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Delayed photodissociation of the tin cluster Sn22
�

Alexander Jankowski, *a Paul Fischer, a Klavs Hansen b and
Lutz Schweikharda

Millisecond-delayed photodissociation of gas-phase Sn22
� clusters stored in a Penning trap is

investigated as a function of excitation energy. Sn15
� is the only significant charged fragment, indicative

of the break-off of neutral heptamers. Fits of the time-resolved fragmentation require a distribution of

decay constants, caused by the finite width of the internal energy distribution of the cluster ensemble

prior to photoexcitation. A lower limit for the dissociation energy for the loss of Sn7 is determined to be

2.1(1) eV, a factor of two above literature quantum chemical calculations.

1 Introduction

The reactivity of isolated molecules and clusters is of prime
importance for the quantitative understanding of a number of
questions ranging from stabilities in molecular beams to
abundances in the interstellar medium. The characteristics of
thermal decays is one of these questions. Most metal clusters
decay by emission of monomers or dimers.1–3 However, elements
close to the bulk metal-nonmetal boundary behave differently.
Prominent examples are clusters of group-14 elements—carbon,
silicon, germanium, tin, and lead. The interatomic bonds of small
clusters formed from these elements are more directional and less
metallic than those of, e.g., alkali or coinage metals. This is
observed, for example, in ion-mobility measurements, where
deviations from spherical structures can be matched to less
metallic bonding.4 The non-metallic nature of the bonds is also
reflected in the more complex fragmentation patterns of such
clusters. In particular, the break-off of polyatomic fragments has
been observed for singly-charged carbon5–8 as well as silicon9–13

and germanium clusters,11,12 highlighting their covalent nature.
This matches the elements’ bulk classification as nonmetal (C)
and metalloids (Si, Ge).

The structures of clusters formed from tin, which is char-
acterized as a metal in the bulk, are of great interest, both
theoretical and experimental. Neutral tin clusters Snn have been
probed by combined electric beam deflection and photodisso-
ciation spectroscopy to reveal their geometric structures and
optical absorption properties,14 as well as by photo-induced
ionization to determine ionization thresholds.15 For the

anionic species Snn
�, photoelectron spectroscopy (PES) has

been performed to find the electron affinities16–19 as well as
the HOMO–LUMO gaps of those clusters.18,19 Collision-induced
dissociation and trapped-ion electron diffraction has been
applied to both anionic Snn

� and cationic Snn
+ clusters, along-

side density-functional theory (DFT) calculations as probes of
the dissociation pathways and their energy thresholds.20–22

Furthermore, ion-mobility measurements have been performed
to investigate the structure of Snn

+ clusters, as well as their
melting point,23,24 and surface-induced dissociation was per-
formed to investigate their dissociation pathways.25 DFT calcu-
lations have been performed for neutral and singly-charged
cations and anions20–22,26–31 to determine geometric and elec-
tronic properties. Similar to Pbn

2�, doubly-charged Snn
2� clus-

ters have been found experimentally to decay by fission into two
singly-charged smaller clusters at size ranges up to n C 50,32,33

further highlighting the exceptional characteristics of these two
elements. Tin also has potential applications as feedstock for
the highly-charged atomic tin ions that can provide the XUV
light needed for the increasingly smaller sizes aimed for in
nanodevice lithography.34

Here, the decay of the photoexcited singly-charged cluster
Sn22

� is investigated in the gas phase. The cluster is found to
decay by break-off of a neutral tin heptamer:

Sn22
� - Sn15

� + Sn7. (1)

Following the procedure of previous experiments35,36 the
decay is monitored as a function of time after photoexcitation
with various photon energies. The observed shifts in the time-
depended decay, and thus the decay-constant distribution, are
used to derive the energy distribution of the cluster ensemble
and the dissociation energy of Sn22

�. Such activation energies
are notoriously difficult to determine experimentally. The result
we will find here is a lower limit which is a factor of two higher
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than the value calculated by quantum chemical methods. It
therefore provides a possibility to calibrate the theoretical
methods for the fairly large electron number system (Sn22

�

has 1101 electrons).
An important and directly observable phenomenon in the

experiments is the width of the distribution of rate constants.
This width in turn reflects the width of the thermal energy
distribution of the clusters prior to the pulsed laser excitation.
The energy distribution will be shown to be slightly above the
thermal distribution defined by the trap temperature. The
increase is due to the hyperthermal motion of the charged
particles in the trap. The finding is important given the wide-
spread use of traps as collection and thermalization devices for
which much still remains to be understood. The present results
will contribute with fitted effective temperatures to the future
model building of the topic.

2 Experimental procedure

The experiments were performed at the ClusterTrap setup,37,38

where delayed reactions after photoexcitation of clusters have
previously been studied for gold,39,51 silver,40 vanadium,41,42

and lead.36 The gas-phase reactions were performed in a
12-Tesla Penning trap, where a pulsed laser beam was axially
guided through the trap for photoexcitation. The details of the
specific experimental procedure used here are described in the
following.

Anionic tin clusters were produced in a pulsed laser-ablation
source43 (pulse rate of 10 Hz) with cluster condensation in
helium, producing singly-charged anionic tin clusters. These
were captured in a linear Paul trap with argon buffer gas at a
pressure of around 10�3 mbar. After accumulation of typically
ten cluster pulses, the ion ensemble was transferred into the
Penning trap. Here, the cluster ions were exposed to argon gas
pulsed into the trap volume through a piezoelectric valve, to a
peak pressure of 10�6 mbar, as measured outside of the
magnet. The collisions with the gas atoms dampened the axial
oscillations along the magnetic field lines and their perpendi-
cular cyclotron motion.

To record the distribution of ion species stored in the trap at
a given time, all ions were ejected towards a multichannel-plate
ion detector and a time-of-flight (ToF) spectrum was recorded.
Such a spectrum is shown in Fig. 1(a). The distribution of
cluster sizes observed between n E 14 and n E 32 is deter-
mined by the parameters chosen for the source, the Paul trap
acceptance, the timing for the transfer section, and the
Penning-trap capture process. In addition, some smaller clus-
ters resulted from collision-induced dissociation during cap-
ture and cooling of the cluster ions. Note that, already in this
spectrum, in addition to the smaller clusters Sn9

� and Sn10
�,

Sn15
� was present with a prominent intensity.

For photoexcitation studies, a mass-selective process needs
to be employed to ensure that only a single species of interest is
present in the trap. To that end, all ions were excited with
respect to their magnetron motion, resulting in an increased

magnetron radius.44 Quadrupolar excitation at the frequency of
the cyclotron motion of the cluster species to be retained was
applied for mass-to-charge selective conversion of magnetron into
cyclotron motion.45 In combination with the buffer-gas collisions,
this led to the axialization of the Sn22

� clusters46,47 (Fig. 1(b)). This
mass-selection procedure took about two seconds.

After the Sn22
� precursor selection, the argon gas was

pumped from the trap for half a second before the clusters
were irradiated by a pulsed nanosecond laser and ejected for
time-of-flight analysis (Fig. 1(c)). The delay time between photo-
excitation and ion ejection was varied between 25 microse-
conds and a second with a logarithmic spacing between the 24
measuring points. The finite time it takes to accelerate the ions
out of the trap limits the accessible times to longer than
25 microseconds. On the other hand, at delay times above a
second, additional cooling effects, e.g. radiative or buffer-gas
cooling, have to be considered. For the photoexcitation, a
nanosecond pulse from an OPO laser system (EKSPLA
NT342B) was used with pulse energies between 5 and
10 millijoules at wavelengths l = 410, 430, 450, 475, 500, 525,
550 and 595 nm, i.e. photon energies Eph ranging from 3.0 eV to
2.1 eV. This range leads to delayed fragmentation processes
observable within the time frame mentioned above. The laser-
beam diameter was d = 1.7 cm at the center of the Penning trap,
fully irradiating the stored cluster ensemble. A uniform photon-
density distribution is assumed for the laser beam profile as an
approximation to the higher order Laguerre–Gaussian mode at
which the laser operates.

The number of Sn22
� precursors per experimental cycle was

between 100 and 200. For a given wavelength and delay, the
cycle was repeated 20 to 30 times to increase statistics. Addi-
tionally, a reference ToF spectrum without application of the
laser pulse (similar to the spectrum in Fig. 1(b)) was recorded

Fig. 1 Time-of-flight spectra (each normalized to its highest signal) of tin
clusters (a) after their capture and buffer-gas cooling of the ion motion, (b)
after mass selection of Sn22

�, and (c) after photoexcitation with 2.48 eV
photons and ion ejection after a delay of one second.
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interleaved for subtraction of a small amount of background
counts, not visible in the linear vertical scaling of Fig. 1.

3 Experimental results

In the following, spectra such as the one of Fig. 1(c) are
analysed with respect to the fragmentation yield of Sn15

� as a
function of the excitation pulse energy in Section 3.1 and as a
function of time and photon energy in Section 3.2.

3.1 Yield as a function of excitation pulse energy

For best reliability of the time- and wavelength-resolved mea-
surements in the present study, restriction to regimes of pre-
dominantly single-photon absorption is crucial. To ensure this,
measurements were first performed at different excitation-laser
pulse energies Epulse, from 0.35 to 6.5 mJ, for a fixed photon
energy of Eph = 2.33 eV and fixed delay time of a second. The
resulting data (Fig. 2) are well described by a linear function
through the origin, which indicates that fragmentation occurs
after absorption of a single photon in this pulse-energy regime.
In particular, there is no indication of the positive curvature one
expects from higher-order processes. Fitting the yield Y(Epulse) =
aEpulse to the data results in a slope of a = 15.6(6) J�1. Thus, the
photoabsorption cross section sph at this wavelength of 532 nm is

sph ¼ ahnp
d2

4
¼ 1:32ð5Þ � 10�21m2; (2)

where h is the Planck constant and n the frequency of the
absorbed photon. The observed fragment yields for the other
probed photon energies were very similar. A relatively modest
wavelength dependence of the absorption cross section for differ-
ent photon energies is expected for collective excitation of the
surface-plasmon type well known from small metal clusters.48–50

The dominant single-photon absorption means that the two-
photon contribution is small. Fragmentation caused by two-
photon absorption will be practically instantaneous with respect

to the observation time window of the present experiment, and
only result in a small offset in the yield as a function of delay time
(see next section).

3.2 Yield as a function of delay time after photo-excitation

Fig. 3 shows the fragment yields Y of Sn15
�, i.e. the observed

product of the Sn22
� decay, normalized to all detected ions

(i.e. the sum of Sn22
� and Sn15

� ions) as a function of the delay
time between photoexcitation and extraction into the time-of-
flight mass spectrometer for the photon wavelength of
l = 500 nm (2.48 eV).

The yields represent the integral of Sn15
� fragments pro-

duced from the time of photoexcitation up to ion ejection. Note
that the ToF section is linear and clusters that fragment in
flight are detected as unfragmented.

The Sn15
� yield rises with increasing delay time, reaching a

plateau at the longest times. The blue line in Fig. 3 results from
fitting the yield with a single-exponential function of the form

YðtÞ ¼ A2

2
þ A � 1� e�k0t

� �
; (3)

where k0 is the decay constant, A the amplitude, and A2/2 is the
offset caused by two-photon absorption. As mentioned above,
this offset results from fragmentation occurring at timescales
multiple orders of magnitudes shorter than the observation
time window of the present setup. The products of this fast
fragmentation are, therefore, already detected at the lowest
delays probed.

In past investigations, this model function was used to
describe the delayed photo-decay of various cluster species at
the present setup.35,36 However, in the present case the frag-
mentation yield is not well represented by eqn (3), as it is
obvious from the fit in Fig. 3 (blue line), where the fitted curve
systematically underestimates the yield for short delay times
while overestimating it for intermediate delay times. For a
better description of the fragment yield, a superposition of

Fig. 2 Relative yield of the Sn15
� fragment as a function of excitation-

pulse energy at 532 nm. The horizontal and vertical error bars show the
shot-to-shot noise of the laser and the statistical uncertainty of the ion
signal, respectively. The solid line is a linear fit.

Fig. 3 Relative fragment yield of Sn15
� as a function of delay time for

500 nm photon wavelength. The blue and yellow lines are fits of a single
exponential function and of a distribution of such functions, respectively,
to the data. For details, see the main text.
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exponential decays is required. Denoting the decay-constant
distribution as r(k), the fragment yield becomes

YðtÞ ¼ A2

2
þ A

ð1
0

rðkÞ 1� e�kt
� �

dk: (4)

The distribution is parameterized with a log-normal form

r kjkm; skð Þdk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2psk2

p
k
exp �

ln
k

km

� �2

2sk2

0
BBB@

1
CCCAdk; (5)

(as motivated in the appendix) with the median km and the
dimensionless width sk. It is used with eqn (4) to model the
fragment yields by fitting the parameters A, km, and sk. The
resulting orange line in Fig. 3 shows that the experimental data
are much better reproduced than with the single-exponential
approach.

Data as in Fig. 3 recorded for other photon energies are
shown in Fig. 4. As the precursor preparation is the same for all
measurements, the k-distributions, while being different, are
connected via their identical initial energy distributions prior
to the photoabsorption. Therefore, this energy distribution is
fitted to the data of all photon energies resulting in a ‘‘global’’
fit and the red lines in Fig. 4. This energy distribution is
defined by a single parameter T, the temperature of the initial
cluster ensemble, which, together with the clusters’ heat

capacity, defines the mean internal energy and width of the
distribution.

The parameters km and sk of the distribution function (5) are
expressed as

km EphjD;T
� �

¼ o exp �
Dþ E0;p � E0;f

� �
ðf � 4Þ

Eph �D=2þ fkBT

� �
and (6)

skðEphjD;TÞ ¼
ðDþ E0;p � E0;fÞðf � 4Þ

ffiffiffi
f

p
kBT

Eph �D=2þ fkBT
� �2 ; (7)

as motivated in the appendix. Here Eph is the photon energy, o
a frequency factor, f the decaying clusters’ number of vibra-
tional degrees of freedom, assumed harmonic, and D their
dissociation energy. E0,p/f are the offsets of the caloric curve for
the parent and fragment cluster, respectively, in the linear
(high temperature) approximation of the Debye model, i.e. for
canonical values hEi = fkBT � E0,p/f. This results in k-
distributions where the parameters km and sk for each curve
are replaced by a single set of parameters shared between all
yield curves. The curves resulting from the joint fit of all photon
energies are also shown in Fig. 4.

Note that—for the chosen photon energies and delay
times—there is no observable yield decrease of the Sn15

� cluster
signal which would indicate a sequential decay. This suggests that
the energy remaining in the clusters after the first fragmentation
is not high enough to lead to another decay within the time frame

Fig. 4 Relative fragment yield of Sn15
� for various photon wavelengths. The solid lines are fits to the data following a k-distribution. The dashed lines are

the k-distributions on a t = 1/k axis. The red lines are ‘‘global’’ fits using all measured curves. The almost overlapping yellow lines use the data from the
four highest photon energies (2.61 eV to 3.02 eV) for the fit and the blue lines use the data from the four lowest photon energies (2.08 eV to 2.48 eV). The
yellow and blue curves for the photon energies, which are not used in their respective fit, are extrapolated. For details, see the main text.
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probed in the present study. The observability of such decays has
been demonstrated in another study.36

4 Discussion

The parameters f = 60, E0,p � E0,f = 39 meV, and o = 2.1 �
1016 s�1, approximated as energy independent, are determined
as described in the appendix. Thus, only D and T are fitted to
the data, together with the individual amplitude values A for
the different photon energies. This results in a temperature
T = 460(20) K prior to the photoexcitation as well as a dissocia-
tion energy D = 2.1(1) eV of Sn22

�. As described in the appendix,
the frequency factor o includes an empirically determined
factor of 100 on the bulk Debye frequency. To provide an
uncertainty estimation for this parameter, the fits are per-
formed without this correction. The resulting dissociation
energy is lowered by DDo = � 0.3 eV, while the temperature
stays within the uncertainty of the initial fit, i.e. DTo o 20 K.
The disregard of the effect of the rotational degrees of freedom
for the products in the decay has an unknown effect. It is clear,
however, that the effect on D would be positive and that the
value quoted is therefore a lower limit.

For the lower photon energies, the fragment yields do not
reach the plateau at long delay times, while for the higher
photon energies the yields start at times well into the rise of the
curve. Thus, in order to check the robustness of the fit, it is also
performed using only the data of the four lowest and highest
photon energies, i.e. 2.08 eV to 2.48 eV (yellow lines) and
2.61 eV to 3.02 eV (blue lines), respectively. On the one hand,
the resulting fit values for the lower energies are lower than
those from the global fit, namely differing by DTlow = �70 K and
DDlow = �0.2 eV. The fit values from the higher energies, on the
other hand, stay within the uncertainties of the global fit
(DThigh o 20 K and DDhigh o 0.1 eV). The small deviations
indicate a very robust fitting procedure.

While the low- and high-energy fits are performed using only
half of the available data, respectively, curves for both of these
fits are drawn for all photon energies in Fig. 4 for easier
comparison. For these additional curves, the k-distributions
are calculated by using the fit results for temperature T and
dissociation energy D of the high-energy and low-energy fit,
respectively, while only the amplitudes are fitted to the data.

As an additional parameter for goodness-of-fit evaluation,
the wr

2 values are compared. The global fit produces a reduced-
chi-squared value of wr

2 = 2.2. The high-energy fit is nearly
identical with a small increase of Dwr,high

2 o 0.01, while the
low-energy fit deviates slightly with an increase of Dwr,low

2 = 0.4.
This is also visible in Fig. 4, where the curves from the low-
energy fits deviate somewhat from those of the highest ener-
gies. Nevertheless, the fits are in good agreement, suggesting a
reliable overall result.

The width of the k-distributions sk decreases with increasing
photon energy, as seen in Fig. 4. This suggests that for
increasingly higher photon energies with respect to the dis-
sociation energy, the fragment yields can eventually be

approximated by a single exponential function, if the experi-
mental observation window of the delay time allows it. Indeed,
this was the case in the early days of the ClusterTrap measure-
ments more than two decades ago.3,40–42,51 In contrast, as
demonstrated by Fig. 2, the present case is more complex
and calls for a more detailed approach such as the one
presented here.

Note that, in general, the experiment-specific observation-
time window limits the photon energies that can be probed. For
broad k-distributions this limit can be a severe problem, as data
points from an extended delay-time range are needed to fully
describe the time-dependent fragment yield. The obvious
solution to this problem would be to adjust, specifically to
lower, the initial temperature of the cluster ensemble. This is
not possible at the present setup. However, it should also be
noted that the dissociation energy can be determined without
extended modeling as well, namely in cases where sequential
decays can be characterized by a photon-energy dependent
parameter. This can be, e.g., competing decay pathways,52 but
also delayed decays.53 For the latter, the particular parameter
characterizing the decay curve is not essential, as long as the
determination is performed consistently. In the present case,
the intensity of the excitation laser pulse was, however, not
high enough to observe the sequential decay of Sn22

� via Sn15
�

to smaller clusters, which prevented the application of
this method.

Density-Functional-Theory (DFT) calculations by Wiesel
et al.22 found a dissociation energy for Sn22

� of DDFT = 1.0 eV,
i.e. considerably lower than the present result. In the same
work, collision-induced-dissociation measurements have
shown several different decay channels with Sn15

� being the
most prominent. In the present work, the comparatively low
photon energies of the photodissociation yielded the observa-
tion of only Sn15

� fragments, which confirms it as the lowest-
energy decay channel for this cluster size.

In other investigations, the electron affinity EA(n) of Sn7 and
Sn15 have been measured by Negishi et al.18 and Cui et al.19 by
photo-electron-spectroscopy. Both report considerably higher
electron affinities for Sn15 than Sn7 at EANegishi(7) = 1.87(7) eV
and EANegishi(15) = 2.66(4) eV, and EACui(7) = 2.10(7) eV and
EACui(15) = 2.97(5) eV, respectively. This aligns with the finding
in the present work, as the charged Sn7

� fragment is not
observed, indicating a very strong statistical preference of the
excess electron to stay attached to the Sn15

� fragment.

5 Summary and conclusion

The delayed decay of the tin cluster Sn22
� after photoexcitation

has been measured. The abundance of the product fragment
Sn15

� is monitored with respect to the delay time and photon
energy. In contrast to previous experiments with the same
apparatus, the data analysis requires that distributions of decay
constants are considered. One reason for the importance of the
spread in rate constants in the present work can be traced to
the small dissociation energy, which increases the impact of
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the thermal energy contribution and its width compared to
more stable species. A simultaneous fit of the delayed fragment
yields for multiple photon energies has been applied. The
resulting estimations for the internal energy of the cluster
ensemble prior to the photoexcitation pulse is somewhat
higher than room temperature, but still reasonably possible
given that the charged clusters are exposed to buffer-gas colli-
sions and radial excitation fields during their axialization in the
Penning trap prior to the photoexcitation. The dissociation
threshold resulting from the fits is the first report of this value
for a small tin cluster derived from experimental data. The
experimental value is a factor of two higher than the one from
quantum chemical calculations.

Conflicts of interest

There are no conflicts to declare.

Appendix
The decay-constant distribution

Calculating the distributions of decay constants r(k)dk requires
the underlying energy distribution of the cluster ensemble and
an expression for the energy dependence of the cluster decay
constant. In the present study the tin cluster Sn22

� is described
as a collection of f harmonic oscillators, where

f = 3n � 6 = 60, (8)

is the number of vibrational degrees of freedom for the cluster
size n = 22. The clusters are assumed to be a thermalized
ensemble in the trap prior to the photoexcitation. In the high
temperature limit of harmonic oscillators the initial energy
distribution r(Eini)dEini is54

r Einið ÞdEini ¼
Eini þ E0;p

� �f�1
Gðf Þ kBTð Þf

e
�
EintþE0;p

kBT dEini; (9)

where G(f) is the gamma function and kB is the Boltzmann
constant, and

E0;p ¼
3

8
fkBTD ¼ 0:37 eV (10)

is the offset of the caloric curve in the Debye model. Here TD =
200 K is the Debye-temperature of bulk tin.55 The distribution
can be approximated by a Gaussian function

r Einið ÞdEini ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pf kBTð Þ2
q

� exp �
Eini þ E0;p � fkBT
� �2

2f kBTð Þ2

 !
dEini:

(11)

We do not distinguish between a canonical ensemble ( fkBT)
and a micro-canonical ensemble (( f � 1)kBT) in the two
denominators. To convert the energy distribution to a decay
constant distribution, an Arrhenius-like expression is
applied.56,57 The detailed balance expression involves the ratio

of the product and the precursor level densities. It can be
approximated by an exponential. The value of the argument
is calculated in detail in.56 The leading order approximation,
with the modifications required for the loss of a polyatomic
fragment with its own vibrational degrees of freedom, is

kðEÞ ¼ o exp � Dþ E0;p � E0;f

E þ E0;p �D
�
2
ðf � 4Þ

 !
; (12)

where D is the dissociation energy and E0,f is the offset of the
caloric curve for the fragment cluster and is defined analogous
to E0,p. The difference E0,p � E0,f amounts to the loss of
vibrational zero point energy during the fragmentation and is
equal to 6 � 3/8 � kBTD. The term D/2 in (12) is the leading
order finite-heat-bath correction.57 The frequency factor o can
be expressed as

o = oD � 100 � n2/3, (13)

where

oD ¼
kBTD

�h
¼ 26� 1012 s�1 (14)

is the Debye frequency of tin. The factor of 100 is derived from
fits of bulk vapor pressures for 13 of elements and does not
specifically refer to tin or to the tin heptamer.57 The frequency
factor used here does not include the rotational degrees of
freedom created in the fragmentation. A quantitative estima-
tion for these could not be provided here. The n2/3 represents
the variation of the surface area with size. The form of the rate
constant is justified by a rewrite of the detailed balance rate
constant. The details require some space and can be found
elsewhere.56,57 The energy E in eqn (12) is substituted by a
linear approximation of the Debye model for the caloric curve
at high temperatures including the photon energy absorbed by
the cluster during photoexcitation,56

E = Eph + fkBT � E0,p. (15)

To convert the energy distribution into a k-distribution, the
Gaussian approximation for the initial thermal source distribu-
tion is used. With the previously given expressions and definitions
of the constants and a saddle point expansion the decay-constant
distribution becomes

rðkÞdk ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2psk2

p
k�1

exp � 1

2sk2
ln

k

km

� �2
 !

dk: (16)

Here,

km ¼ o exp �
Dþ E0;p � E0;f

� �
ðf � 4Þ

Eph �D=2þ fkBT

� �
: (17)

is the median decay constant and

sk ¼
Dþ E0;p � E0;f

� �
ðf � 4Þ

ffiffiffi
f

p
kBT

Eph �D=2þ fkBT
� �2 ; (18)

is the width of the distribution.
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