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Chemical potential, derivative discontinuity,
fractional electrons, jump of the Kohn—Sham
potential, atoms as thermodynamic open systems,
and other (mis)conceptions of the density
functional theory of electrons in molecules

E. J. Baerends

Many references exist in the density functional theory (DFT) literature to the chemical potential of the
electrons in an atom or a molecule. The origin of this notion has been the identification of the Lagrange
multiplier u = OE/ON in the Euler—Lagrange variational equation for the ground state density as
the chemical potential of the electrons. We first discuss why the Lagrange multiplier in this case is an
arbitrary constant and therefore cannot be a physical characteristic of an atom or molecule. The switch-
ing of the energy derivative (“chemical potential”) from —/ to —A when the electron number crosses the
integer, called integer discontinuity or derivative discontinuity, is not physical but only occurs when the
nonphysical noninteger electron systems and the corresponding energy and derivative OE/ON are chosen
in a specific discontinuous way. The question is discussed whether in fact the thermodynamical concept
of a chemical potential can be defined for the electrons in such few-electron systems as atoms and
molecules. The conclusion is that such systems lack important characteristics of thermodynamic
systems and do not afford the definition of a chemical potential. They also cannot be considered as
analogues of the open systems of thermodynamics that can exchange particles with an environment (a
particle bath or other members of a Gibbsian ensemble). Thermodynamical (statistical mechanical)
concepts like chemical potential, open systems, grand canonical ensemble etc. are not applicable to a
few electron system like an atom or molecule. A number of topics in DFT are critically reviewed in light
of these findings: jumps in the Kohn—-Sham potential when crossing an integer number of electrons, the
band gap problem, the deviation-from-straight-lines error, and the role of ensembles in DFT.

(N is integer). The constraint that the total number of electrons
must be the integer N is built in with the Lagrange multiplier p.

Hohenberg and Kohn' have established the unique correspon-
dence between the ground state density of an N-electron system
in an external local potential and its ground state wavefunction
and electron density. This implies that the ground state energy
is a functional of the N-electron ground state density. They also
derived for the corresponding functional E,[p] the variational
property of being a minimum on the domain of ground state
densities. Leaving aside questions of definition of the func-
tional on appropriate density domains, we note that this has
led to the formulation of the Euler-Lagrange variational equa-
tion for the determination of the ground state density:
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According to the theory of Lagrange multipliers one should
have p = OE,/ON. This looks like the chemical potential of
thermodynamics and u has indeed been called® “a charac-
teristic of the system of interest to be denoted the chemical
potential of the (electrons of the) system”. This has been widely
quoted and is often considered an important feature of the
fundamentals of DFT.>* However, a careful consideration of
the application of the integer-electron constraint with the
Lagrange multiplier technique does not support the attribution
of physical meaning to the Lagrange multiplier in this case.” The
problem is in the definition of dE,/ON. The natural definition is®

OE, . Ey[py.i] — Evlpw]
L T — @

But what is E,Jpn+]? The HK theorem has been explicitly derived
for N-electron (N integer) systems. The HK theorem is rooted in
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quantum mechanics, using the wavefunctions of N-electron
systems. There is no wavefunction for an (N + ¢)-electron
system. Such a system does not exist. So E,[pn:.] does not
exist. That is why we have to restrict the variations in p to
N-conserving ones in the first place.

The restricted domain of densities on which E,[p] is defined
is called in optimization theory the domain of feasible densities, or
the feasible domain for short. Constrained derivatives, which only
consider infinitesimal variations of the variable (i.e. the function
in functional analysis) over the feasible domain, are difficult to
handle. The crux of the Lagrange multiplier method is that it
allows one to use full derivatives. This requires that the full
derivative is defined, including its components. But we have just
noted that the crucial component 0E,/ON is not defined. We will
discuss this problem in Section II, ¢f. ref. 5. From this discussion
it emerges that the Lagrange multiplier in (1) is an arbitrary
constant. It does not have physical meaning and cannot be
interpreted as the chemical potential of the electrons in an atom
or molecule. The DFT literature is nevertheless replete with
references to this ‘“chemical potential”’. Next we will argue, in
Section III that in fact the meaning of a chemical potential for the
few electrons in an atom or molecule is problematic. Against the
background of a summary of the well known statistical mechanical
underpinning of thermodynamics in Appendix A, it is demon-
strated that the thermodynamic origin of the concept of chemical
potential is not compatible with a few-electron quantum mechan-
ical system that does not obey the characteristic properties of a
macroscopic thermodynamic system.

In a well-know paper Perdew et al.” (PPLB) have highlighted the
paradox that arises when p of eqn (1) is considered a chemical
potential. As a solution they propose to extend the domain of
densities on which E,[p] is defined by introducing an ensemble
of two states with different electron numbers. It has been argued
(see ref. 5 and Section II) that this does not solve the problems with
the identification of u in (1) as a chemical potential.

We note in passing that similar criticism as the one here
against the quantity OE,[p]/ON can be levelled against the
derivative OE,[p]/On;, where n; is the occupation number of
orbital ¢; in the Kohn-Sham approach of DFT. In KS DFT the
equality OE,[p]/On; = ¢; is usually assumed and denoted Janak’s
theorem.® Again the derivative is defined as

Elp(ni +9)] — Ei[p"]

OF.
- ()

— = lim
on; -0

But what is E,[p(n; + 0)]? The Kohn-Sham system of noninter-
acting electrons has N particles, which each occupy a one-
electron wavefunction (spin orbital). It is not even clear what it
means to say that orbital ¢; is occupied by n; + ¢ electrons: this
is a nonexisting system for which the energy or (KS) wave-
function cannot be known. More detailed discussion of the
problems with Janak’s theorem is given in ref. 5. We note that
approximate expressions for the energy can be given, such as
Hartree-Fock or exchange-only LDA (Xa) or GGAs, in which
occupation numbers can be introduced. That implies that such
an energy, although not physical, is mathematically defined at
noninteger electron number, and derivatives can be taken.’
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This has originally been introduced by Slater
his transition state method for ionization and excitation ener-
gies. The old relation OE*PP" [p]/On; = £iPP" can be called Slater’s
relation. It is only applicable if in the approximate energy
expression occupation numbers have been introduced in such
a way that this relation can be derived.’ That can be done for
approximations like the Hartree-Fock model, for Xo and LDA
and in (semi)-local and hybrid DFAs.

The structure of this article is as follows. In Section II the
arbitrariness of the Lagrange multiplier u = OE,/ON is discussed.
This raises the question of the validity of the concept of chemical
potential for the electrons in an atom or molecule. In the following
section (Section III), it is argued that indeed electrons in an atom
or molecule do not have the properties that would allow to treat
them as a thermodynamic system to which the laws of statistics
(arising from the exceedingly large numbers of particles that
feature in thermodynamic systems) and thermodynamic concepts
such as chemical potential and temperature would be applicable.
Section IV deals with the conditions and conclusions for the step
behavior of functions like u(N) and E(N) which follow from the
PPLB Ansatz for the grand canonical ensemble-like probability
distribution of neutral atom and positive and negative ion. The
findings in Sections II-IV have a bearing on several topics that
feature frequently in DFT. These are touched upon in Section V:
steps in the KS potential in Section V A, the band gap problem of
solid state physics in Section V B, the issue of atoms as open
systems with a fluctuating electron number in Section V C, the
straight-lines condition in Section V D and the use of ensembles in
DFT in Section V E. Section VI makes summarizing remarks.

In Appendix A a brief review is given of the statistical
mechanical underpinning of thermodynamics. Although una-
bashedly unoriginal, we need this exposition to establish the salient
features of statistical mechanics which prevent the treatment of
few-electron quantum mechanical systems (atoms and molecules)
as thermodynamic systems. It can be skipped by anyone familiar
with statistical mechanics and thermodynamics. Appendix B dis-
cusses how cases should be understood where properties like
chemical potential and temperature are attributed to (particles in)
small subsystems of macroscopic thermodynamic systems.

Ref. 5 dealt with the elucidation of the derivatives (2) and (3)
and the consequences. It was concerned with the T'= 0 situation
exclusively. The present paper replaces and corrects statements
in ref. 5 referring to the finite temperature situation and its
statistical mechanical treatment.

Il. The chemical potential
interpretation of the Lagrange
multiplier in the Euler—Lagrange
eqgn (1) of DFT

We write the density as product of a shape factor ¢(r) times the
number of electrons,"® the shape factor integrating to 1:

p(r) = No(r), o(r) =p(r)/N, Ja(r)dr =1 (4)

This journal is © the Owner Societies 2022


http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d2cp01585d

Open Access Article. Published on 16 mai 2022. Downloaded on 2026-04-19 13:58:57.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

PCCP

In the present case one distinguishes as partial derivatives the
one with respect to N, while keeping ¢ constant, and the partial
derivative with respect to density shape but with constant
number of electrons,

3E,[p] OEy|p] 3Ep]

Sp(r) (6p<r>)g<,.>+(6p<r>)N 5
_ OEy[p] _|_8EV[P}
- ON da(r)

While with the HK theorem the partial derivative with respect
to density shape, (3E,[p]/8a(r))n, is defined, this is not the case
for the derivative with respect to N, (0E,[p]/ON),(;, see eqn (2).
(In analogy to partial derivatives of functions of more variables
(OE,[p]/ON),(;y may be called a partial functional derivative
perpendicular to the integer-N “surface” in p space.) So when
trying to solve the Euler-Lagrange eqn (1) we are confronted
with the problem that the crucial derivative does not exist. In
Section II of ref. 5 a detailed discussion of the application of the
Lagrange multiplier technique in such a case is given. In short,
when one wants to apply the Euler-Lagrange variation method
while E,[p] is not defined for densities outside the integer-N
ones, the solution is to define E, for such densities. That can be
done arbitrarily, with only the requirement of continuity of the
derivative, so that the derivative 0E,[p"]/ON at the N-electron p™
exists. But the magnitude of OE,[p"]/ON is then arbitrary. With a
defined continuous E,[p] with continuous derivative in the
neighborhood of the feasible domain of N-electron p ’s, the
Euler-Lagrange equation can in principle be solved. The
solution at a proper N-electron density, for which E,[p"] exists
according to Hohenberg-Kohn, is then obtained. The “force
of constraint” to keep p at N electrons is then the derivative
(OEy/ON)4(». This derivative follows from the chosen, essentially
arbitrary, continuation of E,[p] in the noninteger N domain at
constant shape function (7). This arbitrariness does not affect
the solution at the optimum N-electron p, E[ph].

The fact that u = (OE,/ON),(, is an arbitrary constant is not in
any way problematic. However, Parr et al.” have stated that this
is “the chemical potential” (of the electrons in a molecule).
They stipulate, without further proof or derivation, that this is a
physical quantity, and is characteristic of the molecule. That
conflicts with the arbitrariness we noted above. One can also
see that it contradicts the gauge invariance property of the
external potential, which is carefully taken into account in the
HK theory. Breaking E, up into the HK functional F[p] and the
external potential dependent part [v(r)p(r)dr, one finds for v(r)
from (1) the well-known expression

_8F[py]

)= )

+u (6)

The constant u is always stated to reflect the gauge freedom of
the local potential v(r). That fits in perfectly with the arbitrari-
ness of u noted above. However, stating that u is a fixed
constant that is characteristic for the system (‘‘the chemical
potential”) contradicts the gauge freedom. Does the potential
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have to go to a given, physical, constant u at infinity? We know
that is not the case.

Another problem with the notion of x being a characteristic
physical quantity of a molecule (or atom) with the meaning of
the chemical potential of the electrons was brought forward by
Perdew et al. in ref. 7 (PPLB). These authors describe the
following paradox or anomaly. Suppose the flow of electron
density would be governed by such a chemical potential, and
take two different neutral atoms at noninteracting distance,
with different chemical potentials. Then a small density trans-
fer of magnitude SN to the atom with lowest u would lower the
energy. This will continue till the chemical potentials (which
will change upon density change) will equalize. So the energy
will minimize at net negative charge (possibly even noninteger)
on the atom with initially lowest chemical potential and net
positive charge on the other atom. This is in contradiction with
physical reality where the ground state for each pair of non-
interacting atoms has neutral atoms, since no electron affinity
A is larger than an ionization energy I. It is also a quantum
mechanical reality that the ground state wave function for two
noninteracting atoms would be a product of two atomic ground
states with integer numbers of electrons.

The anomalous result signalled by PPLB arises from an
assumption which is maybe not inherent in the concept of a
chemical potential for the electrons, but is almost automati-
cally linked with it: that the electron distribution can be
considered as an electron “fluid”, in fact consisting of very
many “particles” each having a tiny fraction of an electron
charge, whose behavior is analogous to the behavior of the very
many particles in thermodynamic systems: the flow is towards
a region (or a phase) with lowest chemical potential. But
electrons are not like that, they cannot fracture into a myriad
of smaller particles but can only jump as a complete electron.
The anomaly should lead to the conclusion that this conceptual
framework does not correspond to the reality.

PPLB propose a different solution of the anomaly along the
following lines. They define the energy for noninteger N,
E[pn+ow), by making a specific choice for py., and E[pn+w),
namely a linear interpolation between the (physical) ground
state densities and energies of the N-electron system and the
(N + 1)-electron (viz. the (N — 1)-electron) system. This is done
by density and energy extension into the noninteger N domain
through a quantum mechanical density matrix (also called
ensemble), for instance for N between N and (N + 1) (distin-
guishing the noninteger N by an overline),

D = (1 - o)) (5| + ol o) (¥
N=N+ow
o (7)
EN)=(1-)E) + oEY™!
p(N) = (1 — w)py +wpy ™!

Note that “ensemble” is used here in the quantum mechanical
sense of “mixture of states” (to be distinguished from a super-
position of states). Confusion with the statistical mechanical
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Fig.1 The straight-line energy behavior as a function of noninteger
electron number according to the definition of the energy on the non-
integer N domains by the ensemble Ansatz of ref. 7 (PPLB).

(Gibbsian) ensembles to be discussed in Section III is to be
avoided. Eqn (7) implies linear energy behavior between the
integer N points, as depicted in Fig. 1 for an atom with electron
number between Z — 1 and Z + 1. It is the “straight-lines”
behavior frequently referred to that leads to the famous deri-
vative discontinuity of the energy at integer N:

This solves the paradox in the sense that a small density
change SN will now have energy increase proportional to I at
one atom and energy lowering proportional to A at the other
atom. In fact, the correct situation has been restored that either
the electron will go over in its entirety or not at all, depending
on the magnitudes of I and A. However, this continuation of the
density into the noninteger domain is not in keeping with the
fact that the partial derivative (OE,/ON),(; has to be taken with
constant shape function (7). It should be stressed that OE,/ON
is a partial derivative, meaning that it has to be taken while the
shape of the density o(r) = p(r)/N is constant,’

B[] _ [SEV [pN]} .
a(r)

oN 5p(r) )
In order to be able to (theoretically at least) apply the Euler-
Lagrange method it is required that one extends the definition
of E,[p] to noninteger densities in such a way that 0E,/ON is a
defined constant (even if that constant is not prescribed, so a
lot of freedom). One cannot apply the Euler-Lagrange method
if the derivative at integer N does not exist, which is the case
if left and right derivatives are different (then the force of
constraint cannot be determined). The restriction to density
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changes resulting from an ensemble of two integer N states
necessarily makes the density change at an integer N point
discontinuous and therefore precludes solution of the Euler-
Lagrange eqn (1).

The most straightforward extension of the density into the
nonphysical fractional electron domain while keeping the
density shape constant would be to choose p"* = (N + w)o =
(N/N)p™ and to define the corresponding energy as EJ[p"] =
(N/N)E,[p"]. The derivative with respect to N at constant ¢(r) is
simple and continuous at the integer N point. Lieb'* mentioned
the possibility EJ[p™] = N EJ[p"/N] for the extension of the
definition of E,[p] to the noninteger N domain. However, for
N integer this does not revert to the standard value E,[p"]. PPLB
do not keep the shape o(r) of the density constant in the
neighborhood of the integer N density, but make a break
exactly at that point. That is what the derivative discontinuity
reflects.

The PPLB straight-line energies for noninteger electron num-
ber could be called just a possible definition, since we have seen
the energy for noninteger N is not a physical quantity and can be
defined in any way we like. It is nevertheless important that these
straight-line energies are not determined by the physics of some
real (existing) system. They do not represent “the exact DFT
energy for noninteger N”, a point to which we return below.
It is one of the possible choices for the continuation of E,[p] into
the unphysical domain of noninteger densities. Given the arbi-
trariness of this choice, one cannot expect that any physics can be
derived from it, neither from the discontinuous PPLB choice of
the derivative nor from any continuous choice.

If a small electron density increase at an N-electron atom is
required to have the shape of the (N + 1) ground state density
Py, and if we wish to describe the total (N + w)-electron
density with a single set of Kohn-Sham orbitals, the highest
energy Kohn-Sham orbital (the one with w electrons) must have
orbital energy —A. This is necessary because the asymptotic

behavior of the py™ density is known to be exponential as

¢ 2247 At the same time the asymptotics is determined by the
slowest decaying KS orbital density, which is governed by its

orbital energy as e ">V ~*L" (this orbital with occupation w is the

former LUMO, hence the subscript L). So we must have
e (N + w) = —A. Now it is known that the exact Kohn-Sham
orbital energy of the LUMO of the N-electron system, & (N), is
usually (for closed shell molecules) considerably lower than
—A,° which can be understood from the physical nature of the
KS potential®® (see Section V B). The implication of the pre-
scription ¢ (N + w) = —A then is that the KS potential for any
finite density increase SN having shape ph*', however small,
must shift up by a constant over the molecular region (so as not
to disturb the shapes of the fully occupied orbitals making up
the pg density) of magnitude 4 = —A — ¢ (N). This jump raises
all orbital levels so that the LUMO level (with now w electrons)
becomes ¢ (N + w) = —A, see ref. 7 and 16. Note that the
constant should not extend to infinity, since the KS potential
must always go to zero asymptotically in order to give the
orbital energies absolute meaning (not dependent on an arbi-
trary gauge choice). The radius R beyond which the constant
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should no longer be effective’® and the potential has returned
to the asymptotic —1/r behavior can be estimated."”

When one introduces this jumping behavior of the KS
potential, the fundamental band gap I — A is obviously restored
if one takes the LUMO level after the jump has occurred (but
the HOMO level before the jump): er(N) + 4 — eu(N) = I — A.
We have noted that this jumping behavior of the KS potential
is not a physical phenomenon, it is only required if the
density extension beyond the integer N is prescribed to have
the p5** shape. It has nevertheless been considered to provide
an explanation for the band gap problem. We will return to this
issue in Section V B.

We have been concerned here with ground states, i.e. solu-
tions of the Schrodinger equation. The HK theorems have
revealed that an alternative procedure to obtain the ground
state energy would be the solution of the Euler-Lagrange
eqn (1), if the functional E,[p] would be known. But this does
not change the quantum mechanical reality that the ground
state (any energy eigenstate) can be fully known by solving
the Schrodinger equation. There are no other variables,
like chemical potential or temperature, that could also affect
the eigenstates. These are not a kind of “hidden variables”
that also have to be known in order to fully characterize an
eigenstate.

It would therefore appear that statistical mechanics has little
relevance for an understanding of properties of the ground
state, and of a mixture of ground states. Statistical mechanics is
just concerned with the distribution in a macroscopic system of
particles like atoms and molecules over the known eigenstates.
It makes us understand how this distribution can be described
with thermodynamic quantities like temperature and chemical
potential. Using the so-called energy representation, one pic-
tures the particles in a gas of say electrons and molecules
(possibly ionized) as being in energy eigenstates most of the
time (except for the instants where they change their state,
e.g. by collisions, so that equilibrium can be achieved and
maintained). These states do not themselves depend on the
temperature or chemical potential. Only the distribution over
the states is tied to these macroscopic variables.

Nevertheless, in DFT a connection of ground state solutions
(energies, densities) with thermodynamics has been pursued.
The rationale seems to be that the T — 0 limit of a thermo-
dynamic treatment should substantiate the concept of a
chemical potential and the associated straight lines behavior
of Fig. 1, together with the notion of a derivative continuity of
the energy.”"®"® We will consider these notions in detail in the
next two sections. However, that will not change the point of
view expounded in the present section, and does not have
relevance for the consequences that are listed in Section V.

[ll. Atoms and molecules as
thermodynamic systems?

There is frequent reference in the present day DFT literature
to atoms as thermodynamic systems, with the electrons as
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particles. As generally the case in grand canonical ensembles,
they are considered as open systems that can exchange particles
(electrons) with a reservoir, the particles of the system (the
electrons) having a chemical potential and a temperature that
can be varied (dictated) by the reservoir. In that case the
probability distribution over energies and particle numbers of
the members of the grand canonical (GC) ensemble is applic-
able. Normally in the GC ensemble all particle numbers are
taken into account, but here the positive ions (up to the
completely ionized Z + ion) are admitted, plus the neutral atom
and the anion. So each ensemble member has a specific
number N; of electrons, ranging from Ny, = 0 to Nzq = Z + 1.
For each particle number N; there is a series of energies E;(N,),
J = 0, ranging from the ground state (j = 0 denotes the ground
state) to some maximum excited state. For an atom with energy
E;(N;) the GC probability contribution then is

exp((Nip — E;(N:)) /KT

z S expl(Nit — E(N)/KT]

p(Ni, E;(Ny))

(10)
Z+1

7GC _ ZZexp[(N,«uij(Ni))/kTL
i=0 j

The denominator (the GC partition function Z°“) just takes care
of normalization. The average number of electrons over this
collection of ions is

Z+1

> Nip(Ni, Ej(Ny)
i=0 j

N =

(11)

Z+1

_ ZZN exp[(Nip — E;(Ni)) /KT
'Z+1
=0 Jj i >_ exp[(Nip — E;(N:)) /KT

=0 j

Evidently N is in general a noninteger number.
In the same way the average energy E can be obtained as a
function of u. E is defined at any T as

Z+1

E(n) = Y p(Ni, Ej(N:))E;(Ny)
i J

(12)

Z+1

= {5 gy el B ))/AT]
TN 741
=0 J

;) ;exp[(Nfu — E;(Ni))/kT]

This approach has been followed in the work of Gyftopoulos
and Haftopoulos (GH)*® and has been adopted in the DFT
literature.”"*'® PPLB’ noted that when they only consider an
average N between Z — 1 and Z + 1 and at the same time take
the limit for T — 0, only the three terms, corresponding to the
atoms with charges +1, 0 and —1, will contribute. They then
take the GC-like probability distribution over the ground states
of these systems as starting point,

expl(/ — Eo(J))/KT]
Z+1

> exp[(uM — Eo(M))/kT]
M=Z-1

pr = (13)
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where J can take on the values j = Z — 1, Z, Z + 1. The argument
for ground states only is that, comparing the terms in the z°C
belonging to a given particle number, it is clear that the excited
states will have a contribution that at T — 0 will be vanishingly
small compared to the contribution from the ground state, so
(10) is simplified to (13).

The GC probability distribution depends on the temperature
T and chemical potential u of the electrons in the atom.
In order to fix these quantities the customary device of contact
with a usually unspecified “reservoir” is invoked that would
be able to endow the electrons with these properties, and can
modulate them at will, apparently without causing any essential
disturbance of the (properties of the) atom. The latter requirement
is important if one wants to deduce any free-atom property from
this device.

However, the few electrons in an atom do not constitute a
thermodynamic system in the usual meaning of the term.
If chemical potential and temperature are not properties of
the system, the device of contact with a reservoir in order to
bring these properties to desired values cannot be invoked.
Since the notion of atoms/molecules as thermodynamic systems
of electrons seems to be widespread in the DFT community,
we feel it is important to dispel it. We will use arguments from
elementary statistical mechanics, and refer to Appendix A for a
brief exposition of the statistical mechanical underpinnings of
thermodynamics. More detail can be found in the many excellent
textbooks on the subject.' %

The derivation of the equation for the probability distribu-
tion over the members of an ensemble, like eqn (10), proceeds
in statistical mechanics in two steps (see Appendix A).

In the first step it is crucial that proper statistics can be
done, which requires large numbers, both of particles in the
system and in the case of the grand canonical ensemble
also of a very large number of systems in the ensemble. These
ensemble members represent “microstates” of the target
thermodynamic system, which as a macroscopic system will
traverse in the course of time very many microstates compatible
with the few thermodynamic variables defining its state,
such as temperature 7, volume V and number of particles N
(or chemical potential p in the GC case). The large numbers
give rise to statistics when, to mimick the time behavior of
the real system, a distribution of these microstates over a huge
ensemble of ‘“macroscopically identical” systems would be
constructed. This is the statistical mechanical device which,
assuming equal a priori probabilities for the micostates, leads
to the distribution (A22). As always in statistical mechanics, the
constraints on total number and total energy are introduced
with the Lagrange multipliers o and f that feature in eqn (A22).
However, such microstates of ‘“macroscopically identical”
systems, that are traversed in the course of time, do not exist
in the case of an atom as “thermodynamic system”. The “laws
of large numbers” that are the basis of statistical mechanics
require an enormously large number of particles N in the
thermodynamic system that is the target of the statistical
mechanical derivations, and for the grand canonical ensemble
an enormously large number A of systems in the Gibbsian
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ensemble. But here we have very few systems, with very low
particle numbers. These particle numbers are very different
from the average, but an overwhelmingly large number of the
members of the ensemble should have particle numbers very
close to N. So the derivation of the probability distribution
(A22) cannot be carried through for an atom.

In the second step the Lagrange multipliers o« and f in (A22)
should be shown to have the usual physical meanings in terms
of the chemical potential ¢ and temperature 7 of the thermo-
dynamic system that the grand canonical ensemble is to
represent. That allows to obtain the probability distribution
in terms of u and 7, as in eqn (A23) (¢f: (10)=(13)). To make this
identification, the First Law of Thermodynamics (c¢f. (A7)) is
invoked, see e.g. Pathria and Beal®® Ch. 4.3 or Hill,>* Ch. 3.
So the system must be a thermodynamic system for which the
First Law (including its ingredients s