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Transport of partially active polymers in chemical
gradients†
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The transport of molecules for chemical reactions is critically

important in various cellular biological processes. Despite thermal

diffusion being prevalent in many biochemical processes, it is

unreliable for any sort of directed transport or preferential accu-

mulation of molecules. In this paper, we propose a strategy for

directed motion in which the molecules are transported by partially

active polymeric structures. These polymers are assumed to be

Rouse chains, in which the monomers are connected via harmonic

springs and these chains are studied in environments that have

activity varying spatially. The transport of such polymers is facili-

tated by these chemical/activity gradients which generate an effec-

tive drift. By marginalizing out the active degrees of freedom of the

system, we obtain an effective Fokker–Planck equation for the

Rouse modes of the polymer. In particular, we solve for the steady

state distribution of the center of mass and its mean first passage

time to reach an intended destination. We focus on how the

arrangement of active units within the polymer affects its steady-

state and dynamic behavior and how they can be optimized to

achieve high accumulation or rapid motility.

Chemical gradients are ubiquitous in biological systems across
length scales. These gradients help in carrying out chemical
reactions, mechanical work, and biological interactions,1 which
include growth and migration of cells, healing of wounds,
cancer metastasis,2 and in the positioning of nuclei within
cells.3 Polymers also play a prominent role in microbiological
processes. These include DNA transcription and replication
where DNA/RNA polymerases move along the DNA,4,5 the
dynamics of chromosomal loci6,7 and chromatin,8 arrangement

of eukaryotic genome,9 formation of cell organelles via phase
separation,10,11 among many others.

In biology, biopolymers often function in active12–18 envir-
onments. For example, myosin motors actively stress the actin
network in the cytoskeleton,19 while kinesin motors transport
cargo along microtubules.20–22 Rather than being uniformly
active, these polymers are active at specific locations. Inspired
by such systems, this work explores a potential structure–
function relationship in active–passive hybrid polymers, speci-
fically, how such partially active polymers can facilitate the
targeted transport of molecules. It is important to recognize
that the term active polymers is also used for polymers in non-
equilibrium surroundings like bacterial baths and there have
been various studies that look into the structural and dynami-
cal properties of both interpretations of active polymers.23–39

However, it is only recently that self-localization of these
polymers in response to chemical gradients has received some
attention.40,41 In this work we consider polymer molecules
that are inherently active and self-propelled due to a fuel/
activity field.

Consider an environment, in which there are gradients in
the fuel concentration, leading to space-dependent activity,42,43

filled with a mixture of active (the carriers) and passive (the
molecules to be delivered to their intended destinations)
monomers. We consider a scenario where monomers can link
together to form composite polymers that are modeled as
Rouse chains consisting of both active and passive units as
shown in Fig. 1. The passive and active monomeric units are
modeled as simple Brownian particles and active Brownian
particles (ABPs), respectively. We do not assume a specific
mechanism of activity but consider a scenario where a particle’s
activity is proportional to the local concentration.44 We assume
gradients are small, and therefore activity remains effectively
constant on the particle’s length scale, and no directional cue is
present. The choice of ABPs is motivated by the fact that it is
a simple model that is also used to describe self-propelled
colloidal molecules45–47 that can be synthesized in labs.44,48–52

It has been analytically demonstrated that individual ABPs, in
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the presence of gradients, accumulate in regions of low fuel
concentration or activity.53,54 This is in contrast to some living
systems, e.g. the bacterium E. coli which moves up the activity
gradient by altering its tumble rate,55 thus leading to
chemotaxis.56,57 Though there have been some studies on the
transient behavior of ABPs leading to the phenomenon of
‘‘pseudochemotaxis’’,58–62 this did not lead to any sort of
preferential accumulation in regions of high activity. However,
recent works40,63–66 have shown that connected structures with
single or multiple ABPs can show chemotactic behaviour, the
principles of which we’ll be building upon.

In the present work, we address the following questions:
(i) does the number and location of active monomers in a
polymer affect its preferential accumulation? (ii) Are the poly-
mer chains that localize most effectively also the fastest in
getting to the target region? Investigating these will help us
understand the static and dynamic accumulative behavior of
active–passive hybrid polymers. We also show that the results
of this work are unaffected by the model of activity of the
particles, and hence, could give insights into the transport of
molecules for various bio-chemical processes.

We model the active–passive hybrid polymers as Rouse
chains, in which the interacting monomers are connected to
each other via harmonic springs of stiffness z. For a polymer of
chain length N, the activities are assigned by the binary vari-
ables {ai}, with i = {0, 1� � �N � 1}. Specifically, ai = 1 if the i-th
monomer is active and ai = 0 otherwise. The overdamped

Langevin equations describing the stochastic dynamics of the
positions {Xi(t)} and orientation unit vectors {pi(t)} of individual
monomers are:

:
Xi(t) = �mrXi

H + maifs(Xi)pi + ni(t),

:pi(t) = pi � gi(t), (1)

where m is the mobility of the particle, fs is the swim force due to
the spatially varying fuel concentration or activity field, {ni(t)}
and {gi(t)} are zero-mean white Gaussian noises with corr-
elations hni(t) # nj (s)i = 2DIdijd(t � s) and hgi(t) # gj (s)i =
2DrIdijd(t � s). Here # represents the outer product, D and Dr

are the translational and rotational diffusive coefficients,
respectively, and I is the d � d identity matrix, d being the
number of dimensions. The Hamiltonian H modeling the
spring interactions between particles is

H ¼ z
2

X
ij

MijX i � X j ; (2)

where Mij is the connectivity matrix67 for the polymer chain.
Even though the relations we derive are applicable for a general
connectivity matrix, we will be restricting our study to linear
polymer chains, i.e., Mij is a tridiagonal matrix. We write down
the Fokker–Planck equation68,69 in terms of the Rouse modes
{vi}

70 obtained via the transformation vi ¼
P
j

fijX j , where jij is

the diagonalizing matrix of Mij such that
P
jk

fijMjkfkl
�1 ¼ gi

g
dil .

gi’s are the relaxation rates of the individual Rouse modes and
they are normalized by the relaxation rate due to the harmonic
interactions g = mz. The coarse-grained Fokker–Planck equation
for the probability density r(XCOM,t) in terms of the polymer’s

center of mass, XCOM ¼ v0
� ffiffiffiffi

N
p

, is then obtained by integrating
out the orientation vectors {pi(t)} and the other Rouse modes
{vi(t); i a 0} under a small gradient approximation as

@r
@t
¼ �r � ðrV�rðDrÞÞ; (3)

where the gradients are with respect to the center of mass
coordinates. The complete Fokker–Planck equation and the
coarse-graining procedure can be found in the ESI.† The
effective drift V and diffusive coefficient D are functions of
XCOM and are given by

V XCOMð Þ ¼ t
dN

S1 þ S2

2

� �
r v2 XCOMð Þ
� �

D XCOMð Þ ¼ 1

N
Dþ t

d
S2v

2 XCOMð Þ
� 	 (4)

with t = 1/[(d � 1)Dr], and v(x) being the swim speed of ABP’s
(v = mfs). S1 and S2 are given by

S1 ¼
XN�1

l¼1;j¼0

1

1þ tgl
flj

2aj2; S2 ¼
1

N

XN�1
j¼0

aj : (5)

S2 is the fraction of monomers that are active in the polymers
while S1 is a summation that involve the eigenvector matrix fij

and the re-scaled eigenvalues {gi}. We note that the dynamic

Fig. 1 (a) A mixture of active (red spheres) and passive (blue spheres)
particles in an inhomogeneous environment. These spheres can either be
representative of colloidal particles or coarse-grained molecules. (b) In
absence of interparticle interactions, the passive particles will remain
homogeneously distributed, wheras the active particles will accumulate
in low activity regions. (c) The active and passive particles can connect to
each other to form polymeric structures, which are modeled as Rouse
chains. (d) These partially active polymers preferentially accumulate in low
or high activity regions based on their structures. Note: these are sche-
matic snapshots that do not give any information on the degree of self-
localization.
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equation for the center of mass of the active polymer is
determined by the dimensionless scaling or activity parameter

k ¼ tg ¼ t
tm
; (6)

which denotes the ratio of persistence time of the direction of
the activity with respect to the diffusive monomer relaxation
time, tm = 1/g.

One can see in eqn (4) that the diffusivity of the polymer is
enhanced due to activity compared to its all-passive counterpart
(in which case the effective diffusivity would have been D/N)
and the enhancement is proportional to the fraction S2 of active
monomers in the polymer. The effective drift V is generated by
the gradient of the swim force squared, and is otherwise absent
in passive or even constant activity systems. The steady state
density of the center of mass of the polymer chain can now be
calculated using the zero flux condition in (3) and the fact that

V ¼ 1� e
2

� 	
rD, where

e ¼ S2 � S1

S2
: (7)

In particular, we obtain-

r XCOMð Þ / 1þ tS2v
2 XCOMð Þ
dD


 ��e=2
: (8)

This tells us that the localization of polymers in response to
activity is governed by the exponent e, which encapsulates the
competition between the effective drift, which causes the
directed motion toward high activity regions, and effective
diffusion, which tends to displace the polymer from its residing
place. In particular, it is the sign of e (or S2 � S1) that
determines whether a polymer prefers to localize in high or
low activity regions. For e o 0, the density profile grows with
the activity profile leading to preferential accumulation in high
activity regions which is known as chemotaxis, while for e 4 0,
the polymers accumulate in regions of low activity, leading to
anti-chemotaxis.

Fig. 2 shows the steady state density profiles of various
configurations of polymers for chain lengths N = 6 and
N = 18, in an environment with a sinusoidal fuel concentration.
Let us first consider the density distribution of polymers with a
single active monomer compared to that with all monomers
active. A polymer with only an end active monomer shows
stronger accumulation in high activity regions compared to a
polymer composed uniquely by active units. However, if the
active monomer is located in the interior of the chain, the
polymer’s localization is weaker than an all-active polymer.
This can be explained by the value of the exponent e, which
as mentioned before determines the location and effectiveness
of the preferential accumulation. Precisely, the more negative is
the value of e, the more efficient is the accumulation of polymer
in high activity regions. Therefore, by evaluating the values of e
(eqn (7)), we see that |eend| 4 |eall| 4 |einterior| which supports
the results presented in Fig. 2, which holds good independent

of the polymer length, as can be seen from the results for N = 18
in Fig. 2.

The limit N c 1 can be considered analytically for selected
configurations of chains with one active monomer. In this case
the summations in eqn (5) can be transformed into integrals
leading to closed analytic expressions as shown in the ESI.† In
particular we obtain for e:

eendj j ¼ N

4
ffiffiffi
k
p � 1 ’ 2 emidj j; (9)

where ‘‘mid’’ denotes the center monomer. Similarly, we can
solve the case of the all-active chain with the result: eall C emid.
For chemotactic behavior (e o 0) we require N2

c k, or t {
tmN2 = tR, which means that the active persistence time should
be much smaller than the diffusive relaxation time, or Rouse
time tR, of the whole chain. This result is in agreement with the
previous findings for all-active chains.41

Using the symmetry of the eigenfunctions of the connectivity
matrix for the linear chain (see ESI†) we draw some further
general conclusions about the role of the position of the active
monomers inside the chain: Consider polymers that have a
symmetric distribution of active monomers along the chain,
e.g., a polymer with both terminal monomers active, and their
corresponding antisymmetric polymers in which the active
monomers are present in only one of half of the chain, e.g.,
for the above mentioned case is a polymer chain with only one
end monomer active. Using the fact that the absolute values of
the elements of the eigenvectors form a palindromic set, we can
show that the values of S1 and S2 (eqn (5)) for a symmetric
polymer are twice of those of its corresponding antisymmetric
polymer. This leads to the same epsilon value (eqn (7)) for both

Fig. 2 The steady state density profiles for various configurations of a
polymer with chain length N = 6 and N = 18 for z = 8, Dr = 5, m = 1, and
D = 1 in a box of length L = 100 that has a sinusoidally varying activity profile in

the x-direction: fsðxÞ ¼ 20 1þ sin
2px
L

� �� �
as depicted. The densities are

normalized by rb = 1/L. The solid lines represent analytical predictions and the
symbols represent Langevin dynamics simulation results.
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cases and as a result, their steady state densities differ only
marginally due to the difference in the pre-factor in eqn (8), as
can be seen in Fig. 2. This further emphasizes the fact that
accumulative behaviour is largely determined by e and shows
that such a pair of symmetric–antisymmetric polymers have
similar localization with respect to inhomogeneous activity.

Therefore, limiting our focus to polymers with just one or all
monomers active, we construct in Fig. 3 a state diagram of the
accumulation behavior of hybrid polymers. In particular, we
consider polymers with different chain lengths N and three
different configuration: active end monomer active, active
central monomer active, and all monomers active. We observe
that the switch from accumulation in lower activity regions to
higher activity regions, for a given set of parameter values
(z, m, t), can be achieved not only by increasing the chain length
or varying the connectivity matrix as reported in ref. 41 but also by
altering the number and positions of the active monomers within
the polymer. Note that when all the monomers are active (ai = 1 for
all i), the expression for the steady state density simplifies to the
one presented in ref. 41 for polymers made up of Active Ornstein
Uhlenbeck particles (AOUP’s).71,72 This illustrates that the accumu-
lative behavior of polymers is not dependent on the specific model
of active particles considered. Our findings remain robust for
semiflexible polymers with small bending stiffness. For a detailed
study on the effect of bending interactions, one can refer the ESI.†

Though eqn (8) gives us the steady state accumulation of
various polymer chains, it does not give any insights into their
dynamic behaviour, for example how fast do they get to the
regions of high fuel concentration. In this direction, we solve
for the mean first passage time (MFPT) T(x), x being the initial
position of the polymer’s center of mass, the equation for which is
obtained using the coarse-grained Fokker–Planck equation as68

1� e
2

� 	
@xD

� 	
@xTðxÞ þD@x

2TðxÞ ¼ �1: (10)

Setting tm = T(50) for a box of length L = 100, we calculate the
average time taken by a polymer to reach the location of highest

activity by imposing absorbing boundary conditions.68 The
results for the mean first passage time for various polymer
configurations are presented in Fig. 4. For a polymer with all
monomers active, the MFPT decreases as we increase the
number of monomers, becoming nearly independent of the
chain length for N 4 10. However, other polymers with one or
two monomers active take longer to reach the region of highest
activity. As can be evinced from Fig. 4, the MFPT of polymers
with a single active monomer varies depending on the position
of the latter along the chain, reaching the minimum value
when the active monomer is an end monomer. Furthermore, in
contrast to the previously discussed accumulation behavior,
Fig. 4 shows that introducing a further active monomer in a
symmetric position compared to a preexisting one (as shown by
the green and red solid lines in Fig. 4) has a tangible impact on
the MFPT. In particular, the configuration with two monomers
(red lines) is much faster compared to the other (green line).
These results suggest that increasing the number of active units
within a polymer decreases its MFPT.

Constructing a qualitative state diagram that encapsulates
both the agility (defined as the inverse of MFPT) and the
preferential accumulation behavior of polymers in Fig. 5, we
get a comprehensive picture regarding hybrid polymers in
chemical gradients. There seems to be no correlation between
preferential accumulation and the mean first passage time of
the polymers. We can therefore have polymers ranging from
those that accumulate in high activity regions but are slow
getting there (like long polymers (N 4 10) with a sole interior
monomer active) to those that are fast in getting to the high
active regions but do not prefer to localize there (like relatively
short polymers (N = 4) with all monomers active).

From our studies, we can therefore suggest strategies for
polymerization that leads to (i) maximum accumulation and
(ii) fastest motion, for a given N. A polymer with both terminal
monomers active would result in the former while the one with
all units active would be the fastest. This information may shed

Fig. 3 Scatter plot for e which indicates the location and degree of
preferential accumulation for three distinct configuration of polymers
of various chain length. Values of e obtained analytically for the set of
parameters mentioned in Fig. 2. As mentioned in the main text, e o 0 on
the colorbar indicates accumulation in high activity regions, and those
greater than zero represent low-activity accumulation.

Fig. 4 The mean first passage time taken by a polymer to travel to the
most active location starting from x = L/2 vs. the chain length of the
polymer for four different configurations (other parameters are same as
those specified in Fig. 2). The solid lines are theoretical predictions while
the symbols are from Langevin dynamics simulations.
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light onto the evolutionary development of important biopoly-
mers like actin73,74 and tubulin,75 even though the form of
activity at these length scales are different. The best strategy
required for the function of the biopolymer can still be con-
structed by altering the number and position of the active units
within the polymer. Similar self-localization of symmetric and
corresponding anti-symmetric polymers can also be an indica-
tor of introduction of asymmetry in biopolymers during evolu-
tion to yield an energy efficient directed transport.

The resulting directed transport in our work is an emergent
property. While one could explicitly couple particle orientation
to the local activity gradient, dependent on the specific activity
mechanism, this would introduce an additional effect beyond
the one in our study. We have also focused on polymers of fixed
lengths. The incorporation of polymerization and depolymer-
ization into a dynamical model is left for a future work. Our
findings can also be coupled with existing studies on polymer-
ization induced phase separation to study the formation and
behaviour of active cell organelles76 in future works.

Data availability
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