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Elliptic dichroism in strong-field ionization of
atoms subjected to tailored laser fields

Wilhelm Becker *a and Dejan B. Milošević abc

The differential ionization rate for strong-field ionization by tailored laser fields of atomic systems

averaged over the magnetic quantum number satisfies particular inversion and reflection symmetries.

The symmetries of the elliptic-dichroism parameter, which is related to the change of sign of the

ellipticity of the laser field, are considered in detail, with particular emphasis on high-order above-

threshold ionization. The general results are illustrated by the examples of an elliptically polarized laser

field and a bi-elliptical orthogonally polarized two-color (BEOTC) field. For the BEOTC field the

differential ionization rate and the elliptic-dichroism parameter are investigated for the o–2o and o–3o

field combinations and for various relative phases between the laser-field components. The inversion

and reflection symmetries of the photoelectron momentum distribution in the polarization plane of the

field depend on the parities of r and s in the ro–so BEOTC field combination and on the relative phase

between the field components. We suggest that, by analyzing the symmetry properties of the measured

momentum distribution of the elliptic-dichroism parameter, one can identify the mechanism of strong-

field ionization. If the rescattering mechanism is dominant one can use these distributions to obtain

information about the atomic and molecular structure and dynamics.

1 Introduction

Dichroic effects provide a versatile tool for modern physics and
chemistry.1 For photoionization, two limiting cases can be
identified: photoelectric circular dichroism (PECD) refers to a
backward/forward asymmetry of the electron yield in the pro-
pagation direction of the incident circularly polarized laser
beam, which is observed for a target of nonoriented chiral
molecules. In contrast to earlier dichroic effects, this is due to
the electric rather than the magnetic dipole. Hence the effect is
substantial and has important applications especially for chiral
recognition in the gas phase. Alternatively, circular (or elliptical)
dichroism in the angular distribution (CDAD) refers to the effect of
a change of the polarization state of the incident light on the
momentum distribution within the polarization plane of photo-
electrons released by a usually nonchiral target: ‘‘. . ., the CDAD
effect disappears in directions parallel to the photon beam,
whereas PECD asymmetry is maximized in these directions.
Conversely, the PECD asymmetry disappears in directions
perpendicular to the photon beam where the maximum CDAD

asymmetry can be found’’.1 CDAD can be used to analyze the
interaction of light with a nonchiral target in order to assess the
relative weight of nonadiabatic versus adiabatic ionization
mechanisms. In other words, it allows one to attribute features
of the momentum distribution to processes that require or do
not require interaction of the freed electron with the parent ion.

The first theoretical formulation of PECD was given in ref. 2
and the first observations were reported in ref. 3 and 4.
Dichroic effects were observed in one-photon ionization and
subsequently also in multiphoton ionization,5,6 above-threshold
ionization (ATI)7 and, in general, in strong-field ionization.8–11

Currently, in addition to the photo-ion circular dichroism
(PICD),12 PECD appears to open up the best avenue towards
efficient chiral recognition.4,13 The term PECD has also been
used for backward/forward asymmetries caused by orthogo-
nally polarized two-color (OTC) fields.14

Left-right asymmetries in the photoelectron angular distri-
butions of ATI by an elliptically polarized laser field were first
reported in ref. 15, which has initiated many subsequent
studies.16–20 In the present paper we consider CDAD, more
precisely elliptic dichroism (EDAD) in strong-field ionization
and, in particular, in above-threshold ionization (ATI) and high-
order above-threshold ionization (HATI).

High-order strong-laser-field-driven processes are usually
explained using the three-step model: the electron, temporarily
liberated from an atom or molecule (this is the first or ioniza-
tion step) may be driven back by the field (propagation step) to
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interact with the parent ion in the third step. If this interaction
is elastic backscattering, then in the resulting process (called
HATI) the electron can significantly increase its energy. Another
possibility is recombination of this electron with the parent ion
followed by emission of a high-energy photon (this is the
so-called high-order harmonic generation). We also mention
nonsequential multiple ionization, the process in which the
recolliding electron kicks out one or more electrons of the
parent ion. Such three-step processes have been usually exam-
ined using linearly polarized fields since the electron, driven by
such a field, can readily revisit the parent ion. In the more
general case of an elliptically polarized field, the liberated
electron, if it starts with zero momentum, will ‘‘miss’’ its parent
ion (i.e., in the language of quantum mechanics, the overlap of
the corresponding wave packets will be small), so that the
probability of the afore-mentioned high-order processes
becomes lower and lower with increasing ellipticity.

For linear polarization and elastic rescattering by the angle
1801 (backscattering) the final electron energy can be as high as
10Up (Up is the electron ponderomotive energy in the laser
field), which is five times larger than the maximum energy of
the directly ionized (ATI) electrons. The electron can rescatter
in any direction, including forward scattering. In this case, the
corresponding final electron energy is lower (o2Up). Usually,
electrons that do not undergo rescattering (called direct elec-
trons) make the main contribution in this energy region.
However, Coulomb effects can enhance the contribution of
the forward-scattered electrons since the Coulomb scattering
cross section is very large for small angles.21 In fact, the low-
energy structures (LES) in the energy region o0.1Up, discovered
in 200922,23 (see Section 4 in ref. 24), were attributed to forward
scattering.25 In addition to the LES, the forward-scattered
electrons in the region (1–2)Up generate various interesting
structures especially off the polarization axis,26 most of which
have been observed. By interference with the direct electrons,
they cause the spiderlike structures known as holograms.27,28

In our quantum-orbit nomenclature, these orbits are denoted
as nm = 10.29,30

More recently, it has been confirmed that there are more
complex field configurations that also allow the electron to
return to its parent ion so that high-order processes can occur
more easily. Such, so-called tailored, fields consist of two or
more field components having different frequencies and polari-
zations (see, for example, the special issue about dynamics in
tailored ultrashort light fields31). For example, a bicircular field
is a superposition of two coplanar counter-rotating circularly
polarized fields having different frequencies. The HATI process
in such a field was considered, for example, in ref. 32 where the
improved strong-field approximation, which we will use in the
present paper, was presented in detail. As another example, the
helicity asymmetry of HATI by an intense bicircular field was
analyzed in ref. 18. The helicity-asymmetry parameter defined
in this reference is a special case of the elliptic-dichroism
parameter to be introduced in the present paper. More recently,
circular dichroism in biharmonic ionization of atoms was
investigated in ref. 20. Another example of a tailored field is

the OTC field, which consists of two linearly polarized compo-
nents with orthogonal polarizations and commensurable fre-
quencies. A detailed list of references devoted to strong-field
processes in OTC fields can be found in ref. 33. Bicircular and
OTC fields are special cases of a bi-elliptical OTC (BEOTC) field,
which was introduced in ref. 34. As far as we know, the HATI
process in a BEOTC field has not been investigated yet. This will
make up a major part of this paper.

We will focus on the symmetries obeyed by the angle-
resolved spectrum or the velocity map of the liberated electron.
A parametric plot of the vector potential of the driving field may
exhibit two kinds of symmetries, rotational symmetries and
inversion symmetry (r - �r) on the one hand and reflection
symmetry with respect to one or several planes (e.g. x - �x or
y - �y) on the other.18 The first type preserves the direction of
the time evolution of the vector potential while the second one
reverses it. The overall shape of the velocity map of the released
electron is closely related to the symmetries of the vector
potential. ATI electrons, which are described by the lowest-
order term of a Born expansion of the ionization amplitude in
terms of the binding potential, observe both of the afore-
mentioned symmetries. In contrast, HATI electrons undergo
rescattering. Hence, they are only captured by the next-order
term of the Born series, which allows for one additional
interaction with the binding potential. This term depends on
the time evolution of the field: ionization precedes rescattering.
Therefore, the momentum distribution of the HATI electrons
only reproduces the first type of symmetries, which does not
depend on the direction of the time evolution. A reversal of the
helicities of the driving field corresponds to time reversal.
Hence, it leaves the first type intact but not the second. This
is most clearly brought out by the dichroism parameter to be
defined below. Nonzero values of this parameter immediately
pinpoint regions where rescattering makes the dominant
contributions. The other way around, given a momentum
distribution obtained from an experiment or from numerical
solution of the time-dependent Schrödinger equation, an ana-
lysis of the field symmetries preserved versus those violated
allows one to conclude whether or not electrons with certain
momenta have undergone rescattering.

We will analyze in detail the dependence of the differential
ionization rate and the elliptic dichroism parameter on the
parameters of the BEOTC field. We will start our scrutiny with
the simpler case of just one elliptically polarized field and
investigate the effect of the sign of the ellipticity especially on
the various low-energy structures. In Subsection 2.1 we briefly
sketch the formalism that we will utilize, viz. the strong-field
approximation for both the direct and the rescattered electrons.
In Subsection 2.2 we introduce the fields that we will investigate,
discuss their symmetry properties and the ensuing symmetries of
the angle-resolved spectrum of the liberated electrons. Section 3
exhibits the results for the two field configurations, Subsection 3.1
for the elliptically polarized field and Subsection 3.2 for the
BEOTC field. We compare the results for two wavelengths, 1300
and 2000 nm. The final Section 4 presents conclusions. We use
atomic units throughout the paper.
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2 Theory
2.1 Differential ionization rate and the improved strong-field
approximation

The differential ionization rate for detection of an electron with
the momentum p and with absorption of n photons from the
laser field is given by32,35

�wpEi‘ðnÞ ¼
Ne

2‘þ 1

X‘
m¼�‘

wpEi‘mðnÞ: (1)

We supposed that different electrons from the ground-state
configuration of an atom with the ionization potential Ip =
�Ei 4 0 can play the role of the active electron in the single-
active-electron approximation we are using. The number of
equivalent electrons in the ionizing shell of the atom is Ne and
we average over all possible values of the magnetic quantum
number m. We consider the case of closed subshells specified
by the orbital quantum number c (there are 2c + 1 orbitals
enumerated by m). Since each orbital can be occupied by two
electrons with opposite values of the spin projections we have
Ne = 2(2c + 1). For the He atom it is c = m = 0, while for the other
inert gases (Ne, Ar, Kr, Xe) we have c = 1, m = 0, �1. We will
illustrate our theoretical results using the example of the Ar
atom, which has the ionization potential Ip = 15.76 eV.

Within the improved strong-field approximation we
have32,35–37

wpEi‘mðnÞ � 2pp Tdir
pEi‘m
ðnÞ þ T res

pEi‘m
ðnÞ

��� ���2; (2)

with the energy-conservation condition no = Ep � Ei + Up, where

Up ¼
Ð T
0 dtA

2ðtÞ=ð2TÞ is the ponderomotive energy, T = 2p/o the
period, and o the fundamental angular frequency of the laser
field. We use the dipole approximation and the length gauge
with the electric field vector E(t) = �dA(t)/dt. The so-called
direct-ionization T-matrix element is

Tdir
pEi‘m
ðnÞ ¼

ðT
0

dt0

T
hpþ Aðt0Þjr � Eðt0ÞjcEi‘m

iei½Spðt0Þ�Eit0 �: (3)

where dSq(t)/dt = [q + A(t)]2/2 and |qi is a plane-wave ket vector
such that hr|qi = (2p)�3/2exp(iq�r). The integral over the ioniza-
tion time t0 during one optical cycle can be calculated numeri-
cally or using the saddle-point method. In (3) the term Sp(t0) �
Eit0 can be replaced with p � aðt0Þ þUðt0Þ þ not0, where A(t) =
da(t)/dt and dUðtÞ=dtþUp ¼ A2ðtÞ=2. In our approach, the

ground-state wave functions cEicm are calculated using the
Hartree–Fock–Roothan method and presented in the form of
a linear combination of Slater-type orbitals.32,35

The rescattering T-matrix element T res
pEi‘m
ðnÞ describes the

so-called three-step process (see the review articles36,37 and
references therein) in which the liberated electron returns to
the parent ion and rescatters off it (i.e., off the corresponding
potential V(r), which we model by a double Yukawa potential as
described in ref. 35 and 38), reaching the detector with the final

momentum p. It is given by

T res
pEi‘m
ðnÞ ¼ � i

ðT
0

dt

T
eiSpðtÞ

ð1
0

dt
2p
it

� �3=2

hpjVðrÞjkstðt; tÞi

� hkstðt; tÞ þ Aðt0Þjr � Eðt0ÞjcEi‘m
ieiSkstEi ðt;t0Þ;

(4)

where the integral is over the rescattering time t and
the travel time t (the ionization time is t0 = t � t),

kstðt; tÞ ¼ �
1

t

Ð t
t�tdt

0Aðt 0Þ is the stationary electron momentum,

SqE(t,t0) � Sq(t0) � Et0 � Sq(t) and the term Sq(t) � Eit0 can be
replaced by p � aðtÞ þUðtÞ þ notþ Eit. As before, the double
integral in eqn (4) can be calculated numerically or using the
saddle-point method. The matrix elements in eqn (3) and (4)
can be calculated analytically. For inert gases with c = 1
the matrix element for m = 0 is equal to zero, so that only
the contributions with m = �1 have to be taken into account
in (1).

2.2 Inversion and reflection symmetries

An elliptically polarized laser field with the frequency o1 = ro (r
integer), amplitude E1 and ellipticity e1 has the form

E1ðtÞ ¼
E1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e21

q êx sino1t� êye1 coso1t
� �

; (5)

where the unit polarization vectors êx and êy determine the xy
polarization plane. The quantization axis of the atom is the z
axis and we consider electrons emitted in the polarization
plane of the laser field under the angle y with respect to the x
axis, i.e., the photoelectron momentum in polar coordinates in
the xy plane is p = (p,y), with cos y = p̂�êx and tan y = py/px.
To cover the most general case where pz a 0, the ionization
potential Ip has to be replaced by Ip + pz

2/2.
The exact differential ionization rate w(p,e) � wpEicm(n) for

the field (5) (with the notation e = e1) satisfies the inversion
symmetry (twofold symmetry) w(�p,e) = w(p,e), i.e., w(y) =
w(y + p). This can be shown by rewriting the transition ampli-

tude in the interaction representation as39 MpEi‘mðeÞ ¼
p T̂ exp �i

Ð1
�1dtHI ðtÞ

� 	�� ��cEi‘m


 �
; with T̂ the time ordering opera-

tor, HI(t) = eiH0tr�E(t)e�iH0t and H0 = (�iq/qr)2/2 + V(r). Introducing
the parity operator P̂ we have P̂|pi = |�pi and P̂|cEicmi =
(�1)c|cEicmi, where we used the following relation for the sphe-
rical harmonics: P̂Ycm(W,j) = Ycm(p � W,j + p) = (�1)cYcm(W,j). We

get M�pEi‘mðeÞ ¼ p P̂T̂ exp �i
Ð1
�1dtHI ðtÞ

� 	
P̂P̂

�� ��cEi‘m


 �
. The parity

operator changes the sign of the exponent in the time-ordered
exponential. Using the substitution t - t + T/2 and the relation
E1(t + T/2) = �E1(t) we obtain that, up to a phase factor, M�pEicm(e)
is equal to MpEicm(e) so that the relation w(�p,e) = w(p,e) is proven
for the exact ionization rate.

There are additional exact symmetries related to a change of
the sign of the ellipticity, i.e., a change of the handedness.39

They are valid for the differential ionization rate (1), which is
averaged over the magnetic quantum number m. In order to
prove these symmetries we introduce the operators P̂x and P̂y of
the reflections about the x and y axes in the polarization plane
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and use the relations P̂xYcm(W,j) = Ycm(W,p � j) = Yc�m(W,j) and
P̂yYcm(W,j) = Ycm(W,�j) = Yc�m(W,j). As in the above derivation
of the inversion symmetry, it can be proven that, up to a phase
factor, M�pxpyEic�m(�e) is equal to MpxpyEicm(e). A similar deriva-
tion can be done for the y component. The only difference is
that for py - �py it is not necessary to perform the time
translation t - t + T/2 because a simultaneous application of P̂y

and the operation e - �e leaves the field E1(t) unchanged.
Therefore, denoting %w(p,e) � %wpEic

(n), we have %w(�px,py,�e) =
%w(px,�py,�e) = %w(px,py,e), i.e., %w(p � y,�e) = %w(�y,�e) = %w(y,e) or

%w(y,�e) = %w(p � y,e). (6)

For linear polarization (e = 0) this means %w(�y) = %w(y).
For the direct electrons, we have the fourfold symmetry:39

%wdir(y,e) = %wdir(p � y,e) = %wdir(�y,e), and the symmetry %wdir(p,e) =
%wdir(p,�e) upon a change of helicity. This symmetry can be
proven using time inversion, i.e., the substitution t - �t,
which leads to MpEi‘mðeÞ !M	

pEi‘m
ð�eÞ so that the rate (1) for

the direct electrons is unchanged. This symmetry is not valid
for the rescattering amplitude since in this case the time
ordering is important (rescattering follows ionization and not
vice versa). If we define the elliptic-dichroism parameter40

dðp; eÞ � �wðp; eÞ � �wðp;�eÞ
�wðp; eÞ þ �wðp;�eÞ; (7)

the relation %wdir(p,e) = %wdir(p,�e) has the consequence that
ddir(p,e) = 0. The above-mentioned exact symmetries lead to
the relations %w(y,e) = %w(y + p,e) and %w(y,e) � %w(y,�e) = %w(p �
y,�e) � %w(p � y,e), so that

Ð p
0 ½�wðy; eÞ � �wðy;�eÞ�dy ¼ 0. That is,

the exact ionization rate integrated over all angles is indepen-
dent of the sign of the ellipticity. Therefore, to analyze dichro-
ism, the restricted angle interval y A [0,p/2] should be used. In

this case we define �WðEp; eÞ ¼
Ð p=2
0

�wðe; yÞdy where the integra-
tion extends only over one hemisphere and introduce the angle-
integrated elliptic-dichroism parameter40

DðEp; eÞ �
�WðEp; eÞ � �WðEp;�eÞ
�WðEp; eÞ þ �WðEp;�eÞ

: (8)

In ref. 34, we considered the so-called BEOTC (bi-elliptical
orthogonal two-color) field. It consists of the elliptically polar-
ized field E1(t), eqn (5), having the x axis as the major axis and a
second coplanar elliptically polarized field E2(t) with the y axis
as the major axis and with the frequency o2 = so (s integer),
amplitude E2, and ellipticity e2:

E2ðt;fÞ ¼
E2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e22

p êy sinðo2tþ fÞ � êxe2 cosðo2tþ fÞ
� 	

(9)

so that

E(t;f) = E1(t) + E2(t;f). (10)

Here f is the relative phase between the two field components.
For e1 = e2 = 0 the BEOTC field (10) reduces to the OTC field
while for e1 = e2 = 1 it becomes the bicircular field (the relative
phase of our current BEOTC field should be set to f = p/2 to
obtain the bicircular field used in ref. 32). Examples of BEOTC

fields are exhibited in ref. 34. In general, the inversion sym-
metry w(�p,e) = w(p,e) does not hold for the BEOTC field. The
reason is that, for this symmetry to be valid, the field has to
change its sign under the time translation t - t + T/2.39 Since
E1(t + T/2) = (�1)rE1(t) and E2(t + T/2;f) = (�1)sE2(t;f) =
(�1)s+1E2(t;f + p) the inversion symmetry is only valid if r and
s are odd. For r odd and s even, the inversion symmetry
combined with a shift of the relative phase by p is a symmetry
transformation, i.e., w(�p,e,f + p) = w(p,e,f). For the reflections
P̂x and P̂y and a change of sign of the ellipticities, the symmetry
of the averaged rate depends on the parity of r and s and the
shift of the relative phase. This is summarized in the following
relations:

�wðpx;py; e1; e2;fÞ ¼

�wðpx;�py;�e1;�e2;fþpÞ for s even or odd;

�wð�px;py;�e1;�e2;fÞ for s even;

�wð�px;py;�e1;�e2;fþpÞ for s odd;

8>>><
>>>:

(11)

which is valid for r odd.

3 Numerical results
3.1 Elliptical field

We first consider ionization of Ar atoms by a monochromatic
elliptically polarized laser field with the intensity I = E1

2 = 2 �
1014 W cm�2 and the frequency o1 = o corresponding to the
fundamental wavelength of 1300 nm. In Fig. 1 we present the
differential ionization rate for emission in the direction of the
semi-major axis of the polarization ellipse (y = 01) for various
values of the ellipticity e1 = e, as indicated in the panel,
calculated from eqn (2) incorporating both the direct and the
rescattered electrons. The plateau of the rescattered electrons is

Fig. 1 The logarithm of the differential ionization rate of Ar atoms as a
function of the photoelectron energy in electron volts for ionization by an
elliptically polarized field for various ellipticities as indicated. Both
direct and rescattered electrons are included. The laser intensity is 2 �
1014 W cm�2, the wavelength is 1300 nm, and emission is in the direction
of the semi-major axis of the polarization ellipse.
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longest for linear polarization (e = 0; the plateau extends up to
10Up, i.e. up to 316 eV), while it is completely absent for circular
polarization (e = 1). With increasing ellipticity both the plateau
height and its length quickly decrease and a multiplateau
structure in the spectrum of the rescattered electrons appears.
This is explained using quantum-orbit theory in ref. 41 and 42.
The spectrum of the direct electrons extends up to about
2Up = 63 eV.

Fig. 2 exhibits the corresponding photoelectron momentum
distributions for various ellipticities, evaluated again from

eqn (2). For linear polarization (upper left panel) the spectrum
has the characteristic form of a figure eight, elongated in the
direction of the major axis of the polarization ellipse (x axis).37

For circular polarization (upper right panel) the spectrum has
the form of a ring; see, e.g., ref. 36. In the remaining panels
we compare the photoelectron momentum distributions for
positive (left panels) and negative (right panels) ellipticities.
We see that the spectrum of the direct electrons, which occu-
pies the center of the panels and corresponds to comparatively
low energies, exhibits the fourfold symmetry, while the spec-
trum of rescattered electrons, which is clearly visible for
e = �0.2 and �0.4, only exhibits the twofold symmetry %w(y) =
%w(y + p). Opposite helicities are related by the symmetry (6),
i.e. %w(y,�e) = %w(p � y,e) = %w(�y,e). For the larger values of e,
rescattering is too weak to make a difference, cf. Fig. 1. Hence,
already for e = 0.6 the fourfold symmetry of the direct electrons
is essentially restored.

In Fig. 3 we display the elliptic-dichroism parameter d(p,e),
eqn (7), for two values of the ellipticity. We see that d(p,e)
exhibits the twofold symmetry (y 2 y + p) and it changes its
sign for y- �y and y- p � y, which is in accordance with the
relation d(p,�e) = �d(p,e). At the center of each panel we have
d(p,e) E 0, since in this region the contribution of the direct
electrons is dominant. The central region expands with increas-
ing e due to the increasing dominance of the direct electrons.
The fact that dichroic effects become less noticeable for larger
ellipticities may seem counterintuitive, but a moment of
thought shows that it is due to the reduced role of rescattering.
In the limit of circular polarization, there is no dichroism at all,
cf. the upper right panel of Fig. 2.

Fig. 4 shows the angle-integrated elliptic-dichroism para-
meter D(Ep,e), eqn (8), for the fixed electron energies Ep = 2Up,
3Up,. . .,9Up. For energies lower than 2Up, for which the direct
electrons are dominant, D(Ep,e) is approximately zero (not
shown). For energies from Ep = 2Up to 4Up it is close to zero
for large ellipticities, while for smaller ellipticities, for which
the contribution of the rescattered electrons is noticeable, it
takes on some small values. For Ep = 4Up, D(Ep,e) has a
minimum of �0.19 for e = 0.57, while for lower energies

Fig. 2 The logarithm of the differential ionization rate (in a.u.) of Ar atoms,
presented in false colors in the photoelectron momentum plane, for
ionization by an elliptically polarized field with the ellipticity indicated in
the upper right corner of each panel. Both direct and rescattered electrons
are included. The false-color scale covers 13 orders of magnitude (the
logarithm of the rate is between �6 to �19). The other laser parameters
are as in Fig. 1.

Fig. 3 The elliptic-dichroism parameter presented in false colors in the
photoelectron momentum plane for ionization of Ar atoms by an ellipti-
cally polarized field with ellipticity e = 0.2 (left panel) and e = 0.4 (right
panel), corresponding to the spectra shown in Fig. 2. The false-color scale
changes from �1 (blue) to +1 (yellow). The other laser parameters are as
in Fig. 1.
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minima appear for smaller values of the ellipticity and the
corresponding value of |D(Ep,e)| is lower. For larger values of
the energy and ellipticity the ionization rate is negligibly small
and, due to loss of numerical precision owing to roundoff
errors, the calculated parameter D(Ep,e) is meaningless. For
energies from Ep = 5Up to 9Up the parameter |D(Ep,e)| increases
with increasing ellipticities and exhibits oscillations.

As we have mentioned in the introduction, for longer
wavelengths the various low-energy structures become more
pronounced. Therefore, we will now present results for a
wavelength of 2000 nm, keeping the other parameters the
same. Still, the direct electrons dominate the low-energy spec-
tra except when the contribution of the forward-scattered
electrons is enhanced by the Coulomb potential. In Fig. 5 we
present the results for the differential ionization rate similarly
as in Fig. 2, but now taking into account only the rescattering
T-matrix element (4) and for the photoelectron energy lower
than 2.2Up. For linear polarization, the spectrum in the top left
panel has a characteristic rhombus- or diamond-like shape
(compare Fig. 5 in ref. 43), while for circular polarization it
has the form of a ring, similar to the upper right panel of Fig. 2.
So, interestingly, for circular polarization the rescattering con-
tribution (4) is largely proportional to the direct contribution
(3). For the ellipticity e = �0.1 (second line) the diamond-like
structure has become slightly tilted and deformed, in opposite
directions for opposite helicity, and the rate satisfies the
symmetries for the rescattered electrons explained above.
However, for the central part of the spectrum, for py = 0 and
|px| o 1 the rescattered-electron-induced difference between
the spectra for e = 0.1 and e = �0.1 is hardly visible. This part
contains the LES, which for linear polarization is located at
|px| E 0.75 a.u. For e = �0.1, a cross-like pattern in the middle
of the plot appears to augment the LES; interestingly, the
vertical arm does not tilt with the ellipticity while the horizontal
does. For the ellipticity e = �0.2 a new structure has appeared:
two elongated vertical kidney-shaped distributions parallel to
the major polarization axis at about py = �0.75 a.u., which

together look like the two halves of a coffee bean. For larger
ellipticities this structure persists and becomes even more
pronounced. Its shape approaches the total distribution (direct
plus rescattered), which for the shorter wavelenght of 1300 nm is
shown in Fig. 2, in the same way as the rescattering contribution
for circular polarization approaches the total contribution (upper
right panels of Fig. 2 and 5).

Momentum distributions of the direct electrons only are
analyzed in ref. 44 and 45. With increasing ellipticity the shapes

Fig. 4 Angle-integrated elliptic-dichroism parameter as a function of
the ellipticity for electron energies in units of Up as indicated. Both direct
and rescattered electrons are included. The laser parameters are as
in Fig. 1.

Fig. 5 The logarithm of the differential ionization rate (in a.u.) of Ar atoms
for the rescattered electrons, presented in false colors in the photo-
electron momentum plane, for ionization by an elliptically polarized field
with wavelength 2000 nm and intensity 2 � 1014 W cm�2, with the
ellipticities given in the upper right corner of each panel. The false-color
scale covers 6 orders of magnitude (the logarithm of the rate is between
�9 and �15), except for the bottom panels for which it covers 8 orders of
magnitude (the logarithm of the rate is between �11 and �19). In the
bottom right panel the vector potential of the laser field is depicted by a
red line.
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of the rescattering momentum distributions appear to become
closer to those of the direct electrons. However, the yields are
not the same. This becomes evident by inspection of the
elliptic-dichroism parameter, which we present in Fig. 6 for
ellipticities from 0.1 to 0.4. For e 4 0.2, the kidney structures
appear and immediately dominate the momentum distribu-
tion. However, the elliptic-dichroism parameter only observes
the symmetries of the rescattered electrons and not the fourfold
symmetry of the direct electrons. While this is so, the compli-
cated rescattering structures, which characterize the plot for
linear (e = 0) and slightly elliptical (e = 0.1) polarization, have
completely disappeared for e 4 0.3. Recalling that d(p,e) = 0 for
the direct electrons, we conclude that by measuring the elliptic-
dichroism parameter it is possible to determine which elec-
trons, direct or rescattered, dominate the strong-field ioniza-
tion process. If the elliptic-dichroism parameter is different
from zero and obeys the symmetries visible in Fig. 6, then we
can say that the contribution of the shortest rescattering
quantum orbit is dominant. This can be important for under-
standing the strong-field ionization process and explaining
various experimentally observed structures.26–28,37 We have in
mind the low-energy structures on and off the polarization axis,
as well as the spiderlike structures known as holograms, laser-
induced electron diffraction which can be used for imaging
ultrafast molecular dynamics, etc. It would be interesting to see
how these structures change with introducing laser ellipticity
and how they will manifest themselves in the momentum
distributions of elliptic dichroism.

Comparing the spectra calculated above and the corres-
ponding results for the elliptical dichroism on the one hand

with experimental data on the other is difficult due to the effect
of the Coulomb potential, which in our work is not fully
incorporated beyond the wave functions of the initial bound
state and the description of rescattering in the first-order Born
approximation. It is well known since the early days of ATI that
experimentally measured spectra for ionization of rare-gas
atoms by elliptically polarized fields violate the fourfold sym-
metry predicted by the strong-field approximation for the direct
electrons and only preserve the twofold inversion symmetry.15

This reduction from fourfold to twofold symmetry is repro-
duced by theory once the action of the Coulomb potential is
taken into account.46–48 The coffee-bean like structures, which
are so obvious in Fig. 2 and 6, are also well known except that
both in experiments and in simulations that incorporate the
Coulomb potential (such as CTMC (classical-trajectory Monte
Carlo) simulations49–52) the two halves of the coffee bean are
shifted versus one another along the major polarization axis,
owing to the action of the Coulomb potential on the liberated
electron. (We mention in passing that for the shorter wave-
length of 400 nm the coffee-bean structure is not yet visible and
the spectrum is completely dominated by the ATI rings52). The
two halves of the coffee bean start shifting at or just below
e = 0.2 (see Fig. 2 and 6), in agreement with ref. 53, which
presents both CTMC theory and experiments on rare gases.

At the same ellipticity of about e = 0.2, the population along
the major polarization axis starts thinning out (notice, espe-
cially, Fig. 2 for |e| = 0.4). For |e| Z 0.6, the spectrum begins to
approach the characteristics of circular polarization with its
rotational symmetry, and the population along the major axis
rises again.44 We remark in passing that the staircase structure
of the spectrum observed and discussed in ref. 41 and 42
(cf. also Fig. 1) only develops along the major axis. In general,
the electron population is concentrated about the curve p =
�A(t) as predicted by the simple-man model. The maxima of
the momentum distribution correspond to those times t where
the electric field |E(t)| is maximal, that is, where the modulus of
the vector potential is minimal,44 i.e., in the direction of the
minor polarization axis. For e = �0.3, the curve A(t) is displayed
in the lower right panel of Fig. 5.

3.2 BEOTC field

In this subsection we analyze the photoelectron spectra for
ionization of Ar atoms by o–2o (r = 1 and s = 2) and o–3o (r = 1
and s = 3) BEOTC fields having the fundamental wavelength
1300 nm. For simplicity we suppose that the component
ellipticities and intensities are equal, i.e., that e1 = e2 = e and
I1 = E1

2 = I2 = E2
2 = 1 � 1014 W cm�2. The relative phase is fixed

to f = 0 or to f = p.
In Fig. 7 we present the differential ionization rate for the

o–2o BEOTC field for the ellipticities e = 0, 0.2, 0.4, 0.6, 0.8, 1.0,
for the electron emission angle y = 901, and for the relative
phase f = 0 (upper panel) and f = p (lower panel), calculated
from eqn (2) with both direct and rescattered electrons
included. In all cases presented the rescattering plateau is
clearly visible. For the OTC field (e = 0) and for f = 0 the
plateau exhibits pronounced fast oscillations and the cutoff is

Fig. 6 The elliptic-dichroism parameter presented in false colors in the
photoelectron momentum plane for ionization of Ar atoms by an ellipti-
cally polarized field with the ellipticities denoted in the upper right corner
of each panel. The false-color scale changes from �1 (blue) to +1 (yellow).
The other laser parameters are as in Fig. 5, which is based on the
rescattered electrons only.
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at 80 eV, while for f = p the plateau is more inclined and
without fast oscillations, while the cutoff is at 60 eV. For larger
ellipticities the plateau is almost two times longer for the
relative phase f = 0 than for f = p. Clearly, the relative phase
f can serve as a powerful control parameter.

More information about the ionization process is contained
in the photoelectron momentum distributions, presented in
Fig. 8 for the relative phase f = 0 and for various ellipticities,
similarly to the case of the elliptically polarized monochromatic
field in Fig. 2. The top left and right panels correspond,
respectively, to the two limiting cases of the OTC field (e = 0)
and the bicircular field (e = 1) and their momentum distribu-
tions agree with previous results.32,54 From the remaining
panels we see that the rotational and reflection symmetries,
which are characteristic for the OTC and bicircular fields, are
violated for our more general BEOTC field. Comparing the
left and right panels confirms that the simultaneous reversal

of the sign of px and the sign of the ellipticity is a symmetry
transformation. This is in accordance with the rule (11) (the
s = 2 case in the second line).

Numerical results for the same BEOTC field parameters as
in Fig. 8, but with only the direct electrons included are shown
in Fig. 9, for the ellipticities denoted in the upper right corner
of each panel. We see that the momentum distributions are
concentrated about the momenta on a parametric plot of p =
�A(t0), which is depicted by a red curve in each panel. This is as
predicted by the simple-man model. The curve is also an
approximate solution of the saddle-point equation for the

Fig. 7 The logarithm of the differential ionization rate of Ar atoms as a
function of the photoelectron energy in electron volts for ionization by an
o–2o BEOTC field with the ellipticities e = e1 = e2 denoted in the panels.
Both the direct and the rescattered electrons are included. The intensities
of the field components are I1 = I2 = 1 � 1014 W cm�2, the fundamental
wavelength is 1300 nm, and emission is in the direction of the semi-minor
axis of the polarization ellipse (y axis). The relative phase is f = 0 (upper
panel) and f = p (lower panel).

Fig. 8 The logarithm of the differential ionization rate (in a.u.) of Ar atoms,
presented in false colors in the photoelectron momentum plane, for
ionization by an o–2o BEOTC field with the ellipticity e = e1 = e2 denoted
in the upper right corner of each panel, and with the relative phase f = 0.
Both the direct and the rescattered electrons are included. The false-color
scale covers 13 orders of magnitude (the logarithm of the rate extends
from �6 down to �19). The other laser parameters are as in Fig. 7.
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direct electrons (in the saddle-point approximation the integral
over the ionization time in eqn (3) can be approximated by
a sum over the saddle-point solutions t0s of the equation
[p + A(t0s)]

2 = �2Ip
36,45). The momentum distributions in

Fig. 9 satisfy the same reflection symmetries as the parametric
plots, regardless of the time evolution of each curve (clockwise
or counterclockwise). These symmetries are broken once rescat-
tering is taken into account, as is clear by comparison with
Fig. 8.

Fig. 10 displays the differential ionization rate similarly to
Fig. 7 but for the o–3o BEOTC field and for the emission angle
y = 601. For the relative phase f = 0 the plateau length decreases
with increasing ellipticities, while for f = p the plateau is longer
for higher ellipticities.

For an o–3o BEOTC field the spectra in Fig. 11 satisfy
inversion symmetry, i.e., the photoelectron momentum distri-
bution is invariant with respect to the transformation p - �p.
However, they are not invariant with respect to the simulta-
neous change of the sign of the ellipticity and one of the
momentum components, as was the case in Fig. 8. To obtain
symmetry, it is also necessary to change the relative phase by p
(see Fig. 13).

Comparing the left panels of Fig. 12 with the right panels of
Fig. 8 shows that the momentum distributions for the o–2o
BEOTC field are invariant with respect to the simultaneous
transformations e 2 �e, py 2 �py, and f 2 f + p, in
agreement with the rule (11). On the other hand, comparing
the left panels of Fig. 13 with the right panels of Fig. 11 we
conclude that for the o–3o BEOTC field, in addition to the
inversion symmetry, two symmetry transformations are valid:

(i) e 2 �e, f 2 f + p, px 2 �px and (ii) e 2 �e, f 2 f + p,
py 2 �py. This is again in accordance with the rule (11).

In Fig. 14 we show the elliptic-dichroism parameter d(p,e),
eqn (7), for two values of the ellipticity. We see that d(p,e)
changes its sign for px - �px, i.e., y - p � y, as required by
eqn (11) and the relation d(p,�e) = �d(p,e). In addition, we see
that the symmetry transformation e 2 �e, f 2 f + p, py 2

�py, is also satisfied.
Fig. 15 displays the elliptic dichroism parameter for the

o–3o BEOTC field. Now the inversion symmetry p - �p is
satisfied for all phases and ellipticities. In addition, the above-
mentioned symmetries (i) and (ii) are also satisfied. Especially
for the higher ellipticity e = 0.4, the plots identify regions of very
high contrast wherein ionization into a final state with certain
momenta (px.py) is much more likely by a field with one value of
the helicity rather than its opposite. There are also extended
regions, especially near the center of the plot, where the rate of
ionization is practically independent of the helicity indicating

Fig. 9 The logarithm of the differential ionization rate (in a.u.) of Ar atoms,
presented in false colors in the photoelectron momentum plane, for
ionization by the same BEOTC field as in Fig. 8, but with only the direct
electrons included. The false-color scale covers 6 orders of magnitude
(the logarithm of the rate extends from �6 down to �12). The red curves
depict the negative vector potential �A(t0) for ellipticities as denoted in the
upper right corner of each panel.

Fig. 10 The logarithm of the differential ionization rate of Ar atoms as a
function of the photoelectron energy in electron volts for ionization by an
o–3o BEOTC field with the ellipticities e = e1 = e2 as indicated. Both the
direct and the rescattered electrons are included. The intensities of the
field components are I1 = I2 = 1 � 1014 W cm�2, the fundamental
wavelength is 1300 nm, and the emission is in the direction y = 601. The
relative phase is f = 0 (upper panel) and f = p (lower panel).
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that rescattering plays hardly any role for these final-state
momenta.

Finally, we will focus on comparatively low momenta and
the transition from the pure OTC field (e = 0) towards the
bicircular field (e = 1). Fig. 16 exhibits enlargements of the
panels of Fig. 8 with positive ellipticity, with only rescattered
electrons included, and with a color scale that is more adapted
to the analysis of the central region. The ponderomotive
potential of the o field component is 0.58 a.u.; for linear
polarization the first LES corresponds to the momentum

pLES �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 0:1Up

p
¼ 0:34 a:u:, which should set the stage also

for the LESs due to the OTC or BEOTC fields. For e = 0, this
region is rather thinly populated. The structures that are visible
observe the px - �px symmetry of the OTC field. With increas-
ing e various much more pronounced structures develop. They are
all characterized by a strong violation of the afore-mentioned
symmetry. For larger momenta, some spiral arms start to develop
as they are characteristic of the bicircular field where their
directionality is related to the relative helicity of the bicircular
field.18,32 However, in the present case the arms protrude in either
direction. For further increasing ellipticity, the spectra approach
those of the bicircular field and the pertinent rotational symmetry.
Interestingly, this happens more quickly in the outer momentum
regions.

The bottom panel of Fig. 16 exhibits the elliptic-dichroism
parameter for e = 0.4 and e = 0.6. We can see that d(p,e) is large

Fig. 11 The logarithm of the differential ionization rate (in a.u.) of
Ar atoms, presented in false colors in the photoelectron momentum
plane, for ionization by an o–3o BEOTC field with the ellipticity e = e1 =
e2 denoted in the upper right corner of each panel, and with the
relative phase f = 0. Both the direct and the rescattered electrons are
included. The false-color scale covers 13 orders of magnitude (the loga-
rithm of the rate is between�6 and�19). The other laser parameters are as
in Fig. 10.

Fig. 12 Same as Fig. 11, but for the o–2o BEOTC field with the relative
phase f = p.
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in an extended region of the spectrum about (px,py) = (�1,�1)
a.u. The upper right panel of Fig. 14 presents the spectrum due
to both the direct and the rescattered electrons. This plot shows
a large region with momenta |px| r 1 and |py| r 2 where
d(p,e) E 0. This reveals that overall rescattering contributes
little to this region, even though taken by itself its helicity
asymmetry is strong. We conclude that by measuring the
momentum distribution of the elliptic-dichroism parameter
one can obtain information about the significance of rescatter-
ing, i.e., information about the rescattering target.

4 Conclusions

Low-energy photoelectrons liberated in strong-field ionization
of atoms are mostly generated as direct electrons, i.e. electrons

Fig. 13 The logarithm of the differential ionization rate (in a.u.) of Ar
atoms, presented in false colors in the photoelectron momentum plane,
for ionization by an o–3o BEOTC field with the ellipticity e = e1 = e2

denoted in the upper right corner of each panel, and with the relative
phase f = p. The false-color scale covers 13 orders of magnitude (the
logarithm of the rate is between �6 and �19). The other laser parameters
are as in Fig. 10.

Fig. 14 The elliptic-dichroism parameter d(p,e) presented in false colors in
the photoelectron momentum plane for ionization of Ar atoms by an o–
2o BEOTC field with ellipticity e = 0.2 (left panels) and e = 0.4 (right panels)
and relative phase f = 0 (upper panels) and f = p (lower panels)
corresponding to the spectra of Fig. 8 (f = 0) and Fig. 12 (f = p). The
false-color scale changes from �1 (blue) to +1 (yellow). The other laser
parameters are as in Fig. 7.

Fig. 15 The elliptic-dichroism parameter presented in false colors in the
photoelectron momentum plane for ionization of Ar atoms by an o–3o
BEOTC field with ellipticity e = 0.2 (left panels) and e = 0.4 (right panels) and
relative phase f = 0 (upper panels) and f = p (lower panels), corresponding
to the spectra of Fig. 11 (f = 0) and Fig. 13 (f = p). The false-color scale
changes from �1 (blue) to +1 (yellow). The other laser parameters are as in
Fig. 10.
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that directly go to the detector after ionization. On the other
hand, electrons reach high energies as a consequence of
rescattering off their parent ion. Due to their different ioniza-
tion mechanism the photoelectron momentum distributions
display different characteristics for direct and rescattered elec-
trons. For ionization by an elliptical field, in addition to the
twofold inversion symmetry %w(�p) = %w(p), which is obeyed by
all electrons, the direct-electron spectra satisfy the fourfold
symmetry %wdir(y) = %wdir(p � y) = %wdir(�y) and they do not
depend on the sign of the ellipticity, i.e. %wdir(p,e) = %wdir(p,�e).
Therefore, the elliptic-dichroism parameter is equal to zero for
the direct electrons. This symmetry is not valid for the rescat-
tered electrons since for these electrons the time-inversion
symmetry is violated: the time ordering—first ionization and
then rescattering—is crucial. However, instead of this symme-
try, the photoelectron spectra for elliptical polarization satisfy
the symmetry %w(p � y,�e) = %w(�y,�e) = %w(y,e). The resulting
symmetries of the elliptic-dichroism parameter are analyzed in
detail in the first part of the paper. An important discovery is
that for ellipticities higher than |e| = 0.2 the electron momen-
tum distribution forms a structure parallel to the major

polarization axis that is reminiscent of a coffee bean. For further
increasing ellipticity, the momentum dependence of the elliptic-
dichroism parameter simplifies more and more, indicating that
fewer and fewer quantum orbits contribute. A quantum-orbit
analysis of the low-energy structures for elliptical polarization has
not been carried out yet. Analyzing the symmetry properties of the
measured momentum distribution of the elliptic-dichroism para-
meter the mechanism of strong-field ionization can be identified.
If rescattering is the dominant mechanism we can use the elliptic-
dichroism distributions to obtain information about the atomic
and molecular structure and dynamics. For example, one can
explore the evolution of a molecular shape resonance along a
chemical bond as it is stretching, as has been done for a linearly
polarized field in ref. 55. Or one can trace the subfemtosecond
molecular dynamics as was done in ref. 56 for an elliptically
polarized laser field.

We also considered the BEOTC field for which the above-
mentioned symmetries are, in general, violated. Rather, we
have identified particular symmetries that depend on the parity
of r and s for the ro–so BEOTC field that we used and on the
relative phase between the field components. These symmetries
are summarized in relation (11) and the preceding text. All the
afore-mentioned symmetries of the photoelectron momentum
distributions and the elliptic-dichroism parameter are illu-
strated by plots obtained using calculations based on the
(improved) strong-field approximation.

We restricted ourselves to equal ellipticities and intensities
for the two BEOTC components. In general, exploiting the
possibilities of this parameter space, certainly the appearance
of dichroic effects can be greatly expanded. An example is the
investigation of the effect of the intensity ratio57 and the
ellipticities58 of the bicircular field components on high-order
harmonic generation. The analysis described above of the elliptic-
dichroism parameter in atomic (H)ATI by the BEOTC field, and, in
general, in tailored fields, can be generalized to molecular sys-
tems. For this we can use our molecular improved strong-field
approximation (see ref. 59 and references therein). In the future
we will investigate how elliptic dichroism depends on molecular
parameters such as the internuclear distance and the molecular
orientation. The molecular structure and its symmetry are
imprinted in the interference minima that are observed in the
photoelectron momentum distributions in HATI by a linearly
polarized laser field. This was predicted in ref. 59 and observed
in ref. 60 and 61. We expect that such interferences in tailored
fields will be particularly noticeable in the momentum distribu-
tion of the elliptic-dichroism parameter, analogous to that pre-
sented in Fig. 14 and 15 for the argon atom. As another example,
the position within a molecule where the electron is photo-
emitted can be resolved, see the recent work62 in which an OTC
field was applied. Extension to a BEOTC field and study of the
elliptic dichroism will yield additional transverse information.
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Fig. 16 Enlargement of the central parts of Fig. 8 for the same parameters
but positive ellipticities only and with only the rescattered electrons
included. The color scale includes five orders of magnitude. The bottom
panel shows the corresponding elliptic-dichroism parameter for the
ellipticities e = 0.4 and e = 0.6.
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45 A. Jašarević, E. Hasović, R. Kopold, W. Becker and
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