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Canonical (thermal) instanton theory is now routinely applicable to complex gas-phase

reactions and allows for the accurate description of tunnelling in highly non-separable

systems. Microcanonical instanton theory is by contrast far less well established. Here,

we demonstrate that the best established microcanonical theory [S. Chapman, B. C.

Garrett and W. H. Miller, J. Chem. Phys., 1975, 63, 2710–2716], fails to accurately

describe the deep-tunnelling regime for systems where the frequencies of the

orthogonal modes change rapidly along the instanton path. By taking a first principles

approach to the derivation of microcanonical instanton theory, we obtain an improved

method, which accurately recovers the thermal instanton rate when integrated over

energy. The resulting theory also correctly recovers the separable limit and can be

thought of as an instanton generalisation of Rice–Ramsperger–Kassel–Marcus (RRKM)

theory. When combined with the density-of-states approach [W. Fang, P. Winter and J.

O. Richardson, J. Chem. Theory Comput., 2021, 17, 40–55], this new method can be

straightforwardly applied to real molecular systems.
1 Introduction

Instanton theory has now become a well-establishedmethod for the calculation of
thermal reaction rates and can be routinely applied to treat systems in full
molecular detail using state-of-the-art electronic-structure theory.1–10 By nding
the optimal semiclassical tunnelling pathway on the potential-energy surface,
instanton theory generalises Eyring transition-state theory to include the effect of
tunnelling.11–13 Unlike simple one-dimensional tunnelling corrections,14–19

instanton theory is equally applicable to both separable and highly non-separable
systems, where the tunnelling path may deviate signicantly from the minimum-
energy path. And, as it makes no assumptions about the form of the potential, it
gives an approach which can be applied to deep tunnelling, where perturbative
corrections at the transition state fail.19,20

For certain reactions, however, assuming thermal equilibrium is not valid. An
important example is unimolecular dissociation initiated by photoexcitation at
a specic energy,21,22 but more generally, this can occur for any multistep reaction
where there is insufficient time to thermalise between successive steps.23–27 In
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such cases, one must use a microcanonical rather than canonical approach to
reaction rates. The cornerstone of microcanonical rate theory is the Rice–Ram-
sperger–Kassel–Marcus (RRKM) theory,28–30 which generalises Eyring transition-
state theory for systems in the microcanonical ensemble. Like Eyring
transition-state theory, RRKM does not include the effects of tunnelling. And,
whilst there exist simple one-dimensional tunnelling corrections to RRKM,17

there does not yet exist a well-established microcanonical version of instanton
theory capable of accurately capturing the inuence of tunnelling in both sepa-
rable and non-separable systems.

In order to discuss the derivation of both thermal and microcanonical
instanton theory, it will be helpful to make use of some ideas from asymptotic
analysis.31 As such, we give here a brief overview of the key concepts used later.
Firstly, the statement that two functions, Að3Þ and Bð3Þ are asymptotic as 3/0
(written mathematically as Að3Þ � Bð3Þ, as 3/0) is equivalent to the statement
lim
3/0

Að3Þ=Bð3Þ ¼ 1. Importantly, provided 3 is sufficiently close to zero, then Bð3Þ is
expected to provide a reasonable approximation for Að3Þ. Of course, such
approximations are not unique and only imply that Að3Þ and Bð3Þ agree to leading
order in 3. Asymptotic relations are particularly useful for the approximate eval-
uation of integrals. In particular, we will make repeated use of steepest descent
integration, which uses the asymptotic relation (known as Laplace’s method)

ðb
a

gðxÞe�f ðxÞ=3dx � gðx*Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p3

f 00ðx*Þ

s
e�f ðx*Þ=3; as 3/0; (1)

where x* is the minimum of the (real) function f ðxÞ in the interval a\x\b. This
can be generalised to approximate the integral of a complex analytic function by
rst deforming the contour of integration to pass through a saddle point of the
function, leading to an integral to which Laplace’s method can be applied. Note
that for a nite value of 3, the accuracy of this expression will depend on how
quickly gðxÞ varies around x* relative to the width of the peak of e�f ðxÞ=3, and also
on how well the peak is approximated by a Gaussian. Clearly, the choice of the
perturbation parameter will affect the accuracy of the resulting approximation,
and, as with all perturbative theories, a physically sensible choice is needed to get
accurate results. Oen, one employs an asymptotic approximation, known as the
semiclassical approximation,32–34 where the perturbation parameter is associated
with ħ in the quantum-mechanical propagator, e�iĤt=ħ.

For thermal rates, the result of taking the semiclassical limit is instanton
theory,11,34,35 which has been demonstrated to constitute an accurate approxi-
mation for many real molecular systems. Unfortunately, for microcanonical
reactions, naively performing integrals by steepest descent ðħ/0Þ to give the
leading asymptotic term results in a theory which does not recover the correct
result for separable multidimensional systems.11,36 This led Chapman, Garrett
and Miller to suggest a corrected microcanonical instanton theory based on an ad
hoc “unexpansion” of a Taylor series.37 Here, we will show that whilst it recovers
the correct result in the separable limit, for non-separable reactions involving
large changes in the frequency of orthogonal modes along the instanton path, the
approach suggested by Chapman et al. breaks down. The aim of this paper is thus
to explore how one can derive a microcanonical instanton theory which retains
the desirable properties of Chapman et al.’s method, but which xes the issues
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 205
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found in highly non-separable systems. Section 2 reviews the fundamentals of
microcanonical rate theory, as well as thermal instanton theory. Section 3 rst
discusses previously proposed microcanonical instanton theories, explaining
their issues, and then goes on to derive an improved microcanonical instanton
method. Section 4 applies the method to a simple (but realistic) unimolecular
dissociation reaction and Section 5 concludes.
2 Background theory

The (canonical) thermal rate constant, kðbÞ, can be written in terms of an integral
over the cumulative reaction probability as38,39

kðbÞZrðbÞ ¼ 1

2pħ

ðN
�N

NðEÞe�bEdE; (2)

where b ¼ 1=ðkBTÞ is the inverse temperature, ZrðbÞ is the reactant partition
function, and NðEÞ is the cumulative reaction probability at energy E (which can
be thought of as the microcanonical number of reactive states). The cumulative
reaction probability can be related to the microcanonical rate constant, kðEÞ,
according to the expression

kðEÞrrðEÞ ¼
NðEÞ
2pħ

; (3)

where rrðEÞ is the reactant density of states, which satisesðN
�N

rrðEÞe�bEdE ¼ ZrðbÞ: (4)

Microcanonical rate constants generalise the concept of thermal rates by
replacing the assumption that the system is in thermal equilibrium with the
assumption that the system is in microcanonical equilibrium, i.e. that all reactant
states of energy E are equally likely to be populated.28–30
2.1 RRKM and transition-state theory

The traditional starting point for the understanding of microcanonical rates is the
Rice–Ramsperger–Kassel–Marcus (RRKM) theory. In addition to the central
assumption of equally populated reactant states, RRKM assumes that motion along
the reaction coordinate can be separated from orthogonal degrees of freedom, and
that these orthogonal degrees of freedom can be treated with a rigid rotor and
harmonic oscillator approximation. In the following and later sections, for nota-
tional simplicity, we ignore rotational degrees of freedom and briey discuss how
to include their effects in Section 4.1. For a system with f internal degrees of
freedom, the RRKM expression for the cumulative reaction probability can then be
written as a sum over the vibrational quantum states at the transition state as

NRRKMðEÞ ¼
X
n

q
�
E � EðnÞ

TS � VTS

�
; (5)

where qðxÞ is the Heaviside step function, VTS is the potential energy at the
transition state, and
206 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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EðnÞ
TS ¼

Xf�1

j¼1

�
nj þ 1=2

�
ħuTS

j (6)

is the vibrational energy of the orthogonal degrees of freedom, with frequencies
uTS
j , described by the quantum numbers n ¼ ðn1; n2;.; nf�1Þ. In order to make

the connection to theories that will come later, it is helpful to rewrite the RRKM
cumulative reaction probability in terms of an integral over the energy in the
reaction coordinate ERC as

NRRKMðEÞ ¼
ð
dERC rTSðE � ERCÞPclðERCÞ; (7)

where PclðERCÞ ¼ qðERC � VTSÞ is the classical transmission probability for
a trajectory with energy ERC in the reaction coordinate, and

rTSðE � ERCÞ ¼
X
n

d
�
E � EðnÞ

TS � ERC

�
(8)

is the density of states at the transition state. As is obvious from the assumptions
of RRKM theory, it is closely related to the standard canonical Eyring transition-
state theory. And, in fact, simply integrating the RRKM cumulative reaction
probability shows that the two are in one-to-one correspondence,

1

2pħ

ð
dE NRRKMðEÞe�bE ¼ 1

2pbħ
ZTSðbÞe�bVTS ¼ kEy-TSTðbÞZrðbÞ: (9)

Here, the transition-state partition function is given by the standard expression

ZTSðbÞ ¼
X
n

e�bEðnÞ
TS ¼

Yf�1

j¼1

1

2 sinh
�
bħuTS

j

�
2
�: (10)

2.2 Separable tunnelling corrections to RRKM

Although RRKM includes the effect of the quantum-mechanical zero-point energy
on the reaction rates, it does not allow for tunnelling along the reaction coordi-
nate. Within the separable approximation of RRKM theory, tunnelling can be
included by replacing the classical transmission probability PclðERCÞ with a one-
dimensional tunnelling probability,17 to give

NsepðEÞ ¼
ð
dERC rTSðE � ERCÞP1DðERCÞ: (11)

Oen, this one-dimensional tunnelling probability is chosen to be the exact one-
dimensional transmission probability for an asymmetric Eckart barrier matched
to give the same reactant energy, Vr, product energy, Vp, transition-state energy,
VTS, and barrier frequency, ub, as the physical problem.17 Alternatively, and more
relevant for what will follow, one can instead use a semiclassical approximation to
the one-dimensional barrier transmission probability. At energies below the
barrier top ðERC\VTSÞ, the Wentzel–Kramers–Brillouin (WKB) approximation
gives the transmission probability as18

PWKBðERCÞ ¼ e�WðERCÞ=ħ; (12)
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 207
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where WðEÞ is the reduced action

WðERCÞ ¼ 2

ðxf
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½VðxÞ � ERC�

p
dx (13)

for the one-dimensional potential VðxÞ along the mass-weighted reaction
coordinate, x. Note that xi and xf are the turning points of a trajectory on the
upturned potential, satisfying VðxiÞ ¼ VðxfÞ ¼ ERC. Noting that the exact trans-
mission probability for a parabolic barrier can be written as
PpbðERCÞ ¼ ð1þ expf2pðVTS � ERCÞ=ubgÞ�1, an alternative to the simple WKB
formula has been proposed,18 which can more accurately capture the transmission
probability near the barrier top. The modied formula

PSCðEÞ ¼
�
1þ eWðEÞ=ħ��1

(14)

takes the same form as the parabolic barrier transmission probability, with the
reduced action dened as

W ðERCÞ ¼

8>>><
>>>:

2

ðxf
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½VðxÞ � ERC�

p
dx for E\VTS

2p

ub

ðVTS � ERCÞ for E.VTS:

(15)

We can also thermalise the resulting separable tunnelling-corrected micro-
canonical rate to give

ksepðbÞZrðbÞ ¼ 1

2pħ
ZTSðbÞ

ð
P1DðERCÞe�bERCdERC: (16)

In the low-temperature, deep-tunnelling regime, this can be evaluated by steepest
descent integration using P1D � PWKB to give

ksepðbÞZrðbÞ � 1ffiffiffiffiffiffiffiffiffi
2pħ

p ZTSðbÞ
�

d2W

dERC
2

	�1=2

ERC¼E*
RC

e�WðE*
RCÞ=ħ�bE*

RC ; (17)

where E*
RC satises the steepest descent condition

W
0�
E*

RC

� ¼ �bħ: (18)

Unfortunately, the separable approximation is known to be inaccurate for many
real chemical systems. This oen occurs in systems where light atoms tunnel
through a high but narrow barrier, avoiding the classical transition state, in
a process known as corner cutting.37,40,41 This can mean the orthogonal frequen-
cies along the true tunnelling path differ signicantly from those at the classical
transition state. More generally, the separable approximation will break down for
any system in which the frequencies along the tunnelling pathway change
signicantly with energy.

2.3 Thermal instanton theory

For thermal rates, instanton theory provides a rigorously justied and well tested
approach to go beyond the separable approximation. Thermal instanton theory
can be derived as a rigorous semiclassical ðħ/0Þ limit of the thermal ux
208 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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correlation formalism for the rate.34 The resulting instanton approximation to the
rate (valid in the “deep-tunnelling” regime) is given by11,34,35,42

kinstðbÞZrðbÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2pħ

p ZIðbÞ
�
� d2S

ds2

	1=2

s¼bħ
e�SðbħÞ=ħ; (19)

where SðsÞ is the action for the instanton trajectory. Formally, the instanton
trajectory is an imaginary-time periodic orbit under the reaction barrier, with total
period s ¼ bħ. The periodic orbit corresponds to a stationary value of the action
functional,

S


x
�
s
0�� ¼ ðs

0

"Xf
j¼1

1

2

�
vxj

vs 0

	2

þ VðxÞ
#
ds

0
; (20)

which is typically practically found by discretising the instanton trajectory
according to xðnb=NÞ ¼ xv. The approximate instanton trajectory is then given by
a rst-order saddle point of the discretised action,12,13

SNðxÞ ¼ bħ
N

XN
n¼1

 Xf
j¼1

�
xnþ1; j � xn; j

�2
2ðbħ=NÞ2 þ VðxnÞ

!
; (21)

with the approximation becoming more and more accurate as N increases.
To make the connection with the separable approximation in the previous

subsection, and to aid the discussion of the microcanonical versions of
instanton theory that will follow, we can transform the instanton rate expression
into an equivalent form by making use of a series of standard identities from
Lagrangian mechanics.33 Firstly, the total derivative of the action with respect to
imaginary time for a classical periodic orbit is just the energy of the corre-
sponding orbit

dS

ds
¼ EIðsÞ; (22)

which we refer to as the instanton energy, EI. Instead of the action as a function of
the period of the orbit, we can instead perform a Legendre transformation to
consider the reduced action as a function of the instanton energy

WðEIÞ ¼ SðsðEIÞÞ � sðEIÞEI: (23)

Using the chain rule, one can show that

dW

dEI

¼ �sðEIÞ; (24)

and

d2S

ds2
¼ dEI

ds
¼ �

�
d2W

dEI
2

	�1
: (25)

By combining these identities, we can then see that the thermal instanton rate
takes the same form as the separable rate in eqn (17),
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 209
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kinstðbÞZrðbÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2pħ

p ZIðbÞ
�
d2W

dEI
2

	�1=2

EI¼EIðbÞ
e�W ðEIðbħÞÞ=ħ� bEIðbħÞ: (26)

There are, however, two main differences between eqn (26) and (17). Firstly, in
eqn (26), the reduced action is calculated along the instanton path, whichmay not
pass through the classical transition state. And secondly, the transition-state
partition function is replaced by the instanton partition function

ZIðbÞ ¼
Yf�1

j¼1

1

2 sinh
�
ujðbħÞ

�
2
�; (27)

where ujðsÞ are the classical stability parameters for the trajectory.11 A detailed
discussion of the stability parameters, including how they can be efficiently
calculated, is given for completeness in the Appendix. For now, it is sufficient to
note that in the case that the problem is truly separable, the stability parameters
are equal to the period multiplied by the transition-state frequency, ujðsÞ ¼ suTS

j ,
and, hence, we can think of the stability parameters in terms of effective s-
dependent frequencies, ujðsÞ, by dening

ujðsÞ ¼ ujðsÞ
�
s: (28)
3 Microcanonical instanton theory

Given the success of instanton theory for thermal problems, it seems natural to
ask, does there exist a microcanonical version of instanton theory? It is of
historical interest that the original derivation of the thermal instanton from
scattering theory by Miller proceeded via a microcanonical expression for the
rate.11 However, although the nal thermal instanton expression Miller derived
is typically very accurate for many chemical systems, the microcanonical theory
that it was derived from has a number of issues. Here, we take a rst principles
approach to the derivation of a microcanonical instanton theory. We begin by
summarising previous attempts to derive a microcanonical instanton theory,
analysing their associated issues, before suggesting some improved
expressions.

In order to illustrate the accuracy and deciencies associated with each of the
methods, we will make use of a simple two-dimensional generalisation of the
Eckart barrier model, described by the potential

Vðx; yÞ ¼ VTS sech
2ðx=aeckÞ þ 1

2
uy

2ðxÞy2: (29)

We consider two different functional forms for the frequency of the y coordinate,

uyðxÞ ¼ ur þ ðuTS � urÞsech2ðx=auÞ; (30)

which we will refer to as model 1, and

uyðxÞ ¼ ur þ ðuTS � urÞexp
�
�ðx=auÞ4

�
; (31)
210 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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which we will refer to as model 2. Note that this generalises the model studied in
ref. 36, which employed a constant frequency, uy. In all cases, we work in mass-
weighted coordinates, such that m ¼ 1 for both degrees of freedom, and in units
where ħ ¼ 1.

3.1 Deriving a microcanonical instanton from rst principles

A natural starting point when trying to derive microcanonical instanton theory is
the exact quantum expression for the cumulative reaction probability. For
a system obeying scattering boundary conditions, the cumulative reaction prob-
ability can be written in terms of the reactive ux operator and the imaginary part
of the Green’s function as39,43

NðEÞ ¼ 2ħ2tr
h
F̂ Im ĜðEÞF̂ Im ĜðEÞ

i
: (32)

The ux operator is dened as

F̂ ¼ 1

2

 
dðsðxÞÞ

Xf
j¼1

vs

vxj

p̂j þ
Xf
j¼1

p̂j
vs

vxj

dðsðxÞÞ
!
; (33)

where sðxÞ ¼ 0 is a dividing surface which separates reactants ðsðxÞ\0Þ from
products ðsðxÞ. 0Þ. And the imaginary part of Green’s function can be written as

Im ĜðEÞ ¼ �pd
�
E � Ĥ

�
¼ � 1

2ħ

ðN
�N

eþitðE�ĤÞ=ħdt: (34)

Previous efforts to derive a microcanonical instanton theory from rst principles
have begun by obtaining a semiclassical expression for the Green’s function,
replacing the quantum-mechanical propagator with the van Vleck propagator and
integrating over time by steepest descent.36 Then, by integrating over the
remaining coordinates by steepest descent ðħ/0Þ, one obtains the original
microcanonical theory derived by Miller.

A better understanding of the approximations involved in this derivation can
be gained by noting that the order of integration does not matter. On this basis,
we can begin by rewriting the cumulative reaction probability explicitly in terms of
the two time integrals as

NðEÞ ¼ 1

2

ðN
�N

ðN
�N

tr
h
F̂ eþit0ðE�ĤÞ=ħF̂ eþit1ðE�ĤÞ=ħidt0 dt1: (35)

Then, we can make a variable transformation in the two time coordinates to
tþ ¼ t0 þ t1 and t� ¼ ðt0 � t1Þ=2, such that t0 ¼ tþ=2þ t� and t1 ¼ tþ=2� t�. This
allows us to write the cumulative reaction probability as

NðEÞ ¼ 1

2

ðN
�N

ðN
�N

tr
h
F̂ eþiðtþ=2þt�ÞðE�ĤÞ=ħF̂ eþiðtþ=2�t�ÞðE�ĤÞ=ħidt�dtþ; (36)

or equivalently

NðEÞ ¼
ðN
�N

eþitþE=ħRðitþÞdtþ; (37)
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 211

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d2fd00063f


Faraday Discussions Paper
O

pe
n 

A
cc

es
s 

A
rt

ic
le

. P
ub

lis
he

d 
on

 0
5 

 2
02

2.
 D

ow
nl

oa
de

d 
on

 0
3-

03
-2

02
6 

21
:0

2:
07

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online
where (dening s+ h it+)

RðsþÞ ¼ 1

2

ðN
�N

tr
h
F̂ e�ðsþ=2þit�ÞĤ=ħF̂ e�ðsþ=2�it�ÞĤ=ħ

i
dt�: (38)

Eqn (37) is simply the Bromwich integral for the inverse Laplace transform of the
thermal rate (at temperature b ¼ s+/ħ) written in terms of the ux–ux autocor-
relation function (eqn (38)). By deriving these transforms step-by-step, we wish to
illustrate that the results of working with the Green’s function formalism or
taking the inverse Laplace transform of the thermal rate are necessarily equiva-
lent. This equivalence remains true even under the semiclassical approximation,
since (done consistently) the order of performing steepest descent integrals does
not matter. Thus, before analysing Miller’s original microcanonical theory, we
rst perform the integrals over position and t� by steepest descent to give the
instanton expression for the thermal rate

RðsþÞ �
XN
k¼1

ð�1Þkþ1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2Sk

dsþ2

	 ​1=2Yf�1

j¼1

1

2 sinh
�
kujðsþ=kÞ

�
2
� e�SkðsþÞ=ħ; (39)

where SkðsþÞ ¼ kSðsþ=kÞ. Only the rst term in this series ðk ¼ 1Þ has been
rigorously derived from rst principles,34,35 however in order to make the
connection with Miller’s original microcanonical theory, one must also include
these higher order terms following ref. 11.
3.2 Miller’s original microcanonical instanton theories

In order to motivate the development of our new microcanonical instanton
theory, we begin by discussing the original theory of Miller and the ad hoc
correction of Chapman et al. To arrive at Miller’s original microcanonical
instanton theory, one simply combines eqn (39) with eqn (37) and takes the
integral over tþh� isþ by steepest descent ðħ/0Þ to give

NðEÞ �
XN
k¼1

ðN
�N

ð�1Þkþ1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2Sk

dsþ2

	1=2Yf�1

j¼1

1

2 sinh
�
kujðsþ=kÞ

�
2
� e�SkðsþÞ=ħþsþE=ħ dtþ:

(40)

The steepest descent condition is then S
0
kðsþÞ ¼ E or, equivalently,

E ¼ EIðsþ=kÞ; (41)

which can be inverted to give sþ=k ¼ sðEÞ. Using this relation, along with the
denition of Sk, and noting that the second derivative arising from the steepest
descent integration cancels with the existing term, gives

NðEÞ �
XN
k¼1

ð�1Þkþ1
Yf�1

j¼1

1

2 sinh
�
kujðsðEÞÞ

�
2
� e�kSðsðEÞÞ=ħþksðEÞE=ħ: (42)

On replacing the action with the reduced action, this immediately simplies to
give Miller’s original microcanonical expression
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NM1ðEÞ ¼
XN
k¼1

ð�1Þkþ1
e�kWðEÞ=ħYf�1

j¼1

1

2 sinh
�
kujðsðEÞÞ

�
2
�; (43)

where k can be interpreted as the number of times the periodic trajectory orbits.
In the simple one-dimensional case, this recovers the semiclassical result of

eqn (14)

NM1ðEÞ ¼
XN
k¼1

ð�1Þkþ1
e�kWðEÞ=ħ ¼ 1

1þ eWðEÞ=ħ : (44)

However, as was observed by Miller,11 this does not recover the correct result for
a separable multidimensional system (eqn (11)). To see this more clearly, one can
integrate over ERC in eqn (11) using the semiclassical transmission probability
from eqn (14) to give

Nsep-SCðEÞ ¼
X
n

0
B@1þ e

W

�
E�
Pf�1

j¼1

ħuTS
j ðnjþ1=2Þ

	�
ħ

1
CA

�1

: (45)

We can then compare this with Miller’s original microcanonical instanton
expression (eqn (43)) for a separable system by expanding each instance of
½2 sinhðsuTS

j =2Þ��1 as a sum over quantum states

NM1ðEÞ ¼
XN
k¼1

ð�1Þkþ1
e�kWðEÞ=ħX

n

e
�ksðEÞ

Pf�1

j¼1

uTS
j ðnjþ1=2Þ

(46)

and evaluating the sum over k to give

NM1ðEÞ ¼
X
n

0
B@1þ e

W ðEÞ=ħþsðEÞ
Pf�1

j¼1

ujðnjþ1=2Þ
1
CA

�1

: (47)

Miller noted that (using eqn (24))

W ðEÞ þ sðEÞ
Xf�1

j¼1

ħuj

�
nj þ 1=2

� ¼ W ðEÞ �W
0ðEÞ

Xf�1

j¼1

ħuTS
j

�
nj þ 1=2

�
(48)

is just the rst two terms in a Taylor expansion of W
�
E � Pf�1

j¼1
ħujðnj þ 1=2Þ

	
in

powers of ħ,11 and with Chapman and Garrett suggested that the original
microcanonical instanton theory (eqn (43)) could be improved by “unexpanding”
the Taylor series to give

NM2ðEÞ ¼
X
n

0
B@1þ e

W

�
E�
Pf�1

j¼1

ħujðEn
I Þðnjþ1=2Þ

	�
ħ

1
CA

�1

; (49)

where En
I satises the implicit equation En

I ¼ E � Pf�1

j¼1
ħujðEn

I Þðnj þ 1=2Þ.37

Fig. 1 illustrates the breakdown of the original microcanonical theory for
a separable version of the two-dimensional Eckart model, with VTS ¼ 20, aeck ¼ 1,
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 213
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Fig. 1 A comparison of the original microcanonical theory (M1) and the separable semi-
classical (SC) theory, which is equivalent to the modified instanton theory suggested by
Chapman, Garrett and Miller37 (M2) for the separable model system used here, with VTS¼ 20,
aeck ¼ 1 and uTS ¼ ur ¼ 10. Note that the standard RRKM result (ignoring tunnelling
corrections) is not shown as it zero for all relevant energies. The inset shows the relative error.
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uTS ¼ ur ¼ 10. The breakdown of the theory will clearly be most pronounced for
systems where there is a large amount of energy in the non-reactive modes. This
gure also clearly illustrates that for this simple system, the separable semi-
classical result (and hence also Chapman et al.’s method, which is equivalent for
this system) very accurately captures the behaviour of the exact cumulative reac-
tion probability. This, however, raises the question, how well does Chapman
et al.’s ad hoc x do for more general (i.e. non-separable) systems?

3.2.1 Density-of-states approach. Before we discuss the accuracy of Chapman
et al.’s method, we begin by discussing an efficient implementation of the
method. Unfortunately, the sum over quantum states and the need to solve the
implicit equation for En

I makes the method, as written above, impractical for
many systems of chemical interest. Recently, however, it has been suggested that
these difficulties can be avoided by rewriting the cumulative reaction probability
in terms of an integral over the instanton density of states.44 To achieve this, one
begins by introducing a series of delta functions to write

NM2ðEÞ ¼
ð
dEI

X
n

d
�
E � EI � EðnÞ

I

�
En

I

���
1þ eWðEI Þ=ħ��1

¼
ð
dEI

X
n






1þ dEðnÞ
I

dEI






d
�
E � EI � EðnÞ

I ðEIÞ
��

1þ eWðEIÞ=ħ��1;
(50)

where the vibrational energy is given by
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EðnÞ
I ðEIÞ ¼

Xf�1

j¼1

ħujðEIÞ
�
nj þ 1=2

�
: (51)

Note that in going from the rst to the second line of eqn (50), the implicitly
dened En

I has been replaced by EI and an appropriate prefactor introduced using
the property of the Dirac delta function: dðEI � aÞ ¼ 

 f 0ðaÞ

dð f ðEIÞÞ for a function
f ðEIÞ which has a single root at a. Then, assuming that the vibrational energy
changes slowly with EI, this prefactor can be dropped to give the microcanonical
density-of-states (DoS) instanton44

NDoSðEÞ ¼
ð
dEI rIðE � EI;EIÞ

�
1þ eWðEIÞ=ħ��1 (52)

where the instanton density of states is dened as

rIðE � EI ;EIÞ ¼
X
n

d
�
E � EI � EðnÞ

I ðEIÞ
�
: (53)

Written in this form, it may seem that one still has to perform a sum over
quantum states, which can be impractical for large systems. However, the
instanton density of states can be accurately approximated using the stationary-
phase approximation to the inverse Laplace transform (SPA-ILT). This is
straightforward to evaluate even for large molecular systems,44 making this
a practical method for real systems. This was demonstrated explicitly for the
unimolecular dissociation of a Criegee intermediate,44 which gave good agree-
ment with the experimental measurements,45 although the reaction was not
a particularly challenging test as the separable approximation is in relatively good
agreement too. We note in passing that it has been proposed that one can extract
microcanonical data from the closely related RPMD rate theory46 using similar
SPA-ILT methods.47

3.2.2 Breakdown for strongly non-separable systems. In order to understand
the limitations of both Chapman et al.’s microcanonical theory and the DoS
method (which builds on it), it is useful to consider the thermal rate that one
would obtain upon integrating over the corresponding cumulative reaction
probability according to eqn (2). For Chapman et al.’s method, this gives

kM2ðbÞZrðbÞ ¼ 1

2pħ

ð
dEI

X
n






1þ dEðnÞ
I

dEI






 e�bðEIþEðnÞ
I

ðEIÞÞ�1þ eWðEIÞ=ħ��1 (54)

and for the DoS method, in which the sum can be performed analytically, one
obtains

kDoSðbÞZrðbÞ ¼ 1

2pħ

ð
dEIZIðb;EIÞe�bEI

�
1þ eWðEIÞ=ħ��1; (55)

where we have dened an effective instanton partition function which depends
separately on the temperature and instanton energy, according to

ZIðb;EIÞ ¼
Yf�1

j¼1

1

2 sinh
�
bħujðEIÞ

�
2
�: (56)
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Unfortunately, neither of these expressions necessarily accurately recover the
thermal instanton rate. To see this, we can consider integrating over the instanton
energy, EI, by steepest descent. In doing so, we see that only when EðnÞ

I ðEIÞ is slowly
varying, such that the DoS method and M2 are equivalent and the instanton
partition function, ZIðb;EIÞ, can be treated as a slowly varying prefactor in the
steepest descent integration, will we recover the original thermal instanton rate.
However, in many cases with high-frequency modes, the vibrational partition
function may be expected to vary strongly with the instanton energy, EI.

Fig. 2 compares the thermal rates calculated using Chapman et al.’s method
(denoted as M2) and the DoS method with both the thermal semiclassical
instanton rate and the exact rate for model 1 with VTS ¼ 20, aeck ¼ 1, au ¼ 1,
uTS ¼ 5 and ur ¼ 20. This model is strongly non-separable due to the large
change in the frequency of the y coordinate from the reactant asymptote to the
transition state. We see that both the thermalised DoS and M2 agree relatively
closely, showing that the DoS approximation to M2 is valid for this system.
However, neither the DoS method or M2 accurately describes the behaviour of
the exact rate except at high temperature. In particular, the thermalised
microcanonical instantons do not exhibit the correct slope at low temperature
and thus deviate more and more from the exact result. This is in contrast to the
semiclassical thermal instanton rate (eqn (26)), which does at least correctly
describe the slope of the exact rate at low temperature, where the error is
Fig. 2 A comparison of the exact thermal rate, the semiclassical instanton rate (eqn (26))
and the thermalisedmicrocanonical rates fromChapman et al.’s method (M2) and the DoS
method for model 1, with VTS ¼ 20, aeck ¼ 1; au ¼ 1, uTS ¼ 5 and ur ¼ 20. Note that we
have also included the separable approximation given by eqn (45), which breaks down very
severely for this system. The inset shows the relative error.
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approximately �63% (this remaining error can be attributed to anharmonic
effects and will be discussed later in the paper, in Section 3.4). Of course, whilst
the thermal instanton is relatively accurate at low temperatures, at the highest
temperatures its error grows rapidly due to the well known breakdown of
thermal instanton theory near the cross-over temperature (which occurs at b z
1 for this system).36
3.3 Improved microcanonical instanton theories

In the following, we aim to derive an improved microcanonical instanton theory
which is able to accurately recover the thermal instanton result when integrated
over energy, whilst still recovering the semiclassical tunnelling-corrected RRKM
result for separable systems. We note that previously, instanton methods have
been proposed which attempt to include the effects of the orthogonal degrees of
freedom in an average sense,36,44 and hence do not recover the separable limit; as
such, these methods will not be considered further in this work. In order to
motivate our derivation, we begin by returning to the derivation of Miller’s orig-
inal microcanonical instanton theory in order to better understand why inte-
grating by steepest descent as ħ/0 does not recover the desired result for
a separable system. Hence, we begin by considering the case of a separable system
for which eqn (40) becomes

NðEÞ �
XN
k¼1

ðN
�N

ð�1Þkþ1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2Sk

dsþ2

	1=2Yf�1

j¼1

1

2 sinh
�
sþuTS

j

�
2
� e�SkðsþÞ=ħþsþE=ħdtþ: (57)

Now, by expanding each of the hyperbolic sine functions as a sum over quantum
states, we obtain

NðEÞ �
X
n

XN
k¼1

ðN
�N

ð�1Þkþ1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2Sk

dsþ2

	1=2

e�SkðsþÞ=ħþsþE=ħ�sþE
ðnÞ
TS=ħdtþ: (58)

Written in this form, we can see why the semiclassical steepest descent integra-
tion ðħ/0) does not recover the separable semiclassical RRKM result. Unlike in
RRKM, where the orthogonal modes are treated separately from the reaction
coordinate, here all modes are treated together. This leads the steepest descent
approximation to give a poor approximation because, in the ħ / 0 limit, the
vibrational energy of the orthogonal modes, EðnÞ

TS ¼P
j
ħuTS

j ðnj þ 1=2Þ, will go to

zero. If we instead hold the value of EðnÞ
TS constant whilst taking the ħ / 0 limit,

then the resulting steepest descent condition E ¼ S
0
kðsþÞ þ EðnÞ

TS is equivalent to

E ¼ EIðsþ=kÞ þ EðnÞ
TS ; (59)

which can be inverted to give sþ=k ¼ sðE � EðnÞ
TS Þ, and the resulting expression for

the cumulative reaction probability is

NðEÞ �
X
n

XN
k¼1

ð�1Þkþ1ffiffiffiffiffiffiffiffiffi
2pħ

p e�kSðsÞ=ħþksE=ħ�ksEðnÞ
TS=ħ: (60)
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This is equivalent to the desired separable semiclassical tunnelling correction to
RRKM given in eqn (11). Hence, we see that to obtain the correct result for
a separable system, we must hold the energy (rather than the frequency) of the
orthogonal modes xed whilst taking the ħ / 0 limit in performing the steepest
descent integration over tþ.

3.3.1 An improved method 1: direct sum over effective states. This naturally
suggests that one should do the same thing in the non-separable case. As we shall
see, the resulting approach has some practical difficulties, and hence an alter-
native approach that avoids these difficulties will be explored in Section 3.3.2.
Following the same procedure as above, one begins by expanding the sinh as
a sum over (now effective) quantum states

NðEÞ �
X
n

XN
k¼1

ðN
�N

ð�1Þkþ1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2Sk

dsþ2

	1=2

e
�SkðsþÞ=ħþsþE=ħ�k

P
j

ujðsþ=kÞðnjþ1=2Þ
dtþ: (61)

Then, performing the integration by steepest descent whilst xing the magnitude
of ħujðsþ=kÞ=sþ even as ħ / 0, results in the steepest descent condition

E ¼ EIðsþ=kÞ þ k
Xf�1

j¼1

ħ
d

dsþ

�
ujðsþ=kÞ

��
nj þ 1=2

�
; (62)

and performing the integral by steepest descent leads to the following expression
for the cumulative reaction probability:

NðEÞ �
X
n

XN
k¼1

ð�1Þkþ1

 
d2Sk

dsþ2

,
d2 ~S

n

k

dsþ2

!1=2

e�
~S
n
kðsþÞ=ħþsþE=ħ; (63)

where we have dened a modied action

~S
n
k ðsþÞ ¼ SkðsþÞ þ k

Pf�1

j¼1
ħujðsþ=kÞðnj þ 1=2Þ. This can then be simplied by rst

noting that sþ=k ¼ sðEn
I Þ, where En

I satises the implicit equation

En
I ¼ E �

Xf�1

j¼1

ħ
duj

ds

�
nj þ 1=2

�
; (64)

and then by rewriting the modied action in terms of a modied reduced action as

~S
n

kðsþÞ � sþE ¼ kSðsÞ þ k
Xf�1

j¼1

ħujðsÞ
�
nj þ 1=2

�� ksE ¼ k ~W nðEÞ; (65)

which can alternatively be rewritten in terms of the original reduced action as

~W nðEÞ ¼ W
�
En

I

�þXf�1

j¼1

ħ
�
uj
�
En

I

�� duj

ds
s

	�
nj þ 1=2

�
: (66)

The resulting expression for the rate can then be written in the particularly
simple form

NðEÞ �
X
n

�
dE

dEn
I

	�1=2�
1þ e

~WnðEÞ=ħ
��1

; (67)
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where we have used the relation between the energy and the action (eqn (22)) to
combine the second derivatives of the action into a derivative of the total energy
with respect to the instanton energy (an explicit expression for which can be
obtained by differentiating eqn (64)).

The physical meaning of this prefactor is not entirely clear, and one may worry
whether it is even generally well dened, i.e. if the total energy can decrease with
increasing En

I . In the following, however, we shall argue that the prefactor should
not be included. We begin by noting that for separable systems, the prefactor
equals one, and that when the prefactor is not close to one, this indicates that
instanton frequencies are changing rapidly as a function of the instanton energy.
In this case, one may expect that the starting point for our derivation, the steepest
descent integration over t� to give eqn (39), will introduce an error as it does not
account for changes to the zero-point energy along the instanton path. On this
basis we propose replacing the prefactor with 1, in order to arrive at the nal
expression for what we term the direct-sum approach

NDSðEÞ ¼
X
n

�
1þ e

~WnðEÞ=ħ
��1

: (68)

It is of interest to note that this expression can in fact be derived in an entirely
different manner by following the derivation of Kryvohuz in ref. 48, with the
modication of expanding the term denoted expð�s=ħÞ in that paper in terms of
a sum over quantum states. The derivation of Kryvohuz also explicitly attempts to
account for changes in the zero-point energy along the instanton path, supporting
the removal of the prefactor in this expression.

In order to complete the specication of the method, we need to dene ~WnðEÞ
for EI .VTS, i.e. for energies above the barrier where the instanton is collapsed to
a point. Following the criteria used in the one-dimensional case and to ensure
continuity, we suggest that

En
I ¼

8>>>>><
>>>>>:

E �
Xf�1

j¼1

ħ
duj

ds






s¼sðEn

I Þ
�
nj þ 1=2

�
for En

I \VTS

E �
Xf�1

j¼1

ħ
duj

ds






s¼sðVTSÞ

�
nj þ 1=2

�
for En

I .VTS

(69)

and

~W nðEÞ ¼

8>>>>><
>>>>>:

W
�
En

I

�þXf�1

j¼1

ħ
�
uj � duj

ds
s

	
s¼sðEn

I Þ
�
nj þ 1=2

�
for En

I \VTS

2p

ub

�
VTS � En

I

�þXf�1

j¼1

ħ
�
uj � duj

ds
s

	
s¼sðVTSÞ

�
nj þ 1=2

�
for En

I .VTS:

(70)

This choice is of course not unique, and whilst it is consistent with the
prescription used in the one-dimensional case, neither are rigorously derived. The
derivation of a rigorous instanton expression above cross-over is le for future
work.
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Aside from the issue mentioned above, there also exists a practical difficulty
with the direct-sum method. Namely, that it requires an explicit sum over the
quantum states. Unlike the microcanonical instanton of Chapman et al., the
explicit n dependence of the reduced action means the cumulative reaction
probability cannot be written in terms of an integral over a density of states.
For a high-dimensional system, this can prove prohibitively expensive. In
principle, an efficient implementation might be achieved by utilising the
Wang–Landau algorithm,49 however this is beyond the scope of the present
work.

3.3.2 An improved method 2: modied density-of-states method. Here, we
derive a second improved microcanonical instanton approach, with the aim of
deriving a method which can be written in terms of a density of states, making it
practical to apply to real systems, but which overcomes the problems seen in the
DoS method and in Chapman et al.’s method. Note that to simplify the discus-
sion, in the following we drop the sum over k and treat only the dominant term.
We begin by multiplying and dividing by the instanton partition function
ZIðsþ;EIÞ ¼

Q
j
½2 sinhðsþujðEIÞ=2Þ��1, dened at an as yet unspecied reference

instanton energy EI. We can write the resulting expression for the cumulative
reaction probability as

NðEÞ �
ðN
�N

1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2S

dsþ2

	1=2

ZI

�
sþ;EI

�
e�

~Sðsþ ;EIÞ=ħþsþE=ħdtþ; (71)

where we have dened the effective action

~S
�
sþ;EI

�
¼ SðsþÞ þ DS

�
sþ;EI

�
¼ SðsþÞ þ ħ

�
lnZI

�
sþ;EI

�
� lnZIðsþÞ

�
: (72)

Now we can expand ZIðsþ;EIÞ in a sum over quantum states to give

NðEÞ �
X
n

ðN
�N

1ffiffiffiffiffiffiffiffiffi
2pħ

p
�
� d2S

dsþ2

	1=2

e�
~Sðsþ ;EIÞ=ħþsþðE�En

IðEIÞÞ=ħdtþ; (73)

where EðnÞ
I ðEIÞ (dened in eqn (51)) is the effective vibrational energy for an

instanton path at the reference energy, EI. At this stage, all we have done is
multiply and divide by the same term. Note, however, that as each term in the sum
over effective quantum states is now different to that in eqn (61), we will obtain
a different result when integrating by steepest descent. Performing the integral by
steepest descent, holding the effective vibrational energy, EðnÞ

I ðEIÞ, constant,
results in the condition

E ¼
v ~S
�
sþ;EI

�
vsþ

þ EðnÞ
I

�
EI

�
¼ ~EI

�
sþ;EI

�
þ EðnÞ

I

�
EI

�
; (74)

where we have dened the effective instanton energy EI as the derivative of the
effective action. The resulting expression for the cumulative reaction probability
can then be written as

NðEÞ �
X
n

 
d2S

dsþ2

,
d2 ~S

dsþ2

!1=2

e�
~Sðsþ ;EIÞ=ħþsþðE�EðnÞ

I ðEIÞÞ=ħ: (75)
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This can then further be simplied by noting that sþ ¼ sðEn
I Þ, where En

I satises
the implicit equation

En
I ¼ ~E

n

I �
vDS

�
s;EI

�
vs

¼ ~E
n

I � ħ

0
@vln ZI

�
s;EI

�
vs

� dln ZIðsÞ
ds

1
A (76)

with ~E
n
I ¼ E � EðnÞ

I ðEIÞ, and by dening the effective reduced action

~W
�
~EI;EI

�
¼ ~S

�
s;EI

�
� s ~EI

�
s;EI

�
: (77)

Hence, using these two relations and upon simplifying the prefactor, we can write

NðEÞ �
X
n

 
dEn

I

d ~E
n

I

!1=2

e�
~Wð ~E

n
I ;EIÞ=ħ: (78)

As discussed for the direct-sum approach, we suggest that it is sensible to
modify this expression by removing the prefactor and replacing the WKB-like
transmission probability with the parabolic barrier form to give

Nm-DoSðEÞ ¼
X
n

�
1þ e

~Wð ~E
n
I ;EIÞ=ħ��1: (79)

Note that this expression reduces to the separable semiclassical RRKM result (eqn
(45)) in the case of a separable reaction where ujðEIÞ ¼ uTS

j . Importantly, this
expression is also straightforward to evaluate using the density-of-states
approach,44 by writing

Nm-DoSðEÞ ¼
ðN
�N

X
n

d
�
E � ~EI � EðnÞ

I

�
EI

���
1þ e

~Wð ~EI ;EIÞ=ħ��1d ~EI

¼
ðN
�N

rI

�
E � ~EI;EI

��
1þ e

~Wð ~EI ;EIÞ=ħ��1d ~EI:

(80)

This can equivalently be transformed to give an integral over the usual instanton
energy (rather than the modied instanton energy) as

Nm-DoSðEÞ ¼
ðN
�N

d ~EI

dEI

rI

�
E � ~EIðEIÞ;EI

��
1þ e

~Wð ~EIðEIÞ;EIÞ=ħ��1dEI: (81)

As with the direct-summethod from the previous section, there is some ambiguity
as to how to dene ~Wð~EIðEIÞ;EIÞ when EI .VTS. Hence, to ensure continuity for
EI .VTS, we dene

~EI

�
EI;EI

�
¼

8><
>:

EI þ DEI

�
EI;EI

�
for EI\VTS

EI þ DEI

�
VTS;EI

�
for EI .VTS

(82)

where
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DEI

�
EI;EI

�
¼ ħ

0
@vln ZI

�
s;EI

�
vs

� dln ZIðsÞ
ds

1
A







s¼sðEIÞ

(83)

and, correspondingly,

~W
�
~EIðEIÞ;EI

�

¼

8>><
>>:

WðEIÞ þ DS
�
sðEIÞ;EI

�
� sðEIÞDEI

�
EI;EI

�
for EI\VTS

2p

ub

ðVTS � EIÞ þ DS
�
sðVTSÞ;EI

�
� sðVTSÞDEI

�
VTS;EI

�
for EI .VTS;

(84)

where

DS
�
sðEIÞ;EI

�
¼ ħ
�
lnZI

�
sðEIÞ;EI

�
� lnZIðsðEIÞÞ

�
: (85)

So far, we have not discussed how to dene the reference instanton energy, EI.
An obvious choice is to let EI ¼ VTS; doing so allows us to write the rate in terms of
the density of states at the transition state as

Nm-TS-DoSðEÞ ¼
ðN
�N

rTS

�
E � ~EI

��
1þ e

~Wð ~EI ;VTSÞ=ħ��1d ~EI: (86)

Alternatively, one could choose EI to depend on the total energy; an obvious
choice would be to dene EI according to the implicit equation

EI ¼ E �
Xf�1

j¼1

ħuj

�
EI

�
2

coth

0
@s
�
EI

�
uj

�
EI

�
2

1
A; (87)

which corresponds to self-consistently choosing EI to be the total energy minus
the thermal average of the vibrational energy for the instanton density with
instanton energy EI. This suggests going one step further and simply replacing EI

with EI to give

Nm-EI-DoSðEÞ ¼
ðN
�N

rI

�
E � ~EI;EI

��
1þ e

~Wð ~EI ;EIÞ=ħ��1d ~EI: (88)

Note that, as shown in the Appendix (Section 6.2), when thermalised by inte-
grating over energy, this can be related back to the semiclassical instanton rate.

3.3.3 Application to model system. In order to assess how well the new
microcanonical methods perform, we begin by considering the thermal rate ob-
tained by integrating the approximate cumulative reaction probabilities over
energy. Fig. 3 compares the thermal rate calculated using the modied DoS
method and the direct-sum approach with both the exact rate and the semi-
classical instanton rate for the same system, as in Fig. 2. For this system and the
others that follow, we do not nd a signicant difference between each of the
alternative denitions for the modied DoS methods given in eqn (86)–(88) and,
hence, we show only the results for eqn (88). We expect that more generally, this
222 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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Fig. 3 A comparison of the exact thermal rate, the semiclassical instanton rate (eqn (26))
and the thermalised microcanonical rates from the direct-sum method (eqn (68)) and the
modified DoS method (eqn (88)), for model 1, with VTS ¼ 20, aeck ¼ 1; au ¼ 1, uTS ¼ 5 and
ur ¼ 20. The inset shows the relative error.
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will not be the case, and a thorough investigation of the optimal choice is le for
later work. In contrast to the results seen in Fig. 2, both of the thermalised
microcanonical instanton theories now closely follow the original thermal
instanton result (SCI). Hence, we see the that for this system, the modied DoS
method and the direct-sum method successfully correct the error observed in the
original DoS method and in Chapman et al.’s method. These new microcanonical
methods are, however, still not more accurate than the original thermal instan-
ton, with a comparable error of around �60% seen across a wide range of
temperatures. The only exception to this is close to the cross-over temperature,
where the thermalised microcanonical methods perform much better than the
original thermal instanton theory.

To understand the origin of this error in more detail, we can examine the
cumulative reaction probability directly. Fig. 4 compares the exact cumulative
reaction probability for the same system, with approximate results calculated using
each of the four microcanonical instanton methods considered so far. We can see
that the errors observed in the thermal rate for Chapman et al.’s method (M2) and
the DoS method are primarily caused by error at the lowest energies, while close to
the threshold energy, both theories agree well with the exact result. The reasons for
this close agreement are not obvious and may be the result of error cancellation,
particularly in light of the importance of anharmonic effects, which are discussed
later. In contrast, the direct-sum method and the modied DoS method are both
most accurate at low energies, with a noticeable error relative to the exact result at
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 223
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Fig. 4 A comparison of the exact cumulative reaction probability, with themicrocanonical
instant result calculated using Chapman et al.’s method (eqn (49)), the DoS method (eqn
(52)), the direct-summethod (eqn (68)) and themodified DoSmethod (eqn (88)) for model
1, with VTS ¼ 20, aeck ¼ 1; au ¼ 1, uTS ¼ 5 and ur ¼ 20. The inset shows the relative error.
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intermediate values of energy for this system. However, the close agreement
between the two methods, in combination with the close agreement between the
thermalised rates and the semiclassical instanton, indicates that this is an error
inherent in the semiclassical instanton method itself.

3.4 Anharmonic correction

One explanation for the remaining discrepancy between the microcanonical
instanton and the exact cumulative reaction probabilities is that anharmonic
uctuations around the instanton path are important. Whilst the instanton
partition function captures the change in frequency along the instanton path, as
is clear from its functional form it still inherently assumes that the uctuations
about the path are harmonic. In order to test the hypothesis that it is this
harmonic assumption which leads to the error seen in Fig. 4, we therefore need to
include anharmonic uctuations around the instanton path. To achieve this, it is
helpful to consider the Im-F formulation of the instanton rate.

Within the Im-F formalism, the rate is postulated to be given approxi-
mately by16

kðbÞZrðbÞz 2

bħ
Im ZbðbÞ; (89)

where Im ZbðbÞ is the “imaginary part of the barrier partition function”. Implicit
in this is the idea that the unstable mode at the barrier is integrated by steepest
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descent using analytic continuation such that the otherwise divergent integral
gives an imaginary result. To derive the instanton rate in the Im-F framework, one
can begin by dening the free-energy FðuÞ along the unstable coordinate
according to13

e�bFðuÞ ¼ lim
N/N

�
N

2pbħ2

	Nf =2 ð
dNf x dðsðxÞ � uÞe�SN ðxÞ=ħ; (90)

where SNðxÞ is the ring-polymer action given by eqn (21) and sðxÞ ¼ 0 is a dividing
surface which separates the reactants from products in the ring-polymer space
and which passes through the transition-state/instanton geometry on the ring-
polymer potential-energy surface, UNðxÞ ¼ NSNðxÞ=bħ, and maximises the free
energy Fðu ¼ 0Þ. Integrating rst over the unstable u coordinate using the Im-F
prescription (including a factor of a half since the analytic continuation only
integrates over half the peak)50 gives

kðbÞZrðbÞz 2

bħ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p

2bjF 00ð0Þj
r

e�bFð0Þ: (91)

If the free-energy and its second derivative are then also evaluated by steepest
descent ðħ/0Þ, then one recovers the thermal instanton rate

kinstðbÞZrðbÞ ¼ 2

bħ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p

2bjF 00ð0ÞjSD

r
e�bFSDð0Þ: (92)

The resulting formula is formally equivalent to those given above (eqn (26)).34,42

To test the importance of anharmonic uctuations, we therefore propose the
following simple anharmonic correction factor,

GanhðsÞ ¼
Ð
dNf xdðsðxÞÞe�SN ðxÞ=ħÐ

SD
dNf xdðsðxÞÞe�SN ðxÞ=ħ

Ð
SD
dNxdðsðxÞÞe�S1D

N
ðxÞ=ħÐ

dNxdðsðxÞÞe�S1D
N

ðxÞ=ħ
; (93)

where in order to remove the contribution from uctuations parallel to the
instanton path itself, we have divided by the ratio of the steepest descent and full
path integral for the one-dimensional Eckart-barrier part of the model. For more
complex problems, the equivalent effect could be achieved by creating an effective
one-dimensional model dened by the potential along the instanton path (which
can be continued beyond the instanton using real time classical trajectories
initiated at the turning points of the trajectory, or the minimum-energy path
down to the well bottoms). The anharmonic correction factor is then included in
the microcanonical rates by replacing DS from eqn (85) with

DSanh

�
s;EI

�
¼ �ħ

�
lnZIðsÞ þ ln GanhðsÞ � lnZI

�
s;EI

��
(94)

and, correspondingly, DEI (from eqn (83)) with DEI ¼ vDSanh
vs

. Note that for the

model systems considered here, whilst the y coordinate is harmonic for a xed
value of x, the xy coupling can lead to anharmonic uctuations. It is these uc-
tuations which are included in the anharmonic correction factor.

Fig. 5 shows the results of including the anharmonic correction for the same
model as in Fig. 4. The resulting cumulative reaction probability, calculated using
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 225
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Fig. 5 A comparison of the exact cumulative reaction probability for the modified DoS
method (eqn (88)) and the anharmonic-corrected modified DoS method (eqn (94)) for
model 1, with VTS ¼ 20, aeck ¼ 1; au ¼ 1, uTS ¼ 5 and ur ¼ 20. The inset shows the relative
error.
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the modied DoS method, now agrees very well with the exact results for a wide
range of energies. This conrms the hypothesis that the main cause of the
discrepancy between the instanton results and the exact rate is indeed the neglect
of anharmonic uctuations around the instanton path. We note that the anhar-
monic correction used here is not necessarily the optimal choice for a real
molecular system, and one could instead imagine using correction factors based
on the closely related ring-polymer transition state theory or on the quantum
instanton approach,46,51–55 but this aspect is le for future work.

Although the anharmonic-corrected modied DoSmethod agrees well with the
exact result at most energies considered, there is still a small difference close to
the threshold energy (i.e. where the tunnelling becomes important) for this
system. The ad hoc nature of the instanton correction in the cross-over region is
likely the cause of this discrepancy. However, we note that the difference here is
particularly pronounced, as the frequency of the y coordinate changes rapidly
near the top of the barrier. This rapid changemeans thatDEIðEIÞ ¼ ~EIðEIÞ � EI has
a non-zero value at EI ¼ VTS. For systems where the frequency changes more
slowly close to the top of the barrier, one would therefore not expect to see such
a discrepancy. This is illustrated in Fig. 6, where both the anharmonic-corrected
modied DoS methods and the uncorrected method are applied to model 2 with
VTS ¼ 20, aeck ¼ 1, au ¼ ffiffiffi

2
p

, uTs ¼ 20 and ur ¼ 5. Here, the frequency of the y
coordinate is approximately constant in the vicinity of the barrier top and,
correspondingly, the anharmonic-corrected method now agrees well with the
226 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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Fig. 6 A comparison of the exact cumulative reaction probability from the modified DoS
method (eqn (88)) and the anharmonic-corrected modified DoS method (eqn (94)) for
model 2, with VTS¼ 20, aeck¼ 1, au ¼ ffiffiffi

2
p

, uTS¼ 20 and ur¼ 5. The inset shows the relative
error.
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exact results at all energies considered. This situation may be expected to be more
typical of real systems, where the length scale for changes to the orthogonal
frequencies may be comparable to the change in the curvature along the unstable
mode. This analysis seems to imply that such systems require us to go beyond the
steepest descent approximation. However, there is an alternative possibility that
by rigorously deriving the contribution from terms which involve multiple
instanton orbits, this error could be reduced, and this therefore presents an
interesting topic for further research.
4 Application to a unimolecular reaction

One of the things that makes thermal semiclassical instanton theory so successful
is that it is straightforward to apply to real molecular systems. The typical
workow for the calculation of thermal instanton rates consists of rst nding the
classical transition state corresponding to the high-temperature limit of the
instanton, and then optimising (ring-polymer discretised) instantons at succes-
sively lower temperatures, using the previous instanton as a starting point for the
optimisation.34 The calculation of microcanonical instanton rates using either the
density-of-states or modied density-of-states instanton methods only involves
some additional post-processing on top of this usual workow. To calculate the
microcanonical cumulative reaction probabilities, one simply takes the data
calculated for a thermal instanton at a set of temperatures and then generates
This journal is © The Royal Society of Chemistry 2022 Faraday Discuss., 2022, 238, 204–235 | 227
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a series of spline ts for the relevant quantities, from which the microcanonical
result at a desired energy can then be calculated.44

In order to demonstrate the applicability of the microcanonical instanton
approach, we apply it here to a well studied molecular system, the unimolecular
dissociation of H2CO to H2 + CO.56–67 This system has been of continued scientic
interest over at least the last 50 years due to its importance in combustion,
interstellar and atmospheric chemistry, and more recently as it was one of the
rst systems in which roaming was proposed to play a role (although here we
focus on the tunnelling regime where roaming trajectories do not play a role).61–64

We also note that it is of historical interest from the perspective of microcanonical
rate theory as it was the system for which Miller’s popular Eckart tunnelling
correction to the RRKM rate was originally proposed and applied.17 This system
also has the advantage that considerable effort has already gone into developing
accurate potential-energy surfaces (PES) for studying the roaming dynamics in
this system.62,66 Hence, for the following, we use the 2017 PES developed by Wang,
Houston and Bowman in ref. 66.
4.1 Practical implementation for molecular systems

Before we apply the modied density-of-states method to this reaction, we outline
a few implementational details relevant to the application to molecular systems.
Firstly, we must consider the generalisation to include rotations. This is rather
straightforward, since themoments of inertia typically do not change signicantly
as a function of the instanton energy. Hence, in the following, we simply replace
the instanton density of states in eqn (88) with the density of states for the
combined rotations and vibrations of the instanton, given formally for a non-
linear system as

rI

�
E � EI;EI

�
¼
ðN
0

rvibI

�
E � EI � Erot;EI

�
rrotI

�
Erot;EI

�
dErot: (95)

Note that in a case where the moment of inertia does change signicantly as
a function of EI, then one can also include a factor of ħðln Zrot

I ðs; EIÞ � ln Zrot
I ðsÞÞ in

the denition of DS. The vibrational density of states is dened as before,
rvibI ðE;EIÞ ¼

P
n
dðE � En

I ðEIÞÞ and, consistent with standard thermal semiclassical

instanton theory,34 we use the classical rotational density of states, given
formally as

rrotI

�
E;EI

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32 det

�
I
�
EI

��
ħ6

vuut ffiffiffiffi
E

p
qðEÞ; (96)

where I(EI) is themoment of inertia tensor for the instanton with instanton energy
EI. Note that here we have only considered energy-resolved microcanonical rates.
It would, however, be straightforward to generalise the present theory to give
microcanonical rates that are also resolved by total angular momentum, or to go
beyond the simple model of separable classical rotations.68

Practically, however the density of states is not calculated using these rela-
tions, and instead is calculated using the stationary-phase approximation to the
inverse Laplace transform (SPA-ILT), as proposed in ref. 44. This extra
228 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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approximation is straightforward to compute in closed form without the need to
integrate over the rotational energy or sum over the vibrational states, and typi-
cally leads to an error of less than 10%. Finally we note that to convert from the
cumulative reaction probability, NðEÞ, to the microcanonical rate constant, kðEÞ,
one must divide by the reactant density of states at energy E; in keeping with the
rest of the present work, the reactant density of states is calculated using
a harmonic-oscillator and rigid-rotor approximation in combination with the
SPA-ILT method.
4.2 Application to H2CO / H2 + CO dissociation

In addition to the modied DoS method, for comparison we also calculate the
microcanonical rate using the commonly-used separable Eckart tunnelling
correction proposed by Miller in ref. 17. In this theory, one ts an asymmetric
Eckart barrier to reproduce the imaginary barrier frequency and the barrier
heights relative to the reactant and product potential energies, and then uses the
corresponding analytic one-dimensional barrier transmission probability to
modify RRKM, as in eqn (11). In keeping with the approach used for the micro-
canonical instanton theories, we also use the SPA-ILT approximation to calculate
the density of states.
Fig. 7 Microcanonical reaction rate constant for the H2CO/ H2 + CO dissociation. Note
that for this system, the modified DoS and original DoS methods are identical to graphical
accuracy and, hence, only themodified DoS results are shown. The inset shows the ratio of
the separable approximation relative to the modified DoS result, highlighting the break-
down of the separable approximation at low energies. The top left of the figure shows an
example of the instanton tunneling path.
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Fig. 7 shows the microcanonical rate constant for the H2CO / H2 + CO
dissociation as a function of energy relative to the potential-energy minimum for
the H2CO molecule for both the modied DoS method and the separable Eckart-
corrected RRKM theory. Over a wide range of energies, the separable Eckart
correction to the RRKM and the microcanonical DoS instanton agree closely.
However, below E � Vr z 85 kcal mol�1, the separable Eckart result begins to
deviate signicantly from the instanton result, with an error of more than a factor
of 2 for energies below E � Vr ¼ 80 kcal mol�1 and more than a factor of 10 at
E � Vr ¼ 70 kcal mol�1. This error can be primarily attributed to the failure of the
separable approximation, whichmeans that the change to the density of states for
the deep-tunnelling instanton paths is not captured. We note that these energies
are lower than those that can be accessed directly via the photoexcitation process,
where the initial excitation to S1 is followed by internal conversion to S*0. The
lowest allowed transition for this process is around 80.9 kcal mol�1 (ref. 65) (note
that the zero-point energy of H2CO calculated using the present PES is
z16.4 kcal mol�1, implying that the lowest accessible E � Vr via this photoexci-
tation pathway is �97 kcal mol�1). Although for this system the region of energy
where non-separable effects are important is not directly accessible by this
process, there is no reason to believe that this will be true generally. In any case,
the results seen here serve to illustrate the utility of microcanonical instanton
theory as a way of going beyond simple one-dimensional tunnelling corrections.
Furthermore, lower energies are of course accessible for this system via collisional
deactivation of the excited H2CO and, hence, this region is still of interest in fully
characterising the dynamics of photoexcited H2CO.

Although this system is sufficiently non-separable that the Eckart tunnelling
correction to RRKM fails at low energy, it is not sufficiently non-separable to lead
to a signicant deviation of the modied and original density-of-states instanton
methods. This indicates that for this system, the instanton frequencies change
sufficiently slowly with instanton energy that the corrections to the action and
instanton energy do not deviate signicantly from the unmodied result. We do
not expect this to be true in general, as previous work has demonstrated that the
stability parameters can be strongly dependent on temperature.69,70 It will thus be
an interesting area of future research to nd a system for which the original DoS
method breaks down, as well as to test the current method against experimental
results.

5 Conclusion

To accurately describe reactions at low energies and low temperatures, methods
which can capture the effects of quantum-mechanical tunnelling are required.
For thermal reactions, instanton theory is now a well-established method for
calculating reaction rates. Because instanton theory locates the optimal semi-
classical tunnelling path in full dimensionality, it is especially useful in systems
where effects such as corner cutting mean that simple one-dimensional tunnel-
ling corrections along the minimum-energy path break down. The task of
calculating microcanonical reaction rates is a fundamentally harder problem.
This is in part because of the ill-conditioned nature of the inverse Laplace
transform, which relates the thermal rate to its microcanonical counterpart.
Additionally, whilst the semiclassical approximation ðħ/0Þ of instanton theory
230 | Faraday Discuss., 2022, 238, 204–235 This journal is © The Royal Society of Chemistry 2022
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typically works well in the time domain, it can lead to signicant errors when
taking only the leading term in the energy domain, as seen in the original
microcanonical instanton theory developed by Miller.

The failure of Miller’s original microcanonical theory led Chapman, Garrett
and Miller to suggest an ad hoc x to the theory in order to recover the one-
dimensional tunnelling correction to RRKM theory for separable systems. Here,
we have demonstrated that this x does not always lead to a result which can
accurately recover the thermal semiclassical instanton, in particular for strongly
non-separable systems. By reconsidering the derivation from rst principles, we
have suggested an improvedmethod, themodied DoSmethod, that still recovers
the separable tunnelling correction to RRKM in the appropriate limit, but can also
be applied to strongly non-separable systems. We have illustrated the accuracy of
this method by comparing it to both exact results as well as thermal instanton
results for a series of model problems. Whilst the agreement between the thermal
semiclassical instanton and the thermalised modied DoS method is good, there
remain a number of interesting areas for further theoretical work. In particular,
the development of anharmonic corrections to the instanton rate, the identi-
cation of the optimal reference instanton energy for the density of states, and also
the rigorous derivation of the multiple bounce contributions to the rate in the
cross-over region from deep to shallow tunnelling. We also note that the present
work has only considered systems for which the Born–Oppenheimer approxi-
mation is valid in the vicinity of the reaction barrier. However, it would be
interesting to consider generalising the ideas discussed here to treat electroni-
cally nonadiabatic systems, in combination with nonadiabatic instanton
methods.8,71–74

We have demonstrated the applicability of the improved method to molecular
systems in full dimensionality with an application to the unimolecular dissocia-
tion of H2CO. Our results illustrate the need to go beyond simple one-
dimensional tunnelling corrections, which were seen to fail at low energies. For
this system, these non-separable tunnelling effects are below the energies directly
accessible experimentally via the standard photoexcitation pathway. This
suggests an interesting area of future work to nd microcanonical systems where
non-separable quantum tunnelling effects can be directly experimentally probed.

6 Appendix
6.1 Stability parameters

The stability parameters for a classical trajectory, qðtÞ can be calculated from the
eigenvalues of the monodromy matrix (also known as the stability matrix) RðsÞ.
Formally, the monodromy matrix for the imaginary time trajectory qðtÞ can be
written in terms of the time-ordered exponential of the “force constant matrix”11

FðtÞ ¼

2
64 0 �m�1

�v2V

vq2
0

3
75 (97)

as

RðsÞ ¼ T exp

�
�
ðs
0

FðtÞdt
	
; (98)
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where T is the time-ordering operator. The eigenvalues of the monodromy matrix
occur in f pairs of the form e�ujðsÞ, where ujðsÞ are the stability parameters of the
orbit. For a model potential containing no translational or rotational symmetry,
there is one zero stability parameter corresponding to the cyclic symmetry of the
path, and for a gas-phase non-linear molecular system, there will be 7 zero
stability parameters, corresponding to the 3 translational and 3 rotational as well
as the 1 cyclic degree of freedom.

Unfortunately, as the stability parameters scale with the length of the peri-
odic orbit ðujzujsÞ, for even moderately low temperatures the eigenvalues can
become very large. This can become a numerical issue if the difference between
the smallest and largest eigenvalue of the monodromy matrix is close to the
precision used to store the matrix. In the past, this has presented an issue for
the numerical calculation of stability parameters.70,75 However, arbitrary-
precision linear-algebra routines are now widely available (e.g. in the python
package mpmath76 and FLINT77) and highly optimised, such that the compu-
tation of stability parameters is straightforward even for systems at very low
temperatures. Optionally, to minimise the number of operations performed
using arbitrary-precision arithmetic, one can split the monodromy matrix into
M parts,

RðsÞ ¼
YM
k¼1

T exp

 
�
ðks=M
ðk�1Þs=M

FðtÞdt
!

(99)

such that each part can still be stored accurately at double precision. Each of the
M shorter time-ordered exponentials can then be calculated trivially from the
discretised instanton path, before being combined together using an arbitrary-
precision soware package and diagonalised.
6.2 Thermalising modied DoS method by steepest descent

We show here how the modied DoS method is related to the thermal semi-
classical instanton method. We begin by thermalising eqn (88) to give

km-EI-DoSðbÞZrðbÞ ¼ 1

2pħ

ðN
�N

ZIðb;EIÞ
�
1þ e

~Wð ~EI ;EIÞ=ħ��1e�b ~EId ~EI: (100)

which in the deep-tunnelling regime can be approximated using just the leading
WKB-like term in the expansion of the transmission probability to give

km-EI-DoSðbÞZrðbÞz 1

2pħ

ðN
�N

ZIðb;EIÞe� ~Wð ~EI ;EIÞ=ħ�b ~EId ~EI: (101)

Transforming from the modied instanton energy to the usual instanton energy
gives

km-EI-DoSðbÞZrðbÞz 1

2pħ

ðN
�N

d ~EI

dEI

e�W ðEIÞ=ħ�b ~EIðEIÞ�DSðs;EIÞ=ħþsDEIðEI ;EIÞ=ħþln ZIðb;EIÞdEI:

(102)

Now, when integrating over EI by steepest descent, the resulting steepest descent
condition is given by
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W
0ðEIÞ þ bħ ~E

0
IðEIÞ þ dDS

dEI

� s
0ðEIÞDEIðEI;EIÞ � sðEIÞdDEI

dEI

� ħ
vln ZIðb;EIÞ

vEI

¼ 0:

(103)

This is solved by the condition sðEIÞ ¼ �W 0ðEIÞ ¼ bħ, which can be seen by noting
that under this condition

W
0ðEIÞ þ bħ ~E

0
IðEIÞ � sðEIÞdDEI

dEI

¼ �W
0ðEIÞ þ bħ

�
1þ dDEI

dEI

	
� sðEIÞdDEI

dEI

¼ 0;

(104)

and

dDS

dEI

¼ s
0ðEIÞDEIðEI;EIÞ þ ħ

vln ZIðs;EIÞ
vEI

: (105)

Hence, integrating by steepest descent recovers the usual thermal semiclassical
instanton theory up to a difference in the prefactor.
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