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Ab initio calculations of vibrational fingerprints in
the photoluminescence of graphene quantum
dots†

Ruoyu Wu,a Peng Han, *a Tobias Dittmann,b Fuhe Wang,a Yan Zhang a and
Gabriel Bester *b,c

We used a computational method based on ab initio (constrained) density functional theory to obtain the

photoluminescence spectrum of graphene quantum dots with up to 240 carbon atoms, including the

effect of multiphonons. We found that only a few phonon modes couple effectively to the excitons,

namely one size- and shape-dependent global mode and two high frequency local modes. The exciton–

phonon coupling decreases with increasing size for all structures and has a magnitude in the mid-range,

leading to only relatively small multiphonon effects. We suggest that the photoluminescence sidebands

can be used as fingerprints for the determination of the size and shape of graphene quantum dots. Our

results are in very good agreement with the results from a recent experiment and reveal that a two-

phonon replica (with n = 2) is clearly visible in the spectrum.

1 Introduction

Owing to their exceptional properties, such as low toxicity and
biocompatibility, high chemical and physical stability, and size
tunability of light emission within a large spectral range from
ultraviolet to infrared,1–3 graphene quantum dots (GQDs) are
important in a wide range of applications, such as
bioimaging,4,5 biosensors,6 sensitive sensors for metallic ions,7

photocatalysis,8,9 solar cell materials,10 molecular-scale elec-
tronic devices11,12 and photovoltaics.13 To produce these lateral
nanostructures of graphene, two methods of fabrication are
employed: a top-down technique and a bottom-up approach.
The top-down approaches start from extended graphene, break-
ing down the structure to small pieces using, e.g., hydrothermal
cutting, lithography or sonification.14–21 These methods have
the advantage of relative simplicity and have already produced
promising GQDs. However, size and shape discrepancies
among the GQDs in a single sample have to be expected. On
the other hand, bottom-up approaches from organic chemistry,

based on laterally extended polycyclic aromatic hydrocarbons,
can deliver atomically precise GQDs. Indeed, a real library of
“nanographenes” has been developed in the last few years and
keeps on growing.22–28 The availability of an ensemble of iden-
tical GQD emitters where the shape, including the edge struc-
ture, can be tailor-made confers significant potential for appli-
cation in further fields of research such as quantum infor-
mation and topology. The study of topological effects was
especially successful using graphene nanostructures with
specific (zigzag) edges and morphologies (triangles and
ribbons). These selected structures exhibit a very peculiar elec-
tronic structure with a set of nearly-degenerate mid-gap states
that are partially occupied and fully spin-polarized.29,30 These
structures have triggered a large number of theoretical31,32 and
experimental33–37 studies focussed on correlation and topologi-
cal effects. Since our work focusses on the optical properties
and is based on a low correlation density functional theory
approach, we explicitly excluded triangular structures with
zigzag edges (with imbalance in the number of A/B sublattice
sites) since they are highly correlated semi-metals.29

A large body of theoretical work on GQD exists, spanning
approaches ranging from effective Hamiltonian derived from
single-layer graphene,31,32 tight binding,38,39 and time-depen-
dent density functional theory40 all the way to Green’s function
approaches (GW).41 The main focus has been on the electronic
and excitonic properties, including correlation effects.
Significantly less attention42 has been paid to vibronic effects
that are, however, known to shift the optical transition
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energy,42–44 open up non-radiative channels of recombina-
tion45 and reduce the coherence time,46 among others.

In this work, we calculated the Huang–Rhys (HR) factors,
which correspond most closely to the measured exciton
phonon coupling (EXPC) strength (which differs significantly
from the EXPC matrix elements, as emphasized recently47) of
GQDs using first-principles density functional theory (DFT)
and constrained density functional theory (CDFT). Our theore-
tical approach where the vector between the atomic positions
of the excited state and the ground state is projected onto the
normalized phonon eigenmodes47,48 is computationally very
advantageous and allows us to treat rather large structures, as
encountered in experimental settings. Generally, we find a sig-
nificant decrease in HR factors with increasing GQD size, for
example, the HR value decreases from 1.33 to 0.67 with the
dot size increasing from 12.5 Å to 25.1 Å in the case of arm-
chair-edged triangular GQDs. Our results show larger HR
factors for armchair-terminated structures than for zigzag-ter-
minated structures (by roughly a factor of two) while the
global shape has a smaller effect on total HR factors. We
observed larger HR factors in triangular structures than in
hexagonal structures by about 30%. Specifically, we found that
for each of the GQDs investigated, only three vibrational
modes couple effectively to the excitons. One has a global
character (the entire structure vibrates coherently) with a size-
dependent frequency and two are local modes with a size-
independent frequency. These EXPCs lead to significant
phonon sidebands in photoluminescence (PL) grouped
around optical phonons (the two local modes) and acoustic
phonon (global modes) frequencies. Based on the size-depen-
dent frequency shift of the acoustic global modes, we suggest
that the size of GQDs can be estimated from the measured
Stokes shifts of these modes. Furthermore, the size depen-
dence of the HR factor (and hence sideband intensity) of the
acoustic global model exhibits an increasing trend with
changes in geometry and edge structures, increasing from tri-
angular GQDs with armchair edges to hexagonal GQDs with
armchair edges, and finally to hexagonal GQDs with zigzag
edges. Both trends offer the potential to determine the size,
shape and edge structures of GQDs by examining the fre-
quency and intensity of phonon sidebands as a function of
size. Multiphonon effects are of intermediate magnitude
(total HR factors up to 1.3 and up to 0.4 for individual
vibrations) and lead to significant two-phonon processes.
Higher class transitions can be important for the smaller
structures, with 42 or less carbon atoms. A direct comparison
with a recent experiment28 shows excellent agreement and
allows for an interpretation of the obtained signal, highlight-
ing the usefulness of the present theoretical approach and the
great potential of the experimental technique.

2 Structures under investigation

The different types of GQDs investigated in this work are
illustrated in Fig. 1. We studied triangular structures with

armchair edges and hexagonal structures with either arm-
chair or zigzag edges. The structures are passivated by hydro-
gen atoms. These structures are all balanced in terms of the
two sublattices so that according to Lieb’s theorem49 (and
our calculations), the total spin is a closed-shell singlet.
Triangular structures with zigzag edges are not reported in
this work, as they exhibit the well-known edge states in the
“middle of the gap”,29 and have a fully spin polarized ground
state and non-trivial multiplet excited states. Treating these
structures appropriately would require a multi-reference
approach.31

The size of the GQDs L is defined as the largest separation
between carbon atoms and is shown in the figure and reported
numerically in Table 1. We computed several sizes per struc-
ture (see Table 1). The names given under the structures are
used as keywords in the remaining document. The variation in
size goes along with a slight variation in geometry (see the
ESI† 50 for all the structures used in this work). This flexibility
in the shapes allows for obtaining a denser set of sizes. If we
would restrict shapes to identical symmetry, only very few sizes
could be handled by DFT.

Fig. 1 Example of the hexagonal (armchair C122H30 and zigzag
C240H38) and triangular (armchair C126H36) GQDs studied in this work.
The size of the GQDs (L) is defined as the maximum distance between
two carbon atoms and is reported in Table 1. The names given under the
structures are used as keywords throughout the paper.

Table 1 Size, chemical composition, ratio of the number of edge
atoms to the total number of atoms (edge/total), and the point group
symmetry of the GQDs we studied in this work. Our naming convention
uses “hex” for the hexagonal overall shape, “tri” for the triangular overall
shape, “arm” for the armchair edges, and “zig” for the zigzag edges (see
also Fig. 1)

GQDs Size (Å) Structure Edge/total Symmetry

Hex-zig 11.5 C42H16 0.38 D2h
17.1 C78H22 0.28 D2h
19.6 C112H26 0.23 D2h
26.9 C190H34 0.18 D2h
29.4 C240H38 0.16 D2h

Hex-arm 12.8 C42H18 0.42 D6h
17.9 C84H24 0.29 D6h
22.5 C122H30 0.25 D2h

Tri-arm 12.5 C36H18 0.50 D3h
21.0 C90H30 0.33 D3h
25.1 C126H36 0.29 D3h
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3 Theoretical methods
3.1 Calculation of HR factors

The decoupling of the fast electronic transition (order of 10−15

s) from the comparatively slow nuclear dynamics (order of
10−13 s) is known as adiabatic approximation, and leads to ver-
tical optical transitions in the Franck–Condon configuration
diagram,51 as depicted in Fig. 2. In this figure, the lower and
upper parabolas describe the adiabatic potential energy sur-
faces for the ground and the excited states, respectively, as a
function of the configuration coordinate Q. In the Franck–
Condon model, the light absorption Eab (light emission Eem)
process occurs without changes in the position of the nuclei
(constant Q). After the vertical optical transition, the system
relaxes to the equilibrium position of the nucleus configur-
ation and releases the so-called reorganization energy ΔEe(g)
via emission of one or several phonons (or vibrons).

Within the framework of the Franck–Condon principle, the
change of the nucleus position of a specific vibrational mode i
for a nanosystem with N atoms can be written in the configur-
ation coordinate space as,47,48,52

ΔQi ¼
X
I

ffiffiffiffiffiffi
MI

p ðRe
I � Rg

I Þ � Xg
I;i; ð1Þ

where MI is the mass of atom I, the displacement of atom I
between the excited and the ground states Re

I − Rg
I denotes the

lattice displacement induced by the formation of the “exci-
tons”, and Xg

I;i is the normalized unit vector in the direction of
the vibrational mode i for atom I obtained in the ground elec-
tronic state. The ground and excited state geometries are
shifted, such that the center of masses of both structures

coincides. The partial HR factor for the vibration mode i, Si, is
thereafter calculated as,

Si ¼ 1
2ℏ

ωg
i ðΔQiÞ2; ð2Þ

with vibrational frequency ωg
i . The HR factor is a dimension-

less parameter which characterizes the spatial shift between a
shifted and a non-shifted harmonic oscillator. The EXPC coup-
ling matrix element that can be extracted from the HR factor47

is gHR
i ¼ ℏωi

ffiffiffiffiffiffiffi
2Si

p
, and differs from the EXPC matrix elements

calculated from electron and hole wavefunctions directly (see
ref. 47).

3.2 Calculation of the PL spectrum including vibrations

PL spectroscopy is a sensitive tool for probing the interaction
of excitons with vibrations. This mutual interaction leads to
the appearance of phonon sidebands in the PL spectrum. As
more detailed in ref. 53, we calculated the PL spectrum at zero
temperature from the HR factors using the Franck–Condon
theorem where electronic and ionic degrees of freedom are
separated:54

IemðEÞ/ μeg

��� ���2X
ϕnj i

Y3N�6

i

e�Si S
nig
i

nig!

0
@

1
Aδ E0 � E �

X
i

nigℏωi

 !

/ μeg

��� ���2AemðEÞ;
ð3Þ

where μeg is the dipole matrix element between the ground
and excited electronic states, N is the number of atoms of
the GQDs, E0 is the electronic gap, nig is the number of
i-mode vibrons in the ground electronic state with phonon
energy ħωi (the vibrational frequencies are assumed to be
equal in the ground and excited states), and |ϕn〉 = |n1g,n

2
g,

n3g,…nig,…n3N�6
g 〉|. The ket |ϕn〉 under the sum sign means a

summation over all possible state vectors |ϕn〉, i.e., all poss-
ible combinations of nig (see ref. 53). It should be pointed
out that the prefactor of Iem(E) (omitted in eqn (3), since
we give only a proportionality) is energy dependent with a
prefactor that is either E or E3 depending on the definition
of μeg (using the momentum operator or the position
operator55,56). This energy term is given by the optical tran-
sition energies neglecting phonons and is therefore identi-
cal for all vibronic transitions considered here (where only
one electronic ground state and one electronic excited state
are considered). In principle, an energy dependence of the
prefactor, including energy renormalization by phonons,
should be present, but is beyond the Frank–Condon
approximation.

For the calculation of the PL spectrum, we used a Lorentz
function:

δ E0 � E �
X
i

nigℏωi

 !
;

γ2

E0 � E �P
i
nigℏωi

� �2

þγ2
;

with a broadening γ instead of the δ function given in eqn (3).
To analyze the results, and also for computational reasons,53

Fig. 2 Schematic illustration of the configuration coordinate Franck–
Condon diagram for the optical absorption and emission processes.
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we divided the multi-vibrational states into classes. The term
“class” (1, 2, 3,…) describes the number of different vibrational
modes simultaneously excited in the vibronic transition53,57

and we rewrite as:

where S ¼ P3N�6

i¼1
Si is the total HR factor, i, j, and k denote

different vibrational modes and nig, njg, and nkg denote the

corresponding phonon (vibron) quantum numbers. For practi-
cal purposes, the sums will be truncated at the certain
maximum number of vibrons nmax.

3.3 Computational details

The geometries of the GQDs in the ground and excited states
were optimized until the forces were reduced to less than 3 ×
10−6 Hartree per Bohr under constrained symmetry via
ab initio DFT and CDFT calculations. The vibrational frequen-
cies ωi

g along with the corresponding eigenvectors Ui
g of the

ground state were obtained via finite difference as
implemented in the CPMD code package.58 Both the DFT and
CDFT calculations were performed within the framework of
the local density approximation (LDA59) and Trouiller–Martin
norm-conserving pseudopotentials.60 The energy cutoff was
set to 30 Ry. To avoid interactions between adjacent images,
supercells with a vacuum of 15 Å between the outermost atoms
in the lateral direction and a vacuum of 40 Å in the vertical
direction were used in the ab initio calculations.

4 Results
4.1 Dominant vibrational modes, Huang–Rhys factors

Fig. 3 shows the calculated total HR factors S for different
types of GQDs as a function of size L (see Fig. 1 for the struc-
tures and size definition). The general trend of decreasing S
with size is fulfilled by all the different structures. Generally
we see that the armchair structures tend to have a larger S
than the zigzag structures. The relatively small HR factors of
hexagonal GQDs with zigzag edges are attributed to the distri-
bution of electronic wavefunctions, i.e. both the highest occu-
pied molecular orbital (HOMO) state and the lowest unoccu-
pied molecular orbital (LUMO) state wavefunctions tend to dis-
tributed at the dot edges. The relevant vibrations are, however,
vibrational modes distributed over the entire structure. This
will be further discussed later in this section.

To investigate the lattice distortion induced by the excitons,
we plotted in Fig. 4(a)–(c) the atomic displacements |Re

I − Rg
I |

as a function of the distance between the atom and the GQD
center. Generally we notice that the displacements are larger

Fig. 3 Total HR factors S as a function of GQD size L (defined in Fig. 1).

AemðEÞ ¼ e�S

"
δðE0 � EÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}

ZPL

þ
Xnmax

nig

X3N�6

i¼1

S
nig
i

nig!
δðE0 � E � nigℏωiÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
class 1

þ
Xnmax

nig ;n
j
g

X3N�6

i j
i>j

S
nig
i S

njg
j

nig!n
j
g!
δðE0 � E � nigℏωi � njgℏωjÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
class 2

þ
Xnmax

nig ;n
j
g ;n

k
g

X3N�6

i j k
i>j>k

S
nig
i S

njg
j S

nkg
k

nig!n
j
g!nkg!

δðE0 � E � nigℏωi � njgℏωj � nkgℏωkÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
class 3

þ:::

# ð4Þ

Fig. 4 Exciton-induced atomic displacements as a function of distance
to the GQD center. GQDs of different sizes are indicated with different
colors and symbols for (a) tri-arm, (b) hex-arm, and (c) hex-zig structures.
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for smaller GQDs, and we can relate larger HR factors (Fig. 3)
to larger displacements, as expected.

Fig. 5 presents the calculated vibrational density of states
(VDOS), where we separated contributions from the core (red)
and edges (green) along with the HR factors Si of each individ-
ual mode for all our structures. We notice generally that only a
few vibrational modes contribute a very large fraction of the
total S. These modes with large HR parameters are numbered
1–9 in Fig. 5 and reported in Table 2 along with an interpret-
ation the observed results.

In Table 2, we have attempted to sort the vibrational modes
of the different structures. The “character” describes, in a few
words, the type of mode. The “extent” discriminates modes
that are global, i.e., the entire structure changes shape. For
instance, a breathing mode. Other modes are given as local,
where the carbon rings deform but no appreciable change of
the entire structure is seen. For instance, a “ring breathing
mode” describes a mode where the carbon C6 rings expand

and shrink but out-of-phase with its neighbors: one ring
shrinks while the other expands. Movies of the different
modes are given in the ESI.† 50 Attempts were made to relate

Fig. 5 Frequency-dependent partial HR factors Si (upper panels) and the VDOSs (lower panels) of the GQDs. From top to bottom shows the tri-
angular GQDs with armchair edges, the hexagonal GQDs with armchair edges, and the hexagonal GQDs with zigzag edges. The numbers above the
dominant peaks refer to the numbers in Table 2.

Table 2 Dominant HR active vibrational modes shown in Fig. 5. The
extent of the modes is given as global or local (see the text). The
denominations E2g

1, A1g and E2g
2 denote the vibrational modes of

benzene.61 Movies of the different modes are given in the ESI† 50
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the vibrational modes and symmetries of C6H6 as shown in
the last column of Table 2.61 The E2g

1, A1
g and E2g

2 modes in
C6H6 have frequencies of 648 cm−1, 1276 cm−1, and
1767 cm−1, respectively.61,62

From Fig. 5, we see strong coupling to either global low fre-
quency modes (Nr. 1, 4, and 7) or to local high frequency
modes (Nr. 2, 3, 5, 6, 8, and 9), with an intermediate frequency
range where none of the modes show large HR values. GQDs
with armchair edges but different geometries (triangular and
hexagonal) look qualitatively very similar: one oblate–prolate
global mode (Nr. 1 and 4) strongly dominates the low fre-
quency regime and the local ring breathing (Nr. 2 and 5) and
ring-to-square modes (Nr. 3 and 6) are the strongest in the
high frequency regime. Also, the hex-zig structure shows a
similar behavior: a low-frequency acoustic oblate–prolate mode
(Nr. 7) and two higher frequency optical ring breathing (Nr. 8)
and ring-to-square modes (Nr. 9), but with lower magnitude of
the HR parameters.

These lower HR values for hex-zig can be explained by the
different localizations of the HOMO and LUMO wavefunctions.
In Fig. 6, we show the corresponding isosurface plots and see
that the HOMO and LUMO are localized homogeneously
throughout the structure for tri-arm and hex-arm, but not for
hex-zig. For the zigzag-edged structure, the states tend to be
localized on the edges. Since the vibrations are delocalized
over the structure, the coupling to the edge-localized HOMO
and LUMO in hex-zig is weaker and the HR value is smaller.
Note that although this description sounds reasonable and fits
our results well, it is only part of the story. Indeed, we do not
calculate the HR factors Si from single-particle wavefunctions
directly, but from the atomic relaxation of the excited (con-
strained) state. This atomic relaxation, and hence Si, is a conse-
quence of the redistribution of wavefunctions upon excitation,
i.e., it represents the response of the lattice to charge transfer
from the HOMO to the LUMO. The calculation includes,
through the self-consistent cycle, the coupling between the
rearrangement of the charge and the lattice, hence it goes

beyond the simple single-particle treatment. Nevertheless, a
look at the HOMO and LUMO wavefunctions can help to eluci-
date qualitatively the underlying physics behind the strong
EXPC of certain modes.

In Fig. 7, we show quantitatively the size dependence of the
HR factors for the different structures for the nine dominant
modes. We see a decrease of the HR factors with increasing
size for all modes and structures. The HR factors of the
primary global modes 1, 4, and 7 are fitted using S = γL−η and
the parameters are given in Table 3. As shown in Table 3, the
value of η significantly increases from 0.41 (tri-arm) to 0.89
(hex-arm) and to 1.49 (hex-zig), highlighting the weaker size
dependence of tri-arm.

In Fig. 8, we show the size dependence of mode frequency.
While the global modes shift to lower frequency with the size
of the GQDs, the local modes do not shift. This is expected
that since the global modes (Nr. 1, 4, and 7) correspond to
vibrations of the entire structure and are of lower frequency for
larger structures (confinement effect), the local modes (Nr. 2,
3, 5, 6, 8, and 9) are nearly unaffected by the dimension of the
GQDs. We fitted the frequencies of the dominant global
modes using the functional dependence ω = αL−β (parameters
given in Table 3) and plotted the corresponding fitting curves
in the figure. Using this function and the fitting parameters
should allow for an estimation of the GQD size from the
measured phonon frequency of the acoustic global mode.

Fig. 6 LUMO and HOMO wavefunctions for tri-arm (C90H30), hex-arm
(C122H30), and hex-zig (C190H34) with isosurfaces enclosing 75% of the
total wavefunctions. The cyan and white spheres indicate carbon and
hydrogen atoms, respectively.

Fig. 7 HR factors of the nine dominant modes for (a) tri-arm, (b) hex-
arm, and (c) hex-zig GQDs with different geometries and edge struc-
tures as a function of size. The solid lines for the global modes 1, 4, and
7 are drawn according to S = γL−η. The fitting parameters are given in
Table 3.

Table 3 Fitting parameters obtained for the size dependence of the
vibrational mode frequency ω = αL−β and the HR parameters S = γL−η.
These parameters are used to plot the solid lines in Fig. 7 and 8

Parameters

Vibrational mode number

1 4 7

α (cm−1) 2505 2545 2054
β 0.85 0.88 0.82
γ 1.31 3.81 9.69
η 0.41 0.89 1.49
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4.2 Photoluminescence spectra

In Fig. 9, we plot the calculated PL spectra, using a broad-
ening of 2 meV (solid black lines) of the triangular (the top
line) and hexagonal GQDs with armchair edges (the middle
line) and with zigzag edges (the bottom lines) using eqn (3)
and (5). The PL spectra of the hex-zig GQDs with sizes of L
= 19.6 Å and 29.4 Å are given in the ESI.† 50 In this work, we
do not focus on the calculation of optical band gaps, which
is beyond the framework of DFT-LDA, and we plotted the
calculated PL spectrum as a function of the relative energy
to the zero phonon line (ZPL) and normalized the ZPL
intensity to one. In Fig. 9, we also plotted the HR factors as
solid red bars. We see a strongly dominant ZPL and signifi-
cantly weaker phonon sidebands that, however, constitute a
relatively rich low-temperature PL signal. As we already
described based on the HR factors (section 4.1), we
obtained two regions of large phonon sidebands. One close

to the ZPL, in the energy range between 20 and 50 meV,
originating from global vibrations (such as oblate–prolate
modes) with frequencies depending on the confinement
(QD size). The other is due to local (such as ring breathing
modes), size independent, vibrations between 140 and
210 meV.

4.3 The effect of temperature

With increasing temperature, the initial vibronic state becomes
thermally excited, which leads to non-zero phonon occupation
numbers (nie > 0) and the number of possible transitions
increases significantly. Following our previous work,53 we calcu-
lated the temperature-dependent PL spectra as:63

AemðE;TÞ ¼
X
ϕe
nj i

X
ϕg
nj i
f ϕe

n

�� �
;T

� 	

�
Y3N�6

i¼1

e�Si n
i
e!

nig!
S
nig�nie
i L

nig�nieð Þ
nie

ðSiÞ
����

����2
 !

� γ2

E0 � E �P
i

nig � nie

 �

ℏωi

� 
2
þγ2

:

ð5Þ

with the Boltzmann probability for the occupation of the
excited state |ϕe

n〉 calculated as:

f ϕe
n

�� �
;T

� 	 ¼ e�
P3N�6

i
nieℏωi=kBT

Y3N�6

i

ð1� e�ℏωi=kBT Þ; ð6Þ

and the generalized Laguerre polynomials LðαÞn (x). In eqn (6)
the product term is the inverse of the partition function which
provides a normalization of the probability.

Using eqn (5) and (6), we calculated the PL spectra of a tri-
arm GQD with a size of L = 21.0 Å (C90H30) at temperatures of
T = 0, 50, 100, 150, 200, 250, and 300 K and plotted the calcu-
lated PL spectra in Fig. 10 with a Lorentz broadening of 5 meV.
It should be pointed out that the ZPL exhibits a red shift with
increasing temperature in reality, as the results of both the
electron–phonon coupling-induced zero-point motion effect43

and the thermal expansion of the lattice. However, these
effects are excluded in this work and the energetic position of
the ZPL remains unchanged. From Fig. 10, we see an obvious
anti-Stokes peak starting at a temperature of 100 K and reach-
ing a significant intensity of around 25% of the ZPL intensity
at room temperature. Moreover, we notice that the intensity of
the Stokes peak also increases with temperature compared to
that of the ZPL. This can be explained as the results of the
appearance of vibronic transitions between the exited nie = 1
states and the nig = 2 states in addition to the original tran-
sitions between the nie = 0 states and the nig = 1 states at low
temperature.

4.4 The effect of multi-phonon and high class transitions

As can be deduced from eqn (4), the intensity of phonon side-
bands decreases rapidly with increasing phonon number nig in
the case of small HR factors. This is the case for hexagonal
GQDs where we have HR factors mostly significantly below 0.4,

Fig. 8 Vibrational frequencies of the dominant nine modes as a func-
tion of the size of the GQDs. The high frequency region shows local
vibrations while the global vibrations are at lower frequencies. The solid
lines are plotted according to ω = αL−β for which the parameters are
given in Table 3. The red, blue and green symbols show the tri-arm, hex-
arm and hex-zig structures, respectively. The lower frequency local
modes are ring breathing modes (around 1400 cm−1) while the higher
frequency modes (around 1700 cm−1) are ring-to-square modes.
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and hence very weak multiphonon processes. In this section,
we focus on tri-arm which has HR factors as large as 0.5 where
multiphonon processes become experimentally observable.

In Fig. 11, we presented the calculated PL spectra of the tri-
arm GQDs, showing the individual contributions of the
different classes [see eqn (4)], using a broadening γ of 10 meV.
For class 1 transition (involving only one type of phonon, third
row in the figure), we show the contributions of transitions
between nie = 0 and nig = 1, 2, and 3 as red, green and blue
lines, respectively. For a size of L = 12.5 Å (Fig. 11(a)), we have
inserted a magnification of the region within the dashed box.
The strong peak at 37 meV corresponds to mode 1, a global
oblate–prolate mode with a frequency of about 300 cm−1 (see
Fig. 8). The peaks for nig = 2 and 3 correspond to phonon repli-
cas and have accordingly energies of 2 × 37 meV and 3 ×
37 meV, respectively. The two strong peaks at 180 and 210 meV
correspond to the modes 2 and 3 given in Table 2 and shown
in Fig. 5; their replicas are very weak and play no significant
role in the PL spectrum. Interestingly, the third peak recogniz-
able in the total PL in the region at around 200 meV originates
from a class 2 transition. With increasing size, the importance
of higher class transitions (classes 2 and 3) diminishes, as
expected from decreasing HR factors.

Fig. 9 Calculated PL intensity (black lines) including only class 1 transitions and HR factors (red bars) for all the tri-arm and hex-arm GQDs con-
sidered (see Table 1) and the hex-zig GQDs with sizes of L = 11.5 Å, 17.1 Å and 26.9 Å. The ZPL is shifted to zero relative energy and is normalized to
one.

Fig. 10 Calculated PL spectra of a tri-arm GQD with a size of L = 21.0 Å
(C90H30) at different temperatures. A Lorentz broadening of 5 meV was
used and the temperature effect on the energetic position of the ZPL
(mainly due to lattice expansion), which will lead to a red shift with
increasing temperature, was neglected.
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5 Comparison with experimental
results

Recently, Liu et al. reported low-temperature single-molecule
PL measurements27,28 of C96H24(C12H25)6 GQDs, which are

reproduced in Fig. 12(a). The exact experimental structure is
given as an inset and shows six alkyl chains (C12H25)6 that
have been introduced to enhance the solubility. The PL shows
four phonon related peaks. The two peaks at lower frequency
were attributed to global vibrations of the GQDs while the two
peaks at higher frequency were associated with CvC bond
stretching modes.28

To calculate the HR factors and the PL spectrum of the
experimentally synthesized GQDs, we used six hydrogen atoms
to replace the alkyl chains at the edges. The calculated PL spec-
trum of C96H30 is shown in the top of Fig. 12(b) using a
Lorentzian broadening γ of 5 meV to fit with the experiment.
The distinct phonon replicas A, A′, B, and C are in very good
agreement with the experiment (upper blue line curve) in
terms of their frequencies and intensities. The corresponding
HR factors Si are given in the bottom panel of Fig. 12(b). The
dominant HR factor at around 180 cm−1 corresponds to two
vibrations at 181.2 cm−1 (labeled E1 with global oblate–prolate
character) and 182.8 cm−1 (labeled E2 with global shear mode
character, a movie of these modes is available in the ESI† 50).
Mode E1 is qualitatively very similar to the mode obtained for
the L = 21.0 Å tri-arm structure which has also a very similar
frequency of 189.5 cm−1 and a similar HR factor of Si = 0.4.

Peak A′ is not due to the emission of phonons with frequen-
cies at around 360 cm−1 but is a phonon replica of peak A
(both, modes E1 and E2). Peak B corresponds to a local ring
breathing mode, such as modes 2, 5, and 8, and peak C corres-
ponds to the local ring-to-square mode, such as modes 3, 6,
and 9.

6 Conclusions

We studied the exciton–phonon coupling of triangular and
hexagonal GQDs of experimentally relevant sizes with zigzag
and armchair edges using ab initio DFT and CDFT. The HR

Fig. 11 Calculated PL spectra at zero temperature for the tri-arm structures. The results are decomposed into contributions from different classes
(from class 0 until class 3). A further decomposition of PL into phonon numbers ni

g = 1 (red), 2 (green), and 3 (blue) is shown for class one transitions.
The inset in (a) shows a magnification of the region marked by the blue dashed box.

Fig. 12 (a) Measured PL spectrum of C96H24(C12H25)6 GQDs along with
the histograms of the energies of the different vibronic replicas taken
from ref. 28. Inset: the atomic structure of C96H24(C12H25)6 GQDs. (b)
(Top) calculated PL spectrum of C96H30 GQDs along with (bottom) the
corresponding HR factors. The structure used in the calculations,
C96H30, is shown in the lower panel.
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factors of these structures, which correspond most closely to
the measured exciton–phonon coupling strength, were calcu-
lated using a projection of the excitation-induced lattice distor-
tion on the vibrational eigenvectors. Our calculations show
that only relatively few vibrational modes effectively couple to
the excitons and the strength of the coupling decreases with
size. The important modes are mainly two local high-fre-
quency modes we call ring breathing and ring-to-square
modes and one global low frequency mode we call oblate–
prolate mode. The vibrational frequencies of the global modes
are affected by the confinement effect and show a red shift
with increasing GQD size, while the frequencies of the local
modes are nearly size and structure independent. Moreover,
we found significantly different size dependencies of the HR
factors of the global modes for the GQDs with different geome-
tries and edge structures. Since both the vibrational frequen-
cies and HR factors (from the intensity of the phonon side-
bands) can be obtained from PL measurements, we suggest
these features as fingerprints of the size, shape and edge struc-
ture of the GQDs. We calculated the PL spectrum of a GQD
directly inspired from a recent low-temperature single-particle
PL experiment (C96H30) and found excellent agreement
between the calculated and measured PL spectra. The theore-
tical calculation allows for an interpretation of the observed
signal, indicating, e.g., that one peak corresponds to a two-
phonon replica. Our approach—capable of addressing multi-
phonon processes in relatively large nanostructures—facili-
tates the interpretation of vibrational signatures in photo-
luminescence measurements, extending beyond graphene
quantum dots to include nanostructures containing hundreds
to thousands of atoms that can be accommodated by DFT and
constrained DFT calculations, yet remain prohibitively expen-
sive for advanced ab initio techniques.
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