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Prussian blue analogs (PBAs) form crystals with large lattice voids that are suitable for the capture,
transport and storage of various interstitial ions. Recently, we introduced the concept of a ladder
mechanism to describe how sodium ions inside a PBA crystal structure diffuse by climbing the frames
formed by aligned cyanide groups in the host structure. The current work uses semi-empirical tight-
binding density functional theory (DFTB) in a multiscale approach to investigate how differences in the
size of the monovalent cation affect the qualitative and quantitative aspects of the diffusion process. The
results show that the ladder mechanism represents a unified framework, from which both similarities
and differences between cation types can be understood. Fundamental Coulombic interactions make all
positive cations avoid the open vacant areas in the structure, while cavities surrounded by partially
negatively charged cyanide groups form diffusion bottlenecks and traps for larger cations. These results
provide a new and quantitative way of understanding the suppression of cesium adsorption that has
previously been reported for PBAs characterized by a low vacancy density. In conclusion, this work
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Introduction

Atomic diffusion in crystalline materials is immensely
important for many applications in the modern world. Hence,
understanding such processes is critical to scientific progress
in many areas. Some interesting materials to investigate in-
depth are Prussian Blue Analogs (PBAs),"* which display many
special properties that affect the diffusion inside the material.

PBAs form crystal structures with wide lattice spacing. When
used as an electrode material, iron atoms in the crystal matrix
can accept electrons (by electrochemical reduction), allowing
the crystal to intercalate additional cations. This makes them
effective for energy storage® and desalination by capacitive
deionization (CDI), among many potential applications.*™®
The versatile nature of PBAs further enables applications in carbon
capture,’® Fenton reactions,® sensing,”’ and biomedicine.**?*
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At the extreme end, it can even be applied for cesium
decontamination®® because the huge Cs* ions can passively
replace K" ions in the matrix formed by the host structure.

In all the applications, the compositions of PBAs and their
crystal structures impact the performance. The diverse family
of PBA materials®*” is characterized by the general composi-
tion M[M'(CN)s], where M and M’ are metal ions such as iron
(Fe), copper (Cu), sodium (Na*), potassium (K*), etc.** The
materials can also contain high densities of defects.****
Generally, the composition and vacancy content will have a
substantial impact on the macroscopic ion diffusion rates,
uptake capacity, energy content, stability, etc., when cations
such as sodium (Na*) are diffusing through the PBAs.**** A key
question is thus how the interplay between guest cations
and the different forms of the crystal structure framework
determines the diffusive properties.

Cesium is relevant to consider for diffusion in PBAs because
it represents the extreme case of large monovalent inorganic
cations. Studies focusing on cesium have highlighted that
the interplay between these ions and the surrounding host
structural framework is critical. For instance, materials of high
purity are beneficial for the diffusion and uptake capacity of
smaller ions,> but high vacancy densities are reported to
instead be beneficial for the uptake of cesium ions.** While
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such results have led to ideas about how the materials work
with respect to different cations, a unified theory of cation
diffusion could provide a deeper understanding of the
processes by connecting these disparate observations and
proposed models in the literature.

Recently, we proposed a ladder mechanism to describe how
Na' diffuses through PBAs by climbing inner structural frames
formed by oriented cyanide interactions.*® That study also
included simulations of analogous cations, such as Li'. That
work also shows that such a model can be combined with
macroscopic,””° finite-element (FEM)'®*°™*?> simulations to
successfully predict device-level performance. Still, previous
studies have argued that larger ionic size changes the diffusion
pathways, and therefore it is important to also investigate how
well the proposed mechanism translates to the diffusion of
larger ions. This work exploits quantum-chemical calculations
to investigate the interactions also of larger monovalent cations
up to cesium and establish a unified platform for the cation
diffusion mechanism in PBAs. Thus, the current study seeks to
explain experimental observations for different systems and
cation size as qualitative and quantitative consequences of the
underlying mechanism of cation transport.

Theory

In order to answer the question of how monovalent cations
behave in a PBA material, we need a method that allows us to
estimate the atomistic properties without prior investigation of
the experimental systems.>® Thus, the current study is based on
quantum-chemical calculations using a semi-empirical tight-
binding density functional theory (DFTB) approach. This is a
suitable level of theory because it allows simulations of large
systems with reasonable accuracy. Here, such simulations were
implemented employing the XxTB program developed by
Grimme and co-workers.”*™**> For the computations, we used
the GFN-1 method with default configurations. Stack sizes and
thread counts were selected based on the general advice in the
XTB documentation.*® Further details are provided in ref. 47.
The modeled system used corresponds to the structure of PB
with and without vacancies. In both cases, the model was
designed to consist of 2 x 2 x 2 supercells translated by
periodic boundary conditions. The vacancy systems were based
on unit cells corresponding to so-called insoluble PB, iron(imr)
hexacyanoferrate(un) (Fe,[Fe(CN)g];3-6H,0) (no zeolitic water),
while the non-vacant systems were based on unit cells corres-
ponding to what is typically referred to as soluble PB,
hexacyanoferrate(in) (AFe[Fe(CN)y]). In these materials, A is a
cation in the crystal structure matrix, taken as potassium (K') in
this work. In the simulations with a Cu-based PBA (hereafter
denoted Cu-PBA), the first Fe in the formulae above (the
formally divalent M ion) is replaced with Cu (Fig. 2).
Specifically, regarding the PB model structure,” the lattice
size of the unit cell was 10.13 A in all directions. Thus,
alternating Cu/Fe metal ions are spaced at a 10.13/2 A distance.
The N and C atoms are positioned at 1.925 A and 3.14 A from
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Fig. 1 An illustration of a unit cell of a copper PBA containing a central
vacancy.

the nearest Cu ion. The unit cell structure is shown in Fig. 1.
Ref. 2 further explains that PB is considered to have a cubic
space group Fm3m. We used periodic boundary conditions to
model the crystal. The metal ions occupy 4a and 4b Wyckoff
positions. Carbon, Nitrogen, and coordinated oxygen occupy
24e positions.

In order to investigate the diffusion properties, we added a
model cation to one of the central cavities in one of the unit
cells and scanned the energy landscape using single-point
DFTB calculations. The total energy in the system for a 9 x
9 x 9 grid of positions of the intercalated cation in the void
(Fig. 2) was calculated. Notably, the extra ion was added along
with a corresponding host structure electron, such that the bulk
crystal was always charge-neutral.

Having estimated the energies for all 729 positions of the
intercalated cation, the next step is to use this energy landscape

Fig. 2 The modeled unit cell of Cu-PB with a central vacancy. The pink
balls correspond to the scan points from which the energy landscape was
extracted. The calculations used a 2 x 2 x 2 supercell of the shown unit
cell, for all computations.
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to deduce the diffusion rate of the cation inside the crystal. One
way to achieve this is by using self-consistent mean-field theory
combined with a Monte Carlo technique.*® Briefly, the princi-
ple is based on the assumption that the rate at which an ion
moves between energy minima depends exponentially on the
energy barrier (eqn (1), see ref. 49). Thus, the hopping rate I' is a
function of the attempt frequency v*, the energy barrier AEy, the
Boltzmann constant kg, and the thermodynamic temperature 7.
In this work, these estimates were obtained by using the program
KineCIuE.>® Using the assumptions above, it generates predic-
tions of the diffusion constants of the different cations in different
PBA host frameworks. In summary, the methods described so far
make it possible to obtain quantitative predictions of the cation
diffusion rate, without requiring any parameter fitting to models
or experimental data of an investigated system.

I' = v* exp(—AEy/kgT) (1)

The blockage simulation introduced at the final stage of this
work is used to compare the number of sites that the Cs” ions
can reach in the presence of K' in a nanoparticle of the
materials. Previous studies have reported that the composition
of Cu-PBA is A;Cu[Fe(CN)g];_x, where y = 2 — 4x.>! This means
the average number of K" ions in a unit cell iS Zimean x = 4(2 — 4%).
The maximum possible content of interstitial cations in a unit
cell is 1, = 8 K" ions (or Cs' ions), based on the number of
cavities. If only a depth d of a spherical particle with radius r is
reachable from the surface, then the maximum fraction of
content 1 that could be reached this region is described by
eqn (2). Based on the data in ref. 34, we have used a typical
nanoparticle radius of 20 nm and have calculated d by assuming
that an ion that gets trapped upon entering an enclosed cavity
has the potential to reach the two outermost layers of a unit cell.
In this context, it is notable that a larger nanoparticle radius
than 20 nm decreases the surface-to-volume ratio, which also
reduces the relative maximum cation adsorption.

ﬂ nnn(lfﬁﬁﬂi_lﬁi> @)

——

Experimental data
Experiments

All theoretical model predictions need to be validated with
respect to experimental results. Therefore, in this work, we also
prepared and characterized a Cu-PBA for comparison.

Crystals of Cu-PBA were grown on a graphite foil (Minseal,
thickness 0.18 mm) following the procedures described
elsewhere.' In brief, a solution A was prepared consisting of
2 mM of potassium ferricyanide (K;Fe(CN)g), and a solution B
of 2 mM of copper(n) chloride (CuCl,). A 5 x 5 cm piece of
graphite foil was immersed for an hour in solution A before the
deposition. In order to grow Cu-PBA particles on the graphite
foil, solution B was added drop-wise to solution A under
continuous stirring. The stirring was maintained for 1 hour
after the addition of solution B was completed. The container
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was then sealed and placed in an oven at 80 °C for 8 h. After
cooling the solution to room temperature, the graphite foil was
removed from the solution, rinsed thoroughly with deionized
water, and dried in an oven at 60 °C over night.

The morphology of the resulting Cu-PBA was studied by
scanning electron microscopy (SEM) using a GEMINI Ultra
55 microscope (Zeiss). Fourier-transform infrared spectroscopy
was used to characterize the functional groups present in the
structure of Cu-PBA, using a ThermoFisher, Nicolet iS10 spec-
trometer. Cu-PBA deposited on the graphite foil was electro-
chemically characterized using a conventional three-electrode
setup connected to a potentiostat/galvanostat Interface 1010E
(Gamry) with Platinum (Pt) wire as a counter electrode, Ag/AgCl
as a reference electrode, and the Cu-PBA-graphite system as
working electrode immersed into an aqueous solution of 0.5 M
KCl as electrolyte. Cyclic voltammetry was applied in the
potential range between 0.4 and 1.1 V, using different scan
rates from 10 to 200 mV s~ . Impedance spectra were recorded
at open-circuit potential with an amplitude of the sinusoidal
wave of 10 mV within a frequency ranging from 100 kHz to
10 mHz. Impedance results were used to calculate the diffusion
coefficient based on eqn (3).>' All characterization results are
given in the ESI,T Section 1.

D = ﬂ (3)
282 F4 C2q2

In eqn (3), D is the diffusion coefficient, T is the thermo-
dynamic temperature, R is the gas constant, S is the electrode
area, n is the number of electrons transferred, F is the Faraday
constant, C is the ion concentration and ¢ is the Warburg
coefficient as obtained from the linear fitting of the impedance
data (Fig. 3), following the eqn (4).°* Here, Z, is the real part of
the impedance, R, is the series resistance, R. is the charge
transfer resistance and o is the angular frequency.

Zre = Ry + Ret + 60 V2. (4)

Fig. 3 shows the Warburg and diffusion coefficients calcu-
lated from the results of impedance spectroscopy. These values
will be highly important in this study as a benchmark for the
theoretical model predictions of the diffusion rates.

80
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Fig. 3 The real component of the impedance spectra as a function of
frequency, and the corresponding Warburg coefficient and calculated
effective diffusion coefficient in the Cu-PBA material.
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Literature data

For a deeper discussion of cesium ion adsorption, the modeling
predictions in this work were validated against also data
obtained from the literature. We have selected results from
studies offering data for cesium ion adsorption at different
defect densities. All data from these studies were extracted
using the WebPlotDigitizer> software.

Results and discussion
Defining the ladder mechanism

Before investigating the more extreme case of Cs* intercalation, let
us have a look at the core transport principles of smaller cations
in PB materials. Electrostatic opposites attract each other, and
thus the cations will be drawn to the negatively charged CN-
groups and will be repelled by the positively charged M/M'-type
ions of the host framework (e.g. Fe*" and Fe®"). This, together with
the ion size, will determine the energy landscape of the cations at
various positions in the voids of the host crystal structure.

Fig. 4 shows an energy scan for the PB containing a central
vacancy. Because of the electrostatic attraction of opposites, it is
energetically favorable for Na“ and K' to reside closer to the inner
wall with CN™ groups. In contrast, the vacant unit cell center
represents a much less favorable pathway, since the cation would
have to be moved away from the negative groups. Notably, this
energy is so high that the diffusion rate through the vacant regions
will be lower by several orders of magnitude, effectively blocking
that pathway. Here, the four cyanide groups surrounding a face
form a frame, and the face is impervious if any of the cyanide
groups will be missing. This means a cation diffuses through the
crystal by climbing along with the “intact” frames. In recent work,
we have defined this concept as a ladder mechanism.*® In analogy,
a ladder is broken if either a step or side rail is missing.

The bottleneck of diffusive transport

However, we can go further by looking at three possible variants
of cation transport. The variants above form two extremes in
terms of energy, with the ion moving diagonally close to the
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PCCP

cyanide groups (Diagonal, Table 1) or passing close to the
vacancy (Vacant, Table 1). The intermediary option represents
a passage through a unit cell without a central vacancy,
characterized by intact frames on all sides (Enclosed,
Table 1). Because the cation energy is lower close to the cyanide
groups, we would expect that a cation that is surrounded by
cyanide groups on all sides would be stabilized and yield lower
overall energy at the center. Indeed, the simulations indicate
that the required energy for a diagonal transition is higher if
there is no central vacancy. This shows that the energy-well
formed at the interstitial site retards the diffusion process
(Table 1).

Normally, we would expect the pathway with the lowest
energy barrier to be the primary pathway for transport. That
would mean that the diffusion constant of the system can be
properly described by this lowest energy barrier. However,
comparisons with experimental data suggest that the effective
diffusion constant actually corresponds to the intermediary
transport option. While the diagonal transitions close to a
vacancy are faster, this suggests that ion transport in a unit
cell without a central vacancy essentially represents a
bottleneck.

This result makes sense when considering the ladder path-
way in unit cells with or without a central vacancy (Fig. 5). There
is a structural and compositional limitation to how the defects
can look because PB is formed from cations M (e.g. Fe**) and
complexes M’(CN); (e.g. Fe(CN)). Thus, an ion diffusing deeper
into the crystal will eventually face a problem. It is always
possible to pass diagonally between faces around a single
Fe(CN)s unit, but a passage between the faces of two different
Fe(CN)s units will be energetically less favorable. The only way
such a transition can occur without the presence of a vacancy
nearby is if the groups are oriented such that they enclose a
cavity on all sides. Therefore, the pathway through the enclosed
interstitial sites becomes the bottleneck for ion diffusion.

The trend for larger cations

What happens to the diffusion rates and pathways as the
cations become larger? To start, we can again consider
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Fig. 4 Energy barriers in Cu-PBA. All graphs show a single cavity. (a) The aggregated (summed) energy barriers for passage between frames for K*.
(b) The energy landscape for Na* and K* when passing diagonally between the two frames at the corner. The max/min points show the energy calculated
for transitioning to those positions, while the line shown is based on a cubic-spline interpolation. “Face” represents the center point of the frame. “"Mid" is
the position with equal distance to the “Face” positions, along the pathway of lowest energy. (c) The aggregated energy barrier in a diagonal transition in a
unit cell without a central vacancy.
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Table 1 Transitions of K* in Cu-PBA. The experimental results show the
experimental diffusion coefficient, as determined from cyclic voltammetry.
The theoretical results originate from three different investigated transi-
tions, each characterized by different energy barriers. The calculated
diffusion coefficients correspond to the estimated diffusion coefficient
assuming the corresponding transitions represent the only type of
transition

Method Transition  Barrier (kcal mol ')  Diffusion (cm*s™)

Theory Diagonal 7.4 4.20 x 10!
Enclosed  15.8 3.30 x 1077
Vacant 34.5 4.60 x 107>°

Experiment 1.72 x 107 *?

the energy levels of Na* and K' in the unit cell voids. For the
smaller Na* ion, the position with the lowest energy can be
found in the middle of the frame. However, there are also other
local energy minima along the pathway from frame to frame.
K" is larger than Na', and the main effect of this is that the
position of the central minimum for K* is shifted further
towards the open vacancy. Also, the energy level near the center
is lower. On the one hand, this indicates that the tight frame
has become less favorable, while on the other hand, this also
shows that the larger K" ion can benefit from the electrostatic
support from all surrounding cyanide groups.

Electrostatic opposites attract, and the same trends appear
for monovalent cations of all sizes. As the ions get larger, the
diffusion becomes slower, and the energetically favorable inter-
calation position resides closer to the vacancy (Fig. 6). However,
even the larger Cs' ion experiences the electrostatic pull from
the cyanide groups. This places its favorable intercalation
position closer to the wall than the central vacancy. As a
consequence, the shift raises a question about the primary
transport pathway of Cs' in comparison with the smaller
cations. Is the most favorable transport pathway for Cs* to
move away from the negatively charged frame groups and pass
near the vacancy? Or is it more favorable to become stationary

a)

@ Na*
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to retain its low-energy position? Or is it more favorable for Cs"
to pass via the frames and enclosed interstitial sites?

Qualitative mechanism of Cs* transport

The void energy scan for Cs" shows that the energy required for
passing near the central vacancy is much higher than the
energy for passing between frames to an adjacent cavity. There
is thus no fundamental difference between Cs" and the smaller
ions. Negative still electrostatically attracts positive, and for this
reason, it is unfavorable for Cs" to move away from the cyanide
groups into the vacant regions. Despite its size, the attraction to
the cyanide groups means that passing between frames is still a
viable pathway of diffusion.

However, the previous sections have shown that a diffusing
ion that avoids the vacancy must pass through enclosed
cavities. Following the energy landscapes shown in Fig. 6(b),
the larger ions tend to intercalate farther out into the cavity and
experience the interaction from more cyanide groups on all
sides. Thus, we would expect that Cs" requires much more
energy to pass out of an enclosed cavity than an open one. The
simulations verify that this is the case and the energy required
in the enclosed case is much higher (Fig. 7).

In summary, we have learned that there is no fundamental
qualitative difference between monovalent ions of different
sizes with respect to diffusion pathways. They can all be
described in terms of the same ladder mechanism of ion
transport, which predominantly arises from the coulombic
interaction between the cations and the negatively charged
groups in the host crystal structure matrix.

Quantitative behavior of Cs" transport

Having learned that the same qualitative mechanism of diffu-
sion can be applied to all monovalent cations, a natural
question that arises is how the quantitative differences affect
the practical applications. In the case of Na' and K, the

b)

© © ©
2=t 3

© oo ;3@ ; (1 ; 0 ©
O‘DO ©—00 ©
<X & ¢

© oo ‘)O © oo 0 ©

J

o‘\.Na' ©

Fig. 5 An illustration of the possible pathways of cation movement in a PBA. The images show 2D-projected views of Cu[Fe(CN)gl, with and without
central vacancies. (a) Diagonal movement near vacancies is characterized by low energy barriers and permits efficient diffusion. However, the vacant
regions offer no negatively charged cyanide groups and become impervious to cation transport. (b) If the central part of the unit cell does not have a
vacancy, diffusion becomes energetically more feasible. However, the molecular geometry offers a pathway that is enclosed on all sides. Hence, the
diffusion rate in those regions limits the overall diffusion rate in the crystal.
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Fig. 6 (a) The unit cell of Cu-PBA containing a central vacancy. The balls represent the positions of a central energy minimum for each intercalated cation.

Ordered from corner to center, the ions are H*, Li*, Na*, K*, and Cs*. (b) The radial distance between the Cu atom at the corner of the unit cell and the central
energy minimum for each cation. Thus, the figure shows positions inside one cavity. Note that the lattice size is 10.13 A, and the figure shows the diagonal distance.
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Fig. 7 The void energy landscape for Cs* when moving diagonally from face to face in Cu-PBA. Both images show one cavity. Here, Cuy denotes a unit
cell without a central vacancy (H: high grade), while Cu,_ denotes a unit cell with a central vacancy (L: low grade). (a) The radial distance between the Cu
atom at the corner of the unit cell and the central energy minimum for Cs* in the two types of Cu-PBA. The unit cell is for Cu-PBA with a central defect.
(b) The simulated aggregated energy barrier for Cs* in diagonal transitions. “Face” is the center point of the frame. “Mid" is the point with equal distance

to the “Face” positions, along the pathway of lowest energy.

interactions in the enclosed cavities stabilize the ions and
thereby reduce the diffusion rates. However, the diffusion rates
are still high enough to allow PB materials to exhibit good
performance in applications where they are used as electrodes,
including cycling between charging and discharging. Still, the
trend is that the diffusion becomes slower the larger the cation.
So, what are the effects of Cs*?

The bottleneck of diffusion of Cs* was noted to be the
required energy of 27 kcal mol . Because the diffusion rate
depends exponentially on the energy barrier, this corresponds
to a much slower diffusion rate than, for instance, considering
the 16 kcal mol ' barrier of K' diffusion. Specifically,
the simulated diffusion rate for Cs* is 3.3 x 107> cm® s .
Considering the Einstein equation of diffusion®® (eqn (5)),
the mean-squared distance a particle moves (x*) depends on
the time ¢ and the diffusion coefficient D. As a consequence,
a Cs' ion is expected move approximately 0.2 A in a day
inside a crystal of Cu-PBA. This would seemingly disqualify
Cu-PBA for any application involving cesium cations. This
conclusion agrees well with previously reported energy

scans.*® Notably, previous studies have also reported that

This journal is © the Owner Societies 2022

cesium can replace other cations in PBA due to its strong
affinity for adsorption.*”

(x*) = 2Dt (5)

An interesting point here is thus that both major pathways
retard diffusion. Missing cyanide groups in the structure
become a bottleneck for diffusion in PBA by blocking transport
pathways. Meanwhile, fully enclosed cavities trap the ions for
energetic reasons. This effect can be observed for smaller
cations as well, for which the route through an enclosed
pathway becomes rate-limiting. The results highlight the
importance of a smooth internal energy landscape for facile
ion transport. Both high barriers and deep energy wells retard
diffusion. Cesium experiences both types of detrimental effects,
which limits the overall diffusion rate.

Adsorption of Cs* as a surface phenomenon

There is a caveat that turns the previous conclusion around.
The results mean that the PB crystal structure retards Cs* from
moving out of the cavity. However, the stabilizing effect only
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applies when the cations are already trapped inside and does
not explicitly prevent them from moving into the cavity. In fact,
the energy landscape scan shown in Fig. 7 highlights that a Cs*
ion coming from an open region experiences a relatively low
energy barrier for entering into another cavity, even an enclosed
one. This observation suggests that Cs' adsorption under
realistic timescales should mainly be regarded as a surface
phenomenon (thus, adsorption rather than absorption).

Earlier experimental results from the literature here work as
a feasibility test. In one study, the authors used PB to passively
adsorb Cs" by the replacement of native K* ions in the material.
They found that the replacement of K" was suppressed when
the K" concentration was high (few defects). By treating Cs"
adsorption as a surface effect, the total quantity of K that can
be replaced should be capped by the available sites on the
surface that Cs' can access (Fig. 8). This trend agrees well
with the experimental data under reasonable assumptions (see
details in the Theory section above).

Another interesting experimental result is that many pre-
vious studies have used the Langmuir isotherm to describe the
adsorption of cesium ions.”®*°>® The authors argue that the
PBAs adsorb cesium ions via both physisorption and chemi-
sorption, and therefore the replacement of potassium ions in
the material is just one of the adsorption pathways. This makes
sense from the perspective of the results shown in this work.
If it is exceedingly difficult for Cs" to migrate deeper into the
PB-type materials, adsorption at the surface qualifies as the key
mechanism. Thus, the results in this study indicate that the
Langmuir isotherm could be a relevant modeling tool for this
type of adsorption, both experimentally and theoretically.

In summary, molecular and macroscopic results verify the
applicability of the ladder mechanism of transport for all
cations, both qualitatively and quantitatively. As the forces
arise from fundamental coulombic interactions, the qualitative
mechanism remains the same. Since the practical timescale is
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Fig. 8 The passive substitution of K* for Cs* in Cu-PBA nanoparticles.
Data from ref. 34 the ordinate shows the substitution quantity. The
abscissa shows the vacancy concentration in the material, which refers
to the structural composition K,_4,CulFe(CN)gli_x. The blue curve (ion
exchange) denotes the ideal maximum substitution if Cs* replaces all K*.
The red diamonds (observed) denote the experimentally observed repla-
cements. The yellow curve (based on our blockage model) denotes the
computed substitution based on the above described Cs*-blockage
model.
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limited, the quantitative differences will make slow diffusion
appear like a surface interaction.

Sensitivity analysis

In a theoretical study, it is always important to question how
reliable the results are and how changes in the modeling
conditions may affect the general conclusions of the work.
To begin with, the quantum-chemical approach used in this
work yields excellent predictions of fundamental properties,
such as the diffusion and migration rates of sodium ions in
water. This works as a sensible calibration indicating that the
calculations are reasonably accurate.

In this work, we did not account for changes in PBA lattice
size during electrochemical charging. However, the maximal
change in size is only around 1%, and the model correctly
predicts the experimental trend for increasing cation size due
to charging. Also, the change in energies from using different
unit cell sizes is minor and does not change any of the
conclusions. In fact, the difference in energy for the transition
paths is huge (Fig. 7), and therefore it is unlikely that any
random noise of low magnitude arising from unit cell varia-
tions could change any of the main conclusions. Aside from
investigating the sensitivity of the model system, we have also
probed the predicted results (such as those shown in Fig. 4)
against experimental X-ray diffraction (XRD) results in the
literature to validate the model used, as mentioned previously.

Experiments aiming at the ion diffusion rates in PBAs have
given results that vary in several orders of magnitude even for the
same material composition. For instance, the vacancy content
and purity of the material can significantly influence effective
diffusion. Also, the predicted diffusion rate depends exponentially
on the activation energy, which risks inflating the errors. Still, the
predictions yielded theoretical results close to the reported experi-
mental results. more important, the difference in energy between
different transition modes is quite much larger than any random
variation. That is, for transitions near a vacancy, through an
enclosed cavity, or an open diagonal transition, the difference in
diffusion constant is so large that the conclusions are reliable
irrespective of small errors. Hence, the ladder mechanism is
reliable for cation systems studied in this work.

For the macroscopic modeling of Cs* adsorption as a surface
phenomenon, the assumptions made will have a strong impact
on the predicted results. For instance, the size distribution of
the nanoparticles has a dramatic impact on the surface-to-
volume ratio. Also, the morphology of the nanoparticle surface
on the nanoscale, as well as the vacancy structure on the
surface, will affect how large the effective nanoparticle surface
is. Thus, many factors influence the material volume the Cs*
can access from the surface. On the other hand, the predicted
trend agrees remarkably well with the experimental results. We
also note that any representative nanoparticle size in the
experimentally observed range of 20-40 nm yields a result in
good comparison with experimental data. Still, the main point
of this section is to demonstrate that the ladder mechanism of
cation diffusion is compatible with macroscopically deter-
mined experimental results.
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Conclusions

This study has demonstrated that a ladder mechanism for
cation diffusion can be applied to all monovalent alkali metal
cations in PBAs. The vacant regions are always impervious
regarding diffusion, even for the large Cs, and the cations
instead migrate by climbing between frames (faces surrounded
by negatively charged cyanide groups). In analogy, a ladder is
broken if either a step or the railing is missing. In analogy, the
frame becomes a bottleneck if any of the cyanide groups are
missing. Also, cavities fully enclosed with cyanide groups
energetically stabilize the cations from all sides and therefore
significantly retards diffusion as well through energetical
trapping. Because all ionic transport must follow at least one
of these possible pathways, the transport through an enclosed
cavity becomes rate-limiting.

Even if the same mechanism of cation diffusion can be
applied, the quantitative difference in diffusion rates causes the
huge Cs' ion to become stuck in enclosed cavities. However, it
can still enter such a cavity via an open region, and therefore we
can conclude that Cs" adsorption is predominantly a surface
effect.
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