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Characterization of microscopic disorder in
reconstructed porous materials and assessment of
mass transport-relevant structural descriptors

Tibor Müllner,a Klaus K. Ungerb and Ulrich Tallarek*a

The targeted optimization of the functional properties of porous materials includes the understanding of their

transport properties and thus requires knowledge about the relationship between material synthesis, resulting

in three-dimensional material morphology, and relevant transport properties. In this Perspective, we present

our views and results on the characterization of microscopic disorder in functional porous materials, which

are widely used today as fixed beds in adsorption, separation, and catalysis. This allows us to identify

structural parameters that impact their mass transport properties and eventually their overall performance in

technological operations. We address this complex topic at the following levels: (i) computer-generation of

disordered packings allows the systematic investigation of the bed porosity (packing density) and degree of

packing heterogeneity. These studies are complemented by the physical reconstruction of real packed and

monolithic beds, which resolves the salient features of the packing process and monolith synthesis that are

under the control of the experimentalist. (ii) Once reconstructed packed-bed and monolith morphologies are

available, they are analysed by statistical methods to derive structural descriptors for their mass transport

properties. Spatial tessellation schemes and chord length distributions are shown to be suitable for that

purpose. They lead us to sensitive correlations of the degree of pore-environment heterogeneity and

packing-scale disorder with the dynamics of (random) diffusion and (flow-field dependent) hydrodynamic

dispersion, respectively. (iii) Direct or pore-scale numerical simulations are implemented on a high-

performance computing platform to quantify the relevant transport properties of the materials. This

complementary approach highlights the morphological descriptors of mass transport efficiency. They

are validated by the simulations and in the future could direct the rational design of materials from their

synthesis to targeted applications based on physical reconstruction.
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1 Introduction

The establishment of quantitative relationships between the
morphology of microscopically disordered porous materials
and their effective mass transport properties1,2 belongs to the
major challenges in adsorption, separation, and catalysis.3–5

Since most applications rely on efficient mass transport, inde-
pendent of a material’s functionality, targeted optimization of
material performance includes the understanding of relevant
transport properties (and eventual transport limitations) as an
essential component. It requires adequate knowledge to be
gathered on the consequences of the material preparation
conditions for the resulting three-dimensional (3D) material
morphology and associated transport properties.

Relevant mass transport properties include the effective diffu-
sion and hydrodynamic dispersion coefficients. They represent,
respectively, diffusion-limited obstructed transport in tortuous
stagnant regions of a material (mesopores and/or micropores)
and advection-dominated transport in its flow-through domain
(macropores). These different pore spaces are required and
typically subject to a hierarchical design,6–12 i.e., the macropores,
mesopores, and/or micropores (depending on application) are
arranged in discrete domains (contrary to a random assignment
of different pore sizes for the construction of a pore network),
which also results in specific mass transport regimes as well as
limitations in these pore domains. For example, the interparticle
and interskeleton void space of particulate packed beds and
monoliths used as fixed-bed adsorbers, separators, and reactors
consists of interconnected macropores (dpore 4 50 nm), while
mesopores (50 nm Z dpore Z 2 nm) and/or micropores (dpore o
2 nm) form a network inside the particles or the monolith
skeleton. The flow-through macropores (porosity and mean pore
size) determine hydraulic permeability, important for targeted
analysis speed and sample throughput governed by advective
transport (gas or liquid flow), whereas the micropores and/or
mesopores tailor the required surface area as well as diffusion
mechanisms and regimes (surface and bulk diffusion; Knudsen
diffusion).

The heterogeneous porosity distribution in functional mate-
rials can be responsible for severe performance limitations
resulting from a low process efficiency or short device lifetime,
addressing applications such as high-throughput screening in
catalysis13 (high speed) and high-resolution separations14,15

(high efficiency), or the problem of catalyst, battery and fuel
cell degradation16–19 (high durability). Because the underlying
morphology–transport relationships can be neither inferred
from visual inspection of a material nor from two-dimensional
(2D) mass transport simulations unless microscopic order allows
for a reduction of dimensionality, its 3D physical reconstruction
and/or computer-generation – together with the detailed mor-
phological analysis and 3D modeling of relevant transport
phenomena – provides the only direct as well as the most
realistic approach to understand and optimize a porous material’s
structure. A great challenge results from the random and hetero-
geneous nature of porous materials. In this regard, computer
simulations provide the exceptional possibility to evaluate the

mass transfer properties of reconstructed materials and syste-
matically analyse the dependence of material performance on
the individual morphological parameters (e.g. porosity, pore size
distribution, and characteristic dimensions of the different
spatial domains) and fluid as well as analyte transport para-
meters (e.g. volumetric flow rate and diffusion coefficient).

A real porous medium results from a complex formation
process and has definite properties that cannot be altered deli-
berately by the experimentalist. In contrast, computer-generated
models of porous media, such as random sphere packings, which
are good models to study flow and mass transport in particulate
columns for adsorption, separation, and catalysis, allow the
systematic variation of packing properties, e.g. bed porosity
(interparticle void volume fraction), particle porosity, particle
size distribution, and packing heterogeneity independently
from other parameters.20 Random sphere packings, for example,
can be computer-generated with high reproducibility over a range
of packing densities up to the random-close packing limit.21

This is a pre-requisite to study the porosity-scaling of transport
coefficients for hydraulic permeability, effective diffusion, and
hydrodynamic dispersion, or the dependence of these coefficients
on the microstructural heterogeneity at a given bed porosity.22–27

Regarding 3D physical reconstruction of a material (as
opposed to its computer-generation) we today get increasing
access to a steadily growing pool of advanced imaging and
reconstruction techniques. These are specifically developed for
that purpose – from atomic-scale resolution at the surface (e.g.
of a catalyst particle), where elementary reaction or adsorption
processes occur, to the characteristic device lengths (e.g. the
entire diameter of a laboratory-scale fixed-bed reactor), which
impact the macroscale behavior of residence time distributions.28–34

On the other hand, an unacceptable mismatch accumulates
between the plethora of new functional materials reported every
month and the required knowledge about their performance-
relevant (or even limiting) morphological properties.

As illustrated in Fig. 1, the assembly of a wide variety of
porous materials can be regarded as following hierarchical
concepts, which involves the organization of matter on different
length scales and through different operational principles.35

On the smallest, molecular scale (tier 1 in Fig. 1), the atoms or
molecules form three different states of matter: (i) random,
amorphous, glass-like; (ii) partially ordered liquid-crystal; and
(iii) highly ordered crystalline. They account for the local physical
and chemical properties of a material, e.g. the catalytic activity
of corners, faces, and edges of crystalline materials, which is
different from the catalytic activity of disordered structures. All
these states can be obtained in a variety of geometrical figures,
which serve as building blocks for mesostructures (tier 2 in
Fig. 1). To guarantee a sufficiently large surface area for adsorp-
tion, separation, and catalysis, microporosity and/or mesoporosity
is needed in these systems. Mesostructured porous materials
exhibit a wealth of different appearances with varying degree of
heterogeneity, regularity, and periodicity. Periodic structures can
be constructed by the translation of a unit cell in lateral dimen-
sions. Regular structures do not show this translational symmetry
but follow a strict construction rule. Random structures, on the
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other hand, can only be described by stochastic measures, which
allow us to characterize heterogeneity, typically as the width of
the distribution regarding a feature of interest (e.g. mean size,
pore volume, etc.).

The mesoscale morphology, characterized by feature sizes
on the order of several nanometers, determines the physical
properties of a material such as mass transfer resistance and
effective diffusive transport, which become important for our
discussion. The directed synthesis of a designated structure can
be considered as the art of modern mesochemistry and is a key
to the rational design of tailored functional materials.36,37 The
mesostructures may, in turn, serve as building blocks for larger
macrostructures, including films, patterned devices, fibers and
pillars, or regularly and irregularly shaped particles (commonly
spheres, which can be assembled to form ordered or disordered
beds), and monoliths. These structures may be prepared by
chemical or physical methods, as their morphological features
are on the order of several micrometers. In adsorption, separa-
tion, and catalysis the void spaces generated in these larger
macrostructures govern the fluid flow dynamics and associated
hydrodynamic dispersion.

It is insightful to look at morphological similarity through-
out the different length scales. Crystals can show a morphology
on the atomic scale that structural assemblies of beads show on
the macroscale. Similarly, an atomic glassy state can be asso-
ciated with a macroscopic disordered packing, the structure of
a mesoglass with the structure of a monolith, etc. The reappearing
structural motifs imply that toolboxes for the characterization of
morphology should be similar throughout the different length
scales. A major challenge is to establish quantitative relationships
between the morphologies of this wealth of possible structures
and the transport phenomena dominating on each length scale,

which are relevant if not limiting to the materials’ performance.
The link between structural features and diffusion-limited
transport on the mesoscale as well as advection-dominated
transport on the macroscale, for example, plays a key role in
the optimization of efficiency in adsorption, separation, and
catalysis.

By using representative structures obtained from physical
reconstruction (or by computer generation) and morphological
descriptors as well as their correlation with the relevant transport
properties, we illustrate how structure–transport relationships can
be derived for porous materials. In particular, we address the
impact and characterization of disorder and the degree of micro-
structural heterogeneity. For this purpose we use a set of structures
characterized by a varying degree of disorder and/or heterogeneity.
These structures include pillar arrays (2D highly ordered arrange-
ments of cylinders), crystal-like sphere packings (3D highly ordered
structures of discrete particles), random sphere packings (3D
disordered structures of particles), and monoliths (amorphous
continuous structures). We illustrate how individual parameters
like packing density and packing protocol affect the morphology
of computer-generated packings; we work with physical recons-
tructions of packed and monolithic beds to collect information
on how experimental parameters of a packing and preparation
process influence the final bed morphology; we utilize 3D mass
transport simulations on a high-performance computing
platform to analyze in detail the hydrodynamics and resulting
dispersion. From the analysis of reconstructed porous materials
with statistical methods we derive structural descriptors of mass
transport (diffusion and dispersion), which have potential for
refining the existing theoretical framework.

With this illustrated methodology, transport properties central
to practice in adsorption, separation, and catalysis are correlated

Fig. 1 Occurrence of (dis)order on different (length and operational) scales. This figure illustrates how matter exhibits different degrees of (dis)order on
the atomic level (tier 1) and how these building blocks of different (dis)order form (dis)ordered structures on the mesoscale (tier 2). Furthermore,
mesostructures can form larger (dis)ordered structures on the macroscale (tier 3, not shown). In principle, (dis)order can be achieved independently on
every hierarchy level. From Antonietti and Ozin.35 Copyright 2004 John Wiley & Sons Limited. Reproduced with permission.
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to the relevant morphological properties, which themselves reflect
the preparation conditions of a hierarchically-structured fixed bed.
This complementary approach leads to morphological descriptors,
which guide the systematic optimization of material properties
from the synthesis to targeted applications based on physical
reconstruction. We first present exemplary structures of ordered
and disordered porous materials in Section 2. In Section 3, we
analyse and discuss their morphological properties and in Section 4
report on relevant mass transport properties to illustrate their
relationships with the morphological properties. Section 5 closes
with a perspective on highly interdisciplinary, advanced metho-
dology that is (becoming) available to pave the way for a new leap
in materials science.

2. Exemplary structures of porous
materials
2.1 Ordered structures

When referring to ordered structures, we include all materials
with pore systems (macropores or mesopores) that can be
described by a unit-cell representation. Devices with ordered
macropores have been employed for separation, reaction, and
heat transfer.38–41 Materials containing ordered mesopores have
been applied in sensing,42–44 drug release,45–49 separation,50–56

and catalysis.57–61 2D ordered structures like pillar arrays,
bundles of fibers, and capillary bundles are, in general,
arrangements in which one phase (solid or void) can be
considered as formed by non-overlapping cylinders. Pillar
arrays consist of short solid cylinders, long solid cylinders form
fiber bundles. By contrast, when the cylinders make up the void
phase, the structure consists of parallel cylindrical channels,
i.e., a bundle of capillaries. Neglecting all effects due to a
macroscopic confinement, as well as possible variations along
the cylinders (e.g., bending, diminutions or widenings, etc.), the
structural description as well as the investigation of mass
transport properties can be reduced to a 2D approach.

On the macroscale, pillar arrays can be prepared using
lithographic techniques, as illustrated in Fig. 2.38 The layout
of these pillars is developed using computer aided design. Here
the adjusted parameters are the type of arrangement (from
highly ordered to random), the pillar dimensions (diameter
distribution), and the spacing between pillars. The computer
aided design combined with accurate conversion to real struc-
tures makes this a noteworthy model system for evaluation of
theoretical and experimental studies on structure–transport
relationships. This also allows for in silico optimization of
morphological features (e.g., patterns, pillar dimensions, gap
sizes, etc.) for a specific application. Due to the flexibility of the
lithographic preparation process arrays with a pillar diameter
of a few hundred nanometers have been realised41 as well as
pillars with a size of tens of micrometers.39 Also the degree of
order can be systematically adjusted from a crystal-like to a
stochastic arrangement.62 Similarly, aligned fibers covering a
wide range of materials can be prepared by electrospinning,63,64

resulting in arrays of uniaxially aligned fibers with diameters of
typically several hundred nanometers.

The pursuit of generating ordered mesoporous structures
was sparked by the introduction of the MCM-41 material,65 and
a variety of mesoporous materials demonstrating 2D symmetry
have been reported.53,59,66 MCM-41 and SBA-15 are the most
prominent representatives, which both show a hexagonally
arranged pattern of parallel channels. Mesoscale pillar arrays
can be derived by using these structures as templates.36 An
example is shown in Fig. 3. Here, chromium oxide crystalline
mesopillars have been synthesised using hexagonally structured
SBA-15 silica as the template.67 The diffraction pattern shown
as the left inset in Fig. 3A indicates the desired global structure
of these mesopillars. However, neither the individual pillars
(Fig. 3B), nor their local arrangement (Fig. 3D) reflects the
idealized uniformity implied by Fig. 3C. This needs to be checked
when evaluating a morphology from the local to the global scale.

The transition from 2D to 3D structured materials increases
the number of possible and realized structures on both the macro-
scale and the mesoscale. As a consequence, also the possible
applications become numerous. One special implementation
is the use of discrete spherical particles that are arranged in
crystalline structures. Their advantage is the unambiguity of the
structure, since the packings can be represented with a unit cell.
This is also beneficial when comparing computer-generated to
real structures. Commonly targeted structures are hexagonal
close packing (hcp), body-centered cubic packing (bcc), and
face-centered cubic packing (fcc).

Experimental preparation of ordered packings is not always
straightforward. While nanocasting and soft templating
have been successfully employed for ordered mesostructured
materials,36 the methods for generation of crystalline structures
on the scale of several hundred nanometers up to micrometers
are still in their infancy. A promising approach is colloidal

Fig. 2 Hexagonal micropillar array produced by photolithographic
patterning of a silicon wafer, followed by anisotropic deep reactive ion
etching and deposition of a silica layer using plasma enhanced chemical
vapour deposition. Pillar diameter and spacing, 2 mm. Reprinted with
permission from Kirchner et al.38 Copyright 2013 American Chemical
Society.
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crystallization.68–71 This has been demonstrated, for example,
by Wirth and co-workers72 for a particle bed generated in a
capillary column, as well as by Newton et al.73 for an electrode
material (images with the structure obtained by colloidal
crystallization are shown in Fig. 4). It can be recognized that
the packing is not exclusively single-crystalline, but consists of
domains, where colloidal spheres are arranged in the desired
hexagonal pattern, and domains, where a simple-cubic arrange-
ment persists (Fig. 4B). If these problems can be overcome, the
well-defined structure of ordered cylinder arrays and sphere
packings makes them an ideal reference in evaluating structure–
transport relationships with disordered materials, also because
microscopic order is generally believed to result in better
performance.

2.2 Random packings

Randomly packed particulate beds are nowadays the dominating
‘‘fixed-bed structure’’ in a wide variety of applications, first and
foremost in separation science (especially in high-performance
liquid chromatography, HPLC),4,74,75 where packed beds have
been intensively applied since their recognition for adsorption
chromatography by the Russian–Italian botanist Mikhail
Tswett76,77 in the early twentieth century. Since then, the particle
technology has substantially improved. Small, micrometer-sized
particles (in particular, smaller than B3 mm), characterized by
narrow particle size distributions, are produced today and packed
to yield efficient HPLC columns by companies all over the world.78

The thrive for ever better-performing packings, not only for
use in separation but also adsorption and reaction, providing
small hydrodynamic dispersion and fast mass transfer into and

out of the porous particles (expressed in narrow residence time
distributions and small band broadening), has created the
need for a thorough understanding of the involved transport
processes that take place in a packed bed.14 Despite this need
and many investigations over the past few decades, a sound
description of transport processes (in particular, mass transfer
resistances) and their correlation with the packing morphology
is still lacking. This can be attributed to a number of obstacles.
(i) The experimental generation of packed beds with specific
properties, such as the systematic variation of bed porosity and
packing microstructure is difficult, since the packing process
for frictional and cohesive fine-particles is complex. (ii) Elucidating
the structure of real packings is as well difficult; only the improve-
ment of imaging methods over the past few years made physical
reconstructions of packings from many applications possible.
(iii) Evaluation of transport properties, in particular, hydrodynamic
dispersion coupled with adsorption and reaction at the solid–
liquid interface of randomly packed beds, is also a challenging
problem that usually relies on advanced numerical methods
implemented on supercomputing platforms (though facilities that
provide the required computational power have become more
widely available since a few years).

A comparison of ordered and disordered packings with regard
to their microstructures reveals a striking difference. While
ordered packings typically can be described using unit cells,
disordered packings can only be described using statistical
descriptors. If we consider a large number of inert (frictionless
and cohesionless) spheres, which are randomly arranged to
form a jammed packing, countless possible variations exist.
The most important parameter is the bed porosity, which can
vary between about 0.36 and 0.46 for monodisperse particles;

Fig. 4 Colloidal crystallized 250 nm-diameter silica spheres. Panel A
illustrates the (targeted) hexagonal structure. Panel B reveals structural
defects in the sample, e.g. domains where other crystal structures co-exist
(in this case, simple cubic). Adapted with permission from Newton et al.73

Copyright 2004 American Chemical Society.

Fig. 3 Crystalline chromium oxide-based mesopillar structure obtained
by templating synthesis using SBA-15 as a precursor. Panel A shows a
single particle and the left inset the diffraction pattern. Panels B and D are
transmission electron micrographs showing side and cross-section of the
array, respectively. Panel C shows the proposed structure, in which bridges
are present to prevent a collapse of the structure. Adapted from Zhu
et al.67 with permission from The Royal Society of Chemistry.
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packings with a higher density can only be realized by the
occurrence of crystalline domains or by the use of polydisperse
particles.21 Next to porosity (or packing density), the micro-
structural degree of heterogeneity is an important character-
istic of a random sphere packing. These two parameters
(packing density and structural heterogeneity) can be considered
as spanning a phase diagram of granular matter, into which the
possible realisations fall.79 The actual number of packing realisa-
tions is a function of the number of degrees of freedom in the
system (i.e., of the entropy80), which in turn strongly depends on
the porosity of the system.

As a consequence of the phase diagram-like character, it is
desirable to systematically generate packings that lie along
the boundaries. The use of these packings for a systematic
investigation of transport properties should allow us to derive
universal limits of their transport properties. With respect to
computer-generated packings it means that algorithms have to
be employed that allow for the control of microstructural
heterogeneity as well as bed porosity. A packing algorithm that
meets these criteria is the Jodrey–Tory algorithm81 and its
modifications.20–23 An exemplary set of generated 2D packings
of inert hard disks with a systematically adjusted degree of
microstructural heterogeneity, which allows a better visualization
of these effects than 3D packings of spheres, is shown in Fig. 5.

Briefly, the algorithm works as follows. In the first step, a
certain number of spheres are distributed inside a simulation
box. This number is determined by the interparticle void
volume fraction (or porosity) for which the packing is generated.
The initial distribution of spheres has an impact on the homo-
geneity of the final packing and can be used as one adjustment
parameter. In the present case, spheres are either distributed
randomly over the entire simulation box (R-packings), or the
simulation box is subdivided into a number of identical cells

equal to the number of spheres. Then, in each cell a sphere is
placed at a random position (S-packings). Packing generation
starts from a random distribution of sphere centers, where
sphere overlap is typical. Each iteration includes the search for
the two sphere centers with minimum pair-wise distance that
defines the maximal sphere diameter at which no sphere over-
lap occurs in the current configuration. This is followed by
symmetrical displacement of the two sphere centers up to a
new distance. The displacement length used in the second step
is scaled by a constant a. Different packing types were generated
by varying the initial distribution scheme of the sphere centers
and the value of the constant a scaling the displacement length.
The scaling constant was set to a = 0.001 (R � 0.001), a = 1
(R and S), or a = 2 (S � 2). With a small displacement length
sphere centers remain close to their initial positions during packing
generation. It preserves the randomness of the initial distribution.
By contrast, larger displacement lengths result in more homo-
geneous distributions of sphere centers in the final configuration
(see Fig. 5 for the case of 2D disk packings, where S � 2 in 3D has
been replaced by S � 6 to achieve a stronger effect). By varying the
final bed porosity as well as the two parameters influencing the final
bed morphology, Khirevich et al.22,23 created a ‘‘library of packings’’
with systematic variation of the degree of microstructural hetero-
geneity for a range of porosities from B0.36 to 0.46.

The Monte Carlo algorithm82 provides a complementary
approach to the Jodrey–Tory algorithm for generating dense,
random sphere packings. It starts from a uniform distribution
of spheres in a dilute cubic array constructed from expanding a
simple cubic lattice. In a stepwise process, particles are moved
in random directions over a distance randomly drawn from a
distribution. Then the coordinate system is compressed by scaling
the boundary box with a compression rate O. These steps are
repeated until the desired bed porosity is reached. By using

Fig. 5 Random packings of monosized hard disks at a bed porosity (interstitial void volume fraction) of B0.46 generated using the Jodrey–Tory
algorithm. Shown are the initial disk distributions for S- and R-configurations (top) and the final 2D packings (bottom). Circles around selected regions
help to compare initial and final distributions. The generated packings reflect their respective packing protocols: (i) S-packings are more homogeneous
than R-packings due to the more uniform initial disk distribution; (ii) the initial void space heterogeneity is best balanced in the S � 6 and least balanced in
the R � 0.001 packing. Reprinted from Khirevich et al.22 Copyright 2010, with permission from Elsevier.
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O = 0.95 (fast compression) or O = 0.05 (slow compression), two
different packing types, O � 0.95 and O � 0.05, respectively,
were generated.23 The values were chosen from the ends of the
possible range (0 o O r 1) to create a maximum of micro-
structural variety with these two Monte Carlo-packing types.

The experimental realization of a similar or even matching
set representing systematic variations in packing heterogeneity
and bed porosity is very difficult. For the generation of
a particle-packed column with interparticle macropores, a
typically cylindrical column is filled with particles, either in
their dry state or suspended as a slurry.4,74 Then, one or more
external forces (gravity, hydraulic pressure, vibration, ultrasound,
electric field, etc.) are applied to consolidate and densify the bed.
Column packings can be realized with particle diameters from
several millimeters83 down to the micrometer scale.84 The latter
denotes the world of modern HPLC.78 Although decades of
research have been devoted to the detailed study of the packing
process, it is still barely understood, since neither the individual
impact of the many factors that influence this complex procedure,
nor their interrelationships are exactly known, among them
the physicochemical properties of the adsorbent particles (e.g.,
particle size distribution, mechanical strength, surface roughness,
chemical surface modification), interparticle forces (electrostatic,
van der Waals), slurry preparation (slurry liquid and concen-
tration, ionic strength), application of pressure and ultrasound,
as well as the coupled stress–strain-flow behavior. As a conse-
quence, over decades it has been repeatedly stated that column
packing is considered an art rather than a science. It was only
during the last few years that the search for optimal packing
conditions started to be based on a more detailed understanding
of the process and individual parameters.85–92 Recent studies, for
example, have addressed the effects of particle properties such
as the width of the particle size distribution24,93,94 and surface
roughness,95–98 van der Waals and electrostatic forces,91,99–102 as
well as the impact of the slurry concentration,103 column dia-
meter,84,88,104 and confining conduit geometry.105–107

Despite these difficulties and challenges, the chromatographic
column format is an ideal system for establishing structure–
transport relationships experimentally, and HPLC itself is among
the most useful tools for the determination of the transport and
dispersion characteristics of matter under flow conditions.
The technique is matured, commercially available in a variety of
different implementations (using gas, liquid, or supercritical fluid
as the mobile phase, with flow rates from nanoliters to several
hundred milliliters per minute, and pressures up to 1200 bar),
automated, and widely available in research laboratories.

However, the lack of a priori knowledge about the outcome
of a packing process impels the need for sophisticated structural
characterization methods, ideally based on physical reconstruction
of a representative part of the packed bed. The method of choice
depends on the material (e.g., hard vs. soft matter; particulate vs.
monolithic) and involved characteristic length scales.28–34 To give
an impression of a reconstructed packing that is used in modern
HPLC (here, nano-liquid chromatography), Fig. 6 provides an
example of a packed bed-segment reconstructed from a packed
capillary.98

The generation of mesoporous structures from the arrangement
of spherical particles (in contrast to the interparticle macropore
space of a packing, where advection-dominated transport prevails
in adsorption, separation, and catalysis) follows a fundamentally
different route. Often a two-step procedure is employed, with
nanosized spheres used as building blocks that undergo controlled
agglomeration.109 This is followed by a fusion step, which prevents
the break-up of the generated structures. An example of a particle
obtained by a spray-drying process of a colloidal solution of silica
nanoparticles is seen in Fig. 7.

2.3 Monolithic materials

The major drawback, or better, limitation of macroscopic
packed beds is the inherent coupling of particle size and
interparticle void space dimensions, as well as the limited
range of bed porosities that can be obtained for mechanically
stable beds. This results in only small domains in which
hydrodynamic properties can be manipulated. Alternative
structures are therefore needed, which can be designed by an
independent variation (and optimization) of the key parameters
that affect material performance.

Fig. 6 Reconstructed bed of 2.6 mm spherical core–shell particles packed
into a 100 mm inner-diameter cylindrical fused-silica capillary. The recon-
struction covers a capillary segment of 100 mm (entire capillary diameter)�
58 mm (along the column axis) � 15 mm. The imaging of the packing
microstructure is based on confocal laser scanning microscopy, realized
by adapting a refractive index matching approach.108

Fig. 7 Scanning electron micrograph of a micrometer-sized bead formed
from nonporous spherical silica nanoparticles through a spray-drying
process. Scale bar, 5 mm. The original particles forming the interstitial
mesopore space in the final bead can be clearly identified.
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One class of materials that, in principle, meets these attractive
features are monoliths. In a wider meaning, monoliths are
structures with a continuous solid phase (skeleton) that is
perforated by a highly interconnected void space (macropores).
This wider definition includes monoliths with feature sizes
ranging from several millimeters, as encountered in technical
catalysis,110 down to nanometers,111 and it also makes no
restriction regarding the degree of (dis)order that is actually
present in a material. Here we restrict our discussion to
disordered monoliths, often described as amorphous, where
the individual skeleton branch size falls into the range from
several hundred nanometers up to a few micrometers. The 3D
morphology of these monoliths (with an example based on
confocal laser scanning microscopy112 shown in Fig. 8) is often
referred to as sponge-like. Compared to ordered structures or
ordered packings, they appear more heterogeneous and show
an amorphous structure.

These monoliths can be prepared from many materials.
Silica113–117 or organic polymers118–120 are predominating,
since the syntheses are straightforward and reliable and, more
importantly, allow wide and independent control of the skeleton
and void space morphologies, e.g., the skeleton and void space
size and respective homogeneity. As with packed beds, applications
typically rely on a large surface area, i.e., the presence of micro- and/
or mesopores. For silica monoliths, disordered mesopores are often
generated by alkaline hydrothermal treatment.116,121 They can
be converted to ordered mesopores by pseudomorphic trans-
formation,9,122 but also direct routes exist.123 The controlled
generation of ordered and disordered micro- and mesopores in
polymers is also well understood.124–127

Since their morphology can be widely tailored and monoliths
created from silica or polymers easily disintegrated (e.g., by basic
etching or hydrofluoric dissolution of silica; pyrolysis of polymers),
they make ideal templates for the synthesis of monoliths with
chemistries that are more suitable for other applications, such as
carbon-based128–131 or metal oxide structures.132 The convenient
control in combination with the versatility of morphologies that

can be realized has stimulated numerous applications, including
energy storage and conversion,7,126,129,130,133,134 sensing,129,135

separation,117,119,136,137 and catalysis.57,61,138–140

3. Morphological descriptors for
porous materials
3.1 Symmetry and periodicity

Crystalline structures are considered to have the highest achiev-
able degree of order. In classical crystallography, a crystal is
considered to be a solid in which the constituents are micro-
scopically arranged to form a regular crystal lattice that can be
represented by a single unit cell. A unit cell is characterized
by the lengths of its edges, the angles formed between them,
and the position of each constituent in the unit cell. Through
application of different symmetry operations, a variety of
indistinguishable permutations can be created. The totality of
symmetry operations which can be applied to a specific unit
cell is a distinct characteristic feature. The finite number of
possible combinations of symmetry operations yields in total
230 space groups, which are commonly used for the classification
of crystalline matter. For visualization of these space groups and
symmetry operations, we refer to the Space Group Visualizer by
Hitzer et al.141

Ideally, a macroscopic crystal is formed by the repetition of
the unit cell infinitely in each spatial dimension. The resulting
single crystal is then isotropic and shows order on all length
scales from short-range to long-range to the macroscale.
Deviations from this ideal description are frequently observed.
Often, they originate in crystallographic defects, ranging from
point defects (vacancies, interstitial defects, substitutions,
Frenkel defects, etc.) over line defects to planar defects. Planar
defects have a severe impact on morphology, since they are
manifested mesoscopically and macroscopically as grain
boundaries. It gives rise to polycrystallinity, where a solid is
composed of crystalline domains that are patterned irregularly
(but often correlated142). Another deviation from crystallinity
is the absence of isotropy. Limiting symmetry to only two
dimensions can be realized on all length scales. 2D hexagonal
patterns, e.g., have been obtained on a molecular level by self-
assembling monolayers;143,144 on the mesoscale, this has been
demonstrated in the famous MCM-41,65 while on the macroscale,
glass drawing methods have been shown to yield hexagonally
arranged channels.9 Still another deviation from the unit cell-
based isotropic periodicity has been discovered in the 1980s with
quasicrystalline structures. In these solids a structure is realized,
which is highly ordered and symmetrical but (despite showing
periodicity) cannot be reduced to a unit cell. The Penrose tiling is
the most famous example. Its fascinating structure is not only
observed in crystals, but has also been produced by lithography
on the mesoscale145 and can even be found in everyday life, where
it has made its way into art and architecture.

To summarize, symmetry is a property found only in highly
ordered structures, and the ability to completely characterize a

Fig. 8 Physical reconstruction of the macropore space morphology of an
analytical (4.6 mm-diameter) silica monolith used in HPLC. The mean
macropore size based on scanning electron microscopy is 0.81 mm. Panels
A and B feature top and side views of the reconstruction, respectively,
which represent a physical volume of about 60 mm � 60 mm � 25 mm
(panel C). The macroscopic boundary of the silica rod is indicated by the
B1 mm thick silica layer at the origin of the y-axis. Adapted from Hormann
and Tallarek.112 Copyright 2013, with permission from Elsevier.
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structure with symmetry operations or other distinct generation
rules makes these structures unambiguous.

3.2 Spatial tessellations

When porous structures are built from discrete particles,
commonly the case for packed spheres, tessellation methods
can be applied to characterize microstructural heterogeneity.
Tesselation schemes use specific rules that allow for an
unambiguous partitioning of a given area or volume into a gap-
free, non-overlapping pattern of geometrical figures. The two
most frequently used and thus most important tessellations are
Delaunay triangulation and Voronoi tessellation.146 Both aim at
subdividing a given space into areas (2D) or volumes (3D), which
can be interpreted as void space shared by a set of particles
(Delaunay tessellation), or as void space associated with a single
particle (Voronoi tessellation). The generation of these tessellation
schemes in 2D is illustrated in Fig. 9.

To generate Delaunay triangulation for the 2D case, in a first
step the discrete objects are reduced to their centers. After-
wards, a mesh of triangles is generated so that each center
becomes a vertex of the resulting mesh and there exists no
particle center that lies inside any of the circumcircles of the
triangles. The concept can be extended to the 3D case by
generating a mesh of tetrahedrons, as shown in Fig. 10. The
circumspheres of the tetrahedrons have to satisfy the same
condition as above. In this triangulation, the void volume
enclosed by a tetrahedron can be considered as a pore. This
approach provides a variety of features that can be used for
quantitative analysis of morphology, including Delaunay cell
volumes, edge lengths, and areas which create the boundary
to the neighbouring pores, as well as the distributions of
these measures.147 Delaunay tessellation is further important
in computational physics, because finite-element and finite-
volume methods are based on a mesh generated by triangulation.
Due to this relevance, a large number of efficient algorithms for
the generation of these meshes exist.

Voronoi tessellation, as shown in Fig. 9B, is related to
Delaunay triangulation by duality. The center of each circum-
circle of every triangle of the Delaunay mesh is a vertex of the
Voronoi mesh. Therefore, these two meshes can be converted
efficiently. For the 2D case of monosized disks, the geometric

construction of the corresponding Voronoi cell is simple. In the
first step, neighboured particle centres are connected by
straight lines. In a second step, orthogonal lines are taken that
divide the connecting lines in the middle. The intersections
of these orthogonals yield the vertices of the Voronoi cell, the
lines between them provide the edges. The extension to three
dimensions is realized using the orthogonal planes. Intersections
of two planes yield the edges, and intersections of three planes
the vertices of the 3D Voronoi cell. An example for Voronoi
tessellation of a set of randomly jammed spheres is shown in
Fig. 11. While this simple procedure is only valid for monosized
disks and spheres, it has been extended to also be applicable to
polydisperse disks and spheres as well as to irregularly shaped
objects.150–153 Voronoi cells can be evaluated with respect to the
number of vertices, their edge length distributions, edge and face
number distributions, area (2D) and volume (3D) distributions,
coordination number, etc., and the properties thereof have been
intensively studied.101,154–163

For crystalline structures the Wigner–Seitz cells are special
cases of the Voronoi cells,146 which consist of regular poly-
hedra. For 2D disks, the densest possible configuration, i.e., the
hexagonal closest packing, gives a honeycomb structure in the

Fig. 9 Generation of Delaunay tessellation (A) and Voronoi tessellation (B)
for 2D disks of the same size. Reprinted from Khirevich et al.23 Copyright
2011, with permission from Elsevier.

Fig. 10 Delaunay tessellation for a set of spheres. The tetrahedron
represents the pore that is enclosed by the four shown spheres. Blue bars
indicate the edges of the Voronoi cell for the same set. Reprinted from
Chareyre et al.148 Copyright 2012, with permission from Springer.

Fig. 11 Voronoi tessellation for a set of randomly arranged, identical
spheres. Reprinted with permission from Schröder-Turk et al.149 Copyright
2013, American Institute of Physics.
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Voronoi cell representation, where each cell has six equally long
edges. By introducing distortions (necessarily accompanied by
an increase in porosity), that is, by increasing the disorder of
the system, several phenomena occur. Firstly, the individual
Voronoi cells become distorted; their edge lengths and cell
areas are no longer equal. Secondly, Voronoi cells emerge that
are formed by more (or less) than six vertices. This broadens the
distribution of the number of vertices per Voronoi cell. In that
way, by steadily increasing the number of distortions, a transition
from the perfectly ordered state to random arrangements can be
achieved. Yazdchi and Luding164 monitored this transition with
the evolution of the probability density distribution for the vertex
number.

As shown in Fig. 12A, the observed curve for the second
statistical moment of that distribution meets the expectations.
The decrease in the frequency of the six-sided Voronoi cells
results in an increase in the variance of the distribution.
Interestingly, the skewness of the distribution (Fig. 12B) drama-
tically increases at a probability of p(6) E 0.6, indicating a
possible threshold between order and disorder. The authors
also introduced a shape parameter F (based on the moments
of area I1 and I2 along the two principal axes of the polygons)
defined by F = |(I1 � I2)/(I1 + I2)|. It is a measure of the
deformation of individual Voronoi cells. The dependence of
this shape factor on porosity is shown in Fig. 13.

The graph can be divided into two sections, and in each, the
curve can be approximated by a linear expression. The inter-
section of the two fitting functions occurs at a porosity of
eE 0.45, effectively dividing the structures into a set of ordered
and a set of disordered ones. The threshold porosity coincides
with the value identified for the dependence of the second and
third moment of the vertex number distribution on p(6) (Fig. 12).
This point is thus indicated by three different properties that can be
derived from Voronoi tessellation. It implies a good threshold value
for the transition between ordered and disordered microstructures.
This evaluation has so far been limited to 2D arrays of disks. An
extension to 3D sphere packings would be highly appreciated.

The computer-generated ‘‘library of packings’’ described
earlier (in the context of Fig. 5), with systematically adjusted

degree of microstructural heterogeneity for bed porosities
from random-close to random-loose packing, was subsequently
characterized by Khirevich et al.22,23 using both Voronoi and
Delaunay tessellation. Voronoi volume distributions for the
different packing types are shown in Fig. 14 at the lowest and
highest porosity; standard deviation and skewness for all distri-
butions (e = 0.366–0.46) are summarized in Fig. 15.

As expected from the lack of degrees of freedom, the Voronoi
volume distributions for all packing types practically coincide
at the lowest porosity (e = 0.366, which lies near the random-
close packing limit79). For the loosest employed packings at
e = 0.46 the distributions diverge most, in accordance with the
intrinsic features of the respective packing type and underlying
(adjusted) packing protocol. When comparing the distributions
at the two border porosities (Fig. 14), one immediately notices
the shift to higher mean values. This is expected, since the
mean volume per particle is proportional to the number density
of particles, i.e., to the targeted bed porosity. With increasing
porosity the distributions become broader and more skewed for
R-type packings than for S-type packings (Fig. 15). Within each
packing type the statistical dispersion and skewness both
decrease with higher values of a. This behaviour is in full

Fig. 12 Second (A) and third (B) statistical moment of the vertex number distribution in dependence of the probability to find a Voronoi cell with six
vertices, p(6). Adapted from Yazdchi and Luding.164 Copyright 2013, with permission from Elsevier.

Fig. 13 Shape factor F in dependence of the void volume fraction for 2D
arrays of circular disks. Reprinted from Yazdchi and Luding.164 Copyright
2013, with permission from Elsevier.
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agreement with details followed by the algorithm, i.e., a larger
displacement length (a-value) during packing generation yields
a more homogeneous sphere distribution in the final packing.22,23

The differences observed in the microstructural heterogene-
ity especially at higher bed porosities underline the need for an
adequate description of the bed structure, if correlations with
the mass transport properties of a material are established. The
two parameters in Fig. 15 (the standard deviation and skewness
of the Voronoi volume distributions) are a quantitative measure
of the microstructural degree of heterogeneity of a packing.
Each of the packing types demonstrates a unique porosity-
scaling, which reflects its relative packing-scale disorder:
R � 0.001 4 R 4 S 4 S � 2, i.e., the higher the packing-
scale disorder, the higher the value of s(P(V)) and g(P(V)) at a
given porosity and the steeper the rise of these two parameters
at increasing porosity.

3.3 Chord length distributions

Although the tessellation schemes provide sensitive morpho-
logical descriptors, they can only be applied if a structure consists
of discrete particles. While the tessellations can be considered as
a powerful and convenient tool to compare the morphologies of

such structures, the comparison of structural properties between
fundamentally different morphologies is not possible. A simple
and widely applicable approach to characterize the shape and
size of arbitrary geometrical structures is the use of chord length
distributions (CLDs), also known as mean path length distributions.
This method has been applied for microstructural description of
multiphase media165 and theoretically investigated for a variety
of fundamental geometric figures.166–168 Application of the CLD
method to materials from different scientific and technological
fields reveals the unique advantage of this approach: since it does
not require assumptions about the size and shape of a solid, liquid,
or void phase, it is virtually applicable to all multiphase media
and has been used to describe packed beds of micrometer-sized
particles,98,108 the macropore space, skeleton and mesopore space
of silica monoliths,112,121,169,170 porous glasses,171 to study
crystallisation,172 etc.

In general, chords are used to fingerprint scan a geometry by
measuring the distances between two interfaces, which are set
apart by a homogenous phase. This is illustrated in Fig. 16 for
a hypercrosslinked poly(styrene–divinylbenzene) monolith
reconstructed using serial block-face scanning electron micro-
scopy.173 CLD analysis proceeds along the following steps:
(i) seed points are randomly placed within each phase, here
interstitial macropore space (black) and polymer backbone
(white); (ii) from each point vectors are projected in angularly
equispaced directions until they hit the interface; (iii) chord
lengths are then extracted as the sum of the absolute lengths
of a pair of opposed vectors (spanning, in general, the distance
between two interfaces while traversing the medium) and stored.

As Fig. 16 shows, the chord lengths analyse morphology on a
local scale, i.e., the majority of the chords probe a single pore,
with some chords also probing adjacent pores. The CLDs
therefore reveal information about the local (pore level) and
short-range (a few pores) heterogeneity. Once a statistically
significant number of chords have been collected, they are
evaluated and assembled to form a histogram, as shown in the
bottom of Fig. 16 and in Fig. 17.

A first conclusion that can be derived from the shape of
a CLD is about the fundamental nature of the structural
disorder in the investigated material. Usually three different

Fig. 15 Standard deviation (A) and skewness (B) of Voronoi volume distributions for the different packing types as a function of bed porosity. The
corresponding distributions for e = 0.366 and 0.46 are shown in Fig. 14. Reproduced from Khirevich et al.23 Copyright 2011, with permission from Elsevier.

Fig. 14 Distribution P(V) of normalized Voronoi cell volumes V for
computer-generated random packings of monosized spheres at bed
porosities of e = 0.366 and 0.46 as a function of packing type. Reproduced
from Khirevich et al.23 Copyright 2011, with permission from Elsevier.
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fundamental shapes can be distinguished, as depicted in
Fig. 17A. For highly ordered, crystalline structures the CLD
exhibits a multi-modal pattern, whereas media with Debye
randomness show a CLD that follows an exponential decay
function. The latter has for example been found for Vycor glass,
cement, and sand.175,176 The most interesting case however is
the occurrence of correlated disorder, as found in randomly
packed particulate beds (Fig. 6) as well as hard and soft matter-type
monolithic materials (Fig. 8 and 16, respectively).

For materials characterized by correlated disorder, it has
been demonstrated that the CLD can be well described with the
k–G-function.98,108,169,170 It can also be supported with argu-
ments based on a statistical mechanics approach.177 This
function returns two descriptive parameters: m as the first
statistical moment, equivalent to the mean chord length of
the investigated phase; and k as a second-moment parameter
related to the dispersion, defined by m and the standard
deviation s as k = m2/s2. The higher the k-value, the more
homogeneous is the respective phase, i.e., the more homogenous
is the morphology over a length scale of a few pores. The strength
of the CLD method stems from the fact that now fundamentally
different morphologies can be compared, as shown in Fig. 17
for the pore spaces of some exemplary structures generated by

completely different processes: a poly(styrene–divinylbenzene)
monolith based on radical polymerization,173 a silica monolith
based on spinodal decomposition,169 and particulate beds prepared
by the slurry packing and consolidation protocol.98

In addition, the CLD approach is useful for the investigation
of systematic variations in one type of material. For example, the
results of the CLD analysis applied to the same computer-generated
packings that were subject to the Voronoi volume distribution
analysis (cf. Fig. 15) are shown in Fig. 18. Unsurprisingly, similar to
the Voronoi tessellation approach, the mean void size and void
space homogeneity coincide for the densest packings and are most
spread-out at the highest investigated porosity. As expected, the
mean chord length for the interparticle void space, i.e., the mean
channel size, increases linearly with the void space volume. Though
the differences are not very pronounced, for a given packing density
the mean chord length decreases with increasing packing homo-
geneity (from R � 0.001 to S � 2 packing type). The actual
heterogeneity determines the fraction of chords that probe a
distance spanning two or more pores. The more heterogeneous a
packing is, the more chords traverse two or more pores; the more
homogeneous a packing, the more chords are generated that only

Fig. 16 Generation of CLDs in the interstitial void space (black) and in the
polymeric skeleton (white) of a physically reconstructed poly(styrene–
divinylbenzene) monolith. The top panel illustrates how chords are
generated. Chords are then assembled in a histogram, as shown in the
bottom panel. Using an appropriate fitting function, values for mean size
(m) and statistical dispersion (k, which is a measure for microstructural
heterogeneity) of a CLD can be derived. Adapted from Müllner et al.174

Copyright 2015 John Wiley & Sons Limited. Reproduced with permission.

Fig. 17 (A) Characteristic CLDs for materials with different types of (dis)-
order. (B) Comparison between structurally differing materials exhibiting
correlated disorder: sphere packings obtained using a narrow or wide
particle size distribution (PSD), i.e., with B3% or B18% relative standard
deviation of the PSD, a silica monolith, and a poly(styrene–divinylbenzene)
(PS–DVB) monolith.

Perspective NJC

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

4 
fe

br
ua

ri
e 

20
16

. D
ow

nl
oa

de
d 

on
 2

8.
01

.2
02

6 
11

:2
9:

58
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c5nj03346b


This journal is©The Royal Society of Chemistry and the Centre National de la Recherche Scientifique 2016 New J. Chem., 2016, 40, 3993--4015 | 4005

probe a single pore. Consequently, the resulting mean chord length
increases for more heterogeneous packings, which is best seen in
Fig. 18A at the highest bed porosity of e = 0.46.

The short-range interchannel homogeneity of the sphere
packings (over 1–2 particle diameters) is captured by the CLDs’
dispersion parameter k, as summarized in Fig. 18B. When
compared to the standard deviation and skewness of the Voronoi
volume distributions presented in Fig. 15, the similarity is evident.
In agreement with expectations, the homogeneity factors coincide

at the lowest investigated porosity (near the random-close packing
limit of B36% interparticle void volume fraction79) and then
fan out for the different packing types with increasing porosity.
The sensitivity of the CLD analysis for the carefully adjusted
microstructural degree of heterogeneity in these packings proves
this method to be an alternative approach for the analysis
of physically reconstructed beds of fine particles. Tessellation
schemes may be more difficult to implement due to nonidealities
in real packings (like fragments and irregularly shaped oligomers
of particles),98 which also adversely affect the flow uniformity and
transport properties and thus have to be included in the morpho-
logical analysis.

A good example of how the combination of a systematic
variation of preparation conditions, 3D physical reconstruction,
and morphological characterization by CLD analysis leads to
insights into fundamental material design and optimization
was given by Stoeckel et al.121 The authors used a series of
silica-based monoliths prepared by a well-established standard
protocol. It was tailored to yield a set of structures with a
systematically varied macropore size, reaching into the sub-
micrometer regime. The structures of these monoliths were
reconstructed using focused ion beam scanning electron micro-
scopy and analysed using the CLD approach. Fig. 19 summarizes
the results of this analysis with a plot of the dimensionless
‘‘structural homogeneity parameter’’ k against the mean chord
length for the investigated silica monoliths.

The quantitative data in Fig. 19 demonstrate that the homo-
geneity of the monoliths suffers (as reflected by the decreasing
k-values) when the average macropore size decreases below
B1 mm. The salient reasons behind several experimental
observations that reduction of the monolith domain size
towards sub-micrometer dimensions failed to improve their
separation efficiency in HPLC practice have until now mostly
been speculated.117 Whether this is a fundamental property of
these monoliths or a problem that could be solved by carefully
adjusted preparation conditions or even alternative routes still
needs to be answered. The analytical approach illustrated in
Fig. 19, however, can be of great help in that discovery: through

Fig. 18 (A) Mean interparticle channel size and (B) microstructural homo-
geneity based on CLD analysis of the void space in different sphere
packing types as a function of bed porosity.

Fig. 19 Macropore space morphology of silica monoliths with average macropore size ranging from a few micrometers into the sub-micrometer
regime. Physical reconstructions were analysed using CLDs and their description by a k–G-function. The extracted microstructural homogeneity
parameter k is then displayed as a function of mean chord length (channel size). Reprinted with permission from Stoeckel et al.121 Copyright 2015
American Chemical Society.
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fine changes of synthesis parameters and a comparison of the
resulting morphologies it will enable material scientists to
systematically tailor monoliths and to identify the morpho-
logical features causing mass-transfer limitations in targeted
applications.112,121,174

The versatility of the CLD analysis is its main advantage over
other methods. Since CLD generation neither requires nor
assumes any underlying morphology, it then becomes possible
to compare the microstructural heterogeneity for fundamentally
different functional materials. Especially the comparison of
particulate packings and monoliths is interesting in this regard,
since they must be considered as paradigm for fixed-bed
adsorbers, separators, and reactors, in general. Due to the
steadily growing pool of functional porous materials that are
subject to physical reconstruction and morphological charac-
terization by CLD analysis, it is possible as well as helpful to
construct a ‘‘magna charta’’ of morphologies. It maps current
results and allows for a quick classification of new structures.
Such a map, which plots the k–m pairs from CLD analysis for a
variety of materials, is presented in Fig. 20.

Such a ‘‘mapping of morphologies’’ allows the quick evaluation
of new materials and a comparison to existing ones. This is
especially useful for the assessment of the capabilities and limita-
tions of a preparation route, as explained in the context of Fig. 19,
and the comparison of new synthetic approaches to existing ones.
By taking into account additional information like hydraulic flow
and permeability data, mass transport properties, the accessible
surface area, etc., this mapping also allows for the rational selec-
tion of materials in more specific applications.

3.4 Topological analysis

The measures presented so far deal with geometrical properties
of porous media. Often, one also needs to take into account the
topology of a pore domain, i.e., how the pores are coordinated
and connected, as well as how tortuous (sinuous) the pathways

through the pore space are. In order to evaluate topology, it is
necessary to apply suitable methods for determining parameters
like pore connectivity, pore coordination, and geometric tortuosity.
Fig. 21 summarizes the results of a paper that is part of this Special
Issue.180 The usefulness of a combination of different topological
analyses is shown for the macropore space of silica-based mono-
liths, but the methods described in that work are universally
applicable to porous media, irrespective of their structure, synthetic
route, and the imaging method used for their reconstruction,
provided that the structural features are adequately resolved. Pore
connectivity can be traced by medial axis analysis,181,182 whereas
pore coordination is evaluated after compartmentalization of the
open macropore space into individual pores and pore throats by a
maximum inscribed spheres approach.183–185 Furthermore, geo-
metric tortuosity is derived from medial axis analysis as well as by
a propagation method that maps the geodesic distance from the
center point of a reconstruction to every other point in the pore space.

Medial axis analysis yields a branch-node network, which returns
the distribution of connectivity of branches per node, the distribu-
tion of geometric branch tortuosity, as well as averaged values. The
maximum inscribed spheres approach provides a compartmenta-
lized representation of the macropore space, where individual pores
are delimited by pore throats, from which the number of coordi-
nating pores of a single pore as well as the distribution thereof for
the whole pore space can be derived. Pore coordination data show
each pore as the possible starting point from which most of the
surrounding pores are accessible by diffusion and flow. Typically,
the pores are connected via throats of much lower coordination.
Therefore, the average pore throat coordination number in the
compartmentalized representation of the pore space as well as the
average pore (branch) connectivity determined by medial axis
analysis are important parameters for mass transport in porous
media.186–188 Calculating the geodesic distance between the center
point and every void voxel in a reconstructed volume via a propaga-
tion algorithm yields a global geometric tortuosity value that reflects
obstruction to percolation or diffusion.

4. Correlation of morphological and
mass transport properties

Effective diffusion and hydrodynamic dispersion belong to the
most important mass transport properties of functional porous

Fig. 20 Morphological comparison of physically reconstructed structures
based on CLD analysis; the summary of the derived k–m data in the form of
a ‘‘magna charta’’. Contributing structures consist of commercial silica
monoliths (1st and 2nd generation Chromolith; analytical columns with
4.6 mm diameter),112,169 laboratory samples of pure silica rods (based on
tetramethoxysilane, TMOS),121 laboratory samples of hybrid organic–silica
monoliths (capillary columns, 100 mm diameter),178,179 and packed beds of
core–shell and fully porous particles (capillary columns, 100 mm diameter).98,108

Fig. 21 Summary of different approaches to extract topological measures
from physical reconstructions. Reproduced from Hormann et al.180 with
permission from the Centre National de la Recherche Scientifique (CNRS)
and The Royal Society of Chemistry.
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materials, which govern the width of residence time distribu-
tions in separation and catalysis, in general. This width – a
function of the mobile phase (liquid or gas) velocity – may, in
turn, be found to limit the performance of a particular process
or operation. It addresses efficiency in HPLC separations of
complex mixtures and the separation of structurally similar
educt/product combinations in chemical reactors, or sample
and material throughput in screening projects representing our
omics era, heterogeneous catalysis, and catalyst (material)
testing. Efficiency – as expressed by the width of the residence
time distribution – and therefore resolution critically depends
on the mobile phase velocity, since the 3D flow velocity field in
a porous material is a sensitive indicator of its morphology. It
indeed behaves as an ‘‘amplifier’’ of the intrinsic structural
heterogeneity through the resulting velocity heterogeneity and
associated hydrodynamic dispersion. Thus, the width of a
residence time distribution reflects the structural heterogeneity
of the material in separation and catalysis under advection-
dominated conditions. The morphological analysis of the flow-
through macropore domain of a material, as illustrated by
Voronoi tessellation for packed beds in Fig. 15 and by CLDs
for both packings and monoliths in Fig. 20, in close relationship
with the hydraulic permeability and hydrodynamic dispersion, is
therefore the key to tailoring throughput (permeability) and/or
efficiency (dispersion) aspects in the design of a material for a
particular application.

4.1 Hydrodynamic dispersion

Theoretical and experimental investigations of dispersion in
flow through porous media have been performed for decades
due to its relevance to engineering, geology, chemistry, and
physics. However, the complexity of solutions to the fundamental
transport equations has restricted investigations to simple or
simplified structures regarding theoretical approaches,189–193 or
to the description of experimental data by appropriate fitting
functions.194–197 Only during recent years have powerful
numerical methods been developed significantly and efficiently
implemented on (increasingly available) high-performance
computing platforms to enable detailed simulations of flow
and dispersion in porous media with arbitrary geometry, in
general, and conventional fixed particulate or monolithic beds,
in particular. Besides reproducing experimental column beha-
vior, recent transport simulations in sphere packings have
addressed the velocity-dependence of longitudinal and trans-
verse dispersion coefficients198–203 and have been instrumental
in resolving the effect of the particle size distribution,24 intra-
particle porosity (nonporous vs. core–shell vs. fully porous
particles) and associated diffusion-limited transport,27 particle
shape,204 bed density,24,25 packing disorder and defects,205,206

or column dimensions207 and cross-sectional geometry105,106,206

on longitudinal dispersion.
An important aspect that is usually neglected, however, is

the impact of structural heterogeneity on dispersion, particu-
larly at a given porosity. Returning to the library of random
sphere packings analysed earlier (in the context of Fig. 5, 14,
and 15), Khirevich et al.20,22 performed pore-scale simulations

of flow and dispersion and were able to derive asymptotic
dispersion coefficients for these packings with systematically
varied bed porosity and microstructural heterogeneity. The
longitudinal dispersion coefficients (i.e., parallel to the macro-
scopic flow direction), observed in the long-time limit as
asymptotic values, are provided in Fig. 22 for a particle Péclet
number (a dimensionless velocity) of Pe = uavdp/Dm = 50, where
uav denotes the average velocity through a sphere packing and
dp is the sphere diameter. For Pe 4 10, advection dominates
transport in a packing (as in Fig. 22); for Pe o 1, transport
becomes diffusion-limited. As the figure shows, the impact of
packing microstructure on dispersion is tremendous – already
for this relatively simple set of packings with frictionless and
cohesionless, monodisperse particles. While the homogenous
S-type packings demonstrate just a minor increase in dispersion
with increasing porosity, the heterogeneous R-type packings
show a distinct dependence. At the highest porosity, the
dispersion coefficient for the most heterogeneous packing is
almost twice as high as for the most homogenous packing. This
difference is expected to increase even further as more extreme
packing generation protocols and polydisperse particles are
employed (and higher porosities with frictional, cohesive
particles realized). It underlines the importance of taking
properly into account the actual microstructure of packed beds
in judging their transport properties. Further insight can be
gained by a comparison of the obtained dispersion coefficients
with the standard deviation and skewness of the Voronoi cell
volume distributions from Fig. 15 as well as with the results of
the CLD analysis in Fig. 18. All three presented measures show
a similar behavior with respect to dispersion in the different
packing types. Although a quantitative theoretical link is still
missing (which poses a great challenge), the approach shows
the potential of using simple scalar measures for microstructural
disorder and heterogeneity and correlates them with relevant
hydrodynamic properties. In this respect, the convenient use
of simple morphological mass transport measures derived with

Fig. 22 Asymptotic longitudinal dispersion coefficients (DL) normalized
by the molecular diffusivity in bulk solution (Dm) at a particle Péclet number
of Pe = 50, i.e., in the advection-dominated transport regime, for the
different sphere packing types as a function of bed porosity. Error bars
indicate 95% confidence intervals. Reprinted from Khirevich et al.22 Copy-
right 2010, with permission from Elsevier.
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benchmark structures alleviates the need for a relatively tedious
determination of these hydrodynamic properties by experiment
or simulation and also improves the possibilities for in silico
tailoring of new materials for adsorption, separation, and catalysis.

Additionally, these detailed studies help in a fundamental
understanding of the complex transport processes in porous
media. For example, longitudinal hydrodynamic dispersion in
packed beds and monoliths originates in velocity biases on
different length scales.14,15 The velocity bias in an individual
pore causes transchannel dispersion, while the velocity bias
between adjacent pores is responsible for short-range inter-
channel dispersion.22,24 These two contributions are reflected
in the CLD analysis.174 For monoliths, it has been shown that
the morphological parameters m and k that are obtained from
fitting the k–G-function to the macropore space CLDs can be
related to their hydrodynamic properties:178 a smaller value for
m is expressed in lower transchannel dispersion, while a larger
k-value represents a higher homogeneity on the scale of 1–2
macropores, reducing short-range interchannel dispersion.
Relationships between m and k and dispersion in monoliths
were established from a systematic set of physically reconstructed
silica monoliths. The derived morphological data were then
correlated with experimental separation efficiencies,178 and
selected physical reconstructions (based on confocal laser
scanning microscopy, cf. Fig. 8) were further used as a model
in simulations of flow and transient as well as asymptotic
dispersion coefficients to validate time and length scales
behind transchannel and short-range interchannel dispersion
indicated by the corresponding CLD analysis.208,209 Impor-
tantly, since no assumptions were made about the underlying
bed morphology (in general, particulate bed or monolith; in
particular, soft or hard matter-type support) in deriving these
relationships and validating morphological mass transport
(here longitudinal dispersion) measures, they are a suitable
reference in hydrodynamic studies with a variety of materials.

4.2 Effective diffusion coefficients

In contrast to the advection-dominated transport on the macro-
pore scale, where the dispersion coefficient is (eventually,
much) larger than the molecular diffusion coefficient, on the
mesopore scale, where purely-diffusive or at least diffusion-
limited transport prevails, the salient structural features hinder
a free molecular translation due to geometrical restrictions.
Here, we only discuss the phenomenological impact of struc-
tural features in diffusive processes, greatly simplifying the
topic, and the reader is referred to the literature, where excellent
reviews and textbooks on this topic are available.1,5,210–213

In general, the impact of morphology (idealized for a passive,
point-like tracer) can be quantified in terms of the diffusive
tortuosity t, a lumped parameter that relates the effective diffu-
sion coefficient (Deff) observed in the long-time limit to the bulk
diffusion coefficient (Dm). For example, the effective diffusivity
is the ultimate transport parameter relating, expressed by a
single tortuosity factor and the respective network porosity, the
diffusive flux into and out of the porous particles in a packing
or the porous skeleton of a monolith to the intrinsic system

morphology (geometry and topology) and the actual degree of
structural heterogeneity. It includes surface characteristics (e.g.
chemical modification, roughness), pore size distribution, pore
shape, and pore interconnectivity. For clarity, we note that the
diffusive tortuosity, which is related to actual mass transport,
should not be confused with the geometric tortuosity mentioned
in Section 3.4.180,210

The diffusive tortuosity of the interstitial void space in beds
formed by discrete particles is of special academic and techno-
logical interest. Due to the scale-independence of this measure,
it is applicable to the interparticle macropore space in slurry-
packed beds of micrometer-sized beads (cf. Fig. 6) as well as to
characterize tortuosity in the mesoporous beads themselves,
if they are based on an agglomeration of smaller particles (cf.
Fig. 7). Diffusive tortuosities t = Dm/Deff for computer-generated
and selected experimental particulate beds are summarized in
Fig. 23. In Fig. 23A three groups of monodisperse sphere
arrangements can be recognized: one consisting of (diluted)
crystalline packings (BCC, FCC, HCP), one containing random
packings simulated using the Monte Carlo method (O � 0.95
and O � 0.05), and the third group formed by the already
familiar packing types obtained using the Jodrey–Tory algorithm

Fig. 23 (A) Diffusive tortuosities from mass transport simulations (i.e., the
simulation of effective diffusion coefficients) in computer-generated
ordered packings (diluted body-centered cubic, face-centered cubic,
and hexagonal closest packings) and disordered packings (different
packing types as discussed in the text) of monosized spheres as a function
of bed porosity.23 Analytical solutions are from Venema et al.214

(B) Diffusive tortuosities for computer-generated sphere packings pre-
pared with narrow or wide particle size distribution (PSD), i.e., with B3% or
B25% relative standard deviation of the PSD.24 The added experimental
data for polydisperse packings are from Delgado197 (pink crossed circles)
as well as Barrande et al.215 (black crossed circles).
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(R � 0.001, R, S, and S � 2). All groups show a distinct porosity
dependence, which is expected, since the tortuosity always has
to vary between infinity (e - 0) and unity (e - 1). In the
investigated porosity range the ordered packings reveal the lowest
tortuosities. It is explained by the formation of channels, in
which unhindered diffusion can take place in these structures.
Actually, these tortuosities are averaged values; the anisotropy of
the ordered packings also results in an anisotropy of tortuosities,
which may lead to significant performance drops as directional
transport, e.g. diffusive transport through membranes73 or flow
through ordered packings at different angles193 is analysed.
Simulated tortuosities for the ordered sphere arrangements in
Fig. 23A are in good agreement with the analytical predictions
based on the work of Venema et al.214

The Jodrey–Tory packing types, on the other hand, reveal
the highest tortuosities. As the Voronoi volume distribution
analysis has already suggested (microstructural congruence of
the packings at the lowest realized porosity, cf. Fig. 15), the
corresponding tortuosity values also coincide. With increasing
porosity, the values start to show differences. The more hetero-
geneous R-type packings demonstrate higher tortuosity than
the more homogeneous S-type packings. Packings generated
using the Monte Carlo approach show tortuosity values in
between the diluted crystals and packings generated using
the Jodrey–Tory algorithm, since the Monte Carlo packings
generally possess more homogeneous pore environments than
the Jodrey–Tory packings. Furthermore, the tortuosities for the
two Monte Carlo-type packings (different compression rates)
are different at the lowest realized porosity and show little
(or no) variation at high porosities. If we consider the packing
generation process, as described earlier, this behaviour can be
explained by the intrinsic algorithm properties. The Monte
Carlo algorithm is known to incorporate highly ordered, densely
packed regions into a packing, if low compression rates and low
bed porosities are combined (cf. O � 0.05 packing type). This is
reflected in the tortuosities.23

Diffusive tortuosities for polydisperse sphere packings at
a single packing type (R-packings) are presented in Fig. 23B.

The packings were computer-generated by replacing the single
particle diameter with a particle size distribution. Two distribu-
tions, a narrow and a wide, were realized and adapted from
modern, commercial HPLC particles.24 Their relative standard
deviations were B3% and B25%, respectively, spanning the
range typical for HPLC practice today.14 The simulated tortuosities
were compared to experimentally obtained tortuosities from the
work of Delgado197 and Barrande et al.215 Simulated and experi-
mental values are in good agreement, demonstrating the validity
and applicability of this approach. Although tortuosity is primarily
a function of the porosity, the influence of the microstructural
disorder and heterogeneity cannot be neglected. An inspection of
the tortuosity–porosity data in Fig. 23 for all the different packing
types suggests that the direct environment of individual pores in a
packing has an impact on diffusion. To find a suitable measure
for the structural heterogeneity at this length scale, Khirevich
et al.23 employed Delaunay tessellation. It divides a packing into
irregular tetrahedra, whose vertices are centers of the four closest
spheres that enclose a pore, as illustrated in Fig. 10. Here, the void
volume of a tetrahedron represents the pore volume; the void
areas of its faces correspond to cross-sections of pore throats that
form connections to the neighboring pores. They are entrance/exit
ways into or out of a given pore.

A good representation for the tortuosity–porosity scaling of
all investigated packing types can be achieved by considering
two limiting properties for each pore, i.e., the ratio of the
minimum and maximum void face areas of a Delaunay tetra-
hedron, (Amin/Amax)D. The probability for a tracer to move into
or out of a pore is determined by the size of the pore throats,
whose cross-sections are represented by the void areas of the
tetrahedron’s four faces. Therefore, the value of (Amin/Amax)D

can be interpreted as a measure of heterogeneity in the direct
environment of a single pore. The lower (Amin/Amax)D, the more
heterogeneous is the pore environment. If the pore environment is
fully homogeneous, then (Amin/Amax)D = 1, since all void face areas
are equal. In the next step, the (Amin/Amax)D distribution is calcu-
lated for each packing. This statistics records all different kinds of
pore environments that exist in a packing. Fig. 24 shows that the

Fig. 24 (A) Diffusive tortuosity for random packings of monosized spheres in dependence of the packing type and bed porosity, normalized by tortuosity
for the most heterogeneous (R � 0.001) packing type. (B) Porosity-scaling of the normalized s(Amin/Amax)D, the standard deviation of the distribution that
describes the ratio between the minimum and maximum void face areas of each Delaunay tetrahedron in a tessellated packing. Reprinted from Khirevich
et al.23 Copyright 2011, with permission from Elsevier.
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standard deviation of this distribution has a porosity-scaling
(panel B) that closely mimics that of the tortuosity values for each
packing type (panel A). Consequently, s(Amin/Amax)D has been
proposed as a descriptor for the influence of packing microstruc-
ture on the effective diffusion coefficient (and diffusive tortuosity)
in random sphere packings.23

The correlation between the diffusive tortuosities for random
sphere packings and the limiting properties of their individual
pores, i.e., the ratio of minimum to maximum size of the pore
throats, reflects the piecewise, random nature of diffusion. This
contrasts with hydrodynamic dispersion analysed in Section 4.1,
which depends on the (directional) flow field and is correlated
with the microstructural degree of heterogeneity of a packing,
quantified through Voronoi volume analysis. Packings with iden-
tical microstructural heterogeneity (such as R- and S-packings at

e = 0.366, cf. Fig. 15) have identical dispersion coefficients (Fig. 22)
and tortuosities (Fig. 23A), but packings with different degrees of
heterogeneity and thus dispersion coefficients can nevertheless
have identical tortuosities, as seen for R- and S-packings at
e = 0.46. These examples highlight the importance of finding
the relevant length scales of structural inhomogeneities for each
transport phenomenon to derive quantitative morphology–transport
relationships: packing-scale disorder for flow-field dependent
dispersion, pore-environment heterogeneity for diffusion.22,23

5. Conclusions and perspective

The time is ripe for a further leap in materials science.
It characterizes a highly interdisciplinary methodology and

Fig. 25 Interdisciplinary methodology for the establishment of quantitative preparation–morphology–mass transport relationships in functional
materials. (top left) Computational and/or experimental preparation of materials (e.g. packed beds and monoliths) with addressable morphology and
functionality. Advanced imaging methods provide access to the 3D morphology; statistical methods allow us to quantify morphological properties. (top
row) Chord length distribution analysis for the void space and skeleton in a poly(styrene–divinylbenzene) monolith reconstructed based on serial block-
face scanning electron microscopy. Adapted from Müllner et al.173 Published under the Creative Commons license (CC BY-NC-ND 4.0). (left column)
Numerical approach for simulation of hydrodynamic dispersion in a (here computer-generated) random sphere packing. After the 3D flow velocity field is
calculated using the lattice-Boltzmann method, the motion of a passive tracer in the velocity field is simulated using a random-walk particle-tracking
method. Adapted with permission from Hlushkou et al.219 Copyright 2007, American Chemical Society. (bottom row) Both sorption and reaction can be
superimposed on these 3D simulation schemes to address the functionality of a material. Adapted with permission from Hlushkou et al.220 Copyright
2014, American Chemical Society. (center and bottom right) Voronoi volume analysis and simulated dispersion coefficients for identification of sensitive
morphological mass transport parameters in randomly packed beds. Adapted from Khirevich et al.22 Copyright 2010, with permission from Elsevier.

Perspective NJC

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

4 
fe

br
ua

ri
e 

20
16

. D
ow

nl
oa

de
d 

on
 2

8.
01

.2
02

6 
11

:2
9:

58
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c5nj03346b


This journal is©The Royal Society of Chemistry and the Centre National de la Recherche Scientifique 2016 New J. Chem., 2016, 40, 3993--4015 | 4011

interaction between researchers. At a time, where both our
computational and experimental approaches offer a huge variety
of functional porous materials with systematically, sensitively
addressable physicochemical properties; where advanced imaging
and reconstruction methods become available, often in the form
of national research centers that provide user access via open
calls;216 where powerful statistical methods, suitable for the
analysis of the obtained 3D morphologies, emerge from their
niche, e.g. in theoretical physics and applied mathematics and are
even recognized in dedicated research programs;217 where
advanced computational methods, allowing an unusually detailed
3D modeling of flow, transport, adsorption, and reaction in these
reconstructed materials, get ever more efficiently implemented
and scaled on publicly available supercomputing platforms218 – at
that time, a strategy with a new dimension of power towards
the rational design of materials relies on the establishment of
quantitative relationships between the salient features of their
preparation and synthesis conditions and resulting performance-
relevant (if not performance-limiting) morphological features.

This methodology is summarized in Fig. 25, including some
of the already discussed materials, morphological parameters
(structural descriptors), and transport phenomena. Once a
material is reconstructed on its characteristic length scales,
for example, the intraparticle mesopore space of a silica221 or
zeolite222 particle, the intraskeleton mesopore space of a silica
monolith170 as well as the interskeleton macropore space of
silica112,121 and polymer173,223 monoliths, or the interparticle
macropore space in packed particulate beds,98,104,108 it can be
analysed using statistical methods, such as chord length dis-
tributions for monoliths and tessellation schemes for particulate
matter. Beyond geometrical characterization, topological data may
be derived as well, e.g. about pore interconnectivity.121,180,181 After
morphological analysis, the reconstructions – which need to be
sufficiently large to cover a representative volume of the material
reflecting its bulk properties173 – can be used as models in direct
simulations of diffusion, flow, and mass transport on the pore
scale.209,224,225 The scope of these simulations can be well extended
to include adsorption226–228 and reaction229–232 at the solid surface, or
to introduce intraparticle (intraskeleton) porosity and transport
properties.27 As a result of such a level of simulations with unusual
spatio-temporal and realistic structural details, key information is
obtained, e.g. about the individual contributions to the lumped
adsorption/diffusion kinetics traditionally observed at the macro-
scale, on the local effectiveness of catalysts, or the characteristic
length scales of structural heterogeneities behind overall dispersion.
Importantly, these detailed simulations will allow us to identify and
validate meaningful structural descriptors of particular transport
phenomena. These descriptors then become sensitive morphological
mass transport measures, which guide the preparation and fine-
tuning of functional porous materials in the future.
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60 H. Tüysüz and F. Schüth, Adv. Catal., 2012, 55, 127–239.
61 X. Li, M. Sun, J. C. Rooke, L. Chen and B.-L. Su, Chin.

J. Catal., 2013, 34, 22–47.
62 S. De Bruyne, W. De Malsche, S. Deridder, H. Gardeniers

and G. Desmet, Anal. Chem., 2014, 86, 2947–2954.
63 D. Li, Y. Wang and Y. Xia, Nano Lett., 2003, 3, 1167–1171.
64 H. Wu, W. Pan, D. Lin and H. Li, J. Adv. Ceram., 2012, 1,

2–23.
65 C. T. Kresge, M. E. Leonowicz, W. J. Roth, J. C. Vartuli and

J. S. Beck, Nature, 1992, 359, 710–712.
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202 S. Khirevich, A. Höltzel, A. Seidel-Morgenstern and
U. Tallarek, Anal. Chem., 2009, 81, 7057–7066.

203 A. Daneyko, D. Hlushkou, S. Khirevich and U. Tallarek,
J. Chromatogr. A, 2012, 1257, 98–115.

204 M. Icardi, G. Boccardo, D. L. Marchisio, T. Tosco and
R. Sethi, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys.,
2014, 90, 013032.

205 M. R. Schure and R. S. Maier, J. Chromatogr. A, 2006, 1126,
58–69.

206 A. Daneyko, S. Khirevich, A. Höltzel, A. Seidel-Morgenstern
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