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The application of physics-informed neural
networks to hydrodynamic voltammetry†

Haotian Chen, a Enno Kätelhönb and Richard G. Compton *a

Electrochemical problems are widely studied in flowing systems since the latter offer improved sensitivity

notably for electro-analysis and the possibility of steady-state measurements for fundamental studies

even with macro-electrodes. We report the exploratory use of Physics-Informed Neural Networks (PINNs)

as potentially simpler, and easier way to implement alternatives to finite difference or finite element simu-

lations to predict the effect of flow and electrode geometry on the currents observed in channel electro-

des where the flow is constrained to a rectangular duct with the electrode embedded flush with the wall

of the cell. Several problems are addressed including the evaluation of the transport limited current at a

micro channel electrode, the transport of material between two adjacent electrodes in a channel flow

and the response of an electrode where the electrode reaction follows a preceding chemical reaction.

The approach is shown to give quantitative agreement in the limits for which existing solutions are known

whilst offering predictions for the case of the previously unexplored CE reaction at a micro channel

electrode.

1. Introduction

The vast volume of current publications reporting mostly
empirical work in the areas of electrocatalysis and electro-ana-
lysis testifies to the importance of electrochemistry both in
general and to these specific topics, particularly for energy
transformation technology, clean (electro-) synthesis and
chemical sensing. At the same time the disappointing speed
of substantive progress across these areas, which are essential
for the continued and enhanced well-being of mankind,1

suggests in place of empiricism a bottom up approach which
interplays theory with quantitative experiment2 is needed to
secure the discoveries and changes required. In the case of
dynamic electrochemistry, essential theory includes descrip-
tions of electron transfer,3–7 mass transport8–10 and interfacial
structure.11 Whilst the experimental implications of theory are
established for simple chemistry in well-defined electrode geo-
metries, the extension to many of the systems of current inter-
est including mechanistically complex multi-electron pro-
cesses such as carbon dioxide reduction, nitrogen activation
and water splitting, is challenging largely because models
once proposed need, so as to be applied to the quantitative

analysis of experimental data, to be mathematically described
through solution of sets of coupled partial differential
equations with often complicated boundary conditions. This is
typically addressed via simulation using finite element (FE) or
finite difference (FD) methods12,13 which are time-consuming
and require significant expertise and experience to accurately
implement. The era of machine learning may, however, offer
the experimentalist a generic and easy route to solving the
equations with minimal programming and allowing the rigor-
ous exploration of a much wider and diverse range of mechan-
istic hypotheses than hitherto possible via the use of Physics-
Informed neural networks.

Physics-Informed neural networks (PINNs), were introduced
in 2018 by Rassi to provide data driven solution and discovery
of partial differential equations (PDEs). They have found exten-
sive use for example in fluid dynamics, including incompressi-
ble laminar flow,14 turbulent flow15 and oceanographic
studies.16 Other examples of the use of PINNs include pricing
of financial derivatives,17 epidemiological models,17 battery
lifetime estimations,18 and modelling of wind turbine main
bearing fatigue.19 The abundance of recent publications
describing diverse uses have proven the potential of PINN’s
but to the best of authors’ knowledge, the application of con-
vective-diffusion informed PINN in general or specifically to
mechanistic or analytical electro-chemistry is lacking, which
can be possibly explained by a recent report,20 asserting the
difficulty of training PINN to accommodate convective-
diffusion and diffusion-reaction models with relatively fast
mass transport and/or chemical kinetics.20 Nevertheless
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encouraged by the curriculum learning suggested by
Krishnapriyan et al.,20 in this paper we solve the convective-
diffusion equation for channel electrodes of different geome-
tries, addressing a range of problems of interest to electro-
chemists and analysts including in the presence of fast
coupled chemical kinetics.

A channel (or tubular) electrode21,22 comprise an electrode
embedded in the wall of a rectangular duct (or circular tube)
through which solution flows. Measurements can be made at
steady-state where the variation of flow rate give a convenient
controllable handle on the voltammetric timescale akin to the
use of electrode size in microelectrode voltammetry23,24 so
allowing the study of electrode reaction mechanisms. Further
the geometry is compatible with spectro-electrochemical
measurements.25 In additional and most importantly, the
channel electrode is the basis of the electroanalytical detectors
of high sensitivity, the use of which have grown rapidly with
the adoption of microfluidic techniques, flow injection
analysis26,27 and liquid chromatography28,29 into major
analytical activities.30,31 In fundamental electrochemistry,
channel electrodes, partly due to their non-uniformly accessi-
bility, are sensitive in distinguishing different but similar
mechanisms, including CE, EC, ECE, DISP, etc.21 Double
channel electrodes consist of an upstream electrode and a
downstream electrode in the channel wall, separated by insu-
lating material but linked via flow. The two electrodes can
form a generator-collector or generator-generator array or be
used as a single combination. Applications of channel electro-
des includes characterization of electrolytic processes at the
surface of porous silicon electrodes,32 electrochemical electron
paramagnetic spectroscopy (ESR),33 droplet detection in micro-
fluidic devices34 and ion detection at the liquid/liquid
interface.35

Simulation of channel electrodes, conventionally employs
finite difference36 and/or finite element methods,30,37 both
requiring bespoke home-written programs12 based on discreti-
zation of simulation space, in the absence of access to expen-
sive commercial software, which also use these approaches, to
obtain solutions. These requirements reduce the accessibility
and hence extent of application of these methods.38 Thus, we
propose a discretization-free simulation using PINNs, to
predict the steady state transport limited currents at the
channel electrode particularly as a function of the flow rate
and electrode geometry. Three scenarios are investigated,
including the single microband channel electrode, the double
microband channel electrode and single microband
channel electrode coupled with preceding first-order reversible
chemical kinetics (CE reaction). The TensorFlow imple-
mentation is available at https://github.com/nmerovingian/
PINN-Hydrodynamic-Voltammetry for the readers.

2. Theory

Three specific channel electrode problems are explored using
PINNs in this paper. The first addresses the transport limited

current arising from a simple one electron reaction, assumed
to be an oxidation, at a channel microband electrode:

A ! Bþ e ð1Þ

where A and B are stable solution species flowing in the
channel. The second problem is that of the double channel
electrode working in generator-detector mode where the
electrochemical reaction on the two electrodes are:

Generator : A ! Bþ e
Detector : Bþ e ! A

�
; N ¼ � Id

Ig
ð2Þ

where Id and Ig are the currents of the detector and generator
electrode respectively and N the collection efficiency of the
double channel electrode where the case of both electrodes
being of microband geometry is addressed. The third problem
is that of preceding chemical reaction (a so-called CE reac-
tion39) at a channel electrode where:

R Ðkf
kb

A; Keq ¼ kf
kb

A ! Bþ e

8<
: ð3Þ

where A/B is the electrochemical redox couple and R is electro-
chemically inert. kf, kb and Keq are the forward reaction rate
constant, reverse reaction rate constant and equilibrium con-
stant of the preceding chemical reaction, respectively.

In all cases sufficient supporting electrolyte is presumed
present so that the transport is exclusively via diffusion and
forced convection. In this article, the simulation results are
compared with previously reported analytical expression and/
or experimental results where applicable.

Solution flows through a cell such as shown in Fig. 1, which
contains a rectangular electrode of length xe, width w. The dis-
tance xchannel represents the length of the flow cell which is
simulated. As discussed below the distances, x1 and x2
(measured from the coordinate origin to the upstream edge or
to the downstream edge of the electrode) define the position
of the electrode within the PINN simulations. The distance x1
allows for axial diffusion upstream of the electrode whilst a
distance xchannel − x2 is included in the simulation again to
account for axial diffusion effects. The channel has a width of
d and height of 2h.

The flow cell is usually designed that the flow pattern over
the electrode is laminar and thus well-defined over the range
of flow rates employed. Laminar or turbulent flow is usually
characterized via the Reynold numbers where:

Re ¼ 2hv0
ν

ð4Þ

and v0 is the solution velocity at the center of channel and ν is
the kinematic viscosity of the solution. Re is usually experi-
mentally kept below 2000 to avoid turbulent flow, which is
more difficult to model. The steady-state flow is assumed to be
fully developed at the upstream edge of the simulation which
requires a lead-in length xlead-in large enough to allow estab-
lishment of steady-state parabolic velocity profile (‘Poiseuille
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flow’) caused by the friction between the solution and the
cells:

xlead-in � 0:1hRe ð5Þ
The fully developed laminar flow is described as:

vx ¼ v0 1� ðh� yÞ2
h2

� �
; vy ¼ 0; vz ¼ 0 ð6Þ

where h is the half-height of the cell. The volume flow rate is:

vf ¼ 4
3
v0hd: ð7Þ

A similar parabolic profile is established across the dia-
meter of tubular electrodes.21

3.1. Simulation of steady state limiting currents at single
microband channel eectrodes

The mass transport equation for the channel electrode is:

@cA
@t

¼ DA∇2cA � vx
@cA
@x

þ vy
@cA
@y

þ vz
@cA
@z

� �
ð8Þ

where ∇2 is the Laplacian operator. Note that the flow rate in y

and z directions is zero (vy = vz = 0) and at steady state
@cA
@t

¼ 0.

Since the electrode width is usually much larger than the
length, transverse diffusion in the z-direction can be neglected
so reducing the simulation to a two-dimensional problem.
Thus, the convective-diffusion mass transport at steady state
simplifies to

0 ¼ DA
@2cA
@x2

þ DA
@2cA
@y2

� vx
@cA
@x

ð9Þ

where DA is the diffusion coefficient of species A.

To facilitate an approximate analytical solution to the
problem Levich10 further simplified by first neglecting axial
diffusion which is a good approximation for macroelectrodes
but not for microelectrodes40 and second by introducing the
Lévêque approximation41 which linearizes the flow profile
close to the electrode leading to:

0 ¼ DA
@2cA
@y2

� vx
@cA
@x

; vx ¼ v0 1� ðh� yÞ
h

� �
: ð10Þ

These simplifications allow derivation of the following
approximate analytical expression for the transport limited
current:

Ilim ¼ 0:925nFcAwðxeDAÞ
2
3

vf
hd

� �1
3
: ð11Þ

For the PINN simulation (see below for details) eqn (9) is
solved subject to the following boundary conditions:

@cA
@y

¼ 0; x ¼ ½0; x1�; y ¼ 0 ð12:1Þ

cA ¼ 0; x ¼ ½x1; x2�; y ¼ 0 ð12:2Þ

@cA
@y

¼ 0; x ¼ ½x2; xchannel� ð12:3Þ

cA ¼ c*A; x ¼ 0; y ¼ ½0; 2h� ð12:4Þ

@cA
@y

¼ 0; x ¼ ½0; xchannel�; y ¼ 2h ð12:5Þ

where c*A is the bulk concentration of A at the inlet of channel
where B is not present. Eqn (12.1, 12.3 and 12.5) represents the
no-flux boundary conditions on the surface of insulating
materials. Eqn (12.2) enforces the zero concentration of A on

Fig. 1 A schematic illustration of single microband channel electrode. Parabolic velocity profile is allowed to developed before x = 0 and x = 0 is
the start of simulation. The yellow arrows show the velocity profile of laminar flow. x1 and x2 are coordinates along x-axis measured to the upstream
and downstream edge of channel and xchannel is the length of the flow cell. The height and width of flow cell is 2h and d along y and z axes respect-
ively with x = 0 at the coordinate origin. The upstream and downstream lengths are denoted as xa and xb and the length and width of electrode are
xe and w, respectively (see text).
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the surface of electrode due to the application of a high over-
potential for the oxidation of A.

3.2. Simulation of a double microband channel electrode

Fig. 2 shows a schematic diagram of a double channel elec-
trode where five distances are used to define the simulation
space and the electrode geometry: x = 0 is the start of the simu-
lation, x1 and x2 are the upstream and downstream coordi-
nates of the generator electrode; x3 and x4 are the coordinates
of the extremities of the detector electrode. xg = x2 − x1 and
xd = x4 − x3 are the length of the generator and detector
electrodes respectively. Note that the gap between the two
electrodes, xb = x3 − x2, is a key parameter in controlling the
collection efficiency.42,43

If species A and B in Fig. 2 are assumed to have identical
diffusion coefficients at all points of space, then it can be
shown that cA þ cb ¼ c*A. In this way the problem is reduced to
just one species. Accordingly, the problem is formulated con-
sidering only the mass transport of A. The boundary con-
ditions for double microband channel electrode specifies
different concentration at the surface of the generator and
detector electrodes.

@cA
@y

¼ 0; x ¼ ½0; x1�; y ¼ 0 ð13:1Þ

cA ¼ 0; x ¼ ½x1; x2�; y ¼ 0 ð13:2Þ
@cA
@y

¼ 0; x ¼ ½x2; x3� ð13:3Þ

cA ¼ c*A; x ¼ ½x3; x4� ð13:4Þ

@cA
@y

¼ 0; x ¼ ½x4; xchannel� ð13:5Þ

cA ¼ c*A; x ¼ 0; y ¼ ½0; 2h� ð13:6Þ
@cA
@y

¼ 0; x ¼ ½0; xchannel�; y ¼ 2h ð13:7Þ

Eqn (13.1, 13.3, 13.5 and 13.7) correspond to no flux bound-
ary conditions at the insulating wall of the channel electrode.
The electrochemical reactions on the generator and detector
electrodes are represented by eqn (13.2) and (13.4) respectively.
Mass transport from upstream of channel electrode is rep-
resented by eqn (13.7).

3.3. Simulation of single channel electrode with CE reaction

The mass transport equation for a channel electrode with
coupled preceding chemical reaction at steady state is:

0 ¼ DR
@2cR
@y2

þ DR
@2cR
@x2

� vx
@cR
@x

� kfcR þ kbcA

0 ¼ DA
@2cA
@y2

þ DA
@2cA
@x2

� vx
@cA
@x

þ kfcR � kbcA

8>><
>>:

ð14Þ

where DR is the diffusion coefficient for reactant R. Pre-equili-
brium is assumed at x = 0 and in bulk solution for the preced-

ing chemical reaction where Keq ¼ c*A
c*R

and c* ¼ c*A þ c*R. The fol-

lowing boundary conditions describe the problem for calculat-
ing the transport limited current due to the reduction of A:

Fig. 2 A schematic illustration of double microband channel electrode. Parabolic velocity profile is allowed to developed before x = 0 and x = 0 is
the start of simulation. The yellow arrows show the velocity profile of laminar flow. x1 and x2 are the upstream and downstream coordinates for gen-
erator electrode (golden) and x3 and x4 are upstream and downstream coordinates of detector electrode (metallic color). The height and width of
flow cell is 2h and d along y and z axes respectively with x = 0 at the coordinate origin. The length of upstream, gap and downstream distances are
denoted as xa, xb and xc respectively and the length of generator and detector electrode is xg and xd, respectively (see text).
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@cA
@y

¼ 0; x ¼ ½0; x1�; y ¼ 0 ð15:1Þ

cA ¼ 0; x ¼ ½x1; x2�; y ¼ 0 ð15:2Þ
@cA
@y

¼ 0; x ¼ ½x2; xchannel� ð15:3Þ

cA ¼ c*A; x ¼ 0; y ¼ ½0; 2h� ð15:4Þ
@cA
@y

¼ 0; x ¼ ½0; xchannel�; y ¼ 2h: ð15:5Þ

The boundary conditions for the reactant, R, which is elec-
trochemically inactive, are:

@cR
@y

¼ 0; x ¼ ½0; xchannel�; y ¼ 0 ð16:1Þ

cR ¼ c*R; x ¼ 0; y ¼ ½0; 2h� ð16:2Þ
@cR
@y

¼ 0; x ¼ ½0; xchannel�; y ¼ 2h ð16:3Þ

3.4. Dimensionless parameters

To solve the PDEs using PINN, dimensionless parameters (see
Table 1) are pivotal to circumvent the expanding/diminishing
gradient problem44 while increasing the generalizability of the
models.12 By removing dependence on the electrode length, xe,
diffusion coefficient, D, and bulk concentration, c*, the dimen-
sionless results can be converted back to dimensional ones
with any set of parameters. By definition, the dimensionless
diffusion coefficient of A is always unity and not appear expli-
citly in the dimensionless mass transport equations. Without
preceding chemical reaction, the dimensionless bulk concen-
tration of species A is C*

A ¼ 1; with preceding chemical reac-
tion and chemical equilibrium in the upstream solution, C*

R ¼
1

1þ Keq
; C*

A ¼ Keq

1þ Keq
. Using the length of electrode, xe, for a

single channel electrode (and the length of generator elec-
trode, xg, for double channel electrode) as a characteristic
dimension and the Peclet number, Pe, reflects the relative
influence of mass transport by convection and diffusion:

Pe ¼ vmxe
DA

ð17Þ

where vm is the mean flow velocity given by vm ¼ 2
3 v0. The

dimensionless form of mass transport equation, for single and
double microband channel electrode is,

0 ¼ @2CA

@Y2 þ @2CA

@X2 � Vx
@CA

@X
ð18Þ

where (Table 1) the dimensionless flow rate, Vx, is:

Vx ¼ 3
2
Pe 1� ðH � YÞ2

H2

� �� �
: ð19Þ

For channel electrode coupled with CE mechanics, the
mass transport equation can be written as:

0 ¼ dR
@2CR

@Y2 þ dR
@2CR

@X2 � Vx
@CR

@X
� KfCR þ KbCA

0 ¼ @2CA

@Y2 þ @2CA

@X2 � Vx
@CA

@X
þ KfCR � KbCA

8><
>: : ð20Þ

3.5. PINN simulation

PINN simulation of the steady state mass transport with a
single microband channel electrode requires prediction of con-
centration profile CA(X,Y) where X and Y are dimensionless
coordinates. CA(X,Y) can be described as a combination of con-
vective-diffusion equation and boundary conditions:

@2CA

@Y2 þ @2CA

@X2 � Vx
@CA

@X
¼ 0; ΩX �ΩY ð21:1Þ

dCA

dY
¼ 0; X ¼ ½0;X1�; Y ¼ 0 ð21:2Þ

CA ¼ 0; X ¼ ½X1;X2� ð21:3Þ

Table 1 Table of conversions to dimensionless parameters. xe is the length of electrode for single microband channel electrode and xg is the length
of generator electrode for double channel electrode. Dj stands for diffusion coefficient of any species j

Single microband channel
electrode

Single microband channel
electrode with CE reaction

Double microband channel
electrode

Spatial coordinate X ¼ x
xe

; Y ¼ y
xe

; H ¼ h
xe

X ¼ x
xe

; Y ¼ y
xe

; H ¼ h
xe

X ¼ x
xg

; Y ¼ y
xg

; H ¼ h
xg

Concentration CA ¼ cA
c*A

CA ¼ cA
c*

; CR ¼ cR
c*

CA ¼ cA
c*A

Diffusion coefficient dj ¼ Dj

DA

Peclet number Pe ¼ vmxe
DA

Pe ¼ vmxe
DA

Pe ¼ vmxg
DA

Velocity flow rate Vx ¼ 3
2
Pe 1� ðH � YÞ2

H2

� �� �

First order chemical reaction N/A K ¼ kxeg2

DA
N/A

Current I ¼ Fwc*ADA J I = Fwc*DA J Ig ¼ Fwc*ADA Jg
Id ¼ Fwc*ADA Jd
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dCA

dY
¼ 0; X ¼ ½X2;Xchannel�; Y ¼ 0 ð21:4Þ

CA ¼ 1; X ¼ 0; ΩY ð21:5Þ

dCA

dY
¼ 0; ΩX ; Y ¼ Ychannel ð21:6Þ

where ΩX ∈ [0,Xchannel], ΩY ∈ [0,Ychannel], and represent the
two-dimensional spatial domain for simulation. Xchannel is the
dimensionless simulation length in the X direction. While Xe

is always equal to one by definition, X1 is set between 0.1 and
0.5 to allow diffusion upstream. Xchannel is thus between 1.2
and 2.0 to allow diffusion downstream. The faster the convec-
tion (high Pe), the less significant the contribution of axial
diffusion and the smaller the Xchannel. Xchannel is chosen
around 10 to 20 so that the boundary on the opposite side of
electrode is less affected by the interfacial reaction(s). Eqn
(21.1) represents the PDE to be solved using PINN; eqn (21.2)
and (21.4) are the no-flux boundary conditions on the insulat-
ing surface. Eqn (21.6) describes the no-flux boundary con-
dition at the outer boundary of simulation and is unperturbed
by electrochemical reaction on the microband channel elec-
trode. The electrochemical reaction on electrode surface is
enforced by eqn (21.3) as the surface concentration of A is
zero. Finally, eqn (21.5) enforces the boundary condition at the
upstream of channel electrode, which should always be the
bulk concentration of species A.

When neural networks are constrained by physical laws like
the convective-diffusion equation above in eqn (21), they are
said to be physical-informed. Unlike conventional supervised
learning with neural network, which predicts C(X,Y) by feeding
known concentrations corresponding to known spatial coordi-
nates, PINN has only the knowledge of the physical equation
and the boundary conditions. PINNs are trained by enforcing
the physical laws with sets of collocation points, each set rep-
resents a physical constraint for PINN to satisfy. For example,
to satisfy eqn (21.1), N collocation points fXi; YigNi¼1 are gener-
ated with a uniform random distribution on the ΩX × ΩY

spatial domain to predict concentration, fCðXi; YiÞgNi¼1, while
satisfying the physical constraint by minimizing the mean
square error (MSE) of physical constraints:

MSE1 ¼ 1
N

XN
i¼1

@2CA

@Y2 þ @2CA

@X2 � Vx
@CA

@X

� �2

: ð23Þ

Calculation and optimization of PINN benefits from auto-
matic differentiation (AD) commonly available in neural
network frameworks, hence avoiding discretization and mesh
setup. To satisfy the six equations of channel electrode, the
overall loss of PINN is a linear combination of six MSE
functions:

L ¼ P6
i¼1

wiMSEi ð23Þ

where wi is the weight of each MSE functions to accommodate
errors which may have different magnitudes. During training,

the overall loss is minimized by the Adam optimizer45 (learn-
ing rate = 10−3) and a hyperbolic tangent (tanh) is used as the
activation function for its superior ability to approximate ana-
lytic functions.46 The performance of the PINN depends on
the number of collocation points,47 and in this article N is set
to 106 or 2 × 106 to satisfy both convergence and computer
memory requirements. When the Peclet number, Pe > 10, cur-
riculum learning (training stepwise from low Pe to high Pe) is
used to assist convergence.20

After training, a concentration profile at ΩX × ΩY is
obtained. The flux on the surface of electrode is calculated as:

J ¼ Ð X2

X1

@CA

@Y

� �
Y¼0

dX ð24Þ

where
@CA

@Y

� �
Y¼0

can be approximated as
CA;Y¼δY � CA;Y¼0

δY

� �
.

Note that to predict the concentration of the two species in
the CE reaction, two neural networks, each predicting one
species, are integrated in the PINN. Details for implementation
of double channel electrode and channel electrode with CE
reaction is reported in the ESI.†

3.6. Simulation method

The simulation programs were written in Python and the
neural networks were implemented using TensorFlow.
The simulations were run using a Nvidia V100 GPU and
12 allocated CPU cores using the Advanced Research
Computing (ARC) facility at the University of Oxford. The
implementation is available at https://github.com/nmerovingian/
PINN-Hydrodynamic-Voltammetry. The computational time is
mentioned in the ESI.†

4. Results and discussion

In the following, first, PINN is applied to a single channel elec-
trode and the predictions are compared with experimental results
as a function of volume flow rate, vf. Second, a PINN prediction
of the collection efficiency of a double channel electrode is made
as a function of the electrode lengths and gap. The results are
compared with limiting analytical expressions derived under the
Lévêque approximation in the presence of axial diffusion. Third,
PINN predictions of the steady state flux for a CE reaction at a
single microband channel electrode are investigated.

4.1. Single microband channel electrode

First, PINN simulation was conducted by setting Pe = 2.9.
Fig. 3 presents the PINN prediction of steady state concen-
tration profile and flux densities at the channel electrode. The
concentration profiles show a progressive build-up of electro-
generated depletion in the direction of flow whilst this extends
to a limited extent upstream of the electrode as a result
of axial back-diffusion. Downstream of the electrode, the
depletion spreads out into the bulk of the solution and gradu-
ally the local concentrations tend towards the upstream bulk
value as convection replenishes the depletion. The flux density
at the channel electrode, as shown in Fig. 3b, is not uniform.
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Note that in the limit of the Lévêque approximation and the
neglect of axial diffusion, the flux scales as the inverse cube
root of the distance from the upstream edge of the electrode
which is approximately the case for the PINN results with the
deviations attributed to the two approximations.

To facilitate comparison with literature experimental
results, the dimensionless PINN simulations were converted to
dimensional values with the following parameters, 2h =
0.05 cm, w = 0.364 cm, d = 0.6 cm, D = 2.3 × 10−5 cm2 s−1, and
c*A ¼ 1:14mM.36 Two electrode lengths, 4 μm and 11 μm were
considered and the diffusion coefficients of all species were
assumed to be 2.3 × 10−5 cm2 s−1. These diffusion coefficients
correspond to ferrocene/ferrocenium redox couple in aceto-
nitrile solution.36,48

To test the ‘convergence’ of the PINN, Fig. 4 illustrates the
steady state flux predicted as a function of number of colloca-
tion points, N , for the case xe = 11 μm and vf = 0.004 cm3 s−1.
It is seen that when N � 106, the steady state current con-
verges to ca. 1.4 μA. For the simulations reported below, in
Fig. 3 and Fig. 5, the value of N ¼ 106 was applied.

PINN simulation of channel electrode was validated by
comparing predictions for the ferrocene oxidation at the
channel electrode with the experimental data36 which reports
the effect of the volume flow rate on the limiting current for
the two channel electrodes of different lengths given above:

from 0.005 to 0.03 cm3 s−1 for 4 μm electrode (Pe = 2.90 to
17.37) and 0.001 to 0.01 cm3 s−1 (Pe = 1.59 to 15.94) for 11 μm
electrode. Fig. 5 presents the PINN predicted steady state
current and experimental current as a function of volume flow
rate, vf. Good agreement with experimental results is observed
as the maximum difference from experimental currents is less
than 0.05 μA, suggesting that PINN can quantitatively predict
the steady state current for microband channel electrodes
under conditions where both diffusions, axial and normal, as
well as convection contribute to the mass transport.

PINN simulations were attempted for simplified models in
which the axial diffusion was turned off and/or the Lévêque

Fig. 3 PINN prediction of transport-limited current at microband elec-
trode when Pe = 2.9. (a) Concentration profile at steady state. (b) Flux
density at steady state for the channel electrode using PINN without
simplification (blue line); flux density predicted by PINN using Lévêque
approximation and neglecting axial diffusion (red dashed-line). Red
square represents the electrode and black squares are the insulating
material.

Fig. 4 PINN prediction of steady state current (blue line with marker) at
11 μm electrode and vf = 0.004 cm3 s−1 as a function of number of col-
location points, N and compared with experimental results (red-dash
line).

Fig. 5 Compare PINN prediction with experiment for oxidation of
ferrocene at different electrode length. (a) Electrode length, xe = 4 μm.
(b) Electrode length, xe = 11 μm.
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approximation made in place of eqn (10). In Fig. 3b, the red-
dashed line illustrates the flux density with Lévêque approxi-
mation and neglecting axial diffusion. Compared with the
solid blue line representing PINN prediction without approxi-
mations, the red-dashed line shows a lower flux density and a
sharper peak in the flux at the upstream edge of electrode,
showing the greater relative contribution of convection when
axial diffusion is assumed to be absent. It is interesting to
note that the PINN solution was more easily successful with
the physically realistic model whereas it was quantitatively
challenged by the two approximations previous used to enable
analytical mathematical approaches.

4.2. Double microband channel electrode

We consider the case of a double microband channel electrode
which employs a generator-detector setup,49 in which a down-
stream detector electrode reduces the electro-generated
product, B, from the electro-oxidation of A at an upstream gen-
erator electrode. The ratio of the detector electrode current
relative to the generator electrode current is termed the collec-
tion efficiency, N, which for a stable species undergoing trans-
port is controlled by the geometry of the double channel elec-
trode and the flow rate.

To explore these parameters, we made PINN prediction
while keeping the length of both the generator and the detec-

tor electrode identical, with the dimensionless gap Xb between

the electrodes, varied from
1
11

to 1 and Pe fixed at 100. The

upstream simulation space is enforced by setting X1 ¼ 2
11

and

the downstream space by fixing Xchannel � X4 ¼ 2
11

. The simu-

lation distance in Y direction is Ychannel = 2.5Xchannel. The
number of collocation points, for the simulations shown in
Fig. 6 and 7 was N ¼ 106.

Fig. 6 PINN prediction of double channel electrode at steady state by varying Xb from 1
11 to 1 with a step size of 2

11 while the length of generator
and detector electrode are equal. (left) Concentration profile at steady state. Generator electrode, detector electrode and insulating material are rep-
resented with red, green and black boxes. (right) Flux density at each electrode. Red line and blue line are for generator and detector electrode
respectively.

Fig. 7 Compare PINN prediction of collection efficiency (N) with
Matsuda/Braun equation as a function of dimensionless gap distance Xb.
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The concentration profiles and flux densities predicted by
the PINN are shown in Fig. 6. The concentration profiles show
a plume of electrogenerated material flowing downstream and
being partially but not completely consumed at the detector
electrode. The electrogenerated material extends upstream of
the generator electrode where it is carried by axial diffusion
against the flow.

The plots of the flux density on the generator electrode show
two maxima. The upstream peak resembles that observed above
for a single channel electrode and again reflects the high flux
delivered convectively and diffusively in this region. The second
(downstream peak) is attributed to axial back diffusion against
the flow leading to upstream transport of some A following
regeneration from B at the detector electrode (eqn (2)). With
increasing gap distance, the flux density in the second peak in
the generator flux decrease relatively to the first peak because
the ‘positive feedback’ from the detector electrode decreases. In
addition, note that a longer gap length facilitates the diffusion
of electrochemically generated B away from surface of electrode,
leading to reduced flux density at the detector electrode.

To validate the PINN prediction, the predicted collection
efficiency was compared with analytical expressions. Matsuda and
Braun43,50,51 have developed approximate analytical expressions
for the collection efficiency of a double channel electrode as:

N ¼ 1þ Xd
2=3½1� FðXbÞ� � ð1þ Xb þ XdÞ2=3

� 1þ F
Xb

Xd

� �
ð1þ Xb þ XdÞ

� 	� �
� F

Xb

Xd

� � ð25Þ

where Xb and Xd are the dimensionless gap and detector elec-
trode length respectively. The function F is tabulated by Albery
and Bruckenstein42 as:

FðxÞ ¼
ffiffiffi
3

p

4π
ln

ð1þ x1=3Þ3
ð1þ xÞ þ 3

2π
tan�1 2x1=3 � 1ffiffiffi

3
p

� �
þ 1
4
: ð26Þ

The collection efficiency predicted by PINN is compared
with the predictions of the Matsuda/Braun expression in Fig. 7
and a good agreement is observed between the two, suggesting
that PINN can quantitatively simulate the mass transport of a
double microband electrode and generate a good estimate of
the collection efficiency.

4.3. Channel electrode with CE reaction

As a third paradigm case, PINN simulations of a microband
channel electrode assuming xe = 11 μm with CE reaction are
performed with increasing dimensionless forward reaction
rate constants, from Kf = 0 to Kf = 100 while fixing Keq = 0.5.
Hence, the dimensionless concentrations of R and A in bulk
equilibrated solution, prior to entering the flow cell and

upstream of the electrode are C*
R ¼ 2

3
and C*

A ¼ 1
3

respectively

and C* ¼ C*
R þ C*

A ¼ 1. Two flow rates are considered: Pe = 1.59
and 6.38, and the corresponding volume flow rates are vf =
0.001 cm3 s−1 and 0.004 cm3 s−1. The number of collocation
points are set to N ¼ 2� 106. Fig. 8 shows the concentration
profiles of A and R and the flux density of a PINN simulation

when Kf = 1 and Pe = 1.59 Fig. 8a illustrates the depletion of R
near the surface of electrode, to generate A, as the subsequent
removal of A pushes the chemical equilibrium towards product;
Fig. 8b presents the concentration profile of A, showing
depletion of A along the flow direction and mass transport
upstream due to axial back-diffusion. The pattern of concen-
tration profile is like Fig. 3a, but the concentration gradients
differ and result in different flux densities. From Fig. 8c, the
flux density when Kf = 1 is higher than Kf = 0, reflecting the
extra current contribution from the preceding chemical reaction
generating extra A for consumption at the electrode.

Matsuda et al.52 developed an approximate analytical
expression relating the diffusion-controlled current with the
kinetic current by neglecting axial diffusion:

I
Id

¼ 1:290Λ

tanh 1:290Λ
kb
kf

� �
þ 1:290Λ

ð27Þ

Fig. 8 PINN prediction of channel electrode coupled with CE reaction,
when Kf = 1, Keq = 0.5 and Pe = 1.59. (a and b) Concentration profile of R
and A respectively. (c) Flux density of electrochemical reaction of A
when Kf = 0 and Kf = 1.
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where Id is the diffusion-limited current assuming that the
bulk dimensionless concentration C*

A ¼ 1 and ∧ is a dimen-
sionless parameter reflecting kinetic, thermodynamic and
mass transport parameters derived assuming the diffusion
coefficients of all species are equal to that of A:

Λ ¼ hxe
3vm

� �1
3

kf 1þ kb
kf

� �� 	1
2kf
kb

DA
� 1

6 ð28Þ

Fig. 9 shows the PINN prediction of transport limited cur-
rents as a function of Kf at Keq = 0.5 and two different Pe: (a)
6.38, (b) 1.59. The PINN predictions (blue line with marker)
were benchmarked with the Matsuda equation (orange line
with marker) and Fig. 9 suggests that the two lines approach
the diffusion limited current (red dash-dot line) with increas-
ing Kf. As expected increasingly fast homogeneous kinetics
leads to increased currents as more A is made available for
reaction on the voltammetric timescale. However, the PINN
prediction suggests that in comparison with the Matsuda
equation, faster homogeneous kinetics are generally required
to access the same currents in the kinetically controlled
regime consistent with the fact that the electrode modelled is
of microelectrode dimensions and so experiences a shorter vol-
tammetric timescale than the Matsuda equation designed for
macroelectrodes. On the other hand, the increased rate of
mass transport leads to the establishment of the full diffusion-
controlled limit for lower values of Kf. The mathematical deri-
vations of eqn (27 and 28) are at the limits of analytical theory

and require the adoption of severe approximations. It is
evident that PINNs have the potential to make predictions via
physically more realistic models.

5. Conclusions

In summary, we have implemented PINNs to solve three pro-
blems in hydrodynamic voltammetry: transport limited cur-
rents at single microband channel electrodes, the collection
efficiency of a double microband channel electrode and the
kinetically controlled currents expected at a channel electrode
for a CE reaction. The resulting steady-state currents were com-
pared with experiments or analytical expression where avail-
able, proving that PINNs is a rapid and simple to implement
alternative to FD and FE simulations for solving electro-
analytical convective-diffusion problems including those with
coupled homogeneous chemical kinetics. In the latter case we
facilitated PINN solution for the prediction of the concen-
tration of two species via the cooperation of two embedded
neural networks in the PINN. We have also demonstrated that
PINNs can be applied to convection-diffusion problems with
fast mass transport (high Pe number), using curriculum learn-
ing to accelerate convergence. Together with our previous
paper on diffusion only voltammetry,53 the work on hydrodyn-
amic voltammetry establishes the basis of PINN simulation for
the application of PINNs in electrochemistry and electro-
analytical chemistry, being an easier and/or cheaper alternative
to finite element or finite difference method.
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