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Particle dispersion through porous media with heteroge-
neous attractions

Wilfred Kwabena Darko,a Deepak Mangal,b Jacinta C. Conrad,a and Jeremy C. Palmer,∗a

Porous media used in many practical applications contain natural spatial variations in composition
and surface charge that lead to heterogeneous physicochemical attractions between the media and
transported particles. We performed Stokesian dynamics (SD) simulations to examine the effects of
heterogeneous attractions on quiescent diffusion and hydrodynamic dispersion of particles within ge-
ometrically ordered arrays of nanoposts. We find that transport under quiescent conditions occurs by
two mechanisms, diffusion through the void space and intermittent hopping between the attractive
wells of different nanoposts. As the attraction heterogeneity increases, the latter mechanism be-
comes increasingly dominant, resulting in an increase in the particle trajectory tortuosity, deviations
from Gaussian behavior in the particle displacement distributions, and a decrease in the long-time
particle diffusivity. Similarly, under flow conditions corresponding to low Pé number (Pe), increased
attraction heterogeneity leads to transient localization near the nanoposts, resulting in a broadening
of the particle distribution and enhanced longitudinal dispersion in the direction of flow. At high Pe
where advection strongly dominates, however, the longitudinal dispersion coefficient is insensitive to
attraction heterogeneity and exhibits Taylor-Aris dispersion behavior. Our findings provide insight
into how heterogeneous interactions may influence particle transport in complex 3-D porous media.

1 Introduction
Particle dispersion within complex media is crucial for a wide
range of practical applications, including separation processes
like chromatography1 and gel electrophoresis,2 oil exploration
and production,3 and drug delivery.4–6 These applications in-
volve media composed of solids, fluid mixtures, and macro-
molecules. Particle transport in such heterogeneous environ-
ments is influenced by physicochemical and hydrodynamic in-
teractions with the medium, as well as the coupling of particle
dynamics with local7,8 and cooperative9–11 medium relaxations.
Developing a fundamental understanding of these processes is vi-
tal to controlling particle transport through the wide variety of
complex media encountered in practical settings.

Theoretical models12–14 and simulation techniques15–27 have
been widely used to study particle transport at the pore scale.
Whereas most of these studies have focused on the transport
of infinitesimal tracers,12,28–32 hydrodynamic and steric inter-
actions with the medium can significantly affect the transport
of particles whose diameter is on the same order as the char-
acteristic pore size.15,16,27,33–35 Moreover, non-steric physico-
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chemical attractions, such as van der Waals and electrostatic
forces, are prevalent in many applications but are often neglected.
These interactions can lead to reversible and irreversible ad-
sorption processes36,37 that strongly influence the transport of
tracer25,26,38–40 and finite-sized particles.27,41,42

Although a large body of work exists on the effects of sur-
face roughness and structural disorder on transport,43–54 the in-
fluence of heterogeneous physicochemical attractions on parti-
cle diffusion and dispersion has received less attention. Hetero-
geneous physicochemical attractions are challenging to charac-
terize experimentally,55–57 but commonly arise in practical set-
tings in which the transported particles and porous medium ex-
hibit spatial variations in composition and surface charge.55,58–64

Theoretical studies suggest that such variations can strongly in-
fluence the effective interactions between particle pairs and be-
tween particles and solid surfaces.55,62,65–67 Additionally, they
have been shown to influence transport properties near 2-D or
quasi-2-D surfaces.56,68,69 Nonetheless, the effects of heteroge-
neous interactions on the microscopic transport processes of par-
ticles through more complex 3-D porous media remain incom-
pletely understood.

In this paper, we performed Stokesian dynamics (SD) simula-
tions to examine the effects of heterogeneous attractive interac-
tions between the particles and medium on quiescent diffusion
and hydrodynamic dispersion within arrays of nanoposts, similar
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to the geometrically ordered materials used in separation meth-
ods such as deterministic lateral displacement70–74 and hydrody-
namic chromatography.75–77 Under quiescent conditions, trans-
port is determined by the interplay between diffusion in the void
space and intermittent hopping between the nanoposts. Increas-
ing either the attraction well depth u0 or heterogeneity β (the
half-width of the well depth distribution) leads to slowing of dif-
fusion on long time scales, as the hopping mechanism becomes in-
creasingly dominant with the increase in the fraction of strongly
attractive nanoposts. For moderate attractions, the particle dis-
placement distributions become increasingly non-Gaussian, and
the particle trajectories become more tortuous as β increases.
Under flow conditions, transport is determined by the interplay
between thermal fluctuations, attractive particle-nanopost inter-
actions, and advective drag forces. Moderate attractions drive
transient localization near the nanoposts, which broadens the dis-
tribution of particles and, thereby, increases longitudinal disper-
sion at low Péclet (Pe) number. This effect strengthens as het-
erogeneity increases. At high Pe, however, advection dominates
and longitudinal dispersion is independent of β . Finally, we show
that heterogeneity in the strength of attractions does not strongly
affect directional locking behavior. Our findings provide insight
into how heterogeneous composition or surface charge may influ-
ence particle transport in complex 3-D porous media.

2 Methods
We used SD to simulate the transport of particles (P) through
three-dimensional arrays of nanoposts (NP) with heterogeneous
attractions. Simulations were performed and analyzed using dp,
kBT , and τd = 3πηd3

p/4kBT as characteristic units for length, en-
ergy, and time, respectively. Here, dp is the particle diameter, kB is
the Boltzmann constant, T is temperature, τd is the diffusive time
scale, and η is the dynamic fluid viscosity.

Following our previous studies,35,42,78 each nanopost was
modeled as an immobile chain of 20 spherical beads of diame-
ter dnp = dp. The arrays consisted of 100× 100 nanoposts placed
on a regular square lattice in the x− y plane of the simulation
cell with their major axes aligned along the z direction (Fig. 1).
Accordingly, the solid volume fraction is given by φ = πd2

np/6L2,
where L is the spacing between adjacent posts.

Particle-nanopost interactions were modeled using the Yukawa
potential with a repulsive, hard-sphere core:27

u(ri j) =

{
−u0, j exp

(
−κri j

)
, ri j ≥ 0

∞, ri j < 0
(1)

where u0, j and κ are the depth and range of the attraction well,
and ri j is the surface-to-surface distance between the particle i
and nanopost j. Heterogeneity in the particle-nanopost inter-
actions was introduced into the system by assigning a random
well depth u0, j to each nanopost drawn from a uniform distribu-
tion u0U (1−β ,1+β ), where u0 = ⟨u0, j⟩ is the mean well depth
and β is the half-width of the distribution (Figs. S1 and S2 in
Electronic Supporting Information, ESI). We investigated systems
with κ = 30 and u0 in the range 0 – 7, yielding interactions typi-
cal of those for particles in porous media.42,59,79 Additionally, to
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Fig. 1 Schematic illustrations of a 7× 7 subsection of the 100× 100
nanopost arrays. (a) A three-dimensional perspective view of the array
subsection. (b) A two-dimensional orthographic projection of the array
subsection in the x− y plane. The nanoposts are colored using a blue-
to-green scheme to indicate increasing well depth u0, j. The transported
particle (red) is the same size as the spheres in the NPs (i.e., dp = dnp). L
is the lattice spacing (center-to-center spacing between adjacent posts),
and θ is the angle of the incident flow relative to the lattice vector a.
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prevent the Yukawa potential from being repulsive for ri j ≥ 0, we
only consider β ≤ u0.

The simulations were conducted under dilute conditions by
considering the transport of a single particle through the
nanopost arrays. Both short- and long-range hydrodynamic inter-
actions were modeled, using the Ewald summation method to ac-
curately treat the latter,27,80–82 and periodic boundary conditions
were applied along all three dimensions of the simulation cell.
Flow through the arrays was driven by imposing a uniform sus-
pension velocity V∞ with orientation θ = arccos

(
V∞·a
|V∞||a|

)
relative

to the lattice vector a (Fig.1(b)). Depending on u0 and V∞ = |V∞|,
the equations of motion were integrated using a time step dt in
the range 5× 10−6 − 5× 10−5, and the simulations were run for
a total duration of 1×104 −2×106 time units (2×109 −4×1010

time steps). Other details of SD simulations are identical to those
in our previous studies.35,42,78

Transport properties were determined by averaging over ap-
proximately 100 independent particle trajectories. Under qui-
escent conditions (i.e., V∞ = 0), the particle diffusivity was
extracted from the long-time limit of the ensemble-averaged,
three-dimensional mean-squared displacement (MSD), Dq =

limt→∞
1
6 d

〈
∆r2(t)

〉
/dt. Under flow conditions, the asymptotic

longitudinal dispersion coefficient (dispersion in the direction of
flow) DL was evaluated via:30,83

DL ≡ lim
t→∞

1
2

dσ2
L(t)
dt

, (2)

where σ2
L(t) =

〈
(∆rL(t)−⟨VL⟩t)2〉 is the particle MSD evaluated in

the frame of reference of the average longitudinal velocity ⟨VL⟩,
which was estimated from a linear fit to the average particle dis-
placements over time. The diffusivity of a freely-diffusive particle
D0 = kBT/3πηdp was used to normalize Dq and DL.

3 Results and Discussion

3.1 Quiescent diffusion

We first examined how the particle MSDs are affected by the at-
traction strength (u0) and heterogeneity (β). For weak attractions
(u0 = 3), the MSDs exhibit

〈
∆r2(t)

〉
∼ t1 scaling over the full range

of time scales examined and vary little with β , indicating that the
attractions with the nanoposts are too weak to significantly hin-
der diffusion (Fig. 2(a)). Similar behavior is observed for systems
with strong attraction strengths (u0 = 7) and low heterogeneity
(β < 2). As β increases, however, we observe the appearance
of a crossover at t ≈ 101 − 102 to a second diffusive regime at
long times characterized by significantly slower dynamics (Fig.
2(b); Fig. S3 in ESI). This crossover behavior reflects the inter-
play between two transport mechanisms: diffusion through the
void space and intermittent hopping between the attractive wells
of different nanoposts (Movies S1 and S2 in ESI). The former is
a rapid process that is dominant on all time scales in arrays with
weak attractions. For systems with moderate and strong attrac-
tions, it is also dominant on short times scales on which particles
are unlikely to become localized in the attractive wells surround-
ing the nanoposts. Accordingly, as u0 and β increase, the charac-
teristic time scale of the crossover decreases due to the increased
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Fig. 2 Particle mean-squared displacements ⟨∆r2(t)⟩ as functions of lag
time t in nanopost arrays with φ = 0.014 and u0 = (a) 3 and (b) 7. The
dashed lines are references indicating ∝ t scaling. The legend in (b)
applies to both panels.

prevalence of nanoposts with highly attractive wells. By contrast,
the latter mechanism results in a slower diffusive process that be-
comes increasingly dominant on long time scales as the fraction
of highly attractive nanoposts increases.

The normalized asymptotic diffusivity Dq/D0 is strongly influ-
enced by the interplay between these two diffusive mechanisms
on long times as u0 and β are varied. As previously shown in
Ref. 42, in the case of purely repulsive interactions (u0 = 0), the
diffusive behavior is well described by a hydrodynamic theory for
hindered diffusion.84 For u0 = 3 and β = 0, Dq/D0 is approxi-
mately equal to that for the repulsive case, indicating that ther-
mal fluctuations allow the particles to readily escape the weakly
attractive regions surrounding the nanoposts (Fig. 3(a)). As β

increases, Dq/D0 slowly decreases and departs from the limiting
vale for u0 = 0. For u0 = 5, Dq/D0 is significantly lower than the
limiting value for u0 = 0 even when β = 0, and it decreases more
rapidly with increasing β than in the case for u0 = 3 (Fig. 3(a)).
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The sharp decrease in Dq/D0 at large u0 is consistent with previ-
ous investigations of porous media with homogeneous attractions
(i.e., β = 0), including a theoretical model85 and simulations of
particle transport in nanopost arrays42 and hydrogel matrices.27

Interestingly, in contrast with the decrease in Dq/D0 upon increas-
ing β , experiments on similar nanopost arrays suggest increasing
structural heterogeneity produces large void spaces that enhance
the overall particle diffusivity.51 Upon further increasing the well
depth to u0 = 7, the normalized diffusivity exhibits a precipitous
drop at low β (Fig. 3(a)). The decrease in Dq/D0 with β for u0 = 7
is less pronounced than for the case of u0 = 5, and the normalized
diffusivity appears to eventually saturate at a low value at high
β , indicating that the hopping diffusion mechanism is dominant.
Thus, the effects of attraction heterogeneity (β) on diffusion are
most pronounced at intermediate u0 where the particle-nanopost
interactions begin to compete with thermal fluctuations, result-
ing in two diffusion mechanisms. Due to enhanced confinement,
the diffusivity decreases as the nanopost volume fraction φ is in-
creased (Fig. 3(b); Fig. S4 in ESI). Nevertheless, the trends ob-
served upon changing u0 or β remain qualitatively similar for all
values of φ investigated.

These two diffusion mechanisms also result in qualitatively
different particle displacement distributions. In the presence of
weak attractions (u0 = 3), the particle displacement distribution
p(∆x) is Gaussian, as is typical for normal diffusion (Fig. S5(a)
in ESI). Whereas Gaussian behavior is still observed for mod-
erate attractions (u0 = 5) and β = 0, the distribution p(∆x) be-
comes increasingly non-Gaussian as β increases (Fig. 4). This
non-Gaussian behavior manifests itself on both the short (t = 5)
(Fig. 4(a)) and long (t = 103) (Fig. 4(b)) time scales relevant to
the early and asymptotic diffusive regimes in the MSDs, respec-
tively. Hence, although the hopping mechanism is not dominant
on short time scales, transient localization around the nanoposts
results in anomalous diffusion in which the MSDs scale ∝ t but the
displacement distributions deviate from normal Gaussian behav-
ior. Similar behavior has been reported in structurally disordered
nanopost arrays, where it was attributed to the spatially hetero-
geneous particle distributions and local dynamics.51 The local-
ization of particles around highly attractive nanoposts, which are
randomly distributed throughout the arrays, has similar effects
on the particle distribution and local dynamics and thus also pro-
duces non-Gaussian behavior.

Lastly, we characterize the effects of u0 and β on the tortuosity
of the particle trajectories:35

⟨τ⟩= lim
k→∞

⟨τk⟩= lim
k→∞

⟨
k

∑
i=1

Li

∆Lk
⟩ (3)

where Li and ∆Lk are the linear distances between points along
the trajectory separated by time intervals δ t and kδ t, respectively,
and ⟨· · ·⟩ denotes the average over the ensemble of particle tra-
jectories. For u0 = 3, β has little effect on the tortuosity of the
particle trajectories, consistent with the relatively small change
in diffusivity observed under these conditions (Fig. 5; Fig. S6 in
ESI). By contrast, for u0 = 5, ⟨τ⟩ is initially independent of β and
then increases for β ≥ 2. For u0 = 7, ⟨τ⟩ exhibits similar behav-
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Fig. 3 Normalized diffusion coefficients Dq/D0 as functions of the het-
erogeneity parameter β in nanopost arrays with φ = (a) 0.014 and (b)
0.028. The dashed lines indicate the values of Dq/D0 for cases where
u0 = 0. The legend in (a) applies to both panels. Estimated uncertain-
ties are smaller than the symbol sizes.

4 | 1–11Journal Name, [year], [vol.],

Page 4 of 11Soft Matter



−10 −5 0 5 10
Δx

10−5

10−4

10−3

10−2

10−1
pΔ
Δx

)
Δa) u0=5, t=5

β
0
1
2

3
4
5

−100 −50 0 50 100
Δx

10−5

10−4

10−3

10−2

10−1

pΔ
Δx

)

Δb) u0=5, t=1000

β
0
1
2

3
4
5

0 1 2 3 4 5
β

0

1

2

3

4

5

αΔ
t)

Δc) u0=5

t
5
10

100
1000

Fig. 4 Particle displacement distributions for nanopost arrays with
φ = 0.028 and u0 = 5 at different lag times t = (a) 5 and (b) 1000. The
lag times are chosen to lie within the different diffusive regimes observed
in the corresponding MSDs. The legend in (b) applies to (a) also. (c)
Non-Gaussian parameters α(t) = 1

3 ⟨∆x4(t)⟩⟨∆x2(t)⟩−2 − 1 for the particle
displacement distributions p(∆x) calculated as functions of the hetero-
geneity parameter β at lag times of t = 5, 10, 100, and 1000.
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Fig. 5 Tortuosities ⟨τ⟩ as functions of the heterogeneity parameter β for
u0 = 3, 5, and 7 in nanopost arrays of φ = 0.028. Estimated uncertainties
are smaller than the symbol sizes.

ior; however, its rate of increase decreases at sufficiently high β

as the hopping diffusion mechanism becomes dominant in this
regime. Thus, these results show that transient localization in the
attractive wells around the nanoposts significantly increases the
diffusion path length through the nanopost arrays, resulting in a
concomitant decrease in the particle diffusivity and slowing of the
overall dynamics.

3.2 Transport under flow
We investigated the effects of attraction heterogeneity on parti-
cle transport under flow by imposing a uniform suspension ve-
locity V∞ oriented at an angle of θ = 45◦ with respect to the
lattice vector a. The spreading of particles in the direction of
flow was characterized by computing the normalized longitudinal
dispersion coefficient DL/D0 as a function of the Péclet number
Pe= ⟨VL⟩dp/D0, the dimensionless ratio of the rate of advection to
the rate of diffusion. Imposed suspension velocities V∞ = 0−1000
resulted in Pe = 0 − 103, covering the range accessible in ex-
periment and relevant to probing regimes dominated by differ-
ent transport mechanisms.71,78,80,86 In the absence of attractions
(u0 = 0), DL/D0 increases gradually with Pe for 100 ≤ Pe ≤ 101

(Fig. 6). At large Pe (Pe ≥ 101), where advective transport is dom-
inant, DL/D0 increases rapidly and eventually crosses over to Pen

scaling with n ≈ 2, as predicted for Taylor-Aris dispersion.12,78,87

Longitudinal dispersion is increasingly enhanced for Pe ≥ 101 as
the attraction strength u0 is increased. For systems with low het-
erogeneity (β ≤ 2), the increase in DL/D0 is relatively uniform
for Pe ≥ 101. As β increases, the asymptotic dispersion behavior
at high Pe remains largely unchanged, but DL/D0 increases sig-
nificantly at low Pe. Similar qualitative trends are observed when
the particle-nanopost attraction strength has a log-normal rather
than a uniform distribution (Fig. S7 in ESI). This behavior reflects
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a complex interplay between advective transport and the two dif-
fusion mechanisms. At low Pe, where transport is dominated by
diffusion, increasing u0 and/or β results in attractions with the
nanoposts that are sufficiently strong to overcome thermal fluc-
tuations. These attractions lead to enhanced particle localization,
which broadens the distribution and increases dispersion in the
direction of flow. By contrast, in the advection-dominated regime
at high Pe, the viscous drag force on the particles is larger than
those arising from particle-nanopost interactions or thermal fluc-
tuations, and hence dispersion is largely unaffected by modest
changes in u0 and/or β .

Computational studies of passive tracer particles in disordered
media predict a crossover from n = 2 to n = 1 scaling at high Pe
as the degree of structural heterogeneity is increased.86 Whereas
the n = 2 scaling is associated with molecular diffusion, the n = 1
behavior is associated with mechanical dispersion arising from
heterogeneity of the locally averaged fluid velocity field.12,86 Al-
though we observe that n decreases slightly with increasing at-
traction strength u0, the scaling for a given u0 is relatively insen-
sitive to β . Thus, no such crossover with β is observed for our
systems because increasing the attraction heterogeneity does not
affect the fluid velocity field.

The degree of localization was quantified by computing the par-
ticle residence time distribution P(tR), where tR is the duration
spent within a thin shell around the nanoposts. To encompass the
attractive well around each nanopost, a shell width of 0.1 based
on the particle-nanopost surface-to-surface distance was used in
evaluating tR. In the absence of flow (V∞ = 0), the residence time
distribution P(tR) exhibits a pronounced initial decrease arising
from local Brownian motions that cause particles near the bound-
aries to fluctuate in and out of the shell regions (Fig. 7). For ho-
mogeneous systems (β = 0), this initial decrease is followed by a
sharp crossover to exponential decay at large tR. As u0 increases,
the width of the exponential tail increases, but the crossover re-
mains relatively sharp. Although increasing β also widens the
P(tR) distributions, it broadens the crossover region and shifts the
exponential decay to larger tR. The broadening of the crossover
region is due to the superposition of different localization pro-
cesses with different characteristic tR, associated with the hetero-
geneous distribution of particle-nanopost interactions. The even-
tual crossover to exponential decay at large tR in these heteroge-
neous systems indicates that this region is dominated by a sin-
gle process associated with localization near the most strongly
attractive nanoposts. Under flow (V∞ = 80), P(tR) also exhibits
a pronounced initial decrease and exponential tail at small and
large tR, respectively. At intermediate tR, however, P(tR) exhibits
a local maximum associated with trajectories in which particles
advect along flow streamlines through the shell regions around
the nanoposts.

We estimated the characteristic residence time τR associated
with the exponential tail of the residence time distributions by
fitting this region to Pfit(tR) = ce−tR/τR , where c is a fitting con-
stant.25,88 Previous studies have demonstrated that dispersion
behavior is strongly correlated with τR.25,26 For the homogeneous
systems (β = 0), we observe that τR increases exponentially with
u0 for all flow rates examined (Fig. 8). Similar exponential in-
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Fig. 6 Normalized longitudinal dispersion coefficients DL/D0 as functions
of Pe for nanopost arrays with φ = 0.028 and u0 = (a) 3 and (b) 7. The
legend in (b) applies to both panels. The dashed lines are linear fits at
high Pe. Estimated uncertainties are smaller than the symbol sizes.
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Fig. 7 Particle residence time distributions P(tR) at flow rates V∞ =

(a),(c) 0 and (b),(d) 80 for nanopost arrays with φ = 0.028. Panels
(a,b) show distributions for homogeneous arrays (β = 0) as functions of
well depth u0, whereas panels (c,d) show distributions for heterogeneous
arrays (β > 0) with u0 = 5 as functions of β . The dashed black lines
are fits of the exponential tail regions to P(tR) = cexp−tR/τR , where c is a
fitting constant.

creases in τR with u0 have been observed in computational studies
of polymer transport in nanopost arrays88 and across surfaces.89

This behavior is also in accord with the Frenkel model, which
predicts that the average residence time will increase exponen-
tially with adsorption strength for a first-order desorption pro-
cess.26,90,91 Although τR also increases with β , the growth de-
viates from exponential behavior. These deviations indicate that
the tail regions of P(tR) for these heterogeneous systems may be
influenced by competing localization processes, despite their ap-
parent exponential decay with increasing tR.

The interplay between advective drag forces, thermal fluctu-
ations, and attractive interactions can be visually observed by
inspecting the log-probability density distribution of the particle
positions in the x− y plane log10 P(x,y) (Fig. S8 in ESI). At low
flow rate (V∞ = 10) and moderate interaction strength (u0 = 5),
increasing β leads to an increase in particle localization around
highly attractive nanoposts and a greater degree of heterogeneity
in the density distributions. As the flow rate is increased, how-
ever, the advective drag forces become increasingly dominant, re-
sulting in more uniform sampling of the void space, except in
regions of wake behind the nanoposts along the direction of flow.
These changes are also reflected in the average tortuosity ⟨τ⟩ of
the particle trajectories (Fig. 9; Figs. S9 and S10 in ESI). At
low Pe (< 0.05; low V∞), increasing the fraction of highly attrac-
tive nanoposts (by increasing u0 and/or β) results in the hop-
ping mechanism becoming dominant and more tortuous trajecto-
ries characterized by larger ⟨τ⟩, similar to the behavior observed
under quiescent conditions. At Pe ≈ 0.08, ⟨τ⟩ exhibits a sharp

3 5 7
u0
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100

101

τ R

(a) β=0

V∞
0
5
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80

0 1 2 3 4 5
β
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100
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Fig. 8 Characteristic particle residence times τR for nanopost arrays with
φ = 0.028 obtained from fitting the exponential tail regions of the P(tR)
distributions. Panel (a) shows τR for homogeneous arrays (β = 0) as
functions of well depth u0, whereas panel (b) shows τR for heterogeneous
arrays (β > 0) with u0 = 5 as functions of β . The legend in (a) applies to
both panels. Estimated uncertainties are smaller than the symbol sizes.
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Fig. 9 Tortuosities ⟨τ⟩ as functions of Pe in nanopost arrays with φ =

0.028 for all u0 and β studied. The symbols and colors denote different
values of β and u0, respectively.

decrease, indicating an abrupt transition from transport via hop-
ping to an advection dominated mechanism where particles move
along streamlines through the nanopost array. Further increases
in Pe beyond this threshold value results in a gradual decay in ⟨τ⟩
as it approaches its asymptotic value of unity as Pe→ ∞.

Lastly, we examine the influence of attraction heterogeneity on
the phenomenon of directional locking. In our previous study of
particle transport in square and hexagonal arrays with repulsive,
non-hydrodynamic particle-nanopost interactions (i.e., u0 = 0),
we observed a pronounced reduction in mean particle velocity
and longitudinal dispersion for flow orientations slightly offset
from the primitive lattice vectors.78 This reduction was caused by
directional locking, where steric interactions with the nanoposts
lead to particle dynamics dominated by advection along a specific
vector across a range of θ .23 In the context of practical applica-
tions, this phenomenon can be exploited in deterministic lateral
displacement devices to sort particles by size.23,92 It has also at-
tracted attention as a route to separate particles driven through
periodic potential fields.13,14,17,18,20,21,24

For square nanopost arrays, directional locking is most pro-
nounced for flow orientations slightly perturbed from θ = 0◦ (i.e.,
slightly misaligned from the primitive lattice vector a).78 Thus,
we examined this behavior at a flow orientation of 1.25◦. Con-
sistent with our previous study,42 log-probability density distribu-
tions of the particle positions reveal that directional locking in ho-
mogeneous systems (β = 0) with attraction strength u0 = 7 is only
observed at high flow rates (V∞ = 1000) (Fig. 10). Indeed, the
particle distributions become increasingly narrow as V∞ increases,
reflecting the onset of directional locking (Fig. 10(a)-(c)). Rela-
tive to repulsive systems (u0 = 0),78 the onset of this behavior is
observed at larger V∞, demonstrating that attractive interactions
compete with advective and steric forces to frustrate directional

Fig. 10 Log-probability density distributions of particle positions
log10 P(x,y) at flow rates V∞ = (a),(d) 80, (b),(e) 320, and (c),(f) 1000
and orientation θ = 1.25◦ in 5× 5 subsections of nanopost arrays with
φ = 0.058, u0 = 7, and heterogeneity parameter β = (a),(b),(c) 0 and
(d),(e),(f) 5. The nanoposts are colored using a blue-to-green scheme
to indicate increasing well depth u0, j.

locking. At low flow rates, the attractions are sufficiently strong
to drive particles to the regions of wake behind the nanoposts,
where they are then transported along flow streamlines that lead
to the upper hemisphere of the next nanopost (Fig. 10(a)). Thus,
particles are able to transport in the direction perpendicular to
the incident flow under these conditions. At high flow rates, how-
ever, the attractions are overcome by strong advective forces and
the particles remain nearly perfectly locked along the a vector
due to frequent collisions with the nanoposts (Fig. 10(c)). For
systems with heterogeneous attractions (β = 5), the particle dis-
tributions exhibit larger variations at low flow rates (Fig. 10(d)).
Nonetheless, similar to the case for systems with homogeneous
attractions, near perfect directional locking is observed as advec-
tive forces become dominant at high V∞ (Fig. 10(f)).

In agreement with the particle position distributions, we ob-
serve that the variations in the normalized longitudinal dispersion
coefficient DL/D0 with flow orientation and rate are qualitatively
similar in nanopost arrays with homogeneous and heterogeneous
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Fig. 11 Normalized longitudinal dispersion coefficients DL/D0 as func-
tions of flow orientation θ for nanopost arrays with φ = 0.058 at u0 = 7
when (a) β = 0 and (b) β = 5. The legend in (a) applies to both panels.
Estimated uncertainties are smaller than the symbol sizes.

attractions (Fig. 11). At low flow rates, the dispersion coefficient
exhibits a maximum at θ = 0◦ and gradually decreases as θ is var-
ied from this value due to the ability of the particle to sample all
streamlines under these conditions. At high flow rates, by con-
trast, directional locking results in deep local minima in DL/D0 at
flow orientations slightly perturbed from 0◦. Although the trends
are qualitatively similar in systems with heterogeneous and ho-
mogeneous attractions, the magnitude of the changes in DL/D0

as θ or V∞ is varied appears to be less pronounced in the hetero-
geneous systems. Hence, whereas attraction heterogeneity gener-
ally enhances dispersion, particularly at low flow rates, it appears
to reduce the sensitivity of DL/D0 to variations in flow.

Conclusion
We examined the effects of heterogeneous attractive particle-
medium interactions on transport in ordered nanopost arrays us-
ing SD simulations. Transport under quiescent conditions was
found to be influenced by the interplay of mechanisms involv-
ing diffusion through the void space and intermittent hopping
between the attractive wells of different nanoposts. As the at-
traction heterogeneity increased, the latter mechanism became
increasingly dominant, resulting in an increase in the particle tra-
jectory tortuosity, deviations from Gaussian behavior in the par-
ticle displacement distributions, and a decrease in the long-time
particle diffusivity. These behaviors are different from those ob-
served in previous studies of structurally heterogeneous materi-
als. Whereas non-Gaussian particle displacement distributions
have also been reported in structurally disordered media, in-
creasing structural heterogeneity creates large void spaces in the
medium that enhance diffusion.51

Under flow conditions, transport was found to be strongly in-
fluenced by the interplay between thermal fluctuations, attractive
particle-nanopost interactions, and advective drag forces. At low
Pe, increased attraction heterogeneity led to transient localiza-
tion near the nanoposts, resulting in a broadening of the parti-
cle distribution and enhanced longitudinal dispersion in the di-
rection of flow. At high Pe where advection strongly dominates,
however, the longitudinal dispersion coefficient was insensitive to
attraction heterogeneity and exhibited approximately quadratic
scaling with Pe, consistent with the Taylor-Aris model for disper-

sion via molecular diffusion.12,78,87 By contrast, prior studies of
tracer particles show that increasing structural heterogeneity in
porous media results in mechanical dispersion becoming increas-
ingly dominant and an associated crossover from quadratic to lin-
ear scaling with Pe in this regime.86 Finally, we found that at-
traction heterogeneity does not strongly affect directional locking
behavior. To our knowledge, the effects of structural disorder on
directional locking have not been systematically studied, but due
to the sensitivity of this behavior to flow orientation and lattice
structure, we expect that it would be increasingly suppressed as
structural heterogeneity increases. Interestingly, computational
studies of flexible arrays have revealed that directional locking
can be enhanced by local distortions that occur in response to in-
teractions with transported particles.17 Thus, this topic presents
an interesting avenue for future investigation.
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