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Heat transport properties of PbTe1�xSex alloys
using equivariant graph neural network
interatomic potential†

Kevin Conley, ‡*a Colton Gerber, b Andrew Novick, b Terra Berriodi,b

Eric S. Toberer b and Antti J. Karttunen *a

The suppression of heat transport in disordered crystals arises

from a competition between mass fluctuations and bond disorder,

but their relative contributions remain difficult to disentangle.

We address this challenge using a machine-learned interatomic

potential trained on ab initio data across the PbTe1�xSex alloy series.

Molecular dynamics simulations with the trained machine-learned

interatomic potential reproduce experimental lattice thermal con-

ductivities and density-functional theory phonon dispersions while

enabling frequency-resolved analysis of heat transport from 300 to

800 K. We find a narrow window near 1.7–2.0 THz dominates heat

transport across all compositions, where heat is primarily carried by

mixed longitudinal acoustic and optical modes. Alloying dramati-

cally reduces spectral diffusivity near 2 THz leading to the dete-

rioration of thermal conductivity. For the parent compounds both

the spectral diffusivity and overall thermal conductivity decrease at

elevated temperatures. However, the thermal degradation is

weaker for the mid-range composition (x = 0.5) due to the greater

thermal occupation of vibrational modes and increased heat capa-

city. Alchemical simulations show that force–constant disorder, not

mass contrast, plays the dominant role in this suppression. These

results highlight the microscopic mechanisms underlying thermal

transport breakdown in alloys and demonstrate how machine-

learned interatomic potentials now offer a tractable path toward

predictive, physics-rich thermal transport modeling in complex

disordered solids.

Introduction

Thermal conductivity is an important property for heat man-
agement of electronic devices and the performance of thermo-
electric devices.1–3 Anharmonic crystals, which deviate
significantly from the ideal harmonic approximation of atomic
vibrations, exhibit complex phonon–phonon interactions that
significantly influence heat transport.4 Classical interatomic
potentials often do not accurately capture the anharmonic
effects, especially at elevated temperatures.5 Better descriptions
of the complex atomic vibrations are required to more accu-
rately calculate the thermal conductivity of anharmonic crys-
tals. In this work, machine learned interatomic potentials are
applied to thermal transport in thermoelectric alloys (PbTe1�x-

Sex) to both test the accuracy of the potential and to reveal new
material design principles.

Machine learning interatomic potentials have emerged as
powerful tools to learn complex potential energy surfaces from
ab initio calculations. Recently, the neural network models
NequIP6 and Allegro7 were introduced with built-in Euclidean
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New concepts
This work introduces a new approach for understanding thermal trans-
port in disordered crystalline materials by combining machine-learned
interatomic potentials with large-scale molecular dynamics simulations.
Our method enables frequency-resolved analysis of heat transport with
accuracy comparable to ab initio techniques, but at significantly reduced
computational cost. We identify a narrow spectral range where mixed
acoustic and optical vibrational modes carry most of the heat, and show
how alloying and elevated temperatures disrupt this transport channel.
Additionally, we find that force–constant disorder rather than mass
disorder plays the dominant role in reducing thermal conductivity. This
approach offers new insight into the microscopic origins of thermal
conductivity degradation in complex, anharmonic materials and provides
a predictive framework for modeling thermal transport in disordered
solids. More broadly, it highlights the growing potential of machine-
learned interatomic potentials to deliver detailed, physics-informed
understanding of heat flow in materials where conventional methods
are either insufficient or computationally prohibitive.
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group E(3) symmetry. These models train interatomic poten-
tials with the symmetry of atomic systems built-in – the
potential energy and other scalar quantities are invariant to
symmetry group operations but vector quantities such as
atomic forces undergo equivariant transformations. The
models train more efficiently and outperform rotationally
invariant graph neural network interatomic potentials, shallow
neural networks, and kernel-based approaches.6 Previously,
NequIP and Allegro have been used to investigate molecular
crystals,8 surface adsorption,9 and the thermal conductivity of
the a- and b-GeTe phase change materials.10

Rock salt PbTe and PbSe are strongly anharmonic com-
pounds that remain the foundation of some of the best known
thermoelectric materials.11,12 In the absence of alloying or
nanostructures, PbTe and PbSe have room temperature lattice
thermal conductivities of B2 W m�1 K�1 which decline to
B1 W m�1 K�1 at 700 K.13 Beyond their soft bonding and heavy
masses, these low thermal conductivities emerge from large
anharmonicity and soft transverse optical branches. The latter
results in strong acoustic and optical phonon interaction and
low thermal conductivity.14–17

The lattice thermal conductivity of PbTe has been studied
with a wide variety of computational methods. Classical intera-
tomic potentials combined with equilibrium molecular
dynamics and Green–Kubo linear response formulation have
been used to study the lattice thermal conductivity of both
pristine and defected PbTe.18 A major limitation of the used
classical interatomic potentials is that they do not capture
important features of the PbTe phonon dispersions such as soft
longitudinal optical mode near the G-point.19 Several approaches
based on first-principles have been used to study the lattice
thermal conductivity of PbTe: density functional theory (DFT)
combined with anharmonic lattice dynamics and Boltzmann
transport theory,20 DFT combined with the temperature-
dependent effective potential technique (TDEP),21 and a phonon
quasiparticle approach combining first-principles molecular
dynamics and lattice dynamics.22 The role of quartic anharmo-
nicity for the lattice thermal conductivity of PbTe has also been
studied with DFT by combining the quasiharmonic approxi-
mation with temperature-induced anharmonic phonon
renormalization.23 More recently, machine-learning interatomic
potentials trained with DFT data have been used to study the
lattice thermal conductivity of PbTe. Fan et al. used DFT-trained
neuroevolution potentials and homogeneous nonequilibrium
molecular dynamics to study pristine PbTe,24 while Qin et al.
applied a DFT-trained deep neural network potential to study
defected PbTe.25 DFT, neuroevolution potentials, and homoge-
neous nonequilibrium molecular dynamics have also been
used to investigate the lattice dynamics and thermal transport
of PbTe under high pressure.26 The Green–Kubo formulation,
on the other hand, does not impose a temperature gradient
that can introduce finite-size effects and boundary artifacts.
Furthermore, all phonon modes, phonon anharmonicity, and
finite temperature effects are inherently included, making it
well-suited for systems with strong anharmonic effects such as
PbTe1�xSex alloys.

Experimentally, alloying between PbTe and PbSe is known to
lower the lattice thermal conductivity by a factor of about 2 and
leads to improved thermoelectric performance.27,28 However,
modeling this phenomena remains challenging. Previous
works that modeled thermal transport in PbTe1�xSex alloys
used either a virtual crystal approach29 or empirical mixing of
the interatomic force constants.30 While the lattice thermal
conductivity’s composition dependence is captured,29–31 such
methods rely on empirical models of the alloys and could not
employ interatomic potentials with the accuracy of ab initio
calculations.

In this paper, we investigate the thermal properties of
PbTe1�xSex alloys from 300 to 800 K using machine-learned
interatomic potentials trained on density functional theory
(DFT) calculations. We employ the Green–Kubo relation32 to
study the compositional dependence of the lattice vibrations on
the thermal conductivity. The Green–Kubo relation neither uses
a virtual crystal approximation nor does it rely on approxima-
tions for phonon scattering and dispersion relations such as
the Boltzmann Transport Equation (BTE). Instead, the lattice
thermal conductivity is calculated using the fluctuation–dissi-
pation theorem. The direct use of molecular dynamics simula-
tions implies that all phonon modes, phonon anharmonicity,
and finite temperature effects are inherently included.33 Our
machine learned interatomic potential was trained on alloys
and pure compounds and is general to the composition and
configurational space, i.e. decorations. It reproduces the pho-
non properties from DFT calculations at 0 K and the ab initio
molecular dynamics at elevated temperatures. By studying the
frequency-dependent heat transport across both alloy composi-
tion and temperature, a new view of how thermal transport
occurs in PbTe-based alloys emerges.

Methods

The heat transport properties of PbTe1�xSex alloys were calcu-
lated using machine learned interatomic potentials. The train-
ing set data was acquired from ab initio molecular dynamics
(AIMD) simulations of alloys having diverse composition, tem-
perature, and configuration, i.e., decoration or ordering. The
machine learned interatomic potential was used to calculate
the thermal transport and phonon properties. Each step is
described in detail below.

Ab initio molecular dynamics

The reference data was generated from AIMD simulations on
PbTe1�xSex using CP2K.34 To generate the initial structures,
random configurations, i.e., decorations, of PbTe1�xSex were
generated for a 3 � 3 � 3 supercell of the 8-atom unit cell
(Fm%3m space group) using the program supercell.35 In addition
to the two pristine compositions, ten decorations were selected
for each composition (x = 0.25, 0.5, and 0.75). The sampled
decorations were verified to be diverse by checking the partial
radial distribution function and potential energy predicted by
M3Gnet.36
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The atomic positions and lattice vectors of the selected
structures were relaxed to minimum energies using DFT and
periodic boundary conditions. The lattice constants are shown
in Table S1 (ESI†). The DFT calculations utilized the PBEsol
functional,37 which has been devised for obtaining better
equilibrium properties of bulk solids and their surfaces than
the local density approximation (LDA) or the generalized gra-
dient approximation of Perdew, Burke, and Ernzerhof (PBE).38

PBEsol has been shown to more accurately predict the lattice
parameter and phonon dispersion relations of PbTe and PbSe
than PBE.39 The calculations use the DZVP-basis sets and
Goedecker–Teter–Hutter (GTH) pseudopotentials40,41 on a 2 �
2 � 2 k-mesh. An example alloy is shown in Fig. 1.

Next, AIMD was performed using the relaxed structures as
the initial coordinates in the canonical ensemble with time-
step of 1 fs and Nosé–Hoover thermostat with a time constant
of 200 fs. The temperatures were 250, 300, 350, 500, 800, 1600,
and 3000 K. The simulations were about 4 ps for 250 to 800 K.
Higher temperatures were simulated for only about 500 fs.
Additional AIMD simulations at 400, 600, and 700 K were
performed to generate the test set. To minimize unnecessary
computations, only the pristine structures and two decorations
of each composition were performed at temperature other
than 300 K.

The interatomic potential was trained using frames selected
from the AIMD trajectories. The model had 5000 training
frames, 500 validation frames, and 500 test frames. The ran-
dom sampling of the frames was balanced across all the
compositions (x = 0, 0.25, 0.5, 0.75, and 1). 1700 frames were
selected from each alloy composition and 450 frames each were
chosen from PbTe and PbSe. The selected frames were recalcu-
lated with stricter convergence criteria to obtain more accurate
energies, forces, and stress tensors. Example input scripts and
the training set are provided in the ESI.†

Interatomic potentials

The interatomic potentials were implemented and trained
using Allegro.7 The potential energy is partitioned into atomic
contributions:

U ¼
X

i2Natoms

Ui;atomic (1)

and the atomic forces and virial stresses are the derivatives of
the energy with respect to the atomic positions and the cell
dimensions, respectively, using automatic differentiation.7

The model was trained using a cutoff radius of 10 Å and a
polynomial envelope function with p = 6. The model had a
maximum rotation order, lmax, of 2 and o3 full type E(3)-
symmetry for the equivariant features. The network contained
three tensor product layers with 64 Bessels per basis. The two-
body embedding multi-layer perceptron had 32 tensor features
with four hidden layers with dimensions [128, 256, 512, 1024]
and SiLU non-linearities.42 The latent multi-layer perceptron
had three hidden layers of dimensions [1024, 1024, 1024] and
SiLU non-linearities. The embedding multi-layer perceptron
was built from a single linear layer. The final multi-layer
perceptron (from Allegro latent space to edge energies) was a
single layer with 128 nodes without nonlinearity. The training
used the Adam optimizer with an initial learning rate of 0.001
which decayed by a factor of 0.5 if the validation loss did not
improve for 3 epochs. The numerical precision was float64 and
batch size was 2. The training minimizes the loss function:

L ¼ le
1

N

XN
i

Ûi �Uij
�� ��2

þ lf
1

3N

XN
i

X3
a¼1

f̂ i;a � fi;a

��� ���2

þ ls
1

6N

XN
i

X6
j

ŝi ;j � si; j
�� ��2

(2)

where loss coefficients are le = 0.01, lf = 1, ls = 100.

Thermal conductivity

The lattice thermal conductivity along lattice direction a is
calculated using the Green–Kubo method2,32 as

ka ¼
V

kBT2

ð1
0

Jað0Þ � JaðtÞh idt (3)

where kB is the Boltzmann constant, T is temperature, and V is
the volume. The term hJa(0)�Ja(t)i is the heat flux autocorrelation
function (HFACF). The heat flux is

J ¼ 1

V

X
i

Uivi þ
X
i

Ek
i vi �

X
i

Nivi

" #
(4)

where vi is the velocity of atom i. The first two terms on the right
hand side are formed from the potential and kinetic energies
per atom, Ek

i . The third term is the atomic stress, Ni, which we

Fig. 1 Example of a PbTe1�xSex alloy with x = 0.25 and lattice vectors
3a = 3b = 3c. The Pb atoms are black, Te atoms are orange, and Se atoms
are gold.
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implemented such that

J ¼ 1

V

X
i

Uivi þ
X
i

Ek
i vi �

XN
i

X
jai

Rij
dUi

dRij
� vi

� �" #
: (5)

The term
dUi

dRij
is obtained by automatic differentiation and was

also used for the calculation of the virial tensor.43–46

The molecular dynamics simulations were performed using
the LAMMPS code47 in the canonical ensemble with a time-step
of 2 fs. The temperature was set with a Nosé–Hoover thermostat
with damping equal to 0.2 ps. The structures were equilibrated
for 1 ns and then the heat flux was recorded for at least 2 ns.
To start, a random configuration of Se and Te atoms was placed
on the rocksalt lattice. The structure was then relaxed before
conducting the molecular dynamics simulation. To assess the
degree of ergodicity and quantify error statistics, the heat flux
was obtained for 10 independent molecular dynamics simula-
tions at 300 K and 5 simulations at higher temperatures. The
heat flux autocorrelation function was obtained over 50 ps
time-windows. The lattice thermal conductivity was averaged
along its directional components, i.e., (kx + ky + kz)/3. The
spectral thermal conductivity was obtained through a Fourier
transform of the heat flux autocorrelation function and its
amplitude was scaled uniformly across frequencies to be con-
sistent with the thermal conductivity calculated using Green
Kubo. The calculated spectral thermal conductivity of GeTe is
shown for comparison in Fig. S1 (ESI†).

Phonon properties

The phonon properties of PbTe and PbSe at 0 K were calculated
within the harmonic approximation using Phonopy48,49 and a
supercell containing 216 atoms. The phonon properties at
finite temperature were calculated using the fix/phonon pack-
age of LAMMPS.50 Fix/phonon is based on fluctuation–dissipa-
tion theory and acquires the dynamical matrix during the
molecular dynamics simulation and captures the finite tem-
perature effects and anharmonicity. The dynamical matrix,
Dka,k0b(q), describes how a displacement of atom k0 in the b
direction affects the restoring force on atom k in the a direction
at a given wave vector q. The fix/phonon method obtains the
force constant coefficients in reciprocal space as50–53

Fka,k0b(q) = kBTGka,k0b
�1(q) (6)

where G are the Green’s function coefficients measured from
the instantaneous and averaged atomic positions of the kth
atom, R and hRi, such that

Gka;k0bðqÞ ¼ RkaðqÞ � R�k0bðqÞ
D E

� Rh ikaðqÞ � Rh i�k0bðqÞ: (7)

The dynamical matrix is then obtained by50

Dka,k0b(q) = (mkmk0)
�1/2Fka,k0b(q) (8)

where m are the atomic masses. The eigenvalues of D are the
phonon frequencies at q. The phonon density of states, g, and
phonon dispersion were extracted using the package phana.50

The spectral heat capacity is

C(o, T) = g(o)cv(o) (9)

where cv is the phonon mode heat capacity derived from the
Bose–Einstein distribution as

cvðo;TÞ ¼ kBx
2 ex

ðex � 1Þ2 (10)

with x ¼ �ho
kBT

.

The lattice thermal conductivity within the Boltzmann
transport formalism in the relaxation-time approximation is:

kph ¼
1

3

ð1
0

CðoÞv2ðoÞtðoÞdo: (11)

The thermal transport can be viewed in terms of the spectral
diffusivity:

D(o) = v2(o)t(o) (12)

where the term v2t can be calculated as

v2t ¼ 3kðoÞ
CðoÞ : (13)

The phonon group velocity is v and t is the phonon relaxation
time. The phonon properties were calculated on a 3 � 3 � 3
supercell of a 64-atom unit cell. The finite temperature phonon
dispersion of pristine PbTe and PbSe was obtained using the
primitive cell.

Synthesis and measurement of PbTe1�xSex

Un-doped PbTe1�xSex alloys are known to have a carrier
concentration far lower than optimal for thermoelectric perfor-
mance; as such, the experimental literature is quite scarce for
un-doped compositions. Herein, a series of bulk polycrystalline
samples was prepared specifically for comparing with the above
computation predictions.

Synthesis. High-purity elements Te (shots, 5N, 99.999%) and
Se (shots, Alfa Aesar, 99.999%) were used without further pur-
ification. Pb (granules, Alfa Aesar, 99.99%) was acid-washed in a
1% HCl solution before use. Stoichiometric amounts of elements
were weighed into glass ampoules (PbTe1�xSex, x = 0, 0.10, 0.25,
0.50, 0.75, 0.90, 1.0). The ampoules were evacuated to 10�3 Torr
and subsequently flame sealed. In a standing furnace, the
ampoules were ramped over 18 hours to 1100 1C, intermittently
agitated at 1100 1C for 8 hours, and then air quenched. The
resulting ingots were ball milled for 3 � 15 minutes, and the
powders were re-sealed in glass ampoules. The powders were
annealed at 600 1C for 4 days and then further ground to
o106 mm with a mortar and pestle. The powders were loaded
into a graphite die and hot pressed under vacuum at 600 1C with
a uniaxial pressure of 40 MPa. The resulting pellets were roughly
12.7 mm in diameter and 1.5 mm tall. The pellets were polished
before measurement achieving near parallelism with less than
�0.005 mm thickness variation. All pellets reached 497% of
their theoretical density.

Characterization. The thermal diffusivities (D) were mea-
sured on the Netzsch LFA 467 HyperFlash. The diffusivities
were converted into thermal conductivities (k) using the
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geometrically determined density (r) and the Dulong–Petit heat
capacity (Cp), as shown in the following equation:

k = DCpr (14)

The Lorenz number (L) was calculated over the full tempera-
ture range of PbTe using the following approximation:

L ¼ 1:5þ exp
�jSj
116

� �
(15)

where L is in units of 10�8 W O K�2.54 To calculate the lattice
thermal conductivity (kl), the electronic thermal conductivity
(kele = LsT) was subtracted from k. Due to the extremely small
variance in L across the alloy series, the L estimated for PbTe was
used to calculate kele for all sample stoichiometries. Maintaining
a consistent L also allowed for reasonable kl calculations for the
bipolar PbTe0.90Se0.10 sample. Information on electronic trans-
port properties and crystal structure is available in the ESI.†

Results and discussion

In this section, the trained interatomic potential is first validated
against DFT results and experimental measurements of the
stoichiometric compounds (i.e., PbTe and PbSe). With this
validation, the heat transport properties of PbTe1�xSex alloys
are then investigated at temperatures ranging from 300 to 800 K.

Interatomic potential validation

The development of the Allegro interatomic potential was an
iterative process to ensure that the final potential was robust.
Attention was paid to both to accuracy (i.e., forces and energies
across a range of temperatures) and stability in time (i.e., 450 ps).
The use of AIMD simulations from 250–3000 K as training and test
data was vital for both broadly sampling the configuration space
and learning the minimum accurately.

To assess the performance of the machine-learned interatomic
potential, we first evaluated its accuracy on the training set. The
predicted energies, forces, and stresses closely match the PBEsol
reference values, indicating an excellent fit. Model generalization
was tested on independent configurations drawn from ab initio
molecular dynamics (AIMD) simulations at 400, 600, and 700 K, as
described previously. On this test set, the mean absolute errors
(MAEs) were 0.62 meV per atom for energies, 6.65 meV Å�1 for
forces, and 0.03 meV Å�3 for stresses; the corresponding root mean
squared errors (RMSEs) were 0.62 meV per atom, 8.38 meV Å�1,
and 0.05 meV Å�3, respectively. Data leakage is expected to be
minimal due to the diversity and size of the training and validation
datasets, which include thousands of decorrelated frames.

The radial distribution functions obtained with molecular
dynamics simulations using the trained interatomic potential
were consistent with those from AIMD simulations at the same
temperature. The radial distribution functions of PbTe and the
PbTe0.25Se0.75 alloy at 300 K and the PbTe0.5Se0.5 alloy at 300 K,
500 K, and 800 K are shown in Fig. S2 (ESI†). The interatomic
potential successfully captures the interatomic separation and
peak shape across different compositions.

The phonon dispersions of PbTe and PbSe obtained with the
trained interatomic potential are in excellent agreement with
PBEsol as shown in Fig. 2. At the G-point, PbTe has frequencies
of 0 and 1.189 THz for the trained interatomic potential and 0
and 1.160 THz for PBEsol. PbSe has frequencies of 0 and 1.608
THz for the trained interatomic potential and 0 and 1.604 THz
for PBEsol. The optical modes in PbSe are higher in frequency
than PbTe due to the lighter atomic mass of Se and can be seen
in the atom-projected phonon density of states. Furthermore,
features such as the intersection of the longitudinal acoustic
and transverse optical phonon modes in the G–X segment are
consistent. We note that deviations occurred for smaller cutoff
radii underlining the importance of long range interactions
(Fig. S3, ESI†). Interatomic potentials trained with fewer ten-
sors or Bessel functions had less reliable prediction of heat
transport properties.

Transport in PbTe and PbSe

The long timescale simulations enabled by the Allegro intera-
tomic potential allowed us to compute thermal transport
coefficients using the Green–Kubo formalism. Before examin-
ing the PbTe1�xSex alloys, we first consider stoichiometric PbTe
and PbSe. As shown in Fig. 3, the normalized heat flux auto-
correlation function (HFACF) for PbTe at 300 K exhibits pro-
nounced oscillations at short times that decay to zero at longer

Fig. 2 Phonon dispersion of (A) PbTe and (B) PbSe at 0 K calculated with
PBEsol and Allegro. The phonon density of states projected on the Pb and
Te or Se atoms calculated with Allegro is also shown. The unit cells have
Fm %3m space group symmetry.
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correlation times. Within approximately 30 ps, the HFACF falls
below 1% of its initial value. Including the atomic stress term
in the heat flux expression (eqn (4)) was essential for accurately
capturing these correlations.

To reduce statistical noise, the heat flux was sampled over
multiple short windows of 50 ps. This window length was
chosen to capture the short-time behavior of the HFACF while
ensuring its decay to zero, enabling convergence of the Green–
Kubo integral and physical validity of the resulting transport
coefficients. To further improve statistical reliability, we aver-
aged the HFACF over several independent simulations with
different initial conditions, thereby approximating a true
ensemble average. This combined approach mitigates long-
term drift and suppresses non-equilibrium artifacts.

The lattice thermal conductivity of PbTe and PbSe was
calculated from 300–800 K using the Green–Kubo method. This
method inherently includes anharmonic effects and finite
temperature effects. The thermal conductivity was verified to
be isotropic by inspection in each direction (Fig. S4, ESI†). The
lattice thermal conductivity broadly decayed due to increased
phonon–phonon interactions with increasing temperature.

Excellent summaries of other kL calculations and measure-
ments of PbTe are found in ref. 22 and 25. However, prior
experimental measurements either involved rather outdated
instrumentation from the 1960s or involved doped samples.
As such, we instead synthesized undoped samples across the
alloy space.

The resulting polycrystalline ingots had densities 497% of
the theoretical density and did not show evidence of secondary
phases in X-ray diffraction (Fig. S5, ESI†). Resistivity values were
consistently 410 mO cm at 300 K (Fig. S6, ESI†); as such the

electronic contribution to thermal conductivity is less than
0.01 W m�1 K�1 (Fig. S7, ESI†). At high temperature, the small
band gaps of these chalcogenides led to significant carrier
excitation, with the Hall carrier concentration rising from
B5 � 10�17 cm�3 at 300 K to B1 � 10�19 cm�3 at 800 K
(Fig. S8, ESI†).

Laser flash diffusivity measurements on bulk polycrystalline
PbTe and PbSe pellets indicate that thermal conductivity is
primarily due to lattice vibrations. These experimental results
show reasonably good agreement with the lattice thermal
conductivity obtained from Allegro-based Green–Kubo calcula-
tions (Fig. 3B). Due to the polycrystallinity and defects within
the experimental sample, the calculated thermal conductivities
are slightly higher than the experimental values at room
temperature. The difference becomes smaller at high tempera-
ture as phonon–phonon scattering dominates.

Parent spectral properties

Beyond predicting the aggregate lattice thermal conductivity,
the Green–Kubo method allows for direct calculation of the
frequency-dependent contributions, i.e., the spectral thermal
conductivity. From the heat flux autocorrelation function, the
spectral thermal conductivity is obtained from a Fourier trans-
form. In PbTe, it is dominated by a sharp peak at around 1.7
THz (Fig. 4A). This spectral window consists of mixed optical
modes and longitudinal acoustic modes with high band velo-
city (cf. Fig. 2A). PbSe shows very similar behavior, with a
spectral thermal conductivity centered at approximately 2
THz. This peak shift is consistent with the stiffening found in
the dispersion upon replacing tellurium with selenium (Fig. 2).

In a previous study using a classical interatomic potential
for PbTe, the maximum of the spectral k was reported to occur
between 1 and 1.5 THz (at 300 K).18 There were also significant
contributions to k between 0 and 1 THz and minor contribu-
tions between 3 and 4 THz (optical modes). A more recent study
using neuroevolution potentials trained with the DFT-PBE
method reported a relatively broad peak in spectral k at around
1 THz, with smaller contributions between 0 and 0.5 THz and
1.5 and 2.5 THz.26 Compared to the DFT-PBEsol-based intera-
tomic potential used here, the DFT-PBE-trained neuroevolution
potential shows somewhat larger differences in the phonon
dispersion relations predicted by DFT or the interatomic
potential.

To resolve the impact of temperature on the spectral diffu-
sivity, D, we begin by calculating the spectral heat capacity from
the phonon density of states using eqn (9) (Fig. 4B). At high
temperature, the thermal energy populates the higher fre-
quency modes and the molar heat capacities approach the
Dulong–Petit value. At 800 K the molar heat capacity of PbTe
is 24.85 J mol atom�1 K�1.

Next, the spectral diffusivity of PbTe was calculated from the
spectral heat capacity and thermal conductivity using eqn (13).
The diffusivity has a sharp peak which lies on the high
frequency shoulder of the heat capacity (Fig. 4C). The available
thermal energy is not effectively transferred at other frequen-
cies. To consider the implications of these results, we review the

Fig. 3 (A) Normalized heat flux autocorrelation function at 300 K and (B)
lattice thermal conductivity of PbTe and PbSe from 300–800 K calculated
using the Green–Kubo method compared with experimental results. The
error bars are the standard error.
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classical approximations for the frequency dependence of phonon
scattering within a power law approximation (t p on): both
phonon-boundary (n: 0 to �1) and phonon–phonon (n: �2)
exhibit comparatively weak scattering at high frequencies to
phonon-point defect (n: �4).55 As such, engineering point defects
in PbTe and PbSe should be quite effective at lowering lattice
thermal conductivity. Indeed, a prior computational study by Qin
et al. considering the effect of point defects with deep neural
network potentials predicted a decrease in kL up to 50%.25

Fig. 4C shows how the diffusivity decays with increasing
temperature in PbTe. The peak in the spectral diffusivity decays
by approximately one order of magnitude when the temperature
is increased from 300 to 800 K. Viewing these results on logarith-
mic scale (Fig. S9, ESI†), we find that this order of magnitude
reduction is consistent across all frequencies. The monotonic
shift in the spectral diffusivity towards higher frequencies with
temperature is unexpected; we hypothesize that this arises from
shifting phonon branches with increasing temperature. Such
shifts are also visible in the evolution of the heat capacity (Fig. 4B).

The spectral diffusivity of PbSe has a narrow peak similar to
PbTe (Fig. S10, ESI†). Its narrow spectral window occurs at the
corresponding region of mixed optical modes and longitudinal
acoustic with high band velocity at 2.0 THz (Fig. 2B). The
phonon dispersions were also calculated at 300 K, and as
expected the band velocity is high for both PbTe and PbSe at
these frequencies (Fig. S11, ESI†). These band dispersions
include finite temperature and anharmonicity.

Transport in alloys

Next, the heat transport properties of PbTe1�xSex alloys were
investigated using the trained interatomic potential. The

compositional dependence of the lattice thermal conductivity,
kL, of the alloys at 300 K is shown in Fig. 5. Alloying causes a sharp
decline until x = 0.5. This qualitative decline is expected from
classical transport models such as the Klemens model.56 The
trained interatomic potential obtained thermal conductivities for
compositions outside the training set. For example, a 10% sub-
stitution decreases the lattice thermal conductivity by about a
third. Considering the decay of the heat flux autocorrelation
function, the alloys typically exhibited a decay within 2 ps, reflect-
ing the increased scattering pathways of the alloys (Fig. S12, ESI†).

Our calculated results have remarkably good agreement with
both our own and previously published experimental measure-
ments. The experimental lattice thermal conductivity of the Te-
rich alloys are slightly smaller than the calculated values. While
the difference is slightly smaller for a larger supercell size
(Fig. S13, ESI†), it is more likely that the polycrystallinity and
defects lower the thermal conductivity in the experimental
sample as stated above. These effects would be more pro-
nounced in the pristine structures. It should also be noted that
experiments have variability,28,57,58 and we also show results
from PbTe1�xSex standard solid solutions59 and more recent
works containing known Na or Sb impurities.27 The impact on
alloying on kL was less pronounced in previous computational
works,29,30,60 which may be related to our interatomic potential
being trained directly on alloys, our inherent inclusion of
anharmonic effects, or the exchange–correlation functional.

The reduction in lattice thermal conductivity from alloying
is, as shown above, quite strong. Broadly, the reduction arises
from the breakdown in periodicity of both the nuclear masses
and spring constants. To this end, the relative contributions
were probed with alchemical calculations consisting of ‘‘vir-
tual’’ structures with the spring constants of a x = 0.5 alloy but
having average mass on the anionic sites. The thermal con-
ductivity of the virtual alloy without mass disorder was nearly as
low as the x = 0.5 alloy (0.61 W m�1 K�1 and 0.46 W m�1 K�1,
respectively, and using a cell containing 216 atoms). This
indicates that the spring constant disorder plays a larger role
in reducing the conductivity of the alloys than mass disorder.

Fig. 4 (A) Spectral thermal conductivity of PbTe and PbSe at 300 K (B)
spectral heat capacity and (C) spectral diffusivity, D, of PbTe at various
temperatures. The plots of D are offset by increments of 1 � 10�5 m2 s�1.

Fig. 5 Calculated and experimental lattice thermal conductivity of the
PbTe1�xSex alloy at 300 K. The results of this work are compared with
experimental PbTe1�xSex

59 and Pb0.96Sb0.02Te1�xSex alloys.27 The error
bars are the standard error.
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Alloy spectral properties

The alchemical approach above highlights the important role
that disordered bonding plays in reducing lattice thermal
conductivity. To further resolve the underlying dynamics, we
consider the spectral thermal conductivity and constituent
properties therein.

To begin, we consider the vibrational density of states across
the alloy series (Fig. 6). PbTe has a broad peak at 2.6 THz and
two peaks at lower frequency (1.1 and 1.6 THz). These latter two
peaks are associated with the transverse acoustic modes near
U–W–X and L (Fig. 2). In contrast, the energy difference
between these peaks collapses for PbSe, as can be seen by the
nearly flat L–W–X transverse acoustic branches. Across the
series, the alloys’ transverse acoustic DOS show a smooth
transition from the two end members. In addition, the higher
frequency peaks blueshift and more peaks are resolved for the
Se-rich alloys. Such shifts are expected for alloys containing the
lighter Se and the corresponding stiffening of the bonds.

The atom-projected vibrational density of states of the
PbTe0.75Se0.25 and PbTe0.25Se0.75 alloys are shown in Fig. 6B
and C. Note, each density of state is normalized by the number
of atoms of each element. The acoustic, low frequency, modes
are dominated by Pb contributions and optical modes at high
frequency modes are primarily associated with the lighter Te
and Se atoms.

Typically, we would view lattice thermal conductivity within
the Boltzmann transport formalism in the relaxation-time
approximation (eqn (11)). However, the phonon modes of the

alloys are smeared and cannot be neatly broken down into their
individual velocity components. For example, the phonon dis-
persion of the PbTe0.75Se0.25 alloy at 300 K shown in Fig. S14
(ESI†) has no distinct bands above 0.5 THz. Thus, the reduction
of thermal transport is better viewed in terms of the spectral
diffusivity (eqn (12)). We thus seek to decompose the spectral
thermal conductivity of the alloys into the heat capacity and
diffusivity components.

At temperatures well above the Debye temperature, the
equipartition theorem implies that the spectral heat capacity
is proportional to the phonon density of states. As such, the
spectral heat capacity of these alloys (Fig. S15, ESI†) follows a
trend similar to the DOS shown in Fig. 6.

Armed with the alloy spectral heat capacities, the spectral
thermal diffusivity of alloys at finite temperatures can be
examined in detail (Fig. 7). In alloys, the most efficient fre-
quency of heat transport shifts from about 1.7 to 2.0 THz.
Despite the massive reduction in the lattice thermal conductiv-
ity in alloys seen in Fig. 5, the lattice thermal conductivity still
fundamentally arises from the same frequency window at top of
the longitudinal branch region. However, there is an order of
magnitude loss of diffusivity (Fig. 7B).

Next, we can examine the thermal transport behavior of the
alloys at high temperature. As shown in Fig. 8A, the thermal
conductivity of the x = 0.5 alloy only decays at high tempera-
tures, highlighting the glass-like transport in these alloys. This
is consistent with the values measured experimentally. Resol-
ving the spectral properties for the PbTe0.5Se0.5 alloy shows an
increase in the heat capacity from 2.2 to 3.2 THz and a small
decrease in the spectral thermal diffusivity at elevated tempera-
ture (Fig. 8B and C). The thermal diffusivity of the alloy is
already an order of magnitude lower than pristine PbTe at

Fig. 6 (A) Phonon density of states of PbTe1�xSex alloys at 300 K. Atom-
projected density of states of the alloys with (B) PbTe0.75Se0.25 and (C)
PbTe0.25Se0.75 normalized by the number of atoms of each element.

Fig. 7 (A) Spectral diffusivity and (B) its maximum for PbTe1�xSex alloys.
The plots are truncated when phonon density of states falls below 0.01
states per Å3. The plots of D are offset by increments of 2 � 10�5 m2 s�1.
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300 K and the increased thermal occupation is able to limit the
deterioration of the thermal conductivity. The maximum diffu-
sivity and the heat capacity at that frequency of the alloy and
PbTe are shown in Fig. S16 (ESI†).

Conclusions

The phonon properties and heat transport of PbTe1�xSex alloys
were investigated using an equivariant graph neural network
interatomic potential. By training directly on ab initio calcula-
tions of the alloys, the interatomic potential achieves both
compositional and configurational generality. It shows strong
agreement with DFT calculations and experimental measure-
ments, confirming its accuracy and reliability. The long time-
scale simulations enabled by the machine-learned interatomic
potential allowed for the calculation of thermal transport
coefficients using the Green–Kubo formalism. The Green–Kubo
formulism intrinsically incorporates phonon–phonon interac-
tions, anharmonicity, and finite-temperature behavior without
relying on quasiharmonic approximations or empirical correc-
tions. The predicted reduction in lattice thermal conductivity
for PbTe1�xSex alloys is consistent with experimental measure-
ments and previous computational results.29,30,60,61 Addition-
ally, our approach using machine-learned interatomic potential
facilitates spectral analysis of thermal conductivity and heat
capacity across the 300–800 K temperature range. We identify a
narrow spectral window near 1.7–2.0 THz, dominated by mixed
longitudinal acoustic and optical modes, as the primary con-
tributor to heat transport across all compositions. Alloying
strongly suppresses the diffusivity both in this spectral window
and throughout the spectrum resulting in the deterioration of
thermal conductivity. At elevated temperatures, both the

spectral diffusivity and overall thermal conductivity decrease
across the parent compounds. However, in mid-range composi-
tions (x = 0.5), the reduction in spectral diffusivity occurs
alongside an increase in heat capacity driven by greater thermal
occupation of vibrational modes. This compensating effect
contributes to a comparatively weaker suppression of thermal
conductivity, indicating a reduced sensitivity to thermal degra-
dation. Using alchemical simulations, we further demonstrate
that force–constant disorder, rather than mass contrast, is the
dominant mechanism behind this suppression. These findings
elucidate the microscopic origins of the thermal transport
degradation in PbTe1�xSex alloys. The findings demonstrate
how to utilize machine-learned interatomic potentials for pre-
dictive, physics-rich thermal transport modeling in both med-
ium and high-temperature thermoelectrics as well as other
complex, disordered solids.
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