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Singlet fission in carotenoid dimers – the role of
the exchange and dipolar interactions†

Alexandru G. Ichert *ab and William Barford *a

A theory of singlet fission in carotenoid dimers is presented which aims to explain the mechanism

behind the creation of two uncorrelated triplets. Following the excitation of a carotenoid chain

‘‘bright’’ n1B+
u state, there is ultrafast internal conversion to the intrachain ‘‘dark’’ 11B�u triplet-pair state.

This strongly exchange-coupled state evolves into a pair of triplets on separate chains and spin-

decoheres to form a pair of single, unentangled triplets, corresponding to complete singlet fission.

The simulated EPR spectrum for parallel lycopene monomers in a dimer (i.e., H-aggregate) shows a

distinct spectral signal due to the residual exchange coupling between the triplet-pairs on seperate

carotenoid chains.

1 Introduction

Singlet fission1,2 is a photophysical process in which a photo-
excited singlet state on one chromophore decays into a pair of
correlated electron–hole pairs on separate chromophores,
which subsequently dissociates and decoheres into separate
triplets. Since the initial discovery of this process in anthra-
cene crystals,1,3 the mechanism of singlet fission in acenes
has been of great interest to researchers due to its potential
to overcome the Shockley–Queisser limit.4,5 There seems to
be general agreement regarding the mechanism in acenes,
with the transition between the photoexcited singlet state to
the intermolecular triplet-pair being mediated by virtual
charge-transfer states.6,7 In contrast, singlet fission in carote-
noids is still poorly understood,8–10 perhaps owing to the
difference in the electronic states of polyenes compared
to acenes.

The electronic states of carotenoids are closely related to
those of polyenes. Theoretical calculations11,12 have shown
that the identity of the 2Ag – family of ‘‘dark’’ states (21A�g ,
11B�u , 31A�g , . . .) is comprised of a linear combination of a
strongly-bound singlet triplet-pair and a singlet odd-parity
charge-transfer exciton (CTE). In contrast, the optically acces-
sible, or ‘‘bright’’, state 11B+

u is predominantly a Frenkel-exciton
with some even-parity CTE component. In reality, due to

substituent groups on the carotenoid chains, electronic states
do not possess definite electron–hole symmetry,13 with states
containing both odd-parity and even-parity CTEs. Manawadu
et al.14,15 have shown that the odd-parity CTE component of the
electronic states gives rise to ultrafast internal conversion
between states which have an avoided crossing in the adiabatic
representation (S1, S2, . . .), or equivalently a crossing in the
diabatic representation (21A�g , 11B�u , 11B+

u, . . .).
As described by Barford,10 singlet fission in lycopene

H-aggregates can be explained in terms of an excitation
of a ‘‘bright’’ exciton state, which we will call n1B+

u. If n = 1
there are two possibilities for intramolecular triplet-pair
formation:

(1) The vertical 21A�g state lies above the vertical 11B+
u state,

which means that excitation into 11B+
u causes a 11B+

u–21A�g level
crossing;

(2) The vertical 21A�g state lies below the vertical 11B+
u state,

which means that excitation into 11B+
u causes a 11B+

u–11B�u level
crossing.

The first scenario results in ultrafast population transfer
from the ‘‘bright’’ state to the ‘‘dark’’ 21A�g state, the lowest
energy member of the 2Ag – family of states. Due to its strongly-
bound triplet-pair nature,11,12 singlet fission from this state is
typically endothermic; thus it is unfavorable and unlikely to be
the first step in the singlet fission mechanism.

On the other hand, the second scenario provides an expla-
nation for the population of the 11B�u state, which lies higher
in energy than a pair of uncoupled triplets on separate chro-
mophores and is thus a prime candidate as the intermediate
in exothermic singlet fission (see Fig. 1). However, assuming
that the excited chromophore is electronically coupled
to another lycopene molecule, the second scenario of a
11B+

u–11B�u crossing is inconsistent with recent experimental
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observations. In particular, Kundu and Dasgupta16 observed
that a low-energy excitation into the 2.5–3.1 eV range does not
result in singlet fission in the aggregate, whilst a higher-energy
(3.5 eV) photoexcitation does. This observation implies that the
first scenario is at play, namely a 11B+

u–21A�g crossing.10 Assum-
ing this, a low-energy excitation to the 11B+

u state cannot lead to
exothermic singlet fission.

In contrast, an excitation to a higher-energy state, i.e., n1B+
u

(where n 4 1), will populate a higher energy ‘‘dark’’ state in the
2Ag – family, potentially making singlet fission energetically
favourable. In this paper, following earlier work,10 we assume
that this ‘‘dark’’ state is 11B�u . Once populated, as a conse-
quence of the C2h symmetry of lycopene, to zeroth order in the
Born–Oppenheimer approximation the interconversion from
this state to the lower 21A�g state is symmetry forbidden.
However, the interconversion of this strongly-bound triplet-
pair to an interchain, spin-entangled triplet-pair is allowed.
This scheme is illustrated in Fig. 1. Once formed, the triplet-
pair can then diffuse and spin-decohere to form single, unen-
tangled triplets.

Two mechanisms have therefore emerged as popular expla-
nations for the singlet fission phenomenon, namely one in
which the identity of the intermediate is indeed one of the
members of the intrachain 2Ag – family of states9,10,16,17 and the
other in which the intermediate contains significant interchain
charge-transfer character.18,19 Here we present a general theory
of singlet fission in carotenoid dimers based on the former, i.e.,
on an initially populated strongly exchange-coupled intrachain
triplet-pair.

We apply the model to parallel lycopene dimers in an
H-aggregate, with the possibility that the theory can be
expanded in the future to cover a larger number of carotenoid
chains or even the whole aggregate and different chromophore
orientations, providing a foundation for further theoretical

developments. We begin by laying out the theoretical back-
ground of our model, which is an expanded version of the
model initially introduced by Barford and Chambers.9 Follow-
ing that, we discuss the energy spectrum of the system, the
dynamics of singlet fission and our predictions for the EPR
signatures of this mechanism. Finally, Appendix A includes a
perturbation theory derivation of the eigenstates and spectrum
of the lowest nine eigenstates in the limit of exchange coupling
and weaker dipolar interactions, whilst Appendix B contains a
discussion of how the entanglement entropy vanishes at long
times corresponding to complete singlet fission.

2 Theory of singlet fission in
carotenoid dimers
2.1 The triplet-pair basis

We begin our description of singlet fission in carotenoid
dimers by introducing the triplet-pair basis. The model is based
on the valence bond theory of strongly correlated systems, with
a typical carotenoid dimer illustrated in Fig. 2. In (a) the chain
labelled � = 2 shows the ground state of a single chain, with all
C–C dimers in their singlet ground states. A triplet excitation on
C–C dimer i is represented as |ms; ii, where ms can take the
values 0 or �1. It follows that a pair of triplet excitations on C–C
dimers i and j with spin projection quantum numbers ms,i and
ms,j respectively can be described by the tensor product |ms,i; ii
|ms,j; ji.

Following the excitation, we assume that the n1B+
u state

undergoes ultrafast internal conversion to form a singlet
triplet-pair state on a single chain, which we label as � = 1.
The initial triplet-pair state, which we take to be the 11B�u
state, is

1 TTj ix¼1� 1 Fðt ¼ 0Þj i ¼
X
ij2x¼1

Fijðt ¼ 0Þ1 i; jj i; (1)

Fig. 1 A schematic energy level diagram for some of the electronic states
in lycopene, where n 4 1 (adiabatic state labels are given in brackets) and
our proposed mechanism for intermolecular singlet fission.10 The singlet,
intrachain states are on the left, while the right the energy level of two
interchain separate triplets are shown. Within the Born–Oppenheimer
approximation, the interconversion between 11B�u and 21A�g is symmetry
forbidden, so we assume bimolecular exothermic singlet fission with an
exothermic driving force D.

Fig. 2 A schematic illustration of the carotenoid dimer. (a) Chain x = 1
shows the intrachain triplet-pair on adjacent C–C dimers i and j. Each
triplet requires ~D/2 energy to be created. The triplet-pair experiences an
interaction J when occupying neighbouring C–C dimers. Chain x = 2 is in
the ground state. (b) The two triplets have dissociated and can be found
on two separate chains. tintra and tinter are the intrachain and interchain
hopping matrix elements respectively.
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where the kets |i,ji form the coupled-spin basis states,

1ji; ji ¼ 1ffiffiffi
3
p ðjþ1; iij�1; ji�j0; iij0; jiþj�1; iijþ1; jiÞ;

3;�1ji; ji¼ 1ffiffiffi
2
p ðj0; iij�1; ji�j�1; iij0; jiÞ;

3;0ji; ji¼ 1ffiffiffi
2
p ðjþ1; iij�1; ji�j�1; iijþ1; jiÞ;

3;þ1ji; ji¼ 1ffiffiffi
2
p ðjþ1; iij0; ji�j0; iijþ1; jiÞ;

5;�2ji; ji¼ j�1; iij�1; ji;

5;�1ji; ji¼ 1ffiffiffi
2
p ðj�1; iij0; jiþj0; iij�1; jiÞ;

5;0ji; ji¼ 1ffiffiffi
6
p ðjþ1; iij�1; jiþ2j0; iij0; jiþj�1; iijþ1; jiÞ;

5;þ1ji; ji¼ 1ffiffiffi
2
p ðjþ1; iij0; jiþj0; iijþ1; jiÞ;

5;þ2ji; ji¼ jþ1; iijþ1; ji:

(2)

In general, two triplets can couple to form pairs of overall
singlet, triplet or quintet spin multiplicity. We label the triplet
and quintet triplet-pairs as 2S+1, MS|i,ji, where S is the overall
spin of the coupled pair and MS is the total spin projection
quantum number.

2.2 The carotenoid-dimer Hamiltonian

We write the full, carotenoid-dimer Hamiltonian as

Ĥ ¼
X
�¼1;2

Ĥ
�
single þ Ĥdouble þ Ĥ inter þ Ĥdipolar þ ĤZeeman: (3)

The first term on the right hand side is the single-chain
Hamiltonian,

Ĥ
�
single ¼ ~D

X
i;j4 i2�

ji; jihi; jjþ tintra
X
iaj2�

ðji�1; jihi; jjþh:c:Þ

þJ
X
i2�

Ŝi
ð1Þ � Ŝiþ1

ð1Þ:

(4)

The first term on the right hand side of eqn (4) describes the
energy required to excite a pair of triplets on C–C dimers i and j,
where ~D = D � BE. BE is the energy required to dissociate a
bound intrachain triplet-pair into a pair of noninteracting
interchain triplets and D is the exothermic driving energy
defined in Fig. 1. The second term defines the hopping of the
triplets between adjacent C–C dimers on the same chain,
characterised by the matrix element tintra. The final term in
eqn (4) describes the spin-dependent interaction between two
intrachain triplets on adjacent C–C dimers. It was shown12 that
triplets occupying neighbouring C–C dimers experience an
enhanced interaction due to the hybridisation between the
singlet triplet-pair and singlet odd-parity CTE components of
the ‘‘dark’’ 2Ag – family of states. We write this overall spin-
dependent interaction as

JŜi
(1)�Ŝi+1

(1), (5)

where Ŝi
(1) is the spin-1 operator acting on C–C dimer i and J is

the exchange parameter describing the inter-triplet interaction.
It follows that a singlet triplet-pair experiences an attraction 2J,
a triplet triplet-pair experiences an attraction J and a quintet
triplet-pair experiences a repulsion J.9,12,20

Ĥdouble is the Hamiltonian for a pair of triplets on separate
chains,

Ĥdouble ¼ tintra
X
i2�¼1

X
j2�¼2

ðji � 1; jihi; jj þ h:c:Þ

þ ðji; j � 1ihi; jj þ h:c:Þ;
(6)

used to describe the hopping motion of triplets between
neighouring C–C dimers on the same chain.

The third term in eqn (3) is the interchain Hamiltonian,

Ĥ inter ¼ tinter
X2
�¼1

X
i�

X
j�4 i�

i�; j�j i i�; j�h j þ h:c:ð Þ

þ i�; j�j i i�; j�h j þ h:c:ð Þ

(7)

where i� and i� mean the i-th C–C dimer on opposite chains.
This Hamiltonian describes the hopping of individual triplets
between adjacent C–C dimers on separate chains, as shown in
Fig. 2. The interchain hopping is described by the matrix
element tinter, which is also used to quantify the electronic
coupling between the carotenoid chains.

In addition to the interactions described so far, we also
include the intratriplet dipolar interaction,

Ĥdipolar ¼
X
i

Ĥ
i

dipolar; (8)

with

Ĥ
i

dipolar ¼ Ŝi
ð1Þ �D � Ŝi

ð1Þ

¼ D Ŝiz
ð1Þ

� �2
�1
3

Ŝi
ð1Þ

� �2� �
þ E

2
Ŝiþ
ð1Þ

� �2
þ Ŝi�

ð1Þ
� �2� �

:

(9)

The zero-field splitting (ZFS) parameters21 are defined as

D ¼ 3

2
Dz; (10)

E ¼ 1

2
Dx �Dy

� �
; (11)

Dx + Dy + Dz = 0, (12)

|Dz| Z |Dx| Z |Dy|, (13)

where eqn (10)–(13) imply |D| Z 3|E|. We assume that the
principal-axis system (i.e., the axis system which diagonalises
the dipolar coupling matrix D) coincides with the axes of
symmetry of the molecule. Furthermore, we assume that the
two triplets are always collinear. Therefore, in a perfect H-
aggregate, Ĥdipolar possesses permutation symmetry and thus
preserves the spin-parity of the triplet-pair states – it can only
mix the singlet and quintet spin-subspaces. (However, in the
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case of misaligned chains, the symmetry is broken and singlet–
triplet–quintet mixing can occur.22–25)

The final interaction we consider is the Zeeman interaction
between an external applied magnetic field and particles of
spin-1,

ĤZeeman ¼
X
i

mBB � g � Ŝi
ð1Þ: (14)

The magnetic field plays the important role of removing the
arbitrary choice of the axis of spin quantisation. Whenever
there is an applied magnetic field, the spin projection quantum
number is only defined parallel to the direction of the field (i.e.,
only the eigenstates of the Zeeman Hamiltonian have a defined
MS). Otherwise, the conventional choice for spin quantisation is
the principal-axis Z.

2.3 Time evolution – the quantum Liouville equation

The dynamics of the system are exactly described by the time-
dependent density operator, r̂(t). The time evolution of the
density operator is given by the quantum Liouville–von Neu-
mann equation,

dr̂
dt
¼ � i

�h
Ĥsystem; r̂
	 


þ ^̂
Dr̂; (15)

where the first term on the right hand side describes the
unitary evolution of the system in the absence of system-bath
interactions (with eqn (3) replacing Ĥsystem), whilst the second
term is a dissipator used to describe the effect of system-
bath interactions on the system. We consider three contribu-
tions to the dissipator, one arising from the nonmagnetic,
spin-conserving interactions and two arising from magnetic,
spin-nonconserving interactions.

Assuming the secular approximation, which explicitly
decouples the evolution of the populations from those of the
coherences, and defining oab = (Ea � Eb)/h� Z 0, eqn (15) can be
re-written as

dPa

dt
¼ �

X
baa

kabPa � kbaPbð Þ; (16)

where Pa � raa is the population of the Hamiltonian eigenstate
|Cai and kab is the rate of population transfer from eigenstate a
to eigenstate b. The equivalent equation for the coherences is

drab
dt
¼ �ioabrab � 2Gab 1� dabð Þrab; (17)

where Gab ¼
1

2
ga þ gbð Þ and ga ¼

1

2

P
baa

kab.

The rates {kab} are written in terms of spin-conserving and
spin-nonconserving contributions,

kab = kSC
ab + kSNC

ab .
(18)

The spin-conserving dynamics are accounted for by the
Redfield tensor and {kSC

ab } are given by

kSCab ¼
2l
�h

� �
J oabð Þ n oabð Þ þ 1ð ÞCSC

ab ; (19)

kSCba ¼
2l
�h

� �
J oabð Þn oabð ÞCSC

ab ; (20)

where n(o) = (e�ho/kBT � 1)�1 is the Bose distribution function,
J(o) = oo0/(o2 + o0) is the Debye spectral function, and l is the
bath reorganisation energy, which quantifies the strength of
the system-bath interactions. The eigenfunctions need to spa-
tially overlap in order to transfer population, so the spin-
conserving overlap factor is defined as

CSC
ab ¼ 2

X
m

Smaj j2 Smbj j2; (21)

where S is the matrix whose columns are the eigenvectors of the
full Hamiltonian in the coupled-spin basis.

The spin-nonconserving rates have been derived by calculat-
ing the effect of two Lindblad (spin-1/2) operators acting on
the spin-coupled basis set. We take L̂1 = Ŝx/h� = (Ŝ+ + Ŝ�)/2h�
and L̂2 = Ŝz/h� to represent the effects of longitudinal (T1) and
transverse (T2) spin-dephasing, respectively. The rate of spin-
nonconserving population transfer between two eigenstates a
and b is

kSNC
ab ¼

X18
p¼1

rpC
SNC
ab;p ; (22)

where the sum is over the index p which defines a pair of spin-
coupled states which are able to transfer population (see the
ESI† for more details on the relative rates, rp). The spin-
nonconserving overlap factor is defined as

CSNC
ab;p ¼

X
m; �m2p

Smaj j2 S �mbj j2þ Smbj j2 S �maj j2; (23)

where m and %m label the spin-coupled basis states belonging
to index p such that both basis states correspond to the
same i, j and � configuration, but different S and MS. It is
trivial to show that the spin-conserving rates follow detailed
balance and we explicitly enforce that the spin-nonconserving
rates obey

kSNC
ba = kSNC

ab e�h�oab/kBT, (24)

meaning that the overall rates follow detailed balance. Thus, we
ensure that the final populations are the same as given by the
Boltzmann distribution.

Eqn (16) can be solved by casting it into the matrix form,

dPa

dt
¼
X
8b

KabPb; (25)

which yields the solutions

PaðtÞ ¼
X
bc

Labe
lbtLbc

�1Pcð0Þ: (26)

We define K as the matrix of rate constants, L as the
matrix whose columns are eigenvectors of K and {l} as the
corresponding eigenvalues. Finally, Pc(0) is the initial
condition,

r̂(t = 0) = |11B�u i h11B�u |. (27)
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2.4 Parameters

A list of the parameters relevant for lycopene dimers10 used in
this paper is given in Table 1.

3 Results
3.1 The carotenoid-dimer spectrum

For our choice of parameters (i.e., strongly exchange-coupled
triplet-pairs in the exothermic singlet fission regime), the
eigenstates of the total Hamiltonian, eqn (3), will take the
general form

Cij i ¼
aiffiffiffi
2
p TTj i1þ TTj i2
� �

þ bi T � � �Tj i1�2; (28)

with the low-energy zero-field spectrum shown in Fig. 3. Coupling
between the chains via Ĥinter causes the hybridisation between the
intrachain states |TTi�=1,2 and interchain states |T� � �Ti1–2, which
has been previously explored by Barford and Chambers.9 Briefly,
strong interchain coupling causes the intrachain character of the
(mostly interchain) eigenstates shown in Fig. 3 to increase. We
model singlet fission as strongly exothermic, i.e., |ai|

2 { |bi|
2.

A useful quantity initially defined by Barford and Chambers9

is DE9–1, the energy difference between the thermally accessible
eigenstates |C9i and |C1i. If DE9–1 { kBT then the population
of the initial state |11B�u i becomes fully equilibrated
between the nine lowest eigenstates, with higher energy states
being separated by much larger energy gaps and are generally
not thermally accessible (the energy difference between the
lowest eigenvalue and the tenth lowest eigenvalue, DE10–1, is ca.
176 meV c kBT). As these nine lowest eigenstates correspond to
interchain, hybridised coupled-spin states, the equal popula-
tion of these levels corresponds to complete singlet fission.

We can understand this by introducing a two-triplet reduced
model exclusively describing these nine eigenstates, namely

Ĥreduced = J1ŜA
(1)�ŜB

(1) � J2(ŜA
(1)�ŜB

(1))2 + Ĥdipolar + ĤZeeman,
(29)

where A and B label the two triplets. Up to a constant energy
term (which has no relevance in our subsequent discussion), the
first two terms of eqn (29) reproduce the low-energy spectrum of

the first three terms of eqn (3). That is, J1 and J2 are determined
by the singlet–triplet and triplet–quintet energy gaps of the low-
energy spectrum of eqn (3) (as illustrated in Fig. 3). The exchange
term, with parameter J1, is a residual interaction caused by the
virtual occupation of intrachain states (which experience the
strong exchange coupling, eqn (5)). The biquadratic exchange
term, with parameter J2, is additionally required to model the
delocalisation of each triplet on its chain. The triplet and quintet
manifolds are separated by 0.1 meV, while the singlet state is
found 0.4 meV below the triplet manifold (i.e., J1 = 0.05 meV and
J2 = 0.12 meV). This means that DE9–1 E 0.51 meV, much smaller
than the thermal energy kBT = 26 meV at 300 K. The utility of the
reduced model of the triplet-pair becomes apparent when deriv-
ing the low-energy spectrum in the presence of zero-field inter-
actions, as described in Appendix A. (It is not used to determine
the triplet-pair dynamics, described in Section 3.2.)

The spin character of the eigenstates is determined by the
complex interplay between the anisotropic dipolar interaction
and the exchange and Zeeman interactions. In the strong-
exchange limit, total spin is a good quantum number. However,
formally only the triplets and three of the quintets have definite
spin, whilst two of the quintets mix with the singlet to form

Table 1 Values of parameters used in this work (see ref. 10 for more
details)

Parameter Value

Intrachain triplet hopping integral, tintra 0.88 eV
Interchain triplet hopping integral, tinter 0.0088 eV
Intrachain triplet exchange interaction, J 1.23 eV
Exothermic driving energy, D 0.32 eV
ZFS parameter, D 0.01 meV
ZFS parameter, E 0.001 meV
Reorganisation energy, l 0.05 eV
Spectral function cut-off frequency, o0 0.20 eV
Longitudinal magnetic dephasing time, T1 5 ns
Transverse magnetic dephasing time, T2 10 ns
EPR spectrometer frequency, n 9.5 GHz
Temperature, T (kBT) 300 K (26 meV)
Derived value of J1 0.05 meV
Derived value of J2 0.12 meV

Fig. 3 Schematic illustration of the low-energy zero-field spectrum for
exchange-coupled (predominately interchain) triplet-pairs in lycopene
dimers. The eigenstates are labelled according to the spin character which
best defines them, with the ‘‘singlet’’ being the eigenstate with mainly
singlet character and likewise for the ‘‘quintets’’. The triplets and two out of
the five quintet states are pure spin eigenstates. Whilst the triplets only
couple with other triplet states, the extent of dipolar coupling between the
singlet and quintets is strongly dependent on the energy separation
between the spin-subspaces. Also shown is the exothermic driving energy
D, which is the energy difference between the initial intrachain state 11B�u
(i.e., 1|TTi1) and the barycentre of the thermally accessible, lowest nine
eigenstates. In this paper the exchange parameters defined in eqn (29), J1

and J2, take the values 0.05 and 0.12 meV, respectively. kBT c DE9–1,
whereas the energy difference between the tenth and first lowest eigen-
values, DE10–1 E 176 meV c kBT. The eigenstates and eigenvalues
determined perturbatively are given in Appendix A.
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singlet–quintet states. This is further explained in Appendix A
by using a perturbative approach to calculate the eigenvalues
and eigenstates of Ĥreduced. At high-field all eigenstates have
definite spin because of the dominating Zeeman interaction.

Within the reduced two-triplet model, the equal population
of the lowest nine eigenstates means that the density matrix
can be written as

r̂ ¼ 1

9

X9
i¼1

Cij i Cih j ¼
1

9

X
S;MS

S;MSj i S;MSh j: (30)

Equivalently, a rotation of this density matrix to the spin-
uncoupled basis {|sA = 1,ms,Ai |sB = 1,ms,Bi} explicitly shows
the spin-decoupling of the triplets. In other words, thermalisa-
tion has mixed the eigenstates of eqn (29) to form spin-
uncorrelated, exchange-coupled single triplets on separate
chains. In this limit, hS2i = 4h�2 and, as shown in Appendix B,
the thermalisation of the triplet-pair is accompanied by a
vanishing of the entanglement entropy.

3.2 Dynamical simulations

We now turn to describe the results of our dynamical simula-
tions of singlet fission. These are obtained by applying the
quantum Liouville–von Neumann equation (i.e., eqn (15)), where
Ĥsystem is the full carotenoid-dimer Hamiltonian (i.e., eqn (3)).

Previous work by Barford10 investigated the dynamics involved
in singlet fission whilst assuming only transverse spin-dephasing
in an axially symmetric system (i.e., E = 0). Here we assume that
the system is of orthorhombic symmetry (meaning that the
dipolar interaction will hybridise the singlet with the MS = 0
quintet as well as quintets of MS = �2 spin-projection). This
assumption, together with the inclusion of longitudinal spin-
dephasing, required us to expand the basis set to include the full
nine-spin state space spanned by |Ti# |Ti, listed in eqn (2).

The results of the zero-field dynamical simulation are shown
in Fig. 4. As previously mentioned, we take our initial state to be
|11B�u i � 1|TTi1. Within ca. 2 ps we observe weak coherent
population transfer between the intrachain states via the inter-
chain state 1|T� � �Ti1–2. After this, we notice that the intrachain
population is fully transferred to the interchain states at ca.
100 ps due to the spin-conserving system-bath interactions.
This corresponds to the first step in the frequently used
Merrifield quantum-kinetic mechanism,26–28

1|TTi1 - 1|T� � �Ti1–2, (31)

with the caveat that we take the bound triplet-pair state to be
our starting condition and not the 1|S1S0i state.

The dipolar interaction, eqn (8), mixes the singlet and
quintet states such that spin-conserving population transfer
results in the gradual population of the 5,0|T� � �Ti1–2 and
5,�2|T� � �Ti1–2 states. The relative rates of population of the
quintet states strongly depend on the magnitude of the ZFS
parameters which mix the spin-states. In our case, the ZFS
parameter D couples the singlet and the 5,0|T� � �Ti1–2 whereas
5,�2|T� � �Ti1–2 are coupled to the singlet state by the E

parameter. We take D = 10E, so we indeed expect that the rate
of population of 5,0|T� � �Ti1–2 exceeds that of 5,�2|T� � �Ti1–2.

From ca. 100 ps to ca. 2 ns the spin-conserving population
transfer begins to equilibrate the population of the initial state
between the singlet and three quintets. The dipolar interaction
will affect the population dynamics depending on the orientation
of the axis of spin-quantisation due to the orientation-dependent
hybridisation of the spin-coupled basis states. However, due to the
nature of the assumed symmetry of our system, Ĥdipolar is unable to
cause mixing between the 5,�1|T� � �Ti1–2 states and the other
quintets and the singlet. Therefore, whatever the orientation of
the axis of spin-quantisation (i.e., that of an applied magnetic field),
within ca. 2 ns the population of the initial state will be distributed
across the same four spin-coupled interchain levels as in Fig. 4.

Finally, after ca. 2 ns and before ca. 2 ms the spin-
nonconserving population transfer arising from the transverse
and longitudinal spin-dephasing equilibrates the total population
across the nine lowest interchain states, illustrated in Fig. 3. We
observe that the population of each state reaches a thermal

equilibrium value of approximately
1

9
at ca. 2 ms, meaning that

spin-conserving and spin-nonconserving thermalization processes
are able to effectively mix the eigenstates in order to form the
separate, spin-uncorrelated triplets. In Appendix B we show that
this equilibrium population coincides with hS2i = 4h�2 and zero
entanglement entropy. This corresponds to complete singlet fis-
sion, for which the proposed mechanism is shown in Fig. 5.

3.3 EPR simulations

Following the results presented above, we now turn to the EPR
simulation of our system pre-thermalisation. In order to obtain

Fig. 4 Populations as a function of time of the intrachain states, 1|TTi1 and
1|TTi2, and interchain states, (2S+1,MS)|T� � �Ti1–2. The dynamics can be
divided into four time regimes, which are described in the main text. States
of same spin and magnitude of MS are populated simultaneously. Note that
the rate of population of the triplet and quintet states with MS = �1 are
similar enough that the two lines corresponding to those populations
(purple and pink) overlap. At ca. 2 ms the nine lowest energy levels
(illustrated in Fig. 3) are equally populated.
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results which can be used in direct comparison with experi-
mental evidence, we have used EasySpin29,30 to simulate the
powder-average EPR spectra for a lycopene dimer in an H-
aggregate. The original state of the program did not account for
the biquadratic exchange term J2 present in eqn (29), which we
have explicitly added into the program.

Fig. 6 displays the simulated EPR spectrum of our system at
ca. 300 ns, which corresponds to the experimental instrument
response time.27 The contributing transitions are shown and
labelled in Fig. 7. We identify six distinct DMS = �1 transitions:
� four transitions between the high-spin quintet triplet-pair

states, and
� two transitions between the high-spin triplet triplet-

pair states.
We assume that there are no quintet DMS = �2 transitions

outside of the field range 225–450 mT as a consequence of the
strong exchange interaction overcoming the much weaker
dipolar interaction that leads to mixing within the quintet spin
sub-space. However, we also note that the intensity of such
transitions can, in theory, provide a measure of the strength of

the dipolar interaction within the triplet-pairs relative to that
of the exchange coupling.

The overall spectrum is predicted to have an EAEAEA
(A = absorption, E = emission) absorption–emission pattern, which
is in contrast to the frequently reported AEEAAE pattern in experi-
mental work on singlet fission in acene-type systems.27,28,31

Recently, the existence of a coupled quintet triplet-pair intermedi-
ate has been unequivocally proved by EPR studies on singlet fission
in acene-like systems,27,28,31 which showed that the AEEAAE polar-
isation can be obtained by a mixture of coupled quintet triplet-pairs
and weakly coupled triplets.

4 Conclusions

We have presented a theory of singlet fission in carotenoid
dimers as applied to lycopene dimers in an H-aggregate. The
theory is based on the assumption that the identity of the
intermediate state in longer chain carotenoids, S*, is

Fig. 5 The mechanism of singlet fission in carotenoid dimers proposed in
this paper. The excited state |n1B+

ui undergoes ultrafast internal conversion
to a ‘‘dark’’, intrachain triplet-pair state (i.e., 1|TTi1). This state then evolves
into a singlet, interchain state 1|T� � �Ti which is mixed with the quintet
states by the dipolar interaction. Subsequent spin relaxation populates the
quintet and triplet sublevels, which are then thermally mixed with the
singlet to form the separate, unentangled triplets |T� � �Tiex.

Fig. 6 The simulated powder-average EPR spectrum at ca. 300 ns for
singlet fission in lycopene dimers using the ‘‘pepper’’ function in
EasySpin.29 The polarisation pattern predicted is EAEAEA. The intensity
scale in presented in arbitrary units. The spectrometer frequency used in
our simulation is n = 9.5 GHz.

Fig. 7 The six distinct EPR transitions illustrated in Fig. 6 are attributed to
DMS = �1 transitions between the eigenstates of the system. As an
example, the contribution arising from the transitions in the case where
B is oriented along the principal axis X is shown. The energy scale was
calculated using the ‘‘levelsplot’’ function in EasySpin29 and only the
energy differences are shown. The red vertical bars correspond to the
resonance condition hn = 0.039 meV.
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the ‘‘dark’’, intrachain exchange-bound triplet-pair state 11B�u .
We calculated the spectrum of the carotenoid dimer, where we
showed that the exchange coupling is responsible for the large
splitting between the spin subspaces, whereas the dipolar
interaction can be treated as a perturbation that removes the
degeneracies within the spin manifolds.

The dynamical simulations were calculated using the quan-
tum Liouville equation supplemented with two Lindblad dis-
sipators corresponding to transverse (T2) and longitudinal (T1)
spin-dephasing. The model predicts that at long times the
effect of the spin-decoherence and thermalisation is to yield
single, unentangled triplets on separate carotenoid chains, as
shown by the scheme in Fig. 5. However, this does not mean that
the triplets are noninteracting, which would require triplet
diffusion over the whole aggregate that is not possible in our
model. This means that, even at long times, the triplets experi-
ence an exchange interaction. This is furthermore visible in our
simulated EPR spectra, which display a distinct polarisation
pattern caused by the residual intertriplet exchange interaction.

Whilst we have focussed our attention to the application of
the theory to lycopene dimers starting from the 11B�u state, this
model can be used to explain singlet fission in carotenoid
aggregates for a diverse range of carotenoids. Similarly, there
is no strict requirement to assume that the 11B�u state is the
identity of the intermediate, meaning that other high-energy
members of the 2Ag – family can be responsible for the
formation of the interchain singlet intermediate 1|T� � �Ti1–2.

Further theoretical work should include the effect of triplet
diffusion in the carotenoid aggregate. This can be accom-
plished by various means, notably either by an expansion of
the basis set to explicitly include the new chains, or by
introducing a spatial-dependence of the intertriplet exchange
interaction. Similarly, real solids will posses conformational
disorder in the packing of the molecules, so the effects of this
disorder, expressed through the loss of the permutation sym-
metry of the dipolar interaction, should be explored in
future work.
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Appendices
Appendix A – Perturbative calculation of the low-energy zero-
field spectrum

Our goal in this appendix is to determine the nine low-energy
eigenstates, whose energy levels are shown schematically in
Fig. 3. We perform this calculation using the reduced two-
triplet model, Ĥreduced (eqn (29)), whose matrix representation
is shown in the ESI.† Due to the large difference in the
magnitudes of the residual exchange interactions (i.e., J1 and
J2) and the dipolar interactions (i.e., D and E), we treat the
dipolar coupling as a perturbation that removes the degenera-
cies within the triplet and quintet spin-subspaces.

As mentioned in the main text, the dipolar coupling for a
dimer in a perfect H-aggregate can only couple three (for E a 0)
of the quintet states to the singlet, leaving the remaining two
quintet and three triplet states with definite spin character. The
effect of the dipolar interaction on the eigenvalues can be
solved exactly for these triplets and two quintets. Within the
reduced two-triplet model (eqn (29)) the eigenvalues are

ET
2 ¼ �J1 � J2 �

D

3
� E; (32)

ET
3 ¼ �J1 � J2 �

D

3
þ E; (33)

ET
4 ¼ �J1 � J2 þ

2D

3
; (34)

EQ
6 ¼ J1 � J2 �

D

3
� E (35)

and

EQ
7 ¼ J1 � J2 �

D

3
þ E: (36)

Taking the axis of spin-quantisation to be parallel to the
principal Z axis, the corresponding spin-eigenstates are

C2j i ¼
1ffiffiffi
2
p ðj1;þ1i � j1;�1iÞ; (37)

C3j i ¼
1ffiffiffi
2
p ðj1;þ1i þ j1;�1iÞ; (38)

|C4i = |1,0i, (39)

C6j i ¼
1ffiffiffi
2
p ðj2;þ1i � j2;�1iÞ (40)

and

C7j i ¼
1ffiffiffi
2
p ðj2;þ1i þ j2;�1iÞ: (41)

Before the perturbation, all of the quintet sublevels are
degenerate. Since a linear combination of degenerate eigen-
states is still an eigenstate with the same energy, the |2, +2i and
|2, �2i states can mix to form the symmetry-adapted linear
combinations

5 c�j i ¼ 1ffiffiffi
2
p ðj2;þ2i � j2;�2iÞ: (42)
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As a consequence of a symmetry property of Hdipolar (see
eqn (S1) of the ESI†), 5|c�i is decoupled, i.e., |C8i = 5|c�i,
with an exact energy

EQ
8 ¼ J1 � J2 þ

2D

3
: (43)

The remaining three states that need consideration are
|0,0i, |2,0i and 5|c+i. The matrix representation of the pertur-
bation in the basis of these three states is

Hpert ¼

0

ffiffiffi
8
p

D

3

4Effiffiffi
6
p

ffiffiffi
8
p

D

3
�2D

3

2Effiffiffi
3
p

4Effiffiffi
6
p 2Effiffiffi

3
p 2D

3

2
66666666664

3
77777777775
: (44)

Again, before the perturbation the degenerate states |2,0i
and 5|c+i mix to form the linear combinations that will
undergo the least change under the perturbation, 5|f�i. Within
the basis {|0,0i, 5|f+i, 5|f�i}, where the states 5|f�i are

5 fþ
�� �

� 5 cþ
�� �

þ

ffiffiffiffiffiffiffiffiffi
3E2

4D2

s
j2; 0i (45)

and

5 f�j i � j2; 0i �

ffiffiffiffiffiffiffiffiffi
3E2

4D2

s
5 cþ
�� �

; (46)

the perturbation is

Hpert ¼

0
ffiffiffi
6
p

E

ffiffiffi
8
p

3
D

ffiffiffi
6
p

E
2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 3E2
p

0

ffiffiffi
8
p

3
D 0 �2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 3E2
p

2
666666664

3
777777775
: (47)

It follows that the remaining eigenvalues are approximately

ES
1 � �2J1 � 4J2 �

1

DE
8D2

9
þ 6E2

� �
; (48)

EQ
5 � J1 � J2 �

2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 3E2

p
þ 8D2

9DE
(49)

and

EQ
9 � J1 � J2 þ

2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 þ 3E2

p
þ 6E2

DE
; (50)

where DE = 3(J1 + J2). Here the superscripts S and Q refer to the
spin manifold to which the corresponding eigenstate can be
best attributed. As we expect from a qualitative assessment of
the mixing between nondegenerate states, the perturbation
stabilises the lowest energy eigenstate whilst destabilising the

highest energy eigenstate. The corresponding eigenstates are

C1j i � j0; 0i �
ffiffiffi
6
p

E

DE
fþ
�� �

�
ffiffiffi
8
p

D

3DE
f�j i; (51)

C5j i � f�j i þ
ffiffiffi
8
p

D

3DE
j0; 0i (52)

and

C9j i � fþ
�� �

þ
ffiffiffi
6
p

E

DE
j0; 0i: (53)

Therefore, eigenstate |C1i has mostly singlet character, |C5i
has mostly |2,0i character and |C9i is a linear combination of
mainly |2,�2i with some singlet and |2,0i character.

Appendix B – Measurement of entanglement

The population dynamics provides us with evidence to suggest
that the triplet-pair eigenstates have been effectively thermally
mixed to result in two spin-uncorrelated, single triplets on
separate chains in the long time limit. This is equivalent to
complete singlet fission in the carotenoid dimer. Here, we
calculate a more direct measure of the entanglement of the
triplet-pair, namely the von Neumann entropy, defined as

Si ¼ �
X
a

oa log2 oað Þ; (54)

where Si is the entropy of the (sub)system i and {o} are the
eigenvalues of the time-dependent density operator. The entan-
glement entropy is defined as

Sent = SA + SB � SAB, (55)

Fig. 8 The entanglement entropy, Sent, and expectation value of the spin,
hS2i. The populations of the interchain triplet-pair states are also shown.
Once the system reaches thermal equilibrium at ca. 2 ms the values of the
entropy and hS2i are approximately 0 and 4h�2, respectively, corresponding
to complete singlet fission to a pair of unentangled triplets. We see that this
is equivalent to equal populations of the triplet-pair states, i.e.,

P 1jT � � �Ti1�2
� �

¼ 1

9
, P 3jT � � �Ti1�2
� �

¼ 3

9
and P 5jT � � �Ti1�2

� �
¼ 5

9
.
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where A and B denote the two triplets. The reduced density
matrix for one of the subsystems (e.g., A) is found by tracing
over the degrees of freedom of the other subsystem,

r̂A = TrB(r̂), (56)

or equivalently written in a form which can be of more use
computationally,

rAij ¼
X
k2B

rðikÞð jkÞ: (57)

The entanglement entropy and the spin expectation value as
functions of time are illustrated in Fig. 8. We notice that the
entanglement entropy increases from its initial value during the
coherent population transfer between the intrachain states via
the singlet interchain state, followed by a monotonic decrease
during the population transfer between the interchain states. At
thermal equilibrium, Sent E 0 which further explicitly displays
the complete de-entanglement of the triplets. In addition, the
expectation value of the spin is that of two triplets, hS2i E 4h�2,
with the populations of the singlet, triplet and quintet spin-

subspaces reaching
1

9
,
3

9
and

5

9
, respectively. We therefore con-

clude that complete singlet fission has taken place at ca. 2 ms.
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