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Generally, differences of polymer topologies may affect polymer miscibility even with the same
repeated units. In this study, the topological effect of ring polymers on miscibility was investigated
by comparing symmetric ring–ring and linear–linear polymer blends. To elucidate the topological
effect of ring polymers on mixing free energy, the exchange chemical potential of binary blends was
numerically evaluated as a function of composition φ by performing semi-grand canonical Monte
Carlo and molecular dynamics simulations of a bead–spring model. For ring–ring blends, an effective
miscibility parameter was evaluated by comparing the exchange chemical potential with that of the
Flory–Huggins model for linear–linear polymer blends. It was confirmed that in the mixed states
satisfying χN > 0, ring–ring blends are more miscible and stable than the linear–linear blends with
the same molecular weight. Furthermore, we investigated finite molecular weight dependence on
the miscibility parameter, which reflected the statistical probability of interchain interactions in the
blends. The simulation results revealed that the molecular weight dependence on the miscibility
parameter was smaller in ring–ring blends. The effect of the ring polymers on miscibility was verified
to be consistent with the change in the interchain radial distribution function. In ring–ring blends,
it was indicated that the topology affected miscibility by reducing the effect of the direct interaction
between the components of the blends.

1 Introduction
Ring polymers are a typical class of polymers that do not possess
terminal ends1–4. The simplest architecture of ring polymers is
a single loop without concatenation and knotting. The concate-
nations and knots of ring polymers do not spontaneously change
their topology unless chain-opening or closing chemical reactions
occur such as in systems like type II DNA topoisomerases5–7. The
prohibition of spontaneous concatenations entropically imposes
a repulsive effect between the rings8–14. Swelling effects of ring
polymers in dilute solutions can also result from the constraints of
knotting topology.11,15–18. In this study, we focus on nonconcate-
nated and unknotted rings in melts, unless otherwise specified.
Owing to topological constraints, the chain statistics in the melts
may be significantly different from the Gaussian chain statistics
of ideal linear chains3,17,19–24. For instance, the Flory exponent,
ν , of the gyration radii which is 1/2 in the Gaussian chain, ap-
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parently presents a crossover from 1/2 to 1/3 with respect to the
molecular weight of the ring polymer melts. The crossover can
be verified based on several computer simulations as elucidated
in the forementioned work23. The exponent is demonstrated
to be approximately 0.5 for relatively small molecular weights
compared with the entanglement molecular weight. Conversely,
ν ≈ 1/3 is expected in cases wherein the molecular weight is over
10 times larger than the entanglement molecular weight. ν ≈ 0.4
is observed to be intermediate. Therefore, ring polymers demon-
strate considerable potential for modifying macroscopic proper-
ties that are affected by chain conformations and topology.

The rheological properties of ring polymer melts and solu-
tions are the first examples that reflect the effect of ring topol-
ogy23,25–31. In the configurations of a blend of linear and ring
polymers, linear chains penetrate the rings, resulting in a long
time relaxation mode based on constraint and release dynam-
ics29,32. Threading events between two-ring polymers have also
been reported in a previous simulation study33,34. These events
contribute to the rheological properties of the material35,36.
The mechanical properties of polymer networks composed of or
containing ring polymers have also been studied using simula-
tions31,37,38.

In addition to the rheological and mechanical properties, the
phase diagrams of polymer blends and block copolymer melts
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are expected to be affected by ring topology13,39–48. When ring
polymers are used as additives to alter material properties, mis-
cibility is an important factor for their applicability. In studies
focusing on phase behavior within the framework of the random
phase approximation49, scattering functions derived from the as-
sumption of Gaussian statistics for ring polymers have often been
used40,41 while ignoring topological constraints. Monte Carlo
simulations can be used for ring polymer blends to consider topo-
logical constraints. Using a lattice model, block copolymer rings
have been reported to undergo microphase separation at a lower
transition temperature than that of the block copolymer melt of
linear chains43. It was also reported in the review42 that the crit-
ical temperature of macroscopic phase separation in a symmetric
ring–ring blend was lower than that of the corresponding linear–
linear blend as determined by the Monte Carlo exchange method.

Khokhlov and Nechaev proposed a free energy model39 that
included the topological effect of ring polymer for ring–linear
blends based on the standard Flory–Huggins model for linear
polymers50. They introduced the effect of crumpled conforma-
tions of rings in the free energy and discussed the dilution effect
by linear polymers. The theory predicted that ring–linear blends
exbihited a compatibility enhancement in comparison with the
corresponding linear–linear blends. Sakaue and Nakajima intro-
duced the concept of the topological volume of ring polymers for
ring–ring, ring–linear, and linear–linear polymer blends13,44. For
the free energy, the translational entropy is decreased by the de-
crease of the free volume and a penalty for the conformational
collapse of ring polymers were considered. Based on a scaling ar-
gument in the Flory–Huggins model, the authors produced phase
diagrams of the macroscopic phase separation. In the phase
diagrams, the critical temperature of ring–ring and ring–linear
blends was predicted to be higher and lower, respectively, than
that of the linear–linear blend.

Experimentally, neutron scattering analyses for different blends
of poly(4-trimethylsilylstyrene) (h-PT) and deuterated polyiso-
prene (d-PI) have revealed that although the ring–ring blend is
less miscible than the linear–linear and linear–ring blends, the
critical temperatures of the linear–linear and linear–ring blends
are similar45. Thus, the theory and experiment are not quali-
tatively mutually exclusive; however, a quantitative comparison
is not trivial. In particular, molecular weights sufficiently larger
than the entanglement molecular weight are assumed in the the-
oretical model based on the scaling argument. A study for finite
molecular weight effects is practically needed because a precision
polymerization of ring polymers with large molecular weights is
not easy. Furthermore, numerical studies to verify the validitity in
the phenomenological models are required to invetigate the effect
of molecular weights of ring polymers.

Very recently, a simulation study for ring–linear blends with
molecular weights around the entanglement molecular weight
has also been reported48. In the foregoing study, the miscibility
of symmetric ring–ring blends was also investigated using semi-
grand canonical Monte Carlo (SGMC) simulations, and it was
verified that the ring–ring blends are more compatible than the
corresponding symmetric linear–linear blends. This result is con-
sistent with that of a previous study on the critical temperature

for ring–ring blends42. As the Monte Carlo exchange method is
inefficient for asymmetric blends, ring–linear blends were equili-
brated by brute-force simulations of a bead–spring model with a
three-body bend potential. The foregoing study focused on the
miscibility parameter χ in the relationship of scattering functions
obtained by the random phase approximation49. In the Flory-
Huggins model for linear–linear polymer blends, the miscibility
parameter is introduced to represent the contribution of the in-
teraction energy between polymer beads. The probability of in-
teraction between the beads is assumed to be propotional to the
product of their volume fractions. For linear–linear blends, the
difference of the conformational entropy of the chains are negleg-
ible between mixed states and single component melts. On the
other hand, the conformational entropy of ring polymers can be
different by the archtecture of the surrounding polymers. It was
demonstrated that the miscibility parameter which included the
entropic contributions of ring polymers can be evaluated from the
formula of the random phase approximation. For the ring–linear
blends, it was found that an effective miscibility parameter χ was
decreased and could be negative. With increasing the chain stiff-
ness, χ becomes more negative because of an entropic stability
through the penetration of linear chains into ring polymers.

In this study, symmetric blends of noncocatenated ring poly-
mers with molecular weights near the entanglement molecular
weight were investigated by using molecular dynamics (MD) and
SGMC simulations. As mentioned above, it has been already re-
ported in the preceding works42,48 that the critical temperature
of symmetric ring–ring blends is lower than that of the corre-
sponding linear–linear blends. Sakaue and Nakajima model does
not predict the phase behovior obtained by the simulations for
symmetric ring–ring blends. The model needs to phenomenologi-
cally take account for further topological effects of ring polymers.
Herein, we extended the investigation to the exchange chemical
potential µexc as a function of composition φ and investigated
the molecular weight dependence. The molecular weight depen-
dence of the miscibility parameter corresponds to the one-loop
correction of the composition fluctuation for the interaction en-
ergy around the Flory-Huggins mean-field free energy51–54. For
linear–linear blends, the correction term is of the order of N−1/2,
where N is the number of segments in a chain, and the prefactor
is a universal factor reflecting local configurations based on the
chain statistics52. Other calibration models to describe the depen-
dence of the molecular weight on the miscibility parameter χ has
been evaluated using simulations and experiments54. Our aim
was to numerically obtain an approximate function µexc(φ) and
verify the topological effect on miscibility resulting from ring con-
figurations in blends with changing molecular weights. The effect
of a finite molecular weight on miscibility was compared with
the radial distribution functions as a measure of chain configura-
tions. The choice was made to restrict the systems to symmetric
blends as these enable efficient executions of Monte Carlo steps
during the numerical evaluations. In symmetric blends, all model
parameters, except the inter-component interaction strength are
identical for both polymer types. For this research, we adopted
a flexible bead–spring model55, as widely used in computational
studies of coarse-grained polymers and in previous studies of sym-
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metric blends of linear bead–spring polymers56,57. The same MD
and SGMC calculations were also performed in the study48 for a
bead–spring model with stiffness.

The remainder of this paper is organized as follows. In Sec-
tion 2, we describe the models and simulations used in this study.
The results of SGMC and MD simulations are presented in Sec-
tion 3, where χN is evaluated for symmertic ring–ring and linear–
linear blends using the relationship between µexc and φ . Follow-
ing this, adopting the first order perturbation approach described
in Section 4.1, we demonstrate that the effect of ring polymers
on miscibility can be approximately evaluated based on the inter-
molecular radial distribution functions. Following this, in Section
4.2, we compare our results with available theoretical and exper-
imental results, before summarizing our findings in Section 5.

2 Methods

In this study, symmetric blend systems, wherein two types of poly-
mers, A and B, were assumed to be chemically identical, were
modeled. Only the interaction parameter between A and B was
varied in order to determine its effect on the miscibility of the
blends. In addtion to the ring–ring symmetric blend systems,
symmetric blends consisting of two types of linear polymers were
also studied; that is, symmetric linear–linear blends. The polymer
chains were modeled using a standard bead-spring chain55. The
non-bonded interaction between the beads are described by the
Weeks–Chandler–Andersen (WCA) potential:

Vs,s′(r) =

 4εs,s′
[(

σ

r
)12−

(
σ

r
)6

+ 1
4

]
(r < rcut)

0 (otherwise)
(1)

where s and s′ represent bead types A and B, respectively, and
rcut = 21/6σ . This WCA potential acts on all non-adjacent pairs of
beads in the systems. Adjacent beads are bonded by the finitely
extensible nonlinear elastic (FENE) potential described as fol-
lows:

VFENE(r) =−
1
2

K ln

[
1−
(

r
R0

)2
]
+Vs,s(r) (2)

where K = 30ε0 and R0 = 1.5σ ; here the energy unit is represented
by ε0, and the length unit is represented by σ . It is assumed that
εAA = εBB = ε0 in the symmetric blends. The mass, m, of the beads
and the bead size, σ , are also treated as identical for A and B. The
number of beads in the ring and linear polymers is denoted by
N. The number of beads of the entanglement molecular weight,
Ne, is approximately 87 for the linear polymer melts of the bead–
spring model58.

N is varied as 25,40,50,100,200, and 400. The total number of
beads equals 50000 for systems with N = 25,50,100, and 200, and
80000 for systems with N = 40 and 400. The number density of
the beads and the temperature of the systems were fixed as ρ =

0.85σ−3 and T = ε0/kB, respectively, where kB is the Boltzmann
constant. We use m = 1, σ = 1, and ε0 = 1 as the units of mass,
length, and energy, respectively. The time unit is τ =

√
mσ2/ε0.

To avoid concatenated and knotted rings in the simulations, we
first generated a single ring polymer with a perfect circle shape;
the rings were then aligned in a dilute simulation box without
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Fig. 1 Gyration radii of the linear and ring polymers at εAB = ε0 in the
melts plotted against the number of beads in a chain N. The solid,
dashed, and dot-dashed lines correspond to the exponent ν = 0.5, 0.4,
and 0.33 respectively.

concatenations. Following this, the systems were gradually com-
pressed using an NPT simulation until the target number density
of beads was reached. After compression, the systems were equi-
librated by an NVT simulation of over 2×106τ. Up to this step, the
two types of polymers were identical: εAB = ε0. The gyration radii
obtained from the simulations are shown in Fig. 1. As Ne ≈ 87, it
was confirmed that the Flory exponent ν was approximately 0.5
for N < Ne and slightly less than 0.5 for Ne < N < 10Ne. The expo-
nent ν = 0.5,0.4 and 0.33 have been presented in Fig. 1 as refer-
ences. Once the equilibrium state was obtained, half of the chains
were randomly selected and assigned as the bead type A, whereas
the other half were assigned as type B. As the bead density is
fixed, the systems are expected to undergo a macroscopic phase
separation for a sufficiently large ∆εAB where ∆εAB = εAB − ε0

to decrease the interaction energy of the beads. The interaction
strength εAB was varied over ranges in which the linear blend
system was reported to be miscible56,57: from ∆εABN = −3 to 3,
except for the case where N = 25, which was varied over the range
−2.5 to 2.5. After the change in εAB, the systems were again equi-
librated by an extended NVT simulation, where the mean square
displacements of the beads were exceeded 10 times the squared
gyration radius of the polymers. (See Supplementary Material)

For symmetric linear–linear blends, we prepared a set of sys-
tems in which the number of beads in a chain and the total num-
ber of beads were the same as in the symmetric ring–ring blends.
Initially, the linear chains were randomly generated in a dilute
box. The equilibrium blend states of several εAB conditions were
then obtained by the same procedure as that described for the
ring–ring blends. The equilibration procedure of the ring–ring
and linear–linear blends was performed using MD simulations
with Langevin dynamics using LAMMPS(5May20)59.

To evaluate the relationship between the exchange chemical
potential and the composition, an SGMC simulation was per-
formed in which the bead type A or B in a polymer was exchanged
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with the other type according to the Metropolis criterion, as in
the previous stduies56,57,60,61. The detailed process is as follows:
First, one polymer was randomly selected as the candidate for
exchange. The energy change caused by the exchange was cal-
culated as ∆H = ∆E± µexc where ∆E is the energy change of the
non-bonded interactions and µexc is the exchange chemical po-
tential of the polymers. The sign of µexe is negative when the
bead type changes from A to B, and positive when it changes
from B to A. The exchange is accepted according to the proba-
bility min{1,e−∆H/kBT }. Once this has occurred, the bead type
changed (i.e., from A to B or vice versa). Therefore, the total
number of polymers is preserved, and only the composition was
varies. After these exchange attempts, a short MD simulation was
performed to relax the polymer configuration of the systems.

The equilibrium composition of A under the condition of µexc

was obtained through alternate SGMC and MD simulations, of
which we performed 400 iterations for both the ring–ring and
linear–linear blends, according to the methods set out in the pre-
vious study56,57. The composition φ was defined as the ratio of
the number of A polymers to the total number of polymers in
the blend systems. Futher, µexc/kBT values of 0.1,0.2,0.4,0.8,1.6,
and 2.0 were used. In each SGMC process, the number of Monte
Carlo attempts was set to half the number of polymers in the
system, whereas for each MD process, a 1500τ simulation was
performed. Although each MD simulation was shorter than the
total relaxation time of the blend systems, it was assumed that
the conformations were not significantly different among differ-
ent compositions when the two components were miscible. The
relationship between µexc and φ was therefore evaluated from
the combined SGMC/MD simulations. In this study, situations in
which the density of one component was too small to be consid-
ered as a dilute solution were not explored. All product runs of
SGMC/MD simulations were performed using ESPResSo++62,63.

To evaluate the miscibility, we focused on the relationship be-
tween the exchange chemical potential and the equilibrium com-
position obtained from the standard Flory–Huggins model for
linear–linear polymer blends50. The miscibility parameter χ is in-
trodued as a phenomenological parameter and can be determined
by fitting experimental or simulation data to the relationship. In
practice, the composition dependence of χ is often considered to
reproduce complex behaviors such as the phase diagrams of real
polymers64,65 and the volume transition of neutral gels66. For
ring polymers, additional composition dependence to the stan-
dard Flory–Huggins free energy is often considered as in the lit-
eratures13,39,44. The composition dependence can be verified by
evaluating the relationship between the exchange chemical po-
tential and the composition through SGMC simulations. For sym-
metric linear–linear blends of the bead-spring models, χ can be
considered independent of the composition as studied in the liter-
atures48,56,57. For symmetric ring–ring and linear–linear blends,
we applied the same formula to evaluate χ as an effective misci-
bility parameter represented as

µ
(L,R)
exc = ln

φ

1−φ
− (χN)(L,R) (2φ −1) (3)

where the superscript (L) and (R) represent the linear–linear

blends and the ring–ring blends, respectively. We evaluated χN
instead of χ by fitting the simulation data to Eq. 3 because χN is
scale invariant of coarse-grainined models.

As the exchange chemical potential can be described as µexc =

N(∂ f/∂φ) where f is the free energy density and the mixed state
becomes unstable when ∂ µexc/∂φ < 0, the critical point of phase
separation can be obtained by ∂ µexc/∂φ = 0 at φ = 0.5. Therefore,
it is possible to evaluate the effect of ring topology on miscibility
and compare it with that of µ

(L)
exc and µ

(R)
exc .

3 Results

3.1 Relationship between the exchange chemical potential
and composition

The equilibrium value of the composition φ under the value of
µexc was obtained through SGMC/MD simulations in the sym-
metric ring–ring and linear–linear blends. The results of the
SGMC/MD simulations for the linear–linear and ring–ring blends
of N = 50 are shown as examples in Figs. 2 a) and b). The value of
ln
(

φ

1−φ

)
−µexc is plotted against φ so that the gradient represents

2(χN)(L,R). As shown in Figs. 2 a) and b), linear regression repre-
sents the composition dependence well. It indicates that (χN)(L,R)

can be approximated as composition indepedent parameters. This
approximation implies that ∆µring = µ

(R)
exc −µ

(L)
exc is proportional to

2φ−1 as verified from Fig. 2 c). Using linear regression, (χN)(L,R)

can be determined from the slope coefficients as shown in Figs.
3 a) and b) with respect to εAB. The interaction strength depen-
dence on (χN)(L) is consistent with previously reported results57

although ∆εABN.
The relationship between (χN)(L) and (χN)(R) is summrized in

Fig. 3 c) where the miscibility paramters are plotted with respect
to the same condition of εAB and N. On increasing the bead inter-
action difference |∆εAB|, |χN| increases, but the effect of |∆εAB|
in the ring–ring blends is smaller than that in the correspond-
ing linear–linear blends. Consequently, the ring topology makes
the blend slightly more compatible than the linear–linear blend
in cases where χN > 0.

3.2 Finite molecular weight effect

Figure 3 c) presents the relationship between (χN)(R) and (χN)(L)

where the data points are plotted for the same εAB and N. More-
over, the correction for the ring topology effect on miscibility de-
pends weakly on the molecular weight N. To investigate the effect
of the finite chain length, we adopted the Flory number nF defined
as

nF =
ρ

N
R3

g (4)

where ρ is the bead number density and Rg is the gyration radius
of the polymers50. The Flory number represents the number of
chains in a typical volume characterized by one polymer. The
mean-field picture of the Flory–Huggins model is validated for a
sufficiently large nF.

For linear–linear blends, a one-loop correction from the
Flory–Huggins model has been theoretically investigated previ-
ously51,52. Such studies showed that the correction of χN starts
from the order of 1/nF, which is O(N−1/2) in the case of ideal lin-
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Fig. 2 Results of the SGMC/MD simulations of N = 50 a) for linear–
linear blends and b) for ring–ring blends. The lines are drawn based on
Eq. 3, where χN is determined by fitting. In c), ∆µexc = µ

(R)
exc − µ

(L)
exc is

plotted against φ obtained in the N = 50 case.

Fig. 3 χN plotted against the interaction parameter εAB is shown a) for
symmetric linear–linear blends and b) for symmetric ring–ring blends. In
c), (χN)(L,R) values for the ring–ring blends and the linear–linear blends
are compared for the same condition of εAB and N.
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ear chains. A molecular weight dependence and a complex ∆εAB

dependence have also been studied by the simulation results of
several polymer models53. Other calibration models used for ex-
tracting χN values are investigated for the systems of finite N and
∆εAB

54. However, a similar theoretical analysis of ring polymers
is more challenging, owing to the need for topology conservation,
which restricts the number of possible conformations. Here, we
simply use nF for the ring–ring blends as well as for the linear–
linear blends obtained in their single component melts, that is, in
the systems where εAB = ε0.

To evaluate the dependence of nF on χN numerically, we as-
sumed a relationship represented as

(χN)(L,R)

∆εABN
= c(L,R)0 + c(L,R)1 ∆εABN, (5)

c(L,R)0 = c(L,R)00

(
1+

c(L,R)01
nF

)
, (6)

c(L,R)1 =
c(L,R)11

nF
, (7)

where (χN)(L,R)/(∆εABN) was assumed to linearly depend on
∆εABN. This assumption was supported by the approximate lin-
earity of (χN)(L,R)/∆εABN on ∆εABN as shown in Fig. 4. In the
previous study57 on the symmetric linear–linear blends, it was
assumed that c(L)1 was almost zero because the observed depen-
dence was very small. However, by extending the data points to
the negative region of ∆εABN and smaller N cases, the c(L)1 depen-
dence becomes more apparent. As we used nF determined by the
case where εAB = ε0, the effect of the interaction difference ∆εAB

on the gyration radius was included in the c(L,R)1 term.

It should be noted that the validity of Eq. 5 is restricted in
the mixed states and limited within a finite range of ∆εABN. The
c(L,R)1 term in Eq. 5 is introduced as an ad-hoc assumption to fit
the simulation results. For instance, although Eq. 5 apparently in-
dicates that χN scales N3−3ν , which is N3/2 even in linear–linear
blends, in the infinitely large limit of N with a fixed value of ∆εAB,
this cannot be valid for positive ∆εAB in the condition since the
systems may undergo phase separation. Also in the case of neg-
ative ∆εAB, the scaling of N3−3ν would not be expected. By re-
stricting the application of Eq. 5 within a certain range such that
|∆εABN| ≤ X where X is a constant and independent of N, we ob-
tain |(χN)(L,R)/(∆εABN)−c(L,R)0 | ≤ c(L,R)1 X . In fact, our simulation
data were limited up to X = 2.5 for N = 25 systems and X = 3 for
other systems. The right-hand side, c(L,R)1 X , goes to zero from
Eq. 7 when N → ∞ for linear–linear blends, and is expected to
converge to a constant value for ring–ring blends. It is, however,
noted that in our simulations N was limited less than 400 and the
exponent ν ≈ 1/3 was not observed for ring polymers. Thus, we
have adopted Eq. 5 as a simple assumption which at least well
captures the simulation results as shown in Fig. 4. Theoretical
arguments for the correction term proportional to ∆εABN are left
for future studies.

The prefactor c(L,R)01 represents to what extent the interchain
interaction varies with the molecular weight. The positive sign

�� �� �� � � � �
ΔεABN
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Fig. 4 Value of (χN)(L,R) divided by ∆εABN is shown with respect to
∆εABN. NL represents the number of beads of linear polymers, and NR
represents the number of beads in ring polymers. The dashed and solid
lines are the results of linear regression for the linear–linear blends and
the ring–ring blends, respectively.

indicates that the interaction probability of a bead with other
beads of different chains increases when the molecular weight de-
creases. The increase is asymptotically scaled as O(1/nF), and the
prefactor c(L)01 can be derived based on Gaussian chain statistics52.

c(L)01 was predicted as (1/π)3/2 ≈ 0.180 for symmetric linear–linear
blends51,52. Here, we considered R2

g = R2
ee/6 for linear polymers,

and R2
ee is the squared end-to-end distance.

Figs. 5 a) and b) show the results for c(L,R)0 and c(L,R)1 with re-
spect to 1/nF, as obtained by fitting the simulation data of Fig. 3
to Eq. 5. These results confirmed that c(L,R)1 was approximately

10 times smaller than c(L,R)0 in both systems. Thus, the ring topol-

ogy mostly manifests in the difference of the parameter c(R)0 with

respect to c(L)0 . For symmetric linear–linear blends, the gradient
and intercept of the linear relationship are again consistent with
those reported in the previous study57. The coefficient c(L)01 ≈ 0.14
for the linear polymers is comparable to the theoretical prediction
0.18. For symmetric ring–ring blends, we obtained c(R)01 ≈ 0.074.

The values of c(L,R)00 were estimated by extrapolating the simu-
lation data: approximately 0.57 in the linear–linear blends and
0.46 in the ring–ring blends. c(L,R)11 were estimated as −0.013 and
−0.005, respectively.

In ring polymers, the chains are more compact and the proba-
bility of the interchain interaction is lower. The result c(R)01 < c(L)01
indicates that the molecular weight dependence on the statistical
weight of the inter-molecular interaction is smaller than that of
the linear chains. In the next section, we evaluate the interaction
energy between the beads of the two polymers from the inter-
chain radial distribution functions and compare them with the
values of c(L,R)0 . It is noteworthly that extrapolation in the infinite
limit of nF for the ring polymers may not be valid because the
chain configurations and the Flory exponent of the ring polymers
vary in systems with the larger molecular weights. Therefore, the
intercepts for ring polymers may also deviate within larger molec-
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Fig. 5 In a), Coefficient c0 in Eq. 5 evaluated by fitting the equation
to the results of the SGMC/MD simulations. In b), Coefficient c1 in Eq.
5 is plotted against 1/nF. The dashed lines serve as a visual guide.

ular weight limits.
The effect of ring topology on miscibility was characterized by

replacing the parameter (χN)(L) with (χN)(R); thus, the phase
diagram of φ versus ∆εAB can be obtained by the phase bound-
ary on the axis of ∆εAB shifting to larger values in the ring–ring
blends than in the linear–linear blends. As the critical point, the
critical interaction difference, ∆εc, could be estimated by equating
(χN)(L,R) = 2, as shown in Fig. 6 against 1/N. The critical inter-
action difference is approximately 25% larger for ring–ring blends
compared with those of the corresponding linear–linear blends.

4 Discussion

4.1 Screening effect by topological constraint

To verify the topological effects on miscibility obtained by the
SGMC/MD simulations, we compared them with the radial dis-
tribution functions of the ring and linear polymers. Because the
coefficient c(L,R)1 is much smaller than the coefficient c(L,R)0 , the

primary effect on χN can be represented by c(L,R)0 . As reported in
the literature9,12, the topological constraint may provide a repul-
sive interaction in the potential of mean force between the ring
polymers. This repulsive interaction affects the interchain radial
distribution functions, thus the probability of finding a bead of
other ring polymers around a bead of a ring polymer is smaller
than that in the corresponding linear–linear blends. By using the
inter-molecular radial distribution function, χN can be approxi-
mated as the first perturbation of ∆εAB from the homopolymer

���� ���	 ����
1/N

����

����

����

����

��	�

Δε
Δ

�����


���

Fig. 6 Critical interaction difference, ∆εc, estimated from the condition
that (χN)(L,R) = 2 is plotted with respect to 1/N.

state as56

(χN)rdf ≈ ρ

∫
d3rginter(r)

[
VAB−

VAA +VBB

2

]
N

= ∆εABNW (8)

where

W = 16πρ

∫ rcut

0
drr2ginter(r)

[(
σ

r

)12
−
(

σ

r

)6
+

1
4

]
. (9)

and ginter(r) is the inter-molecular radial distribution function nor-
malized as ginter(r→ ∞) = 1. Here, the form of the WCA interac-
tion is considered in obtaining Eq. 9. The coefficient c(L,R)0 in
Eq. 5 is approximated by the integral W . The inter-molecular ra-
dial distribution functions of the linear chains and ring polymers
are shown in Figs. 7 a) and b), respectively. Since the cutoff of
the WCA potential is rcut = 21/6σ , the shape around the first peak
determines the value of the integral W .

We evaluated W for the blends of different molecular weights
and the resulting relationship is shown in Fig. 7 c) highlights the
consistency between c(L,R)0 and W , supporting the validity of the
SGMC/MD simulation results. The result also implies that the
interaction energy contribution of εAB is diminished because the
repulsive interaction of the ring topology reduces the probability
of inter-molecular interactions between polymers. This reduction
may be interpreted as the screening effect of the repulsive inter-
action on the bare interaction of εAB. Due to the screening, χN in
the ring–ring blends becomes smaller than that of the correspond-
ing linear–linear blends when χN > 0. Similarly, when χN < 0, the
magnitude of the effective parameter χN is smaller than that of
the linear–linear blends.

4.2 Comparison with theoretical and experimental studies
As described in the introduction, Sakaue and Nakajima proposed
a model to predict the phase diagram of ring–ring, ring–linear,
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Fig. 7 Inter-molecular radial distribution functions are shown a) for the
linear–linear blends and b) for the ring–ring blends. In c), c0 evaluated
by the SGMC/MD simulations is compared to W evaluated from the
inter-molecular radial distribution functions in the homopolymer states.

and linear–linear blends using a scaling argument in the limit of
large molecular weights13,44. To account for the topological ef-
fects of ring polymers, they introduced the concept of a topological
volume. In the symmetric case, NA = NB, the model predicts that
the phase diagram of the ring–ring blends coincides with that of
the linear–linear blends (where NA and NB represent the number
of segments in the polymers of A and B, respectively). However,
our simulations in the symmetric blends indicated that the ring–
ring blends were slightly more compatible than the linear–linear
blends when χN > 0, contrary to the prediction of the model pro-
posed by Sakaue and Nakajima13,44.

In their model13,44, topological effects of ring polymers are ac-
commodated by adding the terms Funlink and Funknot to the stan-
dard Flory–Huggins free energy with χ parameter. Funlink repre-
sents the entropic penalty from the decrease of free volume due
to the topological volume, and Funknot accounts for the unknotting
constraint of rings which competes with the shrunk by Funlink.
These contributions are vanished in the symmetric systems. As
shown in the radial distribution functions in Fig. 7, the coordi-
nation number of the interacting bead pairs of different polymers
are different even between the symmetric ring–ring blends and
the corresponding linear–linear blends. A model of mixing free
energy needs to account for this energetic effect resulting from
local bead configurations. As mentioned in the introduction, the
same conclusion that symmetric ring–ring blends are more com-
patible has been obtained in the study48. It was also pointed out
that the miscibility increase for ring–ring blends was attributed to
the fewer inter-molecular contacts.

The difference in c(L)0 − c(R)0 remains when the results are ex-
trapolated to a large nF as shown in Fig. 5 a), implying that χN
values at the phase boundary in the ring–ring blends are indeed
larger than those of the linear–linear blends; however, as our re-
sults are limited to relatively small molecular weights, the extrap-
olation is not guaranteed to apply to the larger molecular weight
limits. Consequently, the extension of this study to larger molecu-
lar weights, where the Flory exponent of the gyration radius on N
is approximately 1/3, is needed in the future. Such a simulation
would incur high computational costs when equilibrating larger
molecular weight systems, Additionally, theoretical arguments for
finite molecular weights will also be required in future studies.

In the asymmetric case of NA 6= NB, the theory predicts that
ring–ring blends are less miscible than linear–linear blends. As
the SGMC method is not feasible in such asymmetric systems,
asymmetric cases were outside the scope of this study and re-
mained as a future study.

There has also been an experimental study on ring topologi-
cal effects on miscibility45, in which ring–ring, ring–linear, and
linear–linear blends of h-PT and d-PI were prepared. The blend
of h-PT and d-PI is known to have lower critical solution temper-
ature (LCST). The results of this experimental study showed that
the critical temperature of the ring–ring blend is clearly lower
than that of the linear–linear and linear–ring blends, meaning
that the ring–ring blends are less miscible than the linear–linear
blends. This tendency is consistent with the theoretical prediction
when NA 6= NB. As our simulation model shows phase separation
with the upper critical solution temperature (UCST), it is not pos-
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sible to determine whether the simulation results can be applied
to LCST phase separation, as the mechanism of LCST behavior of-
ten depends on the specific conditions of the materials as studied
in the preceding study67. A model development to describe the
LSCT behavior, as has been previously described68, is therefore
necessary to study the topological effects on LCST behavior.

5 Summary
In this study, we investigated the effect of ring topology on
miscibility by focusing on the symmetric blends of ring–ring
and linear–linear polymers. To evaluate miscibility of ring–ring
blends, we investigated the exchange chemical potential as a
function of composition and extracted χN numerically as the phe-
nomenological miscibility parameter. Using SGMC and MD simu-
lations, we found that χN for the symmetric ring–ring blends can
be evaluated as done for the symmetric linear–linear blends.

By comparing systems in which the molecular weight of the
ring and linear polymers were the same, we also found that
(χN)(R) ≤ (χN)(L) when ∆εAB > 0 and (χN)(R) ≥ (χN)(L) when
∆εAB < 0. Hence, the miscible region in the phase diagram of φ

vs. ∆εAB is larger than that in the linear–linear blends. When
χN > 0, the ring–ring blends are more compatible than linear–
linear blends. The origin of this difference is that the bead in-
teraction energy of different chains is smaller in ring–ring blends
as verified through the interchain radial distribution functions in
the homopolymer melts with several molecular weights. In addi-
tion, the dependence of the finite molecular weight on χN was
also found to be smaller in ring–ring blends in terms of 1/nF ex-
pansions. This implies that the probability of the interchain inter-
actions is less dependent on the chain length in ring–ring blends
compared with linear–linear blends.

The systems studied here were limited to symmetric blends and
moderately small molecular weights. However, to achieve a fuller
understanding, more detailed studies on asymmetric blends and
large molecular weight systems are required in the future. The
numerical results obtained by computer simulations could help to
develop a comprehensive theory for linear–linear, ring–linear and
ring–ring blends.

Supplementary Material
Mean squared displacement of the beads against the polymer gy-
ration radius is plotted in Supplementary Material (ESI) for Soft
Matter.
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