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Edible mechanical metamaterials with designed
fracture for mouthfeel control

André Souto,a Jian Zhang, b Alejandro M. Aragón, *b Krassimir P. Velikov *acd

and Corentin Coulais *a

Metamaterials can display unusual and superior properties that

come from their carefully designed structure rather than their

composition. Metamaterials have permeated large swatches of

science, including electromagnetics and mechanics. Although meta-

materials hold the promise for realizing technological advances,

their potential to enhance interactions between humans and mate-

rials has largely remained unexplored. Here, we devise a class edible

mechanical metamaterials with tailored fracture properties to con-

trol mouthfeel sensory experience. Using chocolate as a model

material, we first demonstrate how to create and control the

fracture anisotropy, and the number of cracks, and demonstrate

that these properties are captured in mouthfeel experience. We

further use topology optimization to rationally design edible meta-

materials with maximally anisotropic fracture strength. Our work

opens avenues for the use of metamaterials to control fracture and

to enhance human-matter interactions.

Introduction

Mechanical metamaterials are man-made structures whose archi-
tecture provides unique and tunable properties.1–3 In particular,
mechanical metamaterials have shown a wide variety of proper-
ties, from enhanced strength-to-weight ratio4 and dissipation,5 to
programmable mechanical6 and shape-changing properties.7 A
particularly interesting avenue for mechanical metamaterials is
the design of tunable fracture and strength properties.4,8–10

Tunable fracture properties have tantalizing prospects for
engineering applications where strong and tough structures are
much needed. However, little is known about how designed

fracture could be used to enhance interactions between
humans and materials. In particular, little is known about
how to use tunable fracture to control mouthfeel and sensory
experience upon biting.11 Controlling sensory experience is an
important topic for the design of food products such as
soups,12 yogurts,13 crackers,14 cookies,15 insects,16 as well as
emulsions17 and protein-based17 food products. Although the
role of mechanical contrast is generally recognized to influence
mouthfeel18 and the use of 3d printing is emerging as a
promising avenue to shape the texture of food products,19 the
use of mechanical metamaterials for tunable mouthfeel has not
being explored.

Here we demonstrate that suitably designed edible mechan-
ical metamaterial with controllable fracture properties also
have tunable mouthfeel. Namely, we use anisotropic structures
to control the ease of bite and use spiral-shaped structures to
control the perceived number of cracks. We further demon-
strate that topology optimization allows the design of struc-
tures with anisotropic fracture properties. Our findings open
avenues for design of mouthfeel using edible metamaterials
and the topological design of fracture properties.

Results
Design of mouthfeel anisotropy

We start by a range of S-shaped mechanical metamaterials
shown in Fig. 1b, which we test both mechanically (Fig. 1a) as
well as with a sensory assessment (Fig. 1c). In the present study,
we restrict our attention to chocolate as a model brittle material
and we use 3D printing to prototype the desired architectures—
see Methods for details on the design approach, the 3D print-
ing, and the mechanical testing protocols. First, the mechanical
compression tests reveal that each mechanical metamaterial
has a very different fracture behavior depending on whether
it is compressed along one axis or the other. When the struc-
ture is compressed along its horizontal direction, the structure
is relatively stiff, strong, of comparable stiffness and strength to
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that of the reference geometry. It is also brittle, as the force-
displacement curve exhibits a single peak. In contrast, when the
structure is compressed along its vertical direction, the mechanical
metamaterial is much softer, as its stiffness (strength) is 40 (25)
times lower than in the horizontal direction (see Table II of
the Methods). In addition, it is also less brittle, as the force-
displacement curve exhibits a finite force for larger range of
compressive displacements and multiple peaks. Thus, the mechan-
ical metamaterials exhibits a strong anisotropic fracture response,
which is difficult to realize in typical food microstructures.20

To investigate whether this stark contrast in mechanical
properties between the two orientations leads to a noticeable
difference in perceived mouthfeel experience, we perform a
sensory assessment on a batch of 10 persons—see Methods for
details about the sensory assessment protocol. The results
suggest that a noticeable difference in ease of bite is perceived
between the two orientations of the mechanical metamaterial

(Fig. 1e). A Fisher test for statistical relevance reveals that the
mechanical metamaterial in the horizontal direction is system-
atically perceived as having an ease of bite lower than 3 whereas
the mechanical metamaterial in the vertical direction is system-
atically perceived as having a ease of bite greater than or equal
to 3—we find a significance level p = 3%. In contrast, a similar
Fisher test reveals that both mechanical metamaterials have a
comparable perceived number of cracks (Fig. 1f, we find a sig-
nificance level of p = 9%, which exceeds the commonly used p = 5%
threshold needed to claim statistical relevance21). To conclude, we
observe a statistically significant correlation between the anisotro-
pic strength of the mechanical metamaterials and the anisotropy in
the ease of bite. An additional interesting feature is that the strong
direction of the mechanical metamaterials has larger strength and
comparable ease of bite than that of the reference, even though
the volume density of the mechanical metamaterials is 64%
(see Table II of the Methods), which is significantly lower than
the 100% volume density of the reference structure.

Design of crack number

Which additional mouthfeel experiences can we tune with
mechanical metamaterials? Inspired by the multiple local
maxima of the mechanical metamaterial in the vertical orienta-
tion and the slightly larger perceived number of cracks in
Fig. 1f, we design an additional set of mechanical metamater-
ials in which the number of fracture and self-contact events can
be tuned by geometry. We design a spiral-shaped mechanical
metamaterial in which the number of windings of the spiral n
can be tuned from 1 to 3 (see Fig. 2a–c). Upon compression, the
force-displacement curve exhibits drastic changes. First, the
strength of the mechanical metamaterial increases from 8.3 �
10�2 kgf to 4.8 � 10�1 kgf, which is consistent with the fact that
the volume fraction increases with the winding number n (see
Table II of the Methods).

In addition, the force-displacement curves exhibit subsequent
local maxima and local minima. Such maxima correspond to
local fracture events whereas the local minima correspond to
reconfigurations of the mechanical metamaterial ensued by the
creation of self-contacts. The number of local fractures increases
with the winding number n. In addition to quantifying the
number of fracture events, we also recorded sound during the
experiments and detected fracture events using the sound wave-
form. Such sound is also expected to be an integral part of the
sensory experience during biting.22 We find that the number of
fracture events detected with sound exhibits a positive correlation
with that of the force-displacement curve (Fig. 2g). In addition to
the sound recording, we also performed a sensory assessment
with these mechanical metamaterials (see Methods for details on
the protocol). We observe that both the overall sensory rating
(Fig. 2h) as well as the perceived number of cracks (Fig. 2i) exhibit
a positive correlation with the number of cracks measured from
the force-displacement curve. This positive correlation is partially
confirmed by Fisher statistical relevance tests, which confirm the
S-shaped mechanical metamaterials with n = 2 and n = 3 have a
larger perceived number of cracks than the one with n = 1. This is
surprising given the large differences in boundary conditions

Fig. 1 Anisotropic edible mechanical metamaterials. In panel a, several
frames show the step-by-step compression of the S-structure shown in b,
at a compressive displacement of 0 mm (1), 3 mm (2), 5 mm (3) and 7 mm
(4). The scale bar is 10 mm. These frames were recorded during a uniaxial
compression test, whose results are shown in panel d. These tests were
followed up by sensory experiments, as indicated in panel c. Panels e and f
show histograms comparing the perceived mechanical properties (ease of
bite for panel e and perceived number of cracks for panel f) of the
chocolate S-structure when bit in two different directions, relative to the
reference shape. A Fisher test on the data of panel e (resp. f) reveals that
there is a p = 3% (resp. p = 9%) probability that the ease of bite (resp. the
number of cracks) of the sample in the horizontal direction is greater than
3 (resp. 4), while the ease of bite (resp. the number of cracks) of the sample
in the vertical direction is smaller than or equal to 3 (resp. 4).
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between the mechanical test—realized with ideal boundary con-
ditions—and the sensory assessment, where there is inevitable
variability in the loading conditions while biting.

Topology optimization of anistropic fracture resistance

Now that we have shown that mechanical metamaterials with
different fracture properties can lead to different mouthfeel experi-
ences and even improve the overall tasting experience, we push
their rational design one step further by using topology optimiza-
tion to create maximally anisotropic structures. We devise an
optimization problem that minimizes a quantity J1 when compres-
sing the mechanical metamaterial in the vertical y direction and
simultaneously maximizes another quantity J2 when compressing
it in the horizontal x direction. J1 and J2 aggregate the energy
release rates of every potential crack along the structural boundary.
These are then combined into a single objective function J = oJ1 �
(1 � o)J2, in which 0 r o r 1 is a weight parameter. The
multiobjective optimization problem has therefore been cast as a
single objective problem using a simple weighted sum—see
Methods for details about the computational approach.

We run our topology optimization algorithm for multiple
values of o with a fixed volume fraction of 50%. As this volume

constraint could become inactive when o approaches zero,
setting a bound on the volume may not be enough to guarantee
a design with the target 50% volume fraction. Instead, we use two
bounds and constrain the volume fraction to lie between 49.9%
and 50.1%. For a value o = 0, only the second term in J is non-
zero, resulting in an optimized topology that is very brittle when
compressed along x. Conversely, for o = 1 only the first term in J
is non-zero, with an optimized topology that makes the mechan-
ical metamaterial very tough along y. Although the algorithm
optimizes for fracture resistance, since chocolate is brittle, we
expect the enhanced fracture anisotropy to also manifest itself via
an enhanced strength anisotropy.23 Five optimized designs were
3D-printed in chocolate (Fig. 3a) and their mechanical properties
were tested (Fig. 3b–f)—See Methods for printing and test proto-
cols. The mechanical tests reveal that all structures have a similar
force-displacement curve. Initial stiffness and maximum strength
values are reported in Table II of the Methods; the maximum
strength was obtained at compressive displacements between 1
and 2 mm. As expected, we find that the mechanical metamater-
ial displays a maximally anisotropic strength for o = 0.5 (Fig. 3).
This result can be interpreted from the geometry of the mechan-
ical metamaterial, which has thin necks in the x direction and

Fig. 2 Edible mechanical metamaterials with tunable numbers of cracks. Panels a–c show the spiral-shaped mechanical metamaterials with a winding
number n = 1 (a), n = 2 (b) and n = 3 (c). The scale bar is 10 mm. Panels d–f show the corresponding force-curves obtained from the uniaxial compression
experiments for n = 1 (d), n = 2 (e) and n = 3 (f). Colored dots indicate drops in the applied force, interpreted as the formation of individual cracks. Panels g–i
show correlations between the number of cracks extracted from the force-curves and several factors: in g, we plot them against the number of peaks
extracted from the audio recordings; in h and i, this data is correlated with the overall rating and the perceived number of cracks, respectively, as assessed by
our sensory study. The dashed black line connects the average points and the darker shaded region represents the standard deviation around this average. In
panel h, the size of the dot is proportional to the number of occurrences. Fisher tests on the data of panel i reveal that the probabilities that the mechanical
metamaterials with n = 1 have a perceived number of cracks that is greater than 3 while the perceived number of cracks mechanical metamaterials with n = 2
and n = 3 is less than or equal to 3 are both p = 0%. The probability that the mechanical metamaterials with n = 2 have a perceived number of cracks that is
greater than 4 while the perceived number of cracks mechanical metamaterials with n = 3 is less than or equal to 4 is p = 8%.
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thick walls in the y direction. Such strong anisotropy is twice as
large as that of the structure in Fig. 1, therefore we expect it to
have to a strong ease of bite anisotropy.

Conclusions

To conclude, by designing, performing mechanical tests and
carrying out sensory assessments of a range of edible mechan-
ical metamaterials, we have shown that it is possible to control
some features of the mouthfeel sensory experience, such as the
perceived ease of bite and perceived number of cracks upon
biting. We have further established that topology optimization
is a powerful route to obtain metamaterials with on-demand
anisotropy. Our work opens the door to new approaches for
rational design of human-matter interactions and of fracture
properties by using optimization methods for fracture, for
edible products, but also engineering structures and beyond.

Methods
Design approach

Due to the limitations imposed by the printing process—see 3D
printing for a description of these—we decided to focus on
geometries in which each layer could be printed in one contin-
uous strand. These factors constrained us to the shapes shown
on Fig. 1b and 2a–c. The various spirals were drawn in FreeCAD,

an open-source and freely available CAD software package,
whereas the S-structure is simply one of the predefined patterns
available in Visual Machines, the control software for Envision-
TEC’s 3D-Bioplotter. Whereas the latter contains several parallel
beams, giving rise to its anisotropic properties, the spirals’
interesting mouthfeel is less dependent on the biting direction.
Overall, both designs rely on the same principle: the addition of
breakable elements such as beams perpendicular to the direction
of compression should result in a richer feeling in the mouth.

Not only do the spirals possess a large number of breakable
elements, the variable winding number (n) provides an obvious
tuning parameter to find the sweet spot in terms of sensory
perception. Initially, we tested winding numbers up to n = 7 for
larger pieces but when printing bite-sized samples for the
sensory study, we realized that n 4 3 wasn’t printable given
the limited resolution—see 3D printing for an explanation. In
the end, we arrived at 15 � 15 � 10 mm3 for the dimensions of
the spirals and the S-structure. The reference shape is 15 �
15 � 4 mm3, making it thinner than the other shapes. This was
done in an attempt to match the overall amount of chocolate
deposited between different geometries.

3D printing

3D printing chocolate proved to be a challenging endeavor, due
to the material’s polymorphism.24 There are 6 different crystal
forms of chocolate, each with their own mechanical properties
and melting points. Typical chocolate products favor form V

Fig. 3 Design of different anisotropic edible mechanical metamaterials with topology optimization. Panels (a–e) display the mechanical metamaterials
generated by topology optimization and 3D printed with chocolate. The scale bar is 10 mm. Panel (a–e) correspond to the weights o = 0, 0.2, 0.5, 0.8 and
1, respectively. We plot in panels (f–j) the corresponding force-displacement curves extracted from the uniaxial compression tests in the x (blue) and y
(orange) directions. Panel (f–j) correspond to the weights o = 0, 0.2, 0.5, 0.8 and 1, respectively. Finally, panel g plots the anisotropy factor as a function of
the tuning parameter o. This anisotropy factor is defined as the quotient between the peak forces measured for each direction.
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crystals, which tend to be shiny and smooth, producing audible
snaps when bitten into.25 This particular crystal form melts at
34 1C26 so the working temperature of the chocolate must be
kept under this value. We used Cacao Barry’s Venezuela 72%
dark chocolate, due to its advertised fluidity and high concen-
tration of cacao—lower purity levels would further complicate
the tempering and printing processes.

Tempering was achieved using the seeding method, which
consists of the following steps:
� Bring the chocolate temperature above the highest melting

point of its different crystal forms (36 1C for form VI crystals).
To ensure fully melted chocolate, we heated the material up to
45 1C.
�When the desired temperature is reached, turn the heating

device off.
� Proceed to gradually add solid pellets of pre-tempered

chocolate, stirring carefully, while monitoring the temperature
of the liquid.

� When the temperature drops below the aforementioned
melting point for form V crystals (34 1C), the chocolate is now
ready to be printed.

The seeding process ensures that the right crystals are
dispersed into the mix, acting as nucleation sites for further
growth of the desired crystal form.

After tempering, the chocolate is loaded onto a syringe
which is then inserted in the 3D-Bioplotter’s heated cartridges,
which are kept at 32 1C. To make sure that, after deposition,
solidification happens as quickly as possible, the printing base
is kept at 12 1C and a simple fan is used to create air flow.

In extrusion-based 3D printing, smaller nozzles are preferred
due to the higher resolution they allow for, but we quickly
realized that if the nozzle was too small, it would easily get
blocked by the growing nucleation sites dispersed in the choco-
late. So, we had a relatively large (1.2 mm) nozzle custom made,
which worked effectively most of the time—we circumvented the
limited resolution by working with single walled designs.

The 3D-Bioplotter uses air pressure to extrude the printing
material. This means that a balance between air pressure and
nozzle speed must be struck. We found that there was no
consistent way to strike this balance, as the fluidity of chocolate
seems to fluctuate when it is left unstirred inside the syringe. A
printing session would often start with relatively low pressures
(0.1 bar) and high speeds (40 mm s�1) but, as the chocolate
thickened, we were forced to increase the pressure and to reduce
the speed. Needless to say, the printing process requires frequent
calibration to ensure that the printed lines have approximately
constant thickness—matching the diameter of the nozzle.

Another common issue, related to the inconsistent fluidity
of chocolate described here, was the over- or under-deposition
of material at the beginning and end of each printed line. This
too was calibrated and accounted for as much as possible, but
unpredictable factors, such as the size of the droplet left on the
nozzle after printing, made it challenging to fully eliminate this
factor. Hence, we decided to focus on continuous strand
designs, such that each layer could be printed in one go, leaving
only two possible sites for the formation of irregularities (the
beginning and the end of each line) (Tables 1–3).

Mechanical testing

Testing was done using an Instron 5943 uniaxial compression
device. The samples were placed on a flat bed and crushed by a
cylindrical rod attached to the movable arm of the machine; a

Table 1 Parameters used in the 3D printing process. Due to fluctuations
in chocolate fluidity, the nozzle speed and extrusion pressure required
frequent recalibration and adjustment

Syringe temperature (1C) 32
Platform temperature (1C) 12
Nozzle diameter (mm) 1.2
Nozzle speed (mm s�1) 15–40
Extrusion pressure (bar) 0.1–2

Table 2 Summary of some mechanical properties of the different designs

Sample Strength (kgf) Stiffness (kgf mm�1) Volume fraction

S-Structure (x) 3.41 4.11 0.64
S-Structure (y) 0.148 0.112 0.64
Reference 2.66 6.19 1.0
Spiral (n = 1) 0.0832 0.0761 0.32
Spiral (n = 2) 0.108 0.0613 0.48
Spiral (n = 3) 0.484 0.364 0.64
TO, o = 0.0 (x) 4.23 3.99 0.50
TO, o = 0.0 (y) 6.47 3.04 0.50
TO, o = 0.2 (x) 7.00 3.89 0.50
TO, o = 0.2 (y) 20.3 11.6 0.50
TO, o = 0.5 (x) 4.76 7.41 0.50
TO, o = 0.5 (y) 27.7 17.6 0.50
TO, o = 0.8 (x) 8.84 6.08 0.50
TO, o = 0.8 (y) 32.6 16.3 0.50
TO, o = 1.0 (x) 17.7 21.4 0.50
TO, o = 1.0 (y) 14.2 15.4 0.50

Table 3 Results obtained from the sensory study, summarizing how the different shapes were perceived, across different categories: crunchiness, ease
of bite and overall rating, on a scale of 1–5, and the absolute estimated number of cracks. The estimated number of cracks was then normalized
according to eq:norm. We present the averaged values across all participants in the ‘‘Av.’’ subcolumns and the standard deviations in the ‘‘Dev.’’
subcolumns

Sample

Reference Sp. (n = 1) Sp. (n = 2) Sp. (n = 3) S-str. (x) S-str. (y) S-str. (z)

Av. Dev. Av. Dev. Av. Dev. Av. Dev. Av. Dev. Av. Dev. Av. Dev.

Crunchiness 2.3 0.6 3.1 1.2 4.0 0.9 4.2 0.9 3.7 0.9 4.0 1.0 3.3 1.0
Ease of bite 2.9 1.0 4.3 0.9 4.1 0.5 3.5 0.8 3.3 0.8 3.9 0.8 3.1 1.1
Normalized cracks 1.1 0.6 2.2 0.6 3.6 0.8 4.1 0.9 3.2 1.1 4.3 1.0 2.4 0.9
Overall rating 2.8 0.4 2.9 0.8 4.2 0.6 4.1 0.5 3.5 0.5 4.0 0.4 3.0 1.0
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constant compression speed of 5 mm s�1 was set. A 500 N load
cell was used to register the force applied by the aforemen-
tioned cylindrical rod.

During the compression, a Basler acA2040-90 mm camera
was used to record pictures of the process, while a MiniDSP
UMIK-1 microphone was used to capture audio.

The different samples were kept refrigerated right until the
moment of testing, to ensure temperature uniformity across
all tests.

Sensory assessment

The sensory study was performed by a panel of 10 untrained
volunteers, recruited via email. The group was composed of
students, researchers and technical staff, all unaware of the
purpose of the study. Upon arrival in the testing room, they
were provided with a printed questionnaire, containing instruc-
tions on how to handle and bite the pieces using their molars.
The participants were also instructed to close their jaws at a
deliberately slow pace, in an effort to match the conditions of
the sensory study to those of the mechanical tests. Further-
more, the different samples were kept refrigerated until the
moment of testing, spending only a few seconds exposed to the
room temperature before being ingested. The order in which
the samples were presented was randomized and each was
assigned a codename, so as not to introduce any biases in its
perceived properties. Between trials, the participants were
allowed to take breaks to cleanse their palates with tap water.
The participants were allowed to try each piece more than once,
if necessary, to get a better sense of its characteristics. The
participants were asked to focus specifically on the first bite,
filling in their answers for each question based on their
impressions of this experience.12,27 They were asked to rate
each sample with a number between 1 and 5 for each of the
following questions:
� How crunchy was it?
� How easy was it to bite?
� How would you rate the overall experience?
Finally, the participants were asked to estimate the absolute

number of cracks felt. The results for this particular question
were then normalized as follows:

�ai ¼ 5� ai

maxða1; a2; . . .Þ (1)

Here, āi and ai are, respectively, the normalized and absolute
values of the estimated number of cracks for a given sample i.
This normalization was chosen to take into account different
individual criteria for what counts as a crack. Note that the
perceived ease of bite is related to the perceived thickness in
the case of liquid products,12 which is the force needed to make
the sample flow or deform in the mouth.

Topology optimization

Topology optimization (TO)28,29 is a technique widely used in
structural optimization that combines finite element analysis
(FEA) with a gradient-based optimizer. Starting with a compu-
tational domain, the procedure seeks the most appropriate

material layout to minimize a given objective function subject
to given constraints. In this work we use TO to tailor fracture
resistance30 and thus introduce anisotropy into the mechanical
metamaterial structure to that end, we use two loading cases as
shown in Fig. 4. Due to symmetry, we consider only a quarter of
the domain during the optimization. Our objective function
thus minimizes some measure of the energy release rate J1

when compressing the mechanical metamaterial in the vertical
direction, while maximizes another value J2 when compressing
along the horizontal direction. The optimization, which is also
subject to a volume constraint of chocolate, is mathematically
defined as

minimize J ¼ oJ1 � ð1� oÞJ2

such that K1U1 ¼ F1;

K2U2 ¼ F2;

Vc1 � Vsolid;

Vsolid � Vc2;

(2)

where Ji is computed after solving its associated discrete finite
element equilibrium equation KiUi = Fi,i = 1, 2, and 0 r o r 1
is a weight factor that essentially transforms a two-objective
optimization problem into a single one. Vsolid is the volume
fraction of solid material, and Vc1 and Vc2 are the corresponding
lower and upper bounds, which are set to 49.9% and 50.1%,
respectively. After solving the ith discrete problem, Ji is
computed as

Ji ¼
1

N

XN
j¼1

Gj ; (3)

where N is the number of nodes along chocolate–void inter-
faces, and Gj is the energy release rates of the jth node, which is
approximated using topological derivatives31 as

Gj ¼
pZ
�E
rT
j Qðg; bÞrj : (4)

In this equation, rj is Cauchy’s stress evaluated at a node, and
Ē = E/(1 � n 2) for plane strain conditions, in which E is Young’s

Fig. 4 A domain with dimension 2 � 2 under compression, where t1 and
t2 are prescribed on the vertical and horizontal directions, respectively.
Under the finite element analysis, a quarter of domain (marked with red
dashed segments) is considered.
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modulus and n is Poisson’s ratio. As shown in Fig. 5, a crack
nucleating at a chocolate–void interface has length Z and
angle g, the latter measured from the normal vector to the
interface; b is the angle between the global coordinate system
(marked in red) and the local coordinate system positioned at
node xj. Finally, Q is a matrix that is function of angles g and
b, whose details are given in the appendix. According to
eqn (4), the evaluation of energy release rates uses the stress
field; locations along the structural boundary with high
(tensile) stress exhibit high values of energy release rate and

could therefore lead to crack nucleation. The connection
between high stresses and crack nucleation has been used
elsewhere to predefine cracks at the beginning of topology
optimization.32,33

Our approach to topology optimization30,34 uses a level set
function j, whose zeroth value represents the interface
between chocolate and void, an enriched finite element for-
mulation to accurately determine the structural response, and
the method of moving asymptotes (MMA) as the optimizer to
update design variables. Noteworthy, energy release rates are
computed at the locations of enriched nodes that are added to
the finite element formulation to properly describe the dis-
continuous kinematics at void–solid interfaces. In comparison
with standard density-based TO methods, our approach can
provide smooth and crisp designs without the need for post-
processing.30,34

Fig. 6 shows the initial design containing four circular
holes within the entire mechanical metamaterial cell (only
one hole in our quarter optimization domain), where the ratio
J2/J1 = 1. Starting from this initial design, the final optimized
designs for different values of o are shown in the same figure.
As o increases, more emphasis is placed on minimizing J1,
which leads to more solid material being placed along the
vertical direction. Conversely, as o decreases, the designs that
minimize �J2 (or maximize J2) have weak bars in the hori-
zontal direction—thus maximizing energy release rates. Max-
imum anisotropy is attained for o = 0.5, i.e., J2/J1 = 14.85.
Fig. 7 shows the convergence of J1, J2, and Vsolid, where it can
be seen that J1 increases and J2 decreases throughout the

Fig. 5 The illustration of a crack with length Z nucleating at node j, where
g is the angle between this crack and the internal normal of structural
boundary, and b is the angle between the global coordinate system and
local coordinate system located at node j. Enriched nodes (marked with
red circles) are detected at intersections with between structural bound-
aries and the edge of elements, and integration elements are created near
the boundary.

Fig. 6 (a) Initial design with four holes in the whole design domain; (b)–(l) Final designs with different weights o = 0, 0.1,. . ., 1.
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optimization process, and that the material volume fraction
Vsolid converges to 50%. Since the magnitude of J2 is larger
than that of J1, the optimizer gives priority to the former.
Since optimized designs depend on the initial topology—
because we use gradient information starting from the initial

design—to study the variability in final designs we also
looked at other initial layouts for o = 0.5. The results of this
study are given in Fig. 8, where we see that optimized
structures are different than that shown in Fig. 6(f)—
although the main features are retained. It should also be
mentioned that optimized designs are also sensitive to the
move limit used in MMA.

Formulation of the topology optimization

Following the work of Silva et al.31 on topological derivatives,
the matrix Q in eqn (4) is given by

Qðg; bÞ ¼ OðbÞTPðgÞTHTðgÞHðgÞPðgÞOðbÞ: (5)

In this equation, O(b) is a transformation matrix for translating
global to local stresses along the boundary, defined as

OðbÞ ¼
c2 sc sc s2

�sc c2 �s2 sc
�sc �s2 c2 sc
s2 �sc �sc c2

2
664

3
775; (6)

where c = cosb and s = sinb. P(g) is used to obtain stresses in
polar coordinates, and it is given by

PðgÞ ¼
s2g �sin 2

2
�sin 2g

2
c2

�sc c2 � s2

2

c2 � s2

2
sc

2
64

3
75; (7)

where this time c = cos g and s = sin g. As stated in the work of
Beghini et al.,35 H(g) is a 2 � 2 matrix associated with angle g,
with components

where c(I,1)
i , c(II,1)

i , c(I,2)
i , and c(II,2)

i are given in Table 4.

Sensitivity

The sensitivity of the objective function J with respect to a
design variable r is derived by using the adjoint variable
method. The Lagrangian function of the objective constructed

Fig. 7 Convergence of J1, J2, and Vsolid for o = 0.5.

Fig. 8 (a and c) Initial designs with 16 holes and 24 holes, and (b and d) the corresponding final results obtained with o = 0.5.

H11ðgÞ ¼
X6
i¼1

1� tanðgÞ2
� �

� cðI;1Þi cos½ði � 1Þg� � sinðgÞ
cosðgÞ3 � c

ðI;2Þ
i sinðigÞ

� �

H12ðgÞ ¼
X6
i¼1

2 tanðgÞ � cðI;1Þi cos½ði � 1Þg� þ 1

cosðgÞ2 � c
ðI;2Þ
i sinðigÞ

� �

H21ðgÞ ¼
X6
i¼1

1� tanðgÞ2
� �

� cðII;1Þi sinðigÞ � tanðgÞ
cosðgÞ2 � c

ðII;2Þ
i cos½ði � 1Þg�

� �

H22ðgÞ ¼
X6
i¼1

2 tanðgÞ � cðII;1Þi sinðigÞ þ 1

cosðgÞ2 � c
ðII;2Þ
i cos½ði � 1Þg�

� �
;

(8)
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by using the adjoint vectors k1 and k2 is expressed as

L ¼ J þ kT1 ðK1U1 � F1Þ þ kT2 ðK2U2 � F2Þ: (9)

Then the derivative of L with respect to the jth design variable sj

is given by

dL

dsj
¼ o

@J1
@sj
� ð1� oÞ@J2

@sj

þ kT1
@K1

@sj
U1 � kT1

@F1

@sj

þ kT2
@K2

@sj
U2 � kT2

@F2

@sj

þ o
@J1
@U1

þ kT1K1

� �
@U1

@sj

þ �ð1� oÞ @J2
@U2

þ kT2K2

� �
@U2

@sj
:

(10)

After obtaining the adjoint vectors k1 and k2 by solving the
following adjoint equations

o
@J1
@U1

þ kT1K1 ¼ 0; (11)

and

�ð1� oÞ @J2
@U2

þ kT2K2 ¼ 0; (12)

the above sensitivity formulation is simplified as

dL

dsj
¼ o

@J1
@sj
� ð1� oÞ@J2

@sj

þ kT1
@K1

@sj
U1 � kT1

@F1

@sj

þ kT2
@K2

@sj
U2 � kT2

@F2

@sj
:

(13)

According to eqn (3) and (4), the derivative qJi/qUi, i = 1, 2 can
be expressed as

@Ji
@U i
¼ 1

N

XN
j¼1

@Gj

@U i
; (14)

where

@Gj

@U i
¼ pe

E

@ rT
j Qðg; bÞrj

� 	
@U i

¼ pe
E

@rT
j

@U i
Qðg; bÞrj þ rT

j Qðg; bÞ
@rj

@U i

 !
: (15)

The stress of jth node, rj, is defined as

rj ¼

PNe

e¼1
DBeU i

Ne
; (16)

where Ne is the number of elements sharing the jth node, D is
the constitutive tensor, and Be is the strain-displacement
matrix. Then, its derivative with respect to the displacement
field Ui is given by rj

@rj

@U i
¼

PNe

e¼1
DBe

Ne
: (17)
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