 4.4 � 10�10 �248.18 �15.8
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 1/2, I = 2, F = 5/2, m = �3/2i 54.37 4.4 � 10�10 203.45 19.3
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 1/2, I = 2, F = 5/2, m = �3/2i 38.03 2.1 � 10�10 231.91 16.3
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 1/2, I = 2, F = 5/2, m = �1/2i 38.12 2.1 � 10�10 231.88 16.2
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 1/2, I = 2, F = 5/2, m = �1/2i 18.12 4.4 � 10�10 249.07 15.8

(E) Rovibrational transitions: (I = 2): E2 |v = 0, N = 0i- |v0 = 1, N0 = 2i B [G] A [s�1] f � f0 [MHz] a [mHz mG�2]

| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 1/2, m = �1/2i 30.06 5.8 � 10�9 �480.97 �5.2
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = �3/2i 47.64 8.5 � 10�9 �491.42 �8.0
| J = 1/2, I = 2, F = 5/2, m = +1/2i- | J = 3/2, I = 2, F = 3/2, m = �3/2i 14.87 3.8 � 10�9 �508.36 �6.7
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = �1/2i 36.60 1.8 � 10�9 �257.19 3.9
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 3/2, m = �1/2i 39.07 6.7 � 10�9 �490.68 �11.5
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = +1/2i 46.75 4.2 � 10�9 �265.99 5.6
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 3/2, m = +1/2i 33.59 3.3 � 10�9 �498.86 �9.9
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = +1/2i 4.28 5.6 � 10�9 �509.68 �13.1
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 3/2, m = +3/2i 61.63 1.1 � 10�9 �275.92 4.3
| J = 1/2, I = 2, F = 3/2, m = +1/2i- | J = 3/2, I = 2, F = 3/2, m = +3/2i 16.85 5.0 � 10�9 �255.67 5.6
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 5/2, m = �5/2i 64.93 8.9 � 10�9 �506.02 �7.5
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 3/2, I = 2, F = 5/2, m = �3/2i 44.62 3.2 � 10�9 �294.67 6.0
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 5/2, m = �3/2i 59.97 6.0 � 10�9 �498.49 �12.5
| J = 1/2, I = 2, F = 5/2, m = +1/2i- | J = 3/2, I = 2, F = 5/2, m = �3/2i 10.74 5.4 � 10�9 �540.42 �10.3
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 5/2, m = �1/2i 18.34 3.8 � 10�9 �537.47 �12.5
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 5/2, m = +1/2i 31.36 6.0 � 10�9 �530.66 �11.9
| J = 1/2, I = 2, F = 3/2, m = +1/2i- | J = 3/2, I = 2, F = 5/2, m = +5/2i 65.10 5.2 � 10�9 �300.92 2.3
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 3/2, I = 2, F = 7/2, m = �5/2i 14.88 1.5 � 10�8 �314.32 4.0
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = �5/2i 51.30 3.5 � 10�9 �543.57 �9.2
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 3/2, I = 2, F = 7/2, m = �3/2i 48.10 1.3 � 10�8 �324.81 6.1
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = �3/2i 33.18 2.0 � 10�9 �557.44 �10.9
| J = 1/2, I = 2, F = 5/2, m = +1/2i- | J = 3/2, I = 2, F = 7/2, m = �3/2i 8.04 2.2 � 10�9 �568.88 �10.1
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = �1/2i 16.21 1.3 � 10�8 �314.63 4.2
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 7/2, m = �1/2i 45.32 1.8 � 10�9 �545.49 �13.1
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = +1/2i 54.89 1.4 � 10�8 �324.78 2.9
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 3/2, I = 2, F = 7/2, m = +1/2i 33.85 2.3 � 10�9 �557.16 �12.0
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 3/2, I = 2, F = 7/2, m = +1/2i 5.95 1.7 � 10�9 �569.15 �11.1
| J = 1/2, I = 2, F = 3/2, m = +1/2i- | J = 3/2, I = 2, F = 7/2, m = +3/2i 22.93 1.5 � 10�8 �315.33 2.9
| J = 1/2, I = 2, F = 3/2, m = +3/2i- | J = 3/2, I = 2, F = 7/2, m = +7/2i 41.67 2.7 � 10�8 �316.98 1.3
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 5/2, I = 2, F = 3/2, m = �1/2i 56.95 4.7 � 10�9 322.93 10.7
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 3/2, m = �1/2i 25.65 8.1 � 10�9 348.66 9.7
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 5/2, I = 2, F = 3/2, m = +1/2i 16.17 1.1 � 10�8 352.02 15.4
| J = 1/2, I = 2, F = 5/2, m = +1/2i- | J = 5/2, I = 2, F = 3/2, m = +3/2i 52.04 2.0 � 10�9 117.76 �4.6
| J = 1/2, I = 2, F = 5/2, m = +3/2i- | J = 5/2, I = 2, F = 3/2, m = +3/2i 16.39 4.2 � 10�9 101.77 �5.8
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 5/2, m = �3/2i 48.87 3.3 � 10�9 383.90 9.3
| J = 1/2, I = 2, F = 3/2, m = +1/2i- | J = 5/2, I = 2, F = 5/2, m = �3/2i 23.68 5.3 � 10�9 403.02 8.8
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| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 5/2, I = 2, F = 5/2, m = �1/2i 6.98 4.1 � 10�9 152.46 �2.4
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 5/2, I = 2, F = 5/2, m = +1/2i 25.75 4.0 � 10�9 400.41 12.9
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 5/2, m = +1/2i 1.26 4.8 � 10�9 408.33 12.7
| J = 1/2, I = 2, F = 5/2, m = +3/2i- | J = 5/2, I = 2, F = 5/2, m = +5/2i 60.47 8.4 � 10�9 162.26 �1.8
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = �5/2i 67.42 3.0 � 10�9 423.69 7.8
| J = 1/2, I = 2, F = 3/2, m = �3/2i- | J = 5/2, I = 2, F = 7/2, m = �3/2i 63.13 2.9 � 10�9 416.02 12.8
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = �3/2i 39.26 3.8 � 10�9 447.47 10.6
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 5/2, I = 2, F = 7/2, m = �3/2i 36.74 5.9 � 10�9 213.99 �5.3
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = �1/2i 20.54 3.3 � 10�9 459.46 11.7
| J = 1/2, I = 2, F = 3/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = +1/2i 3.88 2.1 � 10�9 464.18 11.3
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 5/2, I = 2, F = 7/2, m = +1/2i 67.69 4.6 � 10�9 222.96 �2.0
| J = 1/2, I = 2, F = 5/2, m = +3/2i- | J = 5/2, I = 2, F = 7/2, m = +5/2i 31.84 1.5 � 10�9 210.01 �1.0
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 5/2, I = 2, F = 9/2, m = �5/2i 9.72 1.7 � 10�8 259.28 �3.7
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 5/2, I = 2, F = 9/2, m = �3/2i 43.36 1.3 � 10�8 268.40 �6.2
| J = 1/2, I = 2, F = 5/2, m = �3/2i- | J = 5/2, I = 2, F = 9/2, m = �1/2i 68.91 7.8 � 10�9 286.49 �6.1
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 5/2, I = 2, F = 9/2, m = �1/2i 13.68 1.5 � 10�8 259.82 �4.7
| J = 1/2, I = 2, F = 5/2, m = �1/2i- | J = 5/2, I = 2, F = 9/2, m = +1/2i 47.59 1.2 � 10�8 269.15 �3.9
| J = 1/2, I = 2, F = 5/2, m = +1/2i- | J = 5/2, I = 2, F = 9/2, m = +3/2i 23.35 1.5 � 10�8 261.01 �3.3
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