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Response to dynamic shape changes in
suspensions of hard rectangles

Denis Dertli and Thomas Speck *

While the autonomous assembly of hard nanoparticles with different shapes has been studied extensively

both in experiments and simulations, little is known about systems where particle shape can be dynamically

altered. DNA origami nanostructures offer an alternative route to synthesize nanoparticles that can change

their shape on demand. Motivated by recent experiments, here we study the structure and dynamics of

suspensions of hard squares in response to an elongation into a rectangle. Performing dynamic hard-particle

Monte Carlo simulations at constant volume and employing two protocols, we numerically analyze the

collective diffusion and ordering during the shape change and the subsequent relaxation towards the new

equilibrium state. We find that the cascading protocol, which mimics experimentally realized DNA origami,

can become dynamically arrested due to the increase in effective packing fraction.

1 Introduction

The interactions between hard particles are determined by their
excluded volume and their shape. While in the simplest case
these are spheres,1 colloidal and nanoparticles with different
shapes can now be synthesized routinely.2,3 In fact, through
varying their shape an astonishingly wide range of ordered
structures can be accessed in dense suspensions of hard
particles,4 which has been captured in theoretical approaches5,6

and rationalized through the emergence of directed entropic
forces.7 In particular in two dimensions, there is a rich transition
behavior in hard-particle systems governed by shape and
symmetry.8,9 Hard-particle Monte Carlo (MC) simulations have
been successfully utilized in order to study the equilibrium phase
behavior of hard disks,10–12 n-gons,8 and hard rectangles.13

However, typically colloidal particles are immutable after
they have been synthesized with relatively few studies in which
the particle shape has been changed dynamically.14–16 While
the response of dense suspensions to density and temperature
sweeps and quenches has been studied extensively, little is
known about the response to a ‘‘shape sweep’’.

DNA origami offers an alternative route to synthesize nano-
particles with almost arbitrary shapes.17 Essentially, a long single-
stranded DNA scaffold is folded into a predetermined two- or
three-dimensional nanostructure through hybridizing the scaffold
with short complementary staple strands, which direct the folding
and stabilize the final complex.18–20 Such DNA-based nanostruc-
tures are extensively researched motivated by their potential
applications for therapy and drug delivery.21–26 Experimental

studies on square and rod-like DNA origami nanostructures on
lipid bilayers suggest that these can effectively behave as inde-
pendent hard particles governed by Brownian motion.27,28

One of the key features of DNA origami is the opportunity to
program different shapes and to dynamically reconfigure particle
shape through the addition of trigger strands29–32 that are designed
to be more complementary to parts of the origami structure than
the original staple strands. The trigger strands bind to short,
exposed single-stranded ‘‘toeholds’’, initiating a cascade where they
displace the original staples and thus cause a conformational
change in the origami. In particular, a step-by-step relay process
from a square to a rectangular shape has been implemented.30,31

This process has been exploited recently to achieve the reversible
opening and closing of channels in synthetic cells due to collective
forces exerted by the DNA nanostructures.28 Inspired by these
experiments (and others33), here we leverage computer simulations
to study the collective behavior in suspensions of hard particles
after triggering a change of their aspect ratio while keeping the area
fixed. We compare two time-dependent protocols for the shape
transformation and extend the established hard-particle MC simu-
lation approach by incorporating these transformations: the cas-
cading protocol following the experiments and a strongly simplified
‘‘morphing’’ protocol in which the initial squares are stretched over
time [Fig. 1(a and b)]. Our numerical investigations focus on the
diffusion and order properties in our many-particle systems. Both
the dynamics during the shape change and the subsequent relaxa-
tion are addressed and compared to equilibrium.

2 Simulation details

We study a two-dimensional system of N C 1300 particles with
fixed area s2 at constant packing fraction f and periodic
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boundary conditions.34 A single configuration comprises the
centroid positions rk and the angles yk A [�p/n,p/n) enclosed
with the y-axis for each particle with n-fold rotational symmetry.
Throughout, we employ dimensionless quantities with length
unit s.

The particles interact through their excluded volume and we
perform hard-particle MC simulations utilizing HOOMD-
blue.35–38 Only small local trial moves for translation and
rotation are used that are either accepted or rejected if they
lead to an overlap. For details on the Metropolis scheme for
hard shapes, see ref. 37.

In addition, we attempt shape changes. We consider two shape
transformation protocols and introduce a shape parameter z A
[0,1] that tracks the actual shape: (i) the morphing protocol shown
in Fig. 1(a), whereby the aspect ratio a of a rectangle is successively
increased from a = 1 (z = 0) to a = 15 (z = 1), i.e., z = (a � 1)/14 and
(ii) the cascading protocol in Fig. 1(b) that also starts with a square
shape (z = 0) but captures some features of the toehold-mediated
strand displacement process more accurately. During this proto-
col the outer particle shape is defined by a set of ten vertices that
span four interior polygons [Fig. 1(b)]. The shape moves are
designed to mimic the experimentally observed cascading DNA

origami transformations30,31 [Fig. 1(c)]. We suppose that the
trigger strand corresponds to the left segment of the sub-
polygon on the top. This segment starts to elongate, resulting in
a deformation of the corresponding sub-polygon. Additionally,
each sub-polygon is constrained to maintain a constant area s2/4.
At z C 0.44, the sub-polygon on the top has reached its final
shape. At the end of the cascading protocol (z = 1), particles have
become rectangles with aspect ratio a = 15. For both protocols, a
trial shape change is applied to all particles simultaneously and
only accepted if no particle experiences an overlap so that the
shape remains synchronous, i.e., all particles exhibit the same
value z. Attempted changes of z are very small (Dz B 10�6) and
our simulations essentially probe the quasi-static limit.

Note that advancing the shape is irreversible and thus
breaks detailed balance. In the experiments, triggering the
cascade releases elastic energy stored within the DNA origamis,
which we assume to be sufficiently large to drive the shape
evolution predominantly in the forward direction so that
the probability for a backward transition is vanishingly small.
We approximate this behavior through an irreversible MC
move. Because the shape changes are quasi-static, small, and
applied uniformly, they minimally perturb the local dynamics.

Fig. 1 Shape transformation protocols: (a) morphing and (b) cascading. For the latter, the shape is divided into four sub-polygons with constant area
each. The magenta arrow indicates the trigger strand in the upper left segment. (c) AFM images of DNA origami showing the cascading shape change
(reproduced with permission from ref. 31). (d)–(m) Simulation snapshots (showing excerpts of the full system) representing different stages of a shape
sweep at packing fraction f = 0.32 for the (d)–(h) cascading and (i)–(m) morphing protocol. The colors indicate the orientation with respect to the y-axis.
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Moreover, we identify one MC time step as one local translation/
rotation trial move per particle, while shape-change attempts are
not counted as MC time step. This choice is motivated by the
strong separation of time scales between local translational/
rotational diffusion and the overall shape transformation. The
Brownian time associated with particle diffusion is tB B 10�1 ms
(SI S6 and S739), which is several orders of magnitudes smaller
than the duration B10 min of the experimental DNA origami
shape transformation process.31 Our MC scheme therefore pro-
vides a physically motivated, directional driving of the system
that captures the irreversible, stress-driven shape evolution
observed in the experiments while preserving correct sampling
of local particle dynamics.

Our simulations prepare equilibrated configurations at the
target packing fraction. The shape transformation is triggered
(defining t = 0) and we start collecting configurations. During
this process, all particles either attempt local translation/rota-
tion trial moves or a global small shape update advancing z.
The simulation is run until either the target shape (z = 1) is
reached or ‘‘jamming’’ occurs, i.e., further shape updates are
accepted only very rarely (the acceptance ratio has dropped
from initially one to below 10�6). We then start the relaxation
run (defining t0 = 0), where we collect further configurations
without shape updates. Note that the only difference between
the MC time step t (starts counting from the beginning of the
shape sweep) and t0 (starts counting after the shape sweep or
for the runs without shape changes once stationarity is
reached) is the choice of the zero point that defines the
reference frame for calculating the mean-square displacement
below. If not stated otherwise, we calculate the mean h�i
obtained from u 30 simulation runs with different random
number seeds. A detailed description of our simulation proto-
col is provided in the SI.39

MC moves do not necessarily reproduce Brownian dynamics
(BD). A dynamical interpretation is justified when employing
sufficiently small, local translation and rotation moves such that
the stochastic evolution approaches the small-step diffusive limit
and can be mapped onto overdamped Brownian motion on
intermediate and long time scales. In this limit, one MC sweep
(one translation/rotation trial move per particle) defines a time
increment that can be consistently rescaled to physical time. One
approach to achieve a quantitative correspondence between MC
and BD simulations relies on the acceptance rates to rescale MC
time to match the diffusion behavior.40–44 Here we opt to match
the long-time diffusion coefficients in the dilute limit between
MC and BD simulations.

In order to approximately map the simulation time t to
‘‘real’’ time t, we conduct numerical hydrodynamic calculations
to obtain the single-particle diffusion coefficient D0 for each
shape considered.45 To this end, each (rigid) shape is repre-
sented by a collection of beads. We use the programs HYDRO2D-
Circles46 for processing and HYDRO++ for the calculation of the
hydrodynamic coefficients and other solution properties.47–50

Note that the hydrodynamic calculations are consistent with
BD simulations (SI S639). With the shape-independent effective
diffusion coefficient Deff,0 of the MC simulations at vanishing

density, physical time increments are estimated as

dt � Deff ;0

D0ðzðtÞÞ
dt; (1)

which we integrate along the protocols to obtain t. In the follow-
ing, we express physical time in units of the Brownian time tB = s2/
(4D0) for a disk. Further details on the Brownian time rescaling for
individual shapes can be found in the SI S5–S8.39

3 Results and discussion
3.1 Sweep of aspect ratio

For sweeps at low packing fraction (f = 0.32), the collective
behavior within both protocols is shown in the sequences of
simulation snapshots in Fig. 1. A crucial difference between the
morphing and cascading protocols is that only during the
morphing rectangles always exhibit a two-fold rotational sym-
metry and are space-filling. In total, we study five pairs of
sweeps at different packing fractions shown within the phase
diagram of hard rectangles in Fig. 2 that we obtained
previously.13 In equilibrium, hard rectangles exhibit four
phases: isotropic fluid (I), nematic (N), smectic (S), and tetratic
(T) order. While for sweeps at low packing fraction (f o fc) the
shape transformations always succeed (i.e., z = 1 reaches unity
and particles have adopted the target shape), in the high
packing fraction regime (f 4 fc) we observe z = zf o 1 for
the cascading protocol. The distribution of the final shape

Fig. 2 Shape-changing protocols depicted in the phase diagram of hard
rectangles. Five pairs of shape sweeps from a = 1 (squares) to a = 15
(rectangles) are investigated at packing fractions f = 0.32, 0.49, 0.72, 0.80
and 0.88. The solid and dotted arrows correspond to the morphing and
cascading protocol, respectively. The transparent dotted curves show the
effective packing fraction feff(z) corresponding to the cascading protocol
of the same color. For the morphing protocol this quantity coincides with
the packing fraction f. The underlying phase diagram is taken from ref. 13
comprising isotropic fluid (I), nematic (N), smectic (S), and tetratic (T) order.
For the morphing protocol there is a direct correspondence from z (right
axis) to aspect ratio a. The inset shows the distribution of the final shape
parameter values zf obtained from each simulation run. The target shape is
reached (hzfi = 1) except for: morphing protocol with f = 0.88 (purple) and
cascading protocol with f = 0.72 (olive), 0.80 (cyan) and 0.88 (pink). Arrow
heads terminate at hzfi.
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parameter values zf is very narrow as shown in the inset in
Fig. 2. In Fig. 3, we show representative snapshots of config-
urations taken at the point when the final shape has been
reached for the packing fractions where the final shape is not
the target shape (zf o 1). For the morphing protocol at the
highest packing fraction f = 0.88, a finite-size analysis39

indicates that eventually zf - 1 is reached. Interestingly, the
sharp termination of the cascading protocol at values smaller
than unity seem not to be subject to finite-size effects and occur
at the same values of zf independent of system size.

While the rectangles of the morphing protocol are always
space-filling and the limit of unit maximal packing fraction can
(in principle) be reached, for the intermediate non-space-filling
shapes of the cascading protocol, the maximal packing fraction
fmax(z) is a nontrivial function of the shape parameter z. Here,
we numerically estimate a lower bound for fmax(z) from two
close-packed antiparallel particles as illustrated in Fig. 4(a). The
resulting maximal packing fraction is shown in Fig. 4(b). We
identify the global minimum as the critical packing fraction
fc C 0.54 above which completion of the cascading protocol
can no longer be achieved. We use the maximal packing
fraction fmax to rescale the prescribed constant packing

fraction f and define the effective packing fraction as feff(z) =
f/fmax(z), which is plotted in Fig. 2. The effective packing
fraction approaches its maximum of unity at the final shape
parameter zf o 1 in the case of sweeps at high packing fraction.
Accordingly, the dynamic arrest can be attributed to the effec-
tively reduced space available during the cascading protocol.

3.2 Mean-square displacement

Our aim is to understand how a shape transformation impacts
the average dynamics of particles. As reference, we first quan-
tify the equilibrium diffusion coefficient Deff obtained from the
linear growth of the mean-square displacement (MSD) with
respect to MC time t through

r2(t) = 2dDefft (2)

in d = 2 dimensions. Given the trajectories {rk(t)}N
k=1, we can

calculate this quantity by exploiting both particle and time
interval averages

r2ðtÞ ¼ 1

N

XN
k¼1

1

It

XIt�1
i¼0

rkðti þ tÞ � rkðtiÞ½ �2
* +

(3)

with the number It = (tf � t)/Dt + 1 of time intervals of length t,
the sampled time points ti = i � Dt, the observation step size
Dt C 104, and the final MC time point tf C 2 � 108. For
calculating MSDs, we employ the package freud.51

Intuitively, we expect that higher packing fractions f are
associated with a slower growth of the MSD. This trend is
confirmed by the motion of hard rectangles in Fig. 5(a).
Another crucial impact on the available area to move is the
shape of the particles as it defines the effectively excluded area.
The reduced diffusion coefficients D/D0 = Deff/Deff,0 for different
shapes (with the same area) are compared in Fig. 5(b). While
the packing fraction is the dominant factor (approximately
setting the order of magnitude), the shape leads to a ‘‘fine
splitting’’ of the D/D0 spectrum. One individual attribute of
each shape is its circumference to ensure overall area equal-
ization. Moreover, each shape possesses an individual degree of

Fig. 3 Simulation snapshots (excerpts of the full system) showing the
jamming (z C zf C const. o 1, t/tB \ 104) observed at the termination of
the shape change following the cascading protocol: (a) f = 0.72 (zf C
0.578), (b) f = 0.80 (zf C 0.423), and (c) f = 0.88 (zf C 0.233).

Fig. 4 Estimation of the maximal packing fraction. (a) Sequence of two close-packed antiparallel particles of the cascading protocol for different shape
parameters z. The particles are enclosed by a box (gray), where we require that the vertical extension coincides with the length of the particles for the
given z. For this simplified setup, we mimic the cascading behavior with small local moves by numerically minimizing the horizontal distance between the
particles so that no overlap occurs and minimize the area A of the confining box. For the resulting configuration, we use the corresponding packing
fraction 2s2/A as an estimate for (b) the maximal packing fraction fmax(z) as a function of the shape parameter z for the morphing (solid blue constant) and
cascading (dotted cyan curve) protocols. The red dot indicates the global minimum (z C 0.813, fc C 0.54).
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anisotropy with respect to rotational symmetry. For instance,
shapes with an axial symmetry (e.g., the rectangles) exhibit a
further degree of freedom, allowing them to collectively align
and reduce the excluded area cooperatively. Another funda-
mental aspect is the non-space-filling geometrical character of
various shapes (e.g., disks), i.e., there is a maximal packing
fraction above which an overlap-free configuration cannot exist
anymore. The latter aspect is crucial at high packing fractions.

During the shape-changing protocols introduced in Section
2 and the subsequent relaxation, the MSD not only depends on
the relative time difference but also the absolute time. For that
reason, exploiting time averages as in eqn (3) is not feasible,
and we have to adopt the definition of the MSD to

r2ðtÞ ¼ 1

N

XN
k¼1

rkðtÞ � rkð0Þ½ �2
* +

; (4)

which can be formally understood as the special case of eqn (3)
with a single time interval by interpreting t = tf. Fig. 6 shows the
evolution of the shape parameter z and the MSD, respectively,
as a function of time during the five pairs of sweeps studied. In
the low packing fraction regime (f o fc), both protocols are in
close accordance and show normal diffusion. The morphing
protocol at the highest packing fraction f = 0.88 exhibits a slow
evolution of shape but an apparently faster increase of the MSD
than at f = 0.80, which can be attributed to the higher diffusion
coefficient for squares. The inset in Fig. 6(b) zooms onto the
evolution for f = 0.49, where we see a pronounced slow-down of
the cascading dynamics before the target shape (z = 1) is
reached eventually (cf. the corresponding high effective packing
fraction in Fig. 2). We find that f = 0.49 o fc is the highest
investigated packing fraction for which a full completion of the
cascading transformation (z = 1) is achieved. At higher packing
fractions (f 4 fc), the cascading protocol does not recover
from the slow-down and the dynamics is arrested, resulting in a
flattening of shape [Fig. 6(a)] and MSD [Fig. 6(b)] curves
converging to a constant value.

For the morphing protocol, we also observe a flattening of
the MSD for the highest packing fraction f = 0.88 [Fig. 6(b)],
apparently suggesting that the dynamics become arrested. To
investigate the dynamics after finishing the shape protocol, we
perform additional simulations without shape changes, for
which we take the final sweep configurations as initial config-
urations. We calculate the MSD with respect to this reference
frame (t0 = 0) and recover normal diffusion in the long-time
limit [Fig. 7(a)]. For low packing fractions (fo fc), the MSDs of

Fig. 5 Equilibrium diffusion behavior as function of packing fraction and
shape. (a) MSD based on eqn (3) as a function of the reduced time t0/tB for
hard rectangles with aspect ratio a = 15 at packing fractions f = 0.32 (red),
0.49 (orange), 0.72 (green), 0.80 (blue), and 0.88 (purple). (b) Long-time
reduced diffusion coefficient D/D0 for hard disks (red), pentagons (orange),
squares (green), triangles (blue), and rectangles with aspect ratio a = 15
(purple). The underlying Deff have been estimated fitting the linear regime
in (a) according to eqn (2) for the hard rectangles (and analogously for the
other shapes39).

Fig. 6 Temporal evolution of (a) the shape parameter z and (b) the MSD
[eqn (4)] for several packing fractions f and both the morphing (m) and
cascading (c) protocols. The disks and circles indicate the time when the
protocol reaches the final shape and no shape updates are attempted
beyond this time. The black dashed curve indicates the linear regime zB t/
tB that is obeyed at low packing fractions. The inset displays a zoom for
packing fraction f = 0.49 when reaching the final shape. Colors and line
styles are consistent with Fig. 2.

Fig. 7 Post-sweep diffusion behavior. (a) MSD based on eqn (4) as a
function of the reduced time t0/tB for hard rectangles with aspect ratio a =
15 (z = 1) following the morphing (solid) and cascading (dotted) protocol.
Colors and line styles are consistent with Fig. 2. (b) Long-time reduced
diffusion coefficient D/D0 for hard rectangles (with aspect ratio a C 15)
originating from the morphing protocol (blue) and cascading protocol
(cyan). In the latter protocol, hard rectangles (with aspect ratio a C 15) are
only obtained for low packing fractions f o fc C 0.54 (cf. inset in Fig. 2).
As reference, we show the equilibrium values of D/D0 (purple) for hard
rectangles with aspect ratio a = 15 that have been initialized at a high
packing fraction in the smectic phase without undergoing a transforma-
tion process (cf. Fig. 5).
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both protocols in Fig. 7(a) are in close accordance, cf. Fig. 5. For
f 4 fc the MSDs are essentially flat for the cascading protocol
and the corresponding diffusion coefficients vanish also in the
continued simulations without shape changes. We conclude
that for high packing fractions (f 4 fc), the simulation path
taken plays a fundamental role and – even for relatively long
relaxation times Dt B 108 – the ‘‘memory’’ of the system does
not forget its path. For instance, the diffusion coefficient D/D0

for hard rectangles (aspect ratio a = 15) clearly differs for f 4
fc. This observation can be understood by taking into account
that changing the shape can result in a metastable state that
exhibits another phase than the actual equilibrium phase.
Likewise, at f = 0.72, rod-like rectangles (a = 15) self-
assemble in a (uniaxial) nematic phase in equilibrium, whereas
after morphing the system is in a metastable state, featuring a
biaxial order. The higher value of D/D0 in the former case is
reasonable, because the nematic phase enhances parallel diffu-
sion (along the director), where the rod-like particles can slide
past each other. Obviously, this kind of movement is prevented
in the biaxial order of the metastable state. Intriguingly, D/D0 is
in close accordance at f = 0.80 for rectangles (a = 15), although
the order depending on the path differs: we recapitulate that
after morphing the system does not result in a smectic phase
(as naively expected from Fig. 2), but rather remains in a biaxial
metastable state.

3.3 Evolution of orientational order

To gain further insights into the ordering of particles during
the shape sweep and the subsequent relaxation, we employ the
two order parameters

cn ¼
1

N

XN
k¼1

einyk

�����
�����
2* +

(5)

with n = 2,4 and 0 r cn r 1 measuring orientational order.
Their logical conjunction allows us to distinguish the different
phases according to Table 1. The temporal evolution of the
order parameters is shown in Fig. 8. Initially, for each pair of
sweeps the order coincides as both protocols start from the
same pre-relaxed system of squares. In accordance with our
conclusions for the diffusion behavior, we find that the orienta-
tional order during both protocols qualitatively agrees for
sweeps at low packing fraction (f o fc), where the systems
remain isotropic (c2 C c4 C 0) as in equilibrium (cf. Fig. 2 and
SI39). Notably, the expected final nematic phase is absent
during the cascading protocol and only manifests once the
caging has vanished, whereas the emergence of this phase is

already observed during the finalization of the morphing pro-
tocol. This observation is qualitatively rationalized by the lower
degree of rotational symmetry of the cascading shapes. All
sweeps at low packing fractions (f o fc) exhibit the same
orientational order during relaxation and reach the stable
equilibrium state.39

At packing fraction f = 0.72, sweeps start in the tetratic
phase and their c4 signals diverge early (t/tB B 3 � 102). While
there is still normal diffusion, the emerging non-rectangular
shapes of the cascading protocol show an early replacement of
the tetratic phase by the isotropic phase [cf. Fig. 3(a)]. The
observed behavior during the morphing protocol is different,
where c4 essentially scans the equilibrium state point (a,f =
0.72) values of rectangles with aspect ratio a.39 In contrast to
equilibrium, c2 does not show any signal, i.e., the expected
final nematic order is absent and not reached even after long
relaxation. Accordingly, the TN transition is suppressed, which
can be interpreted as a further indicator for its discontinuous
character as suggested in ref. 13. The sequence of snapshots in
Fig. 9(a)–(c) illustrates the evolution into this final metastable
state that exhibits a biaxial orientation order.

Qualitatively, increasing the packing fraction to f = 0.80
both protocols behave similarly to the previous case except for
an effect occurring at the end of the morphing protocol: In
contrast to the equilibrium expectation (c4 C 139) the value of
c4 drops. However, it rises again and saturates towards its
equilibrium value as soon as the shape transformation is
accomplished. Interestingly, this temporal drop of c4 occurs
in the neighborhood of the equilibrium TS transition para-
meter range [cf. Fig. 2, 6(a) and 8(b)], which is also suppressed
(c2C 0) in favor of a metastable tetratic phase – in accordance
with the strong hysteresis for the equilibrium TS transition
discussed in ref. 13. A visual inspection of Fig. 9(d)–(f) reveals
that the temporal drop of c4 can be attributed to the emergence
of defects, which exhibit the character of smectic domains that

Table 1 Idealized values of the n-fold orientational order parameters cn
[eqn (5)] characterizing the isotropic (I), tetratic (T), nematic (N) or smectic
(S) phase. The actual equilibrium values for hard rectangles with various
aspect ratios a A (1,15] are summarized in the Supplemental Information39

Phase c4 c2

I 0 0
T 1 0
N/S 1 1

Fig. 8 Evolution in terms of reduced time t/tB of the orientational order
parameters (a) c2 and (b) c4 defined in eqn (5) following the evolution of
the shape shown in Fig. 6(a).
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align in the further progress according to the two favored
directions of the overall biaxial order. We note that our finite-
size analysis points to the tendency that this drop of c4

becomes slightly weaker as the system size increases.39

Finally, starting from even more densely packed squares at
f = 0.88, the cascading protocol jams early and remains uniaxial
[c2 C c4 C 1, cf. Fig. 3(c) and 8]. On the contrary, the morphing
protocol succeeds in the transformation but shows a non-
monotonic behavior at intermediate times before terminating
at c2 C c4 C 0, which is the opposite of the equilibrium
expectation (c2 C c4 C 139). Thus, for the morphing protocol
at f = 0.88 neither a global uni- nor biaxial phase manifests, also
not after a long relaxation. Fig. 9(g)–(i) suggest that interfaces are
formed due to kinetic arrest between local packings alongside
defects that lead to the emergence of competing local smectic
clusters without a distinct global orientational order. It is con-
ceivable that the defects serve as nucleation sites, which are
frozen into a kinetically trapped state. Another technical aspect
at high packing fractions is the non-commensurability (i.e., an
incompatible simulation box aspect ratio).

4 Conclusions

To conclude, we have numerically investigated the response of
hard rectangles to dynamic shape changes. We compare two
protocols for the same initial and final aspect ratio: (i) the

simplified morphing protocol, whereby the aspect ratio of the
rectangles is successively increased, and (ii) the cascading pro-
tocol mimicking the experimental process more closely. For the
cascading protocol, we find a transition between two regimes:
For low packing fractions (f o fc with fc C 0.54) the dynamics
and ordering during the shape change and in the stationary
regime are in close agreement and recover equilibrium proper-
ties. For high packing fractions (f 4 fc) the evolution of the
shape cannot proceed to the target shape and the system
becomes dynamically arrested as evident in the mean-square
displacement, which levels off to a plateau. Since the morphing
protocol (going through a sequence of space-filling rectangles
with increasing aspect ratio) proceeds without dynamic arrest
even for the highest packing fraction (f = 0.88), we attribute the
observed jamming of particles to the non-space-filling nature of
the cascading shapes effectively decreasing the available area.
This explanation is corroborated through introducing an effec-
tive packing fraction, and we observe that reaching unity coin-
cides with the onset of jamming. For the morphing protocol the
tetratic phase becomes predominant both during the evolution
and in the stationary regime: In particular, a shape sweep
starting in the tetratic phase and terminating within the phase
boundaries of the nematic phase (f = 0.72) remains tetratic even
after a long relaxation of Dt C 108 MC time steps. Moreover, we
find that a sweep (f = 0.80) that crosses the tetratic-smectic
transition in the phase diagram of hard rectangles does not
result in the smectic phase, but rather in a metastable tetratic
phase and supports the identification of the tetratic-smectic
transition as discontinuous in ref. 13.

In the quest for functional and adaptive soft materials and
their autonomous assembly, designing programmable and
dynamically changing interactions has moved into the focus,
e.g. through exploiting allosteric transitions.52,53 For (almost)
hard particles, adaptive interactions can be achieved through
adjusting the particle shape.16 Moreover, understanding the
response to dynamic changes offers the opportunity to go
beyond stable equilibrium structures and to access ‘‘poly-
morphs’’ through metastable states. Our numerical study is a
first step towards understanding how such shape changes
might be exploited to design and access long-lived metastable
collective states in (effectively) hard particles based on the
knowledge of the underlying equilibrium phase diagram and
the nature of transitions. While we have looked at the limit of
quasi-static protocols (as appropriate for DNA nanostructures),
the rate with which the shape change proceeds is another
control parameter to be explored in the future.
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Data availability

Simulations were performed using HOOMD-blue (https://
github.com/glotzerlab/hoomd-blue/releases/tag/v4.8.2). The

Fig. 9 Sequences of simulation snapshots (excerpts of the full system)
showing the temporal evolution during the morphing protocol for the high
packing fractions: (a)–(c) f = 0.72 (t/tB C 5.6 � 103, 1.0 � 104, 9.2 � 105;
zC 0.59, 0.99, 1.00), (d)–(f) f = 0.80 (t/tB C 5.4 � 103, 1.2� 104, 9.2 � 105;
z C 0.48, 1.00, 1.00), and (g)–(i) f = 0.88 (t/tB C 5.0 � 103, 8.3 � 104,
9.9 � 105; z C 0.05, 1.00, 1.00).
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processed simulation data are available at https://doi.org/10.
18419/DARUS-5377.

Supplementary information (SI) is available. See DOI:
https://doi.org/10.1039/d6sm00037a.
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