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Knotting and adsorption of end-grafted active
polymers†

Yi-Fan Shen and Meng-Bo Luo *

The adsorption of end-grafted active polymers is significantly influenced by the presence of knots in the

polymer. In this study, the adsorption of end-grafted active polymers composed of an active head and an

end-grafted passive chain is investigated using Langevin dynamics simulations. The relationship between

knots and adsorption is checked by varying the rotational inertia J of the active head. The effect of the

active head becomes more pronounced at larger J as the rotational persistence time of the active force on

the active head is increased by increasing J. As a result, the adsorption of the active polymer is hindered and

the critical surface attraction strength is increased with rising J. The results are primarily attributed to an

increased probability of polymer knots Pknot with increasing J. The presence of knots leads to an obvious

decrease in the number of adsorbed monomers. Furthermore, we find that the knotting process is slower

than the adsorption and the influence of the knotting on the adsorption is relatively weaker than the surface

attraction strength. Our simulation results reveal that the increase in the rotational persistence time can

increase the probability of knotting and thus weaken the adsorption of active polymer.

1. Introduction

When a polymer chain is located near an attractive surface, it will
be adsorbed on the surface at a sufficiently large surface attraction
strength or a sufficiently low temperature.1,2 Critical adsorption is
a fundamental phenomenon in polymer science, characterized by
a sharp change in the number of adsorbed monomers on a solid
surface.1 The critical adsorption is also accompanied by a change
in polymer conformation.2 This unique property is crucial for
understanding and developing new materials for various applica-
tions, such as drug delivery, environmental remediation, and
advanced functional coatings.3–5 It is crucial to understand the
physical factors that affect the adsorption of polymer chains.6–8

Active matter, which possesses the capability to convert
chemical energy or other forms of energy into mechanical
motion, has garnered significant attention due to unique
functionality and potential applications.9–14 Biopolymers such
as actin filaments, bacterial motility proteins, and microtu-
bules can be viewed as active polymers constructed of active
units.15,16 Some biological systems, such as spermatozoa,
bacilli, and spirochetes, have elongated organisms and can
move with the help of active parties in their bodies.17 Active
polymers have been an important model for studying the
behaviors of active biopolymers.18–20 In experiments, active

polymers can be obtained by linking passive polymer-like DNAs
or proteins to catalytic Janus particles21 or linking self-
propelling centimeter-sized disks by rubber chains or
springs.22,23 Active polymers are of considerable interest due
to their ability to adapt to environmental changes, perform
biochemical reactions, and respond to external stimuli.10,24–26

Stimuli-responsive active polymers are regarded as smart poly-
mers with potential applications.

Active matter exhibits a wide range of emergent non-
equilibrium phenomena, therefore theoretical studies of which
often require computer simulations.27,28 The active polymer
models are designed to be composed wholly or partially of active
units. The active forces of active units can be either independent
or dependent, with the direction of the active forces either
random or aligned along the tangential direction.10,29,30 Recently,
active polymer models with an active particle at the head were also
proposed.17,31 Enhanced diffusion was observed for all kinds of
active polymer models.11,19,25 Active polymer models were also
proposed by introducing local active fluctuations.26 Active poly-
mers with random, independent active forces can be even
regarded as passive polymers in a hotter environment as the
active forces provide an extra fluctuation.32 The rotation of the
active force is characterized by the rotational persistence time tR.
The diffusion is enhanced by increasing tR of active particles.33,34

In other words, the increase in tR enforces the effect of the active
force.33,35,36 Meanwhile, the adsorption of active polymers with
random or tangential activity was influenced by the active
force.37,38 It is interesting to explore the effects of the non-
equilibrium dynamics of active matter on adsorption.
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The role of the active force on the adsorption was studied for
a special active polymer model composed of an active head and
a sequential end-grafted passive chain.39 The adsorption of the
active polymer is hindered, and the effect of the active force
increases proportionally to the square of the active force. The
obstruction of the adsorption is accompanied by the occur-
rence of knotting in the active polymer.39 It was suggested that
the knotting was dependent on tR of the active head as tR

increased with increasing the active force.39 So, it is worthwhile
to reveal the effect of tR on the adsorption while keeping the
active force constant.

In this study, the effect of the rotational inertia on the critical
adsorption of end-grafted active polymers on an attractive sur-
face is investigated using Langevin dynamics (LD) simulations.
Increasing the rotational inertia of the active head, tR is
increased, that enhances the effect of the active force. We find
that increasing the rotational inertia inhibits the adsorption of
active polymers and discover that the inhibition of adsorption
stemmed from the increase of knotted active polymers. The
presence of knots leads to a significant decrease in the number
of adsorbed monomers. As a result, the critical surface attraction
strength is raised by increasing the rotational inertia.

2. Model and simulation method

Detailed models and simulation methods are described in our
previous paper.39 Here we only give a brief description. A
standard bead-spring polymer model is adopted.40 The active
polymer of length N consists of one active Langevin particle
(labeled 1) at the head and an end-grafted passive flexible
polymer with N � 1 passive beads (labeled from 2 to N).
Bead-bead pairwise interactions are a repulsive Weeks–Chand-
ler–Anderson (WCA) potential with interaction strength e.
Bonded beads in the passive polymer experience a standard
finitely extensible non-linear elastic (FENE) potential with
elastic coefficient KF = 30e/s2 and maximum bond length R0 =
1.5s. The active head experiences a self-propulsion force Fa =
Fan. Here, n is a unit vector that points from the center of the
active bead as shown in Fig. S1 in the ESI.† The active head and
passive beads both have a diameter of s and a mass of m. The
terminal passive bead, labeled N, is grafted to an attractive
surface positioned at z = 0. Periodic boundary conditions are
adopted along the x and y directions. The polymer–surface
interaction is described by the Lenard-Jones (LJ) 9-3 potential41
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ePS
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Here ePS represents the surface attraction strength, z is the
distance of beads from the surface, and Uc is used to shift the
value of LJ potential to 0 at z = zc. In the simulations, we set zc =
2.5s. The minimum of the potential is about �ePS at z = 0.8584s.

A flexible polymer model is adopted, that is, bending and
torsional energy aren’t considered. The influence of bending

energy on the adsorption of non-active polymer chains was
previously studied. It was found that bending energy shifts the
critical adsorption point, but the physical mechanism remains
the same and can be explained by the energy–entropy
balance.42 However, when the polymer chain’s contour length
greatly exceeds the persistence length, the polymer with bend-
ing energy behaves like a flexible polymer. So, the flexible
polymer is the most basic polymer model.

Our simulations employ implicit solvents and ignore hydro-
dynamic interactions. The translational movement of the active
head and passive beads is described by the translational
Langevin equation33,43

m _v ¼ �rU � gvþ Fadi1 þ
ffiffiffiffiffiffiffiffiffiffiffiffi
2Dtg2

p
n: (2)

Here v is the velocity of the bead and g is the friction coefficient.
Dt = kBT/g is the translational diffusion constant of a single
bead with kB the Boltzmann constant and T the temperature.
The Gaussian white noise n is a 3D vector with zero mean and
second moment hni(t)�nj (t0)i = 3dijd(t � t0), where i and j
represent the index of beads. �rU denotes all conservative
forces including the interactions between beads and the inter-
actions between beads and the surface.

The dynamics of the direction of the active force, n, is
determined by33,43

:
n = x � n. (3)

Here, x is the angular velocity of the active head. The variation
of x is described by the rotational Langevin equation33,43

J _o ¼ �grxþM þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2Drgr2

p
nr: (4)

Here J is the rotational inertia of the active head. Similar to the
translational Langevin dynamic equation, �grx denotes the
resistance torque, and the random noise nr is also a Gaussian
white noise which has hnr(t)i = 0 and hnr(t)�nr(t0)i = 3d(t� t0). Dr =
kBT/gr is the rotational diffusion constant of the active head.
The relationship between Dr and Dt is Dt/Dr = s2/3 according to
Navier–Stokes equations.44 Here the torque M is caused by the
eccentricity of the FENE force between the passive polymer
block and the active head. Increasing J will reduce the rotation
of the active head so that the direction of the active force
remains unaltered for an extended period. Consequently, the
efficacy of the active force will be augmented with increasing J.
However, if Fa = 0, the effect of J on the adsorption disappears.

In this work, the restricted rotating active polymer (RRAP)31

is adopted for the end-grafted active polymer. In the RRAP
chain, the first passive bead is connected to the edge of the
active head opposite the direction of the active force. The FENE
potential45

UFENE bð Þ ¼
�1
2
KFR0

2 ln 1� b

R0

� �2
" #

; boR0

1; b � R0

8>><
>>: : (5)

is used for this specific bond with bond length b. Here KF = 30e/
s2 is the elastic coefficient and R0 = 1.2s is the maximum bond
length. When this force does not pass through the center of the
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active head (shown in Fig. S1 in the ESI†), the active head is
subjected to a torque M.31 As a result, the rotation angle of the
active head is thus restricted.

The dynamics of the polymer are achieved by using the LD
simulation method with the velocity-Verlet algorithm. Standard
LJ units are used to express the physical quantities involved in our
system. We set the mass and size of polymer monomers as unity,
i.e., m = s � 1. And the bead–bead pairwise interaction strength is
also set as unity, e� 1. The unit of time is t0 = (ms2/e)1/2. The time
step for the velocity-Verlet algorithm is set as 0.005t0. Simulations
are performed at the temperature kBT = e = 1. We set the friction
coefficient g = 1, so we have Dt = 1 and Dt/Dr = 1/3.

The LD simulation process for the end-grafted active poly-
mer chains is described in the following two main steps. (1)
Initial system: generating an end-grafted active polymer chain
by a step-by-step growing method. The terminal passive bead is
fixed at z = 0.8584 above the surface, which corresponds to the
minimum of the surface potential. The initial direction of
the active force, n, is set arbitrarily from the center of the first
passive bead to that of the active head. The initial conformation
of the active polymer chain is coil-like; (2) simulated annealing:
increasing the surface attraction strength ePS slowly from 0.05
with a non-adsorbed state to 3 with a strongly adsorbed state.
At each ePS, we run for a period of teq for the polymer chains to
reach a steady state and tsta to obtain the statistical properties
of the polymer chains. The final polymer conformation at the
previous ePS is used as the initial polymer conformation of the
next ePS. Our simulation results are averaged over 2000 inde-
pendent samples. The statistical errors are quite small as they
are typically less than 2%.

3. Results and discussion
3.1. Adsorption of active polymer

The adsorption of the active polymer of length N = 65 is
simulated at constant temperature T = 1. With the increase in
the surface attraction strength ePS, the mean number of
adsorbed monomers, hMi, increases. A monomer located close
to the surface with a distance smaller than 1.22s is defined as
an adsorbed monomer. At z = 1.22s, the attraction energy is
about �0.5ePS. However, the grafted monomer is not counted in
hMi. Simulations are carried out for different rotational inertias
from J = 0.1 to 50. The value of active force Fa = 5 is used for
most simulations. It was found that the active force of Fa = 5
affects the adsorption of the active polymer chain obviously.39

In the study of the adsorption of the active polymer, the
simulated annealing process is adopted by slowly increasing
ePS from 0.05 to 3.

For the J = 0.1 case, simulation results show that it is easy for
the active polymer to reach a steady state. We have compared
the results for different simulation times with tsta = 5000 and
20 000, respectively, for every ePS. While teq = 2000 is fixed. Fig. 1
shows the variation of the fraction of adsorbed monomers j =
hMi/N with ePS at Fa = 5. We find the simulation results are
roughly independent of tsta. This implies that the simulation

times teq = 2000 and tsta = 5000 are already sufficiently long for
J = 0.1. The increase in j with increasing ePS is consistent with
the snapshots shown in Fig. 1. More beads are adsorbed at
large ePS. However, at ePS = 3, a few beads adjacent to the active
heads are desorbed due to the active force.

Similar simulations are performed for the J = 50 case with
tsta = 5000 and 20 000 and with the same teq = 2000. Simulation
results of j versus ePS are presented in Fig. 2. The increase in j
with increasing ePS is also consistent with the snapshots shown
in Fig. 2. However, the values of j are dependent on tsta,
indicating that the time for reaching a steady state would be
longer than the present simulation time for the large J case.
The reason why it is very slow to reach a steady state is the slow
knotting process in the chain, which will be discussed later.
The inset of Fig. 2 presents a knotted polymer at ePS = 3.
Because the polymer monomers at the knotted parts aggregate
densely, the adsorption is thus decreased. The values j of J = 50
are smaller than that of J = 0.1 (Fig. 1), especially in the large ePS

region. The evolution of knotting depends on the value of J.
As J increases, the time required for the chain to form a knot
also increases. For J = 50, this time might exceed the limits of
this study.

We have calculated the probability of knotted polymers,
Pknot, over all simulated samples and simulation times. All
polymer conformations are divided into knotted and unknotted
conformations. The probability Pknot is the fraction of knotted
conformations. In the present study, we use the simulation
method to figure out the knots in polymer chains. To this end,
we apply a sufficiently large artificial stretching force on the
active bead. The force is directed vertically outward from the
surface to stretch the polymer chain. The unknotted conforma-
tions will be fully stretched to their fullest extent, while knotted
ones will resist such complete elongation as shown in Fig. S2 in

Fig. 1 Plots of the fraction of adsorbed monomers j versus the surface
attraction strength ePS for the active polymer chains with different simula-
tion time tsta. Polymer length N = 65, rotational inertia J = 0.1, and active
force Fa = 5. Two insets show snapshots of the active polymer at ePS = 0.5
and 3. Red, tan, blue, and pink beads represent the active head, grafted
bead, adsorbed beads, and non-adsorbed beads, respectively. The grey
plane represents the attraction surface. The same symbols are used for the
snapshots in Fig. 2 and 6.
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the ESI.† With this method, we can distinguish between a
knotted polymer and an unknotted one. At the final ePS = 3,
Pknot is about 0.532 for tsta = 5000 while it is about 0.766 for tsta =
20 000. The increase in Pknot reduces the number of adsorbed
monomers. Thus we find that the adsorption of the active
polymer is of time-dependence, especially for large J. We have
also checked the knotted and unknotted conformations by
using the KymoKnot software package,46 which identifies knots
based on the Alexander determinants. Due to the presence of
the surface, to obtain accurate knotting results, it is needed to
artificially extend several chain beads downward from the
grafted end. These two methods obtain roughly the same value
of Pknot.

The critical surface attraction strength e�PS for the end-
grafted active polymer is estimated by calculating the place of
the maximum variation of dj/dePS. Following the method
described previously, the variation of dj/dePS with ePS is fitted
by a Gaussian function39

dj
dePS

¼ A exp �
ePS � e�PS
	 
2

d

" #
(6)

below e�PS and by an exponential decay function

dj
dePS

¼ A exp � ePS � e�PS
	 
�

c
� 


(7)

above e�PS. Here A, d, and c are fitting parameters. At e�PS; the
derivative dj/dePS reaches the maximum with the value of A.
From these two fittings, we estimate e�PS ¼ 1:50� 0:05 and

1.45 � 0.05 for tsta = 5000 and 20 000, respectively. Here the
error bar is estimated from the simulation data. Although e�PS
decreases with increasing tsta, the change in e�PS is quite small.
We would like to point out that there is no physical basis for
eqn (6) and (7) at present. These equations incorporate data
that are distant from e�PS instead of a single point of maximum
dj/dePS. As a result, the error associated with e�PS is reduced
since the data in the vicinity of e�PS are subject to significant
statistical errors as shown in Fig. 2b.

The same simulated annealing process is performed for
different rotational inertia of the active head by setting teq =
2000 and tsta = 20 000. e�PSs are estimated using eqn (6) and (7).
Fig. 3a shows the relationship between e�PS and J for active
polymers of N = 33 and 65 at Fa = 5. Within the range of our
simulation parameters, the monotonical increase of e�PS with J
can be approximately expressed as

e�PS ¼ e�PS;0 þ BJb: (8)

Here e�PS;0 is the critical surface attraction strength for infinitely

small J. The higher value of e�PS;0 for the shorter polymer is due

to the finite size effect.42

The monotonic increase of e�PS with J indicates that a higher J
enhances the effect of the active force. This observation is
consistent with the finding that active forces lead to an increase
in the effective temperature.47 The exponent b represents the
dependence of e�PS on J. A larger value of b indicates a stronger
dependence of e�PS on J. It is interesting to see the polymer of

Fig. 2 Plots of the fraction of adsorbed monomers j (a) and the derivative
dj/dePS versus the surface attraction strength ePS for the active polymer chains
with different simulation time tsta. Polymer length N = 65, rotational inertia J =
50, and active force Fa = 5. The curves in (b) are fits of eqn (6) and (7). Fitting
parameters are e�PS ¼ 1:50; A = 0.385, d = 0.68, and c = 1.75 for tsta = 5000,
and e�PS ¼ 1:45; A = 0.354, d = 0.67, and c = 1.60 for tsta = 20 000. Two insets

show snapshots of the active polymer at ePS = 0.5 and 3.

Fig. 3 (a) Plot of the critical adsorption attraction strength e�PS versus the
rotational inertia of the active head J for the active polymers with length
N = 33 (blue solid squares) and 65 (red open circles) and active force Fa = 5.
The solid lines are fits of eqn (8) with e�PS;0 ¼ 1:40, B = 0.081, b = 0.25 for

N = 33 and e�PS;0 ¼ 1:15, B = 0.042, b = 0.50 for N = 65. (b) Plot of the

fraction of adsorbed monomers j* at e�PS versus J.
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N = 65 has a larger value of b than that of N = 33, implying that
e�PS of N = 65 may exceed that of N = 33 at sufficiently large J.
This anomaly can be understood through the knots in the
polymer chain. The probability of knots in the polymer chain
increases with N. For example, we have Pknot = 0.210 for N = 33
and Pknot = 0.766 for N = 65 at ePS = 3. The larger value of Pknot

results in a more obvious increase in e�PS for a longer polymer
chain. Therefore we have a larger value of b for a longer active
polymer. For even longer polymer chains, there may be multi-
ple knots in the chains.48

The increase of e�PS with J at fixed Fa is similar to the result
that e�PS increases with increasing Fa for fixed J = 0.1.39 There-
fore, an increase in J enhances the effect of the active force.
Similarly, less monomers are adsorbed at large Fa or large J. At
the same time, the adsorption of a polymer chain is related to
the variation of its conformation, especially knots in the poly-
mer chain.39 One main reason is that knotted polymers with
less adsorbed monomers are formed when Fa is applied.

The fraction of adsorbed monomers j* at e�PS is plotted in
Fig. 3b for the active polymers with length N = 33 and 65 and
active force Fa = 5. j* is roughly a constant at small J. The
reason is that at e�PS a portion of the monomers must be
adsorbed to balance the loss of entropy upon adsorption. The
decrease of j* with increasing N is consistent with the previous
results j* p Nf�1 with the crossover exponent f o 1,1 i.e., a
smaller fraction of the adsorbed monomers is required for
longer polymer chains. The physics for the increase of j* at
large J is not clear yet.

3.2. Relation between polymer knot and adsorption

It is important to understand the effect of polymer knots on the
adsorption. Because of the evolution of polymer knots, we need
to know how long to fulfill the knots in the polymer or reach the
steady state. To this end, the evolution of polymer knots is
investigated.

For the J = 0.1 case, the evolutions of Pknot and hMi over time
at ePS = 1 and 3 are presented in Fig. 4. The initial states at time
t = 0 for the simulation are the obtained steady states at very
small ePS = 0.05. Then we quench the system to ePS = 1 and 3 and
record the evolution at every 1000t0. This simulation method is
named direct simulation in this work. We find that both Pknot

and hMi first increase with time and then roughly saturate at a
sufficiently long simulation time. That means that the steady
states can be reached if the simulation time is long enough.
Moreover, it is easier for hMi to saturate as the change in hMi is
much smaller over the simulation time. This can explain why
the simulation results of j = hMi/N shown in Fig. 1 are roughly
independent of tsta for J = 0.1. Fig. 4 also shows that the time for
the system to reach a steady state becomes longer at large ePS,
this is consistent with a small deviation in the simulation
results of j at large ePS. For the same reason, it is better to
adopt the simulated annealing method in the study of the
adsorption of the active polymer. Although the saturated values
of Pknot and hMi are close to the annealing results of Pknot =
0.0814 and hMi = 10.61 for ePS = 1 and Pknot = 0.2543 and

hMi = 46.43 for ePS = 3, longer simulation times are required for
the direct simulation.

For the J = 50 case, two simulation methods are used for the
temporal evolution of Pknot and hMi. In addition to the direct
simulation used for the J = 0.1 case, we also extend the
simulation time by using the conformations obtained during
the annealing simulations, which we call extended simulation.
For the extended simulation, the surface attraction strength ePS

is kept constant. The results are presented in Fig. 5 for both
direct and extended simulations. The probability of knotted
polymers Pknot increases with time, indicating that it is hard for
the active polymer to reach a steady state at large J. hMi is
roughly a constant independent of time at ePS = 1, whereas it
decreases with increasing time at ePS = 3. This is consistent with
the results obtained by annealing simulations shown in Fig. 2,
where hMi decreases when tsta is increased and such a decrease
is more significant at large ePS. Fig. 5 also shows that hMi is of
less time dependence than Pknot. At ePS = 1, although Pknot

increases with time, hMi is roughly a constant. Therefore, it is
easier to estimate the critical attraction strength e�PS from the
variation of hMi. We find that Pknot is about 0 at the very
beginning of the direct simulation, indicating that the initial
polymers are almost unknotted.

The active polymer is adsorbed strongly at ePS = 3 much
higher than e�PS. It is interesting to see that, from Fig. 5c and d,
the changes in Pknot and hMi with time for the extended
simulations are quite small at ePS = 3 from the simulated
annealing process with teq = 2000 and tsta = 20 000. This means
that the adsorbed active polymer almost reaches its steady state
at ePS = 3 even for the largest J = 50 in the present study.

Fig. 4 Evolution of the probability of knotted polymers Pknot (a) and the
mean number of adsorbed monomers hMi (b) with the simulation time for
the direct simulations with surface attraction strengths ePS = 1 and 3.
Polymer length N = 65, rotational inertia J = 0.1, and active force Fa = 5.
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To understand the effect of rotational inertia on the knotting,
the probability of knotted polymers, Pknot, is calculated for
different J at ePS = 3. Pknot is calculated from the conformations
obtained in the annealing process with teq = 2000 and tsta =
20 000. The dependence of Pknot on J is presented in Fig. 6a. We
find Pknot increases sharply at small J and roughly saturates at
large J. This is only correct for small active force Fa, long
polymer chain, and relatively small J. We can expect that, when
J or Fa is infinitely large or N is small, the end-grafted chains
will be stretched straight. The straightened chains are not

conducive to knotting. For instance, we find Pknot E 0.210 for
a short chain of length N = 33 for J = 50 and Fa = 5. Therefore,
the knotting probability Pknot will decrease eventually at a
sufficiently large J. So, in this work, we adopt a relatively weak
active force (Fa = 5) and a relatively long polymer chain (N = 65).

The variations of hMi with J are presented in Fig. 6b for both
knotted and unknotted polymers. hMi of knotted polymers is
always smaller than that of unknotted polymers. Therefore,
combined with the result that Pknot increases with J, the overall
value hMi averaged over all polymers decreases with increasing J.

Fig. 5 Evolution of the probability of knotted polymers Pknot (a) and (c) and the mean number of adsorbed monomers hMi (b) and (d) with the simulation
time for the direct and extended simulations at surface attraction strengths ePS = 1 and 3. Polymer length N = 65, rotational inertia J = 50, and active
force Fa = 5.

Fig. 6 Plots of the probability of knotted polymers Pknot (a) and the mean number of adsorbed monomers hMi (b) versus the rotational inertia J for the
active polymer. Polymer length N = 65, surface attraction strength ePS = 3, and active force Fa = 5. Solid lines are guides to the eye. Snapshots of adsorbed
active polymers (colored beads) for knotted (c) and unknotted (d) polymers with J = 0.1, and knotted (e) and unknotted (f) polymers with J = 50.
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In short, large J causes more knotted polymers, resulting in
reduced adsorption of the active polymer.
hMi increases slowly with J for the unknotted polymers,

indicating that the increase in J helps the adsorption of the
unknotted polymers. Comparing the snapshots shown in
Fig. 6c of J = 0.1 and in Fig. 6e of J = 50, we find the active
polymer is more stretched at large J = 50. The mean square end-
to-end distance hR2i increases from about 525.9 at J = 0.1 to
about 870.9 at J = 50. Such a change in the conformation is
similar to the conformation change from a flexible polymer to a
rigid polymer. It is known that a rigid polymer is more easily
adsorbed to the surface due to the less conformational entropy
of the rigid polymer.42 Therefore, it is reasonable to find that
the stretched polymer of large J has a large hMi.

Whereas for the knotted polymers, we find hMi first
decreases rapidly with the increase of J, from hMi = 41 at J =
0.1 to hMi = 36 at J = 20, and then slightly increases with J. This
non-monotonic behavior might be also related to the change in
the polymer conformation. Comparing the snapshots shown in
Fig. 6d of J = 0.1 and in Fig. 6f of J = 50, we find a loose knot at
J = 0.1 and a tight knot at J = 50. This implies a tight knot
decreases the adsorption. While at large J, the unknotted part of
the polymer is stretched. hR2i increases from about 241.1 at J =
0.1 to about 388.3 at J = 50. For the same reason as described for
the unknotted polymer, the stretch of the polymer strengthens
the adsorption of the polymer at large J.

We have investigated which part of the polymer is less adsorbed
at large J. To this end, we have calculated the mean adsorption
probability, Pads, for every monomer. The results are presented in
Fig. 7a for the active polymer chain at Fa = 5 for the strong
adsorption case with ePS = 3. The values of Pads are calculated from
a total of 10 000 polymer conformations. The decrease in Pads close
to the active head is consistent with the snapshots shown in Fig. 1
and 2. The values of Pads at J = 0.1 are larger than those at J = 50,
except for the monomers close to the active head. On average,
monomers at J = 50 are less adsorbed, consistent with a larger e�PS at
J = 50. In other words, a large J enhances the active force to retard
the adsorption of the active polymer.

To understand the effect of the rotation inertia, the values of
Pads for unknotted and knotted polymers are investigated and
the results are presented in Fig. 7b and c. For unknotted
polymers, values of Pads are almost independent of J, except
for the monomers close to the active head. Therefore, the effect
of J on the adsorption is mainly reflected in the conformation
of knotted polymers. The significant decrease in Pads of knotted
polymers near the grafted end is due to that knots appear close
to the grafted end. The probability that a bead is part of a
knotted region, calculated from the KymoKnot software pack-
age, is plotted in Fig. S3 in the ESI.† It is consistent with the
snapshots shown in Fig. 6d and f. Thus, we can conclude that
knots significantly decrease the adsorption. Whereas the values
of Pads near the active head are slightly larger at J = 50 for both
knotted and unknotted polymers, due to the stretch of polymer
as shown in Fig. 6e and f.

At a sufficiently long simulation time, the probability of
knotted polymers Pknot is eventually saturated for J = 0.1 as

shown in Fig. 4. However, the saturation is slow for J = 50 as
shown in Fig. 5. For both cases, we find the number of
adsorbed monomers saturates fast or changes small. That is,
although the knotting of polymer is changed obviously with
time, the adsorption property is less dependent on the simula-
tion time. So the critical adsorption point can be still estimated
accurately with limited simulation time.

In Fig. 5, we find Pknot increases with time for the active
polymer at surface attraction strength ePS = 1 and 3. It is
interesting to know if Pknot will be saturated over time for J =
50. To this end, the evolution of Pknot with simulation time is
investigated by suddenly changing ePS. Two types of simula-
tions are performed for the active polymer with J = 50 at Fa = 5.
One is that we suddenly increase ePS from 1 to 3, while the other
is that we suddenly decrease ePS from 3 to 1. Here ePS = 1 is
below e�PS ¼ 1:45 for J = 50 at Fa = 5 while ePS = 3 is above e�PS. The
initial states for both simulations are the simulated polymer
conformations obtained from the simulated annealing process
with tsta = 20 000.

The evolution of Pknot and hMi are presented in Fig. 8. The
value of Pknot increases with time when ePS is increased from 1
to 3, while it decreases with time when ePS is decreased from 3
to 1. Results show that the adsorption of the active polymer
above e�PS is conducive to the knotting of the polymer, whereas
the desorption below e�PS is conducive to the unknotting of the

Fig. 7 Plot of the mean adsorption probability Pads for each monomer
from the active head (index 1) to the grafted end (index N = 65) for all
polymers (a), unknotted polymers (b), and knotted polymers (c). Polymer
length N = 65, surface attraction strength ePS = 3, and active force Fa = 5.
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polymer. The decrease in Pknot with time when ePS is decreased
from 3 to 1 implies that Pknot will be saturated when the
simulation time is elongated.

For both cases, Pknot changes slowly with time, indicating that
the process of knotting and unknotting is slow. It would take a
very long time to reach the annealing results Pknot = 0.334 for ePS =
1 and Pknot = 0.766 for ePS = 3. However, we find that hMi changes
sharply in the initial stage and then changes slowly with time.
Because of the slow evolution of Pknot, we find the saturation
values of hMi in the narrow time window shown in Fig. 8b slightly
deviate from the annealing results with hMi = 8.07 for ePS = 1 and
hMi = 40.03 for ePS = 3. Our results show that, although the
knotting will decrease the adsorption amount hMi, the value of
hMi is mainly determined by the surface attraction strength.

We would like to point out that the main reason for the
change in hMi shown in Fig. 8 is the change in the surface
attraction strength ePS. When ePS increases, hMi increases; con-
versely, hMi decreases. At this time, the influence of the change
in Pknot on hMi is secondary. To see the influence of Pknot on hMi,
we perform a simulation by keeping ePS unchanged while varying
the value of J. Starting from the steady state of J = 50, we
suddenly reduce the value of J to 0.1 and see the variation of
Pknot and hMi with time. The results are presented in Fig. S4 in
the ESI.† We can see that the decrease in Pknot over time is
accompanied by an increase in hMi, which is consistent with the
conclusion that the existence of knots reduces adsorption.

3.3. Rotational persistence time of the active head

Finally, we discuss the effect of rotational inertia on the
rotational persistence time of the active head. We have calcu-
lated the dynamical orientational correlation function

C(t) = hn(t0)n(t + t0)i (9)

of the orientation of the active force Fa.49,50 For active particles
in dilute solution, the value of rotational persistence time tR is
determined from a single exponential of C(t) as C(t) = e�t/tR.33

During the rotational persistence time tR, the active particles
can be considered as moving straightly along the direction of Fa

in time tR, which increases the diffusion of active particles.33

Enhanced diffusive behavior was also observed for active
polymers.11,19,25,31 The evolutions of C(t) of the active head with
time t are simulated for active polymers in a dilute solution. The
results are presented in Fig. 9a for active polymers with length
N = 65 at the active force Fa = 5. The decay of C(t) of the active
polymer differs from that of active particles. We find the decay of
C(t) should be expressed by a double exponential decay function

C tð Þ ¼ C1e
� t
tR1 þ 1� C1ð Þe�

t
tR2 (10)

with two rotational persistence times tR1 and tR2. Table 1 lists
the rotational persistence times tR1 and tR2 for different rota-
tional inertia J of active polymers with length N = 65 in dilute
solutions. We find both tR1 and tR2 increase with J, consistent
with the theoretical analysis that a large J results in a slow
rotation of the active head. Large tR1 and tR2 could enhance the
effect of the active force.

The reason for the two rotational persistence times is not
straightforward. The smaller one tR1 might represent the rota-
tion of the active head in the polymer chain and the larger one
tR2 might be related to the rotation of the entire polymer chain.
Because of the limitation on the rotation of the active head, the
large-scale rotation is limited by the rotation of the entire

Fig. 8 Evolution of the probability of knotted polymers Pknot (a) and the
mean number of adsorbed monomers hMi (b) when ePS is suddenly
increased from 1 to 3 and decreased from 3 to 1 for the active polymer
with J = 50 and Fa = 5.

Fig. 9 Evolutions of the dynamical orientational correlation function C(t)
with time t for the active polymer in a dilute solution (a) and for the end-
grafted active polymer on a repulsive surface (b). Polymer length N = 65,
rotational inertia J = 0.1 and 50, and active force Fa = 5. The double-
logarithmic plot (Fig. S5, ESI†) is presented in the ESI.†
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chain. We find that the rotation of the entire chain, character-
ized by the self-correlation function of the end-to-end vector, is
much slower than the rotation of the active head. For example,
the relaxation time of the end-to-end vector is about 630 for a
free polymer chain of length N = 65 in the dilute solution, see
Fig. S6 in the ESI.† For comparison, the double-logarithmic plot
of Fig. 9 can be found in the ESI† (Fig. S5). The log–log behavior
emerges at the moderate range of time. However, in the short-
time region, the double exponential decay function is better.

The rotation of the active head has also been checked for a
general case when the active polymer is end-grafted on a repulsive
surface. We set zc = 0.8584 and ePS = 1 in eqn (1). Evolutions of C(t)
with t for the active polymer of length N = 65 with rotational
inertia J = 0.1 and 50 are presented in Fig. 9b. The magnitude of
the active force is Fa = 5. For the end-grafted polymer chains, the
decay of C(t) can be still expressed by the double exponential
decay function as eqn (9). Analogue to the active-polymers in a
dilute solution, a large J results in a slow rotation of the active
head for the end-grafted active-polymers. However, it is interesting
to find that tR1 and tR2 are reduced when the active polymer is
end-grafted on a repulsive surface. For the end-grafted active
polymer, we have tR1 = 0.47 and tR2 = 6.2 for J = 0.1, and tR1 =
2.7 and tR2 = 16.7 for J = 50. The reduction in the rotational
persistence times may be due to the larger polymer conformation
and thus smaller spatial constraints on the active head.

Simulation results show that the rotational persistence times of
the active head increase with increasing J. The increase in the
rotational persistence times enforces the effect of the active force.
Our results imply that the increase in the rotational persistence
times could strengthen the knotting but weaken the adsorption.

The rotational inertia, active force, and restriction of the active
bead are considered in the present active polymer model. These
three factors make the rotational behavior of the active head rather
complicated. Therefore, in this work, we only qualitatively explain
that the rotational persistence times increase with the increase of
inertia, without a quantitative discussion. The rotational behavior
of the active head is worthy of further study.

4. Conclusions

The adsorption of end-grafted active polymers on an attraction
surface has been studied by Langevin dynamics simulation.

The active polymers are composed of only one active particle at
the head and an end-grafted flexible passive chain. The active
head experiences an active force of magnitude Fa. In this work,
the rotational inertia J of the first active head is varied. We vary
the surface attraction strength ePS to investigate the adsorption
of the active polymer. We find that the critical surface attraction
strength for the active polymer increases with increasing J as

e�PS ¼ e�PS;0 þ BJb. The increase of e�PS is related to the knotting

of the active polymer.
Due to the stretch of the active force, knotted polymers are

observed especially at high ePS and high J. We find that knotted
polymers are less adsorbed than unknotted ones. As the prob-
ability of knotted polymers Pknot is increased with increasing J,
the mean number of adsorbed monomers hMi is reduced when
J is increased. As a result, the knotting of the active polymer
raises the value of e�PS. Moreover, the knotting process is
relatively slow, both hMi and Pknot evolve over simulation time.
However, hMi demonstrates less sensitivity to time changes
compared to Pknot. Therefore, simulation on hMi is less sensi-
tive to the simulation time.

The effect of the active head becomes more pronounced at
larger J as the rotational persistence times are increased by
increasing J. Our simulations reveal that the increase in the
rotational persistence times can enhance knotting and weaken
polymer adsorption. The ability of active polymers to exhibit
inertia-sensitive adsorption may become a candidate for the
future development of adaptive, smart polymer surfaces.

The present model active polymer might be achieved in
experiments by linking DNA to Janus particles. To observe
knotting in experiments, flexible long chains with moderate
forces are preferred. Single-stranded DNA (ssDNA) molecules
are considered to be flexible with a Kuhn length s E 1.6 nm
and a pair-wise energy e E 11.5 kJ mol�1.51 Here, s E 1.6 nm
in ssDNA corresponds to two bases with a mass of about m =
650 g mol�1.51 Then, the units of force e/s is about 120 pN, and
that of rotational inertia ms2 is about 2.76 � 10�44 kg m2.
Double-stranded DNA (dsDNA) molecules are of finite stiffness
and much longer dsDNA molecules are needed to observe the
same knotting effect. Furthermore, using attractive surfaces for
the active polymer is also helpful for knotting.
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Table 1 List of rotational persistence times tR1 and tR2 for different
rotational inertia J of active polymers of length N = 65 in a dilute solution.
The active force Fa = 5

J tR1 tR2

0.1 2.2 � 0.2 18 � 1
0.2 2.2 � 0.2 19 � 1
0.5 2.4 � 0.2 20 � 1
1 2.4 � 0.2 20 � 1
2 3.5 � 0.2 24 � 2
5 5.5 � 0.5 37 � 2
10 8.5 � 0.5 55 � 5
20 10.5 � 0.5 67 � 5
30 11.0 � 0.5 74 � 5
50 12.5 � 0.5 80 � 5
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