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Mixed Quantum/Classical Calculations of Rotationally Inelastic 
Scattering in the CO + CO System: A Comparison with Fully 
Quantum Results 
Dulat Bostan,1 Bikramaditya Mandal,1 Carolin Joy,1 Michał Żółtowski,2 François Lique,2 Jérôme 

Loreau,3 Ernesto Quintas-Sánchez,4 Adrian Batista-Planas,4 Richard Dawes4 and Dmitri 

Babikov1* 

Abstract: An updated version of the CO + CO potential energy surface from [JPCA 2013, 117, 7612] 

is presented, that incorporates an improved treatment of the asymptotic behavior.  It is found that 

this new surface is only slightly different from the other popular PES available for this system in 

the literature [PCCP 2003, 5, 4767]. The differences are quantified by expanding both surfaces over 

a set of analytic functions and comparing the behavior of expansion coefficients along the 

molecule-molecule distance . It is shown that all expansion coefficients behave similarly, except 𝑅

in the very high energy range at small  where the PES is repulsive. That difference has no effect 𝑅

on low collision-energy dynamics, which is explored via inelastic scattering calculations carried 

out using the MQCT program which implements the mixed quantum/classical theory for molecular 

energy exchange processes. The validity of MQCT predictions of state-to-state transition cross 

sections for CO + CO is also tested by comparison against full-quantum coupled-states 

calculations. In all cases MQCT gives reliable results, except at very low collision energy where 

the full-quantum calculations predict strong oscillations of state-to-state transition cross sections 

due to resonances. For strong transitions with large cross sections, the results of MQCT are 

reliable, especially at higher collision energy. For weaker transitions, and lower collision energies, 

the cross sections predicted by MQCT may be up to a factor of 2-3 different from those obtained 

by full-quantum calculations.
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I. INTRODUCTION

Comets carry the most pristine material in the solar system, deposited during the epoch of 

its formation.1 They hold a record of the composition of the proto-solar accretion disc and can 

offer unique insight into the photochemistry and thermochemistry of planet and star formation of 

our solar system.2 The molecular composition of cometary comae typically correlates with their 

distance from the sun and includes several volatile ices, such as H2O, CO2, CH4, CO and NH3. For 

example, the comets of the Kuiper Belt (those closest to the sun with a period of orbit on the order 

of a few years) contain higher amounts of H2O and CO2, while the comets of the Oort Cloud (those 

that come from the furthest parts of the solar system, with colder temperature, and have a period 

of orbit on the order of 10,000 years) exhibit elevated abundances of CO and NH3.3 A new class 

of objects, called the interstellar comets such as 2I/Borisov,4–7 exhibit an anomalously large 

abundance of CO,8,9 a factor of 10 brighter than typical Kuiper Belt comets, suggesting that it 

originated in the coldest environment. The eccentricity of their orbits indicates that they came from 

outside the solar system, bringing information about the diversity of the proto-planetary discs in 

the galaxy.1,10 Note that CO is important as a precursor for oxygen-bearing complex organic 

molecules in the universe.

As comets approach the sun, their material sublimes and forms a cometary coma – a 

transient atmosphere that can be observed from Earth or from satellites and analyzed using the 

tools of spectroscopy. Energy transfer in the outermost part of the expanding gas is controlled by 

fluorescence, while the inner (most dense) part of the coma is controlled by molecule-molecule 

collisions, such as CO + CO. In the intermediate part, called mid-coma, the two processes compete, 

and the populations of molecular states deviate from local thermodynamic equilibrium.11 For this 

reason, the interpretation of cometary observations requires computer modeling of the radiation 

transfer, using codes such as RADEX12 or LIME.13 These simulations, in turn, require as input, the 

rate coefficients for collisional energy transfer between the chemical species of the coma. In recent 

years, physical chemists generated several databases of rotational state-to-state transition rate 

coefficients for typical cometary molecules abundant in the comets, such as H2O + CO [14], HCN 

+ H2O,15 H2O + H2O,16,17 and CO + CO.18–20     

The focus of this paper is on CO + CO collisional energy transfer, important for the 

modeling of cometary atmosphere of comets observed at large heliocentric distances. Several 
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potential energy surfaces exist for the CO + CO interaction. One of the popular surfaces, built 

about 20 years ago by Vissers et al.21 for their studies of state-to-state transition cross sections in 

molecular beam experiments,22 was recently used in a series of papers18,19 to generate a set of 

thermal rate coefficients for state-to-state transitions between the rotational states of CO up to 

 at the temperatures up to  K. Another surface was built by Dawes et al. for the 𝑗 =  10 𝑇 =  150

prediction of spectra of weakly bound CO···CO van der Waals complex23 (vdW) and was also 

used to compute rate coefficients for several individual transitions.20 Finally, a 6D surface that 

includes the vibrational degrees of freedom of both collision partners was built by Chen et al.24 to 

study the vibrational relaxation of CO relevant to supersonic CO lasers25 using a classical 

trajectories method. Since in this paper the emphasis is on rotational transitions, we focus on the 

two former PESs, those of Vissers et al.21 and Dawes et al.23 

The original 2013 PES of Dawes et al., motivated by a spectroscopic study of the CO···CO 

complex, did not include an accurate description of the asymptotic long-range interaction, which 

is critical for the description of CO + CO scattering in low-temperature environments. Therefore, 

one goal of this paper is to report an updated version of that PES, which now includes an accurate 

treatment of the asymptotic range that connects seamlessly to the short-range interaction. This new 

PES is compared to the PES of Vissers et al.21 through analysis of the PES expansion radial 

coefficients and by conducting new scattering calculations on different PESs. 

The main goal of this paper is to test a promising approach for inelastic scattering 

calculations, the so-called mixed quantum/classical theory (MQCT).26–28 This method combines 

classical mechanics for the description of translational motion of two collision partners with a 

quantum mechanical description of their rotational motion,29–31 which permits simplifying the 

model and accelerating the calculations of scattering cross sections, while keeping the most 

important physics associated with inelastic transitions between the quantized states of collision 

partners. Here, new MQCT calculations are carried out to compute cross sections for state-to-state 

transitions between the rotational states of two colliding CO molecules and the results are 

compared with previously published results of the full-quantum calculations.18        
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II. AB INITIO METHOD AND PES FITTING 

As depicted in Figure 1, the coordinates used to represent the vdW interaction between the 

two closed-shell CO monomers are the Jacobi coordinates: , , , and . In the figure,  is the  𝑅 𝜃1 𝜃2 𝜑 𝑅

vector between the centers of mass of the two fragments, and  and  are vectors aligned with 𝑟1 𝑟2

each molecule. The coordinate  is the length of vector , while coordinates  and  represent 𝑅 𝑅 𝜃1 𝜃2

(respectively) the angles between  and the vectors  and . The fourth coordinate is the dihedral 𝑅 𝑟1 𝑟2

(out of plane) torsional angle, labeled , which is the angle between the vectors  and . 𝜑 𝑅 × 𝑟1 𝑅 × 𝑟2

Notice that for  the molecules are aligned end-to-end, with the carbon atom in the 𝜃1 = 𝜃2 = 0 ∘

first molecule pointing to the oxygen atom of the second molecule.

Figure 1: Coordinates used to describe 
the CO dimer interaction. 

As we have done in the past for other vdW dimers of linear fragments,32–37 the PES’s 

analytical representation was constructed using an automated interpolating moving least squares 

(IMLS) methodology, freely available as a software package under the name AUTOSURF.38 As 

usual,39,40 a local fit was expanded about each data point, and the final potential is obtained as the 

normalized weighted sum of the local fits. The fitting basis and most other aspects of the IMLS 

procedure were the same as for other previous systems and have been described in detail 

elsewhere.38,40,41 All ab initio calculations were performed using the Molpro electronic structure 

code package.42

For construction of the PES, both monomers were held rigid. The bond distance for CO 

was fixed at , the vibrationally-averaged bond distance for the ground ro-𝑟CO = 1.128206 Å

vibrational state of CO, consistent with its rotational constant of B0 =1.9317 cm-1. Masses of 
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15.9949146221 and 12 u were used for 16O and 12C, respectively. The 2013 study by Dawes et al 

generated at least nine different PESs, exploring the effects of basis-set completeness, testing 

various basis extrapolation schemes, as well as the effect of including core-electrons in the 

correlation treatment. The new PES reported here with an improved treatment of the long range, 

was also computed using explicitly-correlated coupled-cluster theory43 (CCSD(T)-F12b), with 

details chosen to closely match what was determined to be the most accurate of the 2013 PESs. 

For consistency with the added data in the long range, the entire dataset was recomputed using 

Molpro2019. Here the complete basis set limit was estimated by extrapolating total energies at the 

CCSD(T)-F12b/CVTZ-F12 and CCSD(T)-F12b/CVQZ-F12 levels, using a two-basis formula 

suggested by Schwenke [Eqn. 8 in Ref. 44] with a coefficient of precisely 1.4. All electrons were 

included in the correlation treatment and geminal beta coefficients of 1.4 and 1.5 were specified 

for the CVTZ-F12 and CVQZ-F12 bases respectively, in the F12b calculations. This level of 

electronic structure theory is expected to provide a more accurate description of interaction 

potential, compared to the method employed by Vissers et al. for the older PES. Also, this basis 

set is larger compared to the basis set employed by Chen et al., which places the present PES at 

the top of the list for the scattering studies of rigid CO molecules. The PES by Chen et al., although 

based on slightly less accurate ab initio points, is a full dimensional PES that allows for a wider 

range of applications.

The shortest intermonomer center-of-mass distance considered is , with the 𝑅 = 2.6 Å

additional restriction of a maximum repulsive energy of  ( ) above the 6 kcal/mol ~2100 cm ―1

separated monomers' asymptote. The ab initio data coverage in the fitted PES extends to , 𝑅 = 15 Å

which is extended by an analytic form, informed by additional data at the same level extending to 

, with the zero of energy set at infinite separation between the monomers. The long-range 𝑅 = 30 Å

form includes electrostatics up to 7th order, beginning with the 3rd order dipole-dipole interaction, 

as well as induction and dispersion terms, which both start at 6th order in this uncharged system, 

and are also truncated at 7th order. This expression is both physically correct and sufficiently 

flexible to fit the data computed in the long range essentially exactly (RMSE < 0.003 cm-1). The 

exchange symmetry of the PES expected for identical monomers is respected precisely. 

The global fit switches smoothly from interpolated ab initio data in the close interaction 

region, to the analytic long range via a hyperbolic tangent function centered at , which 𝑅 = 7.5 Å
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also gives a smooth gradient and a continuous Hessian of the PES with respect to . We also 𝑅

checked and confirmed that in this range of  a smooth behavior is obtained for the coefficients 𝑅

 of PES expansion (see below), for the elements of state-to-state transition matrix, and for 𝑣(𝑅)

their gradients and Hessians. This is presented by Fig. S1 of Supplemental Information.

For the high-level PES, the global estimated root-mean-squared fitting error is , 0.82 cm ―1

and the total number of automatically generated symmetry-unique points needed to reach that 

target was 3164 (the final estimated error is  for energies below the asymptote). To 0.04 cm ―1

guide the placement of high-level data, avoiding placing expensive high-level data in energetically 

inaccessible regions, a lower-level guide surface was constructed using 2568 symmetry-unique 

points, distributed using a Sobol sequence45 biased to sample the short-range region more densely. 

This was done at the CCSD(T)-F12b/VDZ-F12 level of theory.

The analytical representation of the PES is available from the authors upon request.

Fig. 2 shows a 2D representation of the PES (denoted R-optimized) as a function of the 

extended angles  and  for planar configurations (  and ). The positions of the 𝜃1 𝜃2 𝜑 = 0 ∘ 𝜑 = 180 ∘

minima and their corresponding molecular configurations are also highlighted in the figure. Each 

of the extended-angle coordinates  and  spans a full 360°, varying in the range from  𝜃1 𝜃2 ―180 ∘

to , which gives a continuous description of motions on the global PES as described in +180 ∘

detail elsewhere.23 A consequence of this, mentioned below, is that each minimum (or other 

feature) appears twice in the plot. For planar geometries (  for quadrants II and IV, and 𝜑 = 0 ∘ 𝜑 =

 for quadrants I and III), the plot describes the complete ranges of  and , relaxing the 180 ∘ 𝜃1 𝜃2

intermonomer distance coordinate  for each pair of angles. This type of plot provides useful 𝑅

insight into the behavior of the system, since for many systems, those (such as this one) without 

non-planar minima, the plot will include all isomers and planar isomerization paths between them, 

making it easy to visualize motions during which  changes from  to . There are two 𝜑 0 ∘ 180 ∘

minima in the PES, each appearing twice in the extended angles plot. Both minima configurations 

correspond to skew-parallel structures. The global minimum (GM), with a well depth of 134.0 

, has the carbon atoms closer; while the local minimum (LM), with a well depth of cm ―1 118.8 

, has the oxygen atoms closer. A disrotatory (or geared) motion moves the system along a cm ―1

nearly barrierless low-energy-path connecting the minima (cf. Fig. 2). As explored previously,23 

low lying rovibrational states tend to delocalize significantly along the geared motion channel. 
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Table 1 provides geometric parameters of the two minima, comparing also with those from the 

PES by Vissers et al. The values are generally similar, differing most significantly for the angles 

of the LM. This difference was discussed previously in the 2013 paper by Dawes et al. noting that 

the PES by Vissers et al. is empirically adjusted and has more significant fitting error and even a 

spurious minimum, so the present PES should be more reliable in this respect. Nevertheless, 

perhaps since the CO-CO interaction energy is quite flat along the geared motion channel, both 

PESs yield reasonable rovibrational levels. 

Table 1: Geometric parameters and energies (Angstroms, degrees, and wavenumbers) for the 

global (GM) and local minima (LM).

Present PES Vissers et al.21

GM LM GM LM

R 4.328 3.620 4.339 3.678

θ1 45.4 113.7 45.8 120.4

θ2 134.6 66.3 134.2 59.6

φ 180.0 180.0 180.0 180.0

V 134.0 118.8 135.5 124.2
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Figure 2: R-optimized contour plot of the PES 
as a function of the extended angles  and  𝜃1 𝜃2

for planar configurations. For each pair of 
angles, the energy (given in ) is optimized cm ―1

with respect to the center-of-mass distance . 𝑅
See the text for details.

Figure 3 plots ten radial cuts through the PES, each corresponding to different orientational 

poses of the monomers. The plot compares the fitted PES with independently computed test data, 

which in addition to the fitting error statistics mentioned earlier, helps confirm good fitting 

behavior. The leading terms governing the shape of the long-range region of the PES come from 

the dipole-dipole, dipole-quadrupole, and quadrupole-quadrupole electrostatic interactions, which 

have R-3, R-4, and R-5 radial dependencies, respectively. 
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Figure 3: Radial cuts through the PES are plotted for 
various orientational poses of the two monomers 
including those that pass through the two minima 
(geometric parameters of the minima are given in 
Table 1). The lines represent the fitted PES, while the 
points are ab initio data not included in the fitting set, 
which helps verify the fitting accuracy. The variation 
in the cuts illustrates the anisotropy of the PES and 
highlights the substantial difference in the radial 
coordinate for the two minima.

III. SCATTERING CALCULATIONS

Calculations of state-to-state transition cross sections were carried out within the 

framework of the mixed quantum/classical theory, using MQCT program.27 In order to make 

comparison with full-quantum calculations straightforward, we treated the colliding CO molecules 

as distinguishable and used an approximate coupled-states version of the theory, CS-MQCT, since 

a similar approach was employed by Ref. [18]. In CS-MQCT the Coriolis couplings are neglected, 

and all state-to-state transitions are driven only by potential couplings. The details of the CS-

MQCT approximation were presented in Ref. [46]. The derivation of MQCT theory for diatom + 

diatom systems can be found in Ref. [47,48].
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A large basis set of rotational eigenstates was employed for both collision partners, up to  (

, which has the energy of , still well below that of the lowest quantum 𝑗1,𝑗2) = (15,15) ~ 922 𝑐𝑚 ―1

of vibrational energy in CO. The range of molecule-molecule distances   (or 2.65 ≤ 𝑅 ≤ 26.5 Å

 Bohr) was covered by a grid of 76 points with logarithmic spacings (denser at short 5 ≤ 𝑅 ≤ 50

range and sparser in the asymptotic region). The angular dependence of the PES was described via 

expansion over a basis set of analytic functions, symmetrized to represent CO + CO:27 

𝜏𝜆1𝜆2𝜆(𝜃1,𝜋 ― 𝜑,𝜃2) =
+ min (𝜆1,𝜆2)

∑
𝜂 = ― min (𝜆1,𝜆2)

C𝜆,0
𝜆1,𝜂,𝜆2, ― 𝜂Y𝜆1

+𝜂(𝜃1,0)Y𝜆2
―𝜂(𝜃2,𝜋 ― 𝜑)

                                                                  + C𝜆,0
𝜆2,𝜂,𝜆1, ― 𝜂Y𝜆2

+𝜂(𝜃1,0)Y𝜆1
―𝜂(𝜃2,𝜋 ― 𝜑)

(1)

The expansion was truncated to retain 56 potential terms up to . Integration over  𝜆1 = 𝜆2 = 5 𝜃1

and  was done using Gauss-Legendre quadrature with 20 points in each degree of freedom, while 𝜃2

for integration in  an equidistant grid of 40 points was used. These convergence parameters for 𝜑

the MQCT calculations are either identical or similar to those of full-quantum calculations of Ref. 

[18,19]. 

The maximum impact parameter for MQCT calculations was (or 20 Bohr), 𝑏𝑚𝑎𝑥 =  10.6 Å 

which corresponds to the orbital angular momentum quantum number  for the lowest 𝓁𝑚𝑎𝑥 = 98

collision energy (100 cm-1) and   for the highest collision energy (1200 cm-1) 𝓁𝑚𝑎𝑥 = 335

considered here. The dependence of partial cross sections on  at collision energy 1200 cm-1 is 𝓁

presented in Fig. 4 for various state-to-state transitions originating from the ground state (𝑗1,𝑗2

. One clearly sees two groups of processes. One group contains many weaker transitions, ) = (0,0)

characterized by smaller partial cross sections (on the order of 0.05 Å2 per , see Fig. 4) and a 𝓁

shorter-range interaction. For these processes  is sufficient, since at higher values of  𝓁𝑚𝑎𝑥 ~ 190 𝓁

the contributions of the partial cross sections are vanishingly small. The other group includes only 

four transitions:  and  These processes are more intense (𝑗1,𝑗2) = (0,0)→(0,1), (1,1), (0,2) (2,2).

(on the order of 0.2 Å2 per ) and remain significant through much higher values of . Specifically, 𝓁 𝓁

 is needed for the excitation of  and   for the excitation 𝓁𝑚𝑎𝑥 ~ 250 (𝑗1,𝑗2) = (0,1) (0,2), 𝓁𝑚𝑎𝑥 ~ 300

of , and  for the excitation of . Such long-range behavior is the consequence (2,2) 𝓁𝑚𝑎𝑥~ 350 (1,1)

of electrostatic interactions, beginning at dipole-dipole, in the CO + CO system.
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Figure 4: Partial cross sections for excitation of various states in CO 
+ CO collision at 1200 cm-1. The initial state is . Final states (0,0) (𝑗1,𝑗2

 are indicated for the 4 most intense transitions. The PES of Vissers et )
al. was used for these tests.

MQCT calculations were done for three different initial states of CO + CO system which 

includes both molecules in the ground rotational state: , both molecules placed in a (𝑗1,𝑗2) = (0,0)

highly excited state: , and an intermediate mixed case: . For the initial (𝑗1,𝑗2) = (8,8) (𝑗1,𝑗2) = (0,8)

state (0,0) we propagated MQCT trajectories with all values of orbital angular momentum  from 𝓁

0 to , while for the other two cases we did Monte-Carlo sampling of the initial conditions for 𝓁𝑚𝑎𝑥

which the values of  are sampled randomly between 0 and  (simultaneously with sampling 𝓁 𝓁𝑚𝑎𝑥

of  between   and  and the quantum number  in the range from 0 to ). In 𝑗12 |𝑗1 ― 𝑗2| 𝑗1 + 𝑗2 𝑚12 𝑗12

these cases, we found that a sample of 450 MQCT trajectories gives cross sections converged to 

within 1% percent.

As stated above, our rotational basis set includes all levels up to  for each CO 𝑗𝑚𝑎𝑥 = 15

molecule, which yields 256 channels of CO + CO and 65,536 states with different values of 

quantum numbers  and . The number of state-to-state transitions in the original matrix was 𝑗12 𝑚12

~ 64.5 million. To speed up the calculations we neglected transitions between the weakly bound 
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states, using a cutoff value of 0.1 cm-1 for the potential matrix elements, applied at the CO-CO 

distance near  and  Å. This truncation retains ~15.3 million matrix elements responsible 𝑅 = 3.8 4.2

for the most important state-to-state transitions. The error introduced by truncation is estimated to 

be less than 1% of the cross-section magnitudes.

IV. RESULTS AND DISCUSSION

In Fig. 5 we present a comparison of radial expansion coefficients  that we 𝑣𝜆1𝜆2𝜆(𝑅)

obtained for the two potential energy surfaces of CO + CO: that of Vissers et al.21 and the newly 

updated PES developed here. The upper frame contains radial dependencies of the 10 largest 

expansion terms, including the isotropic interaction term  responsible for elastic (𝜆1𝜆2𝜆) = (000)

scattering. The lower frame of Fig. 5 contains the next 10 expansion terms up to . (𝜆1𝜆2𝜆) = (336)

From these figures it is seen that although the two PESs are overall similar in the range of attractive 

interaction, , there are some noticeable differences in the expansion coefficients. Namely, 𝑅 > 4 Å

the isotropic term  is deeper for the PES of Vissers et al. by about  cm-1. Also, near the (000) 20

minimum at , anisotropic terms ,    and  differ by about 𝑅 = 4.3 Å (101) (110), (112), (211) (202)

 and  cm-1, respectively. These differences in the PESs have a significant impact 19, 17, 12, 12 10.5

on detailed comparisons of the stacks of rovibrational levels noted in the previous 2013 

spectroscopic study.23 Larger differences between the two sets of expansion coefficients are seen 

in the range of repulsive interaction, , which is attributed to a truncation of the present PES 𝑅 < 4 Å

at high energy. These differences are expected to have only minor effects on inelastic state to state 

transitions at low energies.   
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Figure 5: Radial dependence of 20 expansion 
coefficients  for two CO + CO PESs 𝑣𝜆1𝜆2𝜆(𝑅)
in the interaction region: This work (solid line) 
and Vissers et al. (dashed line). Colors 
correspond to different sets of , as 𝜆1𝜆2𝜆
indicated.
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Figure 6: Same as Figure 5, but in the 
asymptotic long-range region of CO + CO for 
10 selected expansion terms of the two PESs. 
The vertical scale gives absolute value of 
expansion coefficients  in log scale.𝑣𝜆1𝜆2𝜆(𝑅)

Figure 6 illustrates the behavior of radial expansion coefficients  in the asymptotic 𝑣𝜆1𝜆2𝜆(𝑅)

range , for the two PESs. Here the absolute value is plotted,  and a log scale is 𝑅 > 10 Å |𝑣𝜆1𝜆2𝜆(𝑅)|

used to better appreciate the weaker long-range interactions. This figure illustrates that the value 

of the isotropic term of the PES expansion  drops quickly and by  (𝜆1𝜆2𝜆) = (000) 𝑅 ~ 18.5 Å

becomes smaller than several anisotropic terms:  and . The (𝜆1𝜆2𝜆) = (110), (112), (211) (220)

largest differences between the two PESs in Fig. 6 are found in the dipole-dipole interaction terms 

 and  that dominate the long-range behavior. For these terms, the differences on the (110) (112)

order of  are observed through the entire range . On the other hand, the 20% 10 < 𝑅 < 25 Å

expansion terms  and , responsible for quadrupole-quadrupole interaction, (220) (222)

demonstrate small differences between the two PESs near the , but at larger distances 𝑅 =  10 Å
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these differences also become larger, up to  and , respectively (although their absolute 66% 111%

values become very small at this point, around  and  , respectively).0.015 0.012 cm ―1

Further comparison of the two PESs was conducted by running MQCT calculations of 

inelastic state-to-state transition cross sections using each surface. The results are presented in Fig. 

7 for 135 individual state-to-state transitions at three collision energies. These transitions originate 

in the ground rotational state  of the CO + CO system and excite either one, or both (𝑗1,𝑗2) = (0,0)

CO molecules into the combination states, up to  with maximum total rotational (𝑗1,𝑗2) = (15,15)

energy of ~ . From Fig. 7 one can see that for stronger dipole-driven transitions with the 922 𝑐𝑚 ―1

largest cross sections (on the order of 1 Å2 and above) the two PESs produce very similar results. 

For weaker processes with smaller cross sections (down to 10-2 Å2) the differences obtained from 

the two PESs do not exceed a factor of 2, which is considered an upper bound for an acceptable 

range of accuracy in astrophysical modeling. Moreover, the majority of data points in Fig. 7 are 

spread symmetrically about the diagonal line, which means that some transitions have smaller 

cross sections, while others have larger cross sections, without any systematic difference between 

the two PESs. Only at the lowest collision energy considered here (200 cm-1) and for the weakest 

Figure 7: Comparison of MQCT state-to-state transition cross sections for CO + CO system 
obtained using the present PES and Vissers et al. PES for three values of collision energy  𝑈
(indicated in each frame). The initial state was . Blue dashed lines represent a (𝑗1,𝑗2) = (0,0)
factor of 2 difference and black dashed lines represent a factor of 3 difference.
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transitions (cross sections smaller than 10-2 Å2) do several individual state-to-state processes (five 

transitions) exhibit cross sections different by a factor of 3 (for the two PESs). Only in this regime, 

the cross sections obtained from the present PES are systematically larger than those obtained from 

the PES of Vissers et al.21 This is a minor difference that should have no effect on the results of 

modeling. Therefore, we conclude that the two PESs lead to very similar predictions of state-to-

state transition cross sections and would result in similar rate coefficients and similar predictions 

of the overall kinetics for rotational-translational energy transfer between rigid CO molecules at 

intermediate and high collision energies. Still, small differences between the two PESs in the 

asymptotic range may affect the outcomes of CO + CO collisions at low energies, when the 

Coriolis coupling is more important.

Now we move to comparison of MQCT calculations for CO + CO against the full-quantum 

calculations of Żółtowski et al.19, carried out using MOLSCAT program and the PES of Vissers 

et al. To make the comparison straightforward, MQCT calculations presented below were carried 

out using the same PES of Vissers et al. These data are presented in Fig. 8 for 44 individual 

transitions that represent various excitations in the CO + CO system starting from its ground state 

, at three collision energies. The agreement between the two methods is good overall, (𝑗1,𝑗2) = (0,0)

and is better at higher energies, as one may expect from the mixed quantum/classical nature of the 

MQCT method. Moreover, strong transitions with large cross sections are well reproduced by 

MQCT at all collision energies. This includes twelve transitions with total cross sections larger 

than 1 Å2. For weaker transitions, with cross sections in the range from 0.1 to 1 Å2, the results of 

MQCT are systematically smaller than the results of MOLSCAT. At higher energy (900 cm-1) the 

differences are within a factor of 2 for most transitions, except two very weak transitions where 

the difference is about a factor of 3. At 400 cm-1 the two weakest transitions deviate by more than 

a factor of 3, and at lower energy (200 cm-1) the seven weakest transitions deviate by more than a 

factor of 3 (see Fig. 8). Again, larger errors at lower collision energy are expected for the trajectory 

based MQCT method.   
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In Fig. 9 we compare the dependencies of state-to-state transition cross sections on 

collision energy for the eleven most intense transitions that originate from the ground rotational 

state  of the CO + CO system, and for the elastic scattering channel . (𝑗1,𝑗2) = (0,0) (0,0)→(0,0)

The final states are indicated in the individual frames of the figure and include up to four rotational 

quanta in each molecule, . Larger cross sections are presented closer to the upper (𝑗1,𝑗2) = (4,4)

left corner of the figure, while smaller cross sections are placed closer to the lower right corner of 

the figure. One can see that overall MQCT gives a consistently good picture of state-to-state 

transition processes in CO + CO system through a broad range of collision energies, except for the 

lowest energy range ~ 100 cm-1 and below, where the results of the full quantum calculations are 

dominated by scattering resonances. The excitations of states , , , , (𝑗1,𝑗2) = (0,1) (1,1) (1,2) (2,2)

,  and (3,3) are reproduced particularly well, with differences between MQCT results (0,3) (2,3)

and those of full-quantum calculations about 10%, on average. Larger relative differences are 

observed at low collision energies for excitations of ,  and  states of CO (𝑗1,𝑗2) = (0,2) (2,4) (4,4)

+ CO. Interestingly, the behavior of elastic scattering cross section (large values on the order of 

200 Å2) is also reproduced by MQCT reasonably well, on average, without high frequency 

oscillations.

Figure 8: Comparison of MQCT and MOLSCAT state-to-state transition cross sections for CO 
+ CO system obtained using Vissers et al PES. The initial state was ; the final (𝑗1,𝑗2) = (0,0)
states are those reported in Ref. [19] with all combinations of  and . Blue dashed 𝑗1 ≤ 8 𝑗2 ≤ 8
lines represent a factor of 2 difference and black dashed lines represent a factor of 3 difference. 
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Figure 9: Comparison of MQCT (red lines) and MOLSCAT (blue symbols) state-to-state transition cross sections for CO + CO 
system as a function of collision energy, obtained using Vissers et al. PES. The initial state was ; the final states are (𝑗1,𝑗2) = (0,0)
those 12 with largest cross sections, including the elastic channel (as indicated in each frame). Note that the vertical scales are different 
in different frames. Dashed lines are MQCT results obtained with  reduced to 190, as in MOLSCAT calculations.𝓁𝑚𝑎𝑥
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At high collision energy the question of convergence of the full-quantum benchmark 

calculations of Żółtowski et al.19 becomes important. Namely, in order to make those full-quantum 

calculations numerically affordable, the value of total angular momentum was restricted to 𝐽TOT ≤

 (see Ref. [19]) which corresponds to  in MQCT calculations. Now recall that 190 𝓁𝑚𝑎𝑥 = 190

MQCT calculations reported here are done with the much larger value of , because we 𝓁𝑚𝑎𝑥 = 345

found that  is insufficient to obtain converged cross sections for four strong transitions: 𝓁𝑚𝑎𝑥 = 190

 and , see Fig. 4 and its discussion above. Therefore, for a fair (0,0)→(0,1), (1,1), (0,2) (2,2)

comparison of MQCT vs full-quantum calculations, one should either increase the value of  𝐽TOT

in MOLSCAT up to , or decrease  in MQCT calculations down to 190. Since the first 345 𝓁𝑚𝑎𝑥

option is computationally unfeasible, we carried out a numerical experiment in which we removed 

“by hand” all contributions of  from MQCT cross sections. These data are presented in 𝓁 > 190

Fig. 9 by dashed lines. They indicate an improved agreement with full quantum results of 

Żółtowski et al.19 at high energy, in particular for the excitation of state . This means that (2,2)

some of the differences seen in Fig. 9 are related to convergence of the quantum calculations, 

which in principle can be improved for an extra CPU cost.  

Finally, we carried out MQCT calculations for the excitation and quenching of the excited 

rotational states  and  for a collision energy 900 cm-1. These data are presented (𝑗1,𝑗2) = (0,8) (8,8)

in Fig. 10. They indicate the same level of agreement between MQCT and MOLSCAT as one 

presented in Fig. 8 above for the excitation of ground state , which means that (𝑗1,𝑗2) = (0,0)

Figure 10: The same figure as Figure 8, for the total energy 900 cm-1 and three different initial states.
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MQCT offers a consistent treatment of the various types of transitions that were explored in the 

CO + CO system.

It is instructive to discuss the origin of differences between the results of MQCT and full-

quantum calculations. Recall that both the full quantum calculations and the MQCT calculations 

presented in this paper were carried out within the coupled-states (CS) approximation that neglects 

the effect of Coriolis coupling. It is important to stress that, within this assumption, the state-to-

state transition matrices are identical in the full-quantum approach and in MQCT. Therefore, the 

descriptions of the rotational motion of CO molecules, including their spectra of rotational states 

and the potential coupling between those states, are basically the same in the two methods. The 

differences come from the treatment of translational motion of two collision partners along the 

coordinate  that corresponds to the molecule-molecule distance. In the full quantum method this 𝑅

is done by wavefunctions described by a system of 2nd-order differential equations, propagated 

from  through interaction region into the asymptotic range, where the scattering matrix is 𝑅 = 0

computed. Step-size along  depends on the de Broglie wavelength and becomes very small if the 𝑅

collision partners are heavy (such as CO + CO) and/or when the collision energy is high (such as 

considered here). This property is a source of high numerical cost of the full-quantum calculations. 

In MQCT, in contrast, the motion along  is described classically using trajectories. Differential 𝑅

equations for time evolution of probability amplitudes are 1st-order, simpler to propagate, with 

step-size determined only by the interaction potential (independent of de Broglie wavelength and 

thus insensitive to masses or energy of collision partners) which makes MQCT affordable even for 

heavy collision partners and at high collision energy. Unfortunately, quantum effects associated 

with motion along  (such as scattering resonances at low collision energies) are missing. This 𝑅

explains the differences between MQCT and full-quantum calculations seen in Fig. 9, in particular 

at low collision energy, when quantum cross sections oscillate due to scattering resonances. 

V. CONCLUSIONS

In this paper we present an updated version of the 2013 CO + CO potential energy surface 

of Dawes et al.23 The new surface incorporates improved asymptotic behavior and for scattering 

purposes is somewhat different from another PES available for this system, that of Vissers et al.21 

This was confirmed quantitatively by expanding both surfaces over a set of analytic functions and 

comparing the behavior of expansion coefficients along the molecule-molecule distance . We 𝑅
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found that, although the behavior of all expansion coefficients is, overall, similar, there are some 

non-negligible differences in the attractive part of the PES, and some larger differences in the high 

energy region at small , where the PES is repulsive. These differences have only a minor effect 𝑅

on strong state-to-state transitions with larger cross sections, but have a more sizable effect on 

weaker transitions, where the differences of cross sections up to a factor of two were observed for 

the two PESs. This was demonstrated by inelastic scattering calculations carried out using MQCT 

program26,27 that implements the mixed quantum/classical theory for molecular energy exchange 

processes and permits to compute state-to-state transition cross sections at a much lower 

computational cost, compared to the full-quantum methods. 

The validity of MQCT predictions of state-to-state transition cross sections was also 

assessed by comparison against the full-quantum results from Ref. [18,19]. MQCT calculations were 

carried out with a large basis set, a broad range of energies, a large range of collision impact 

parameters (large values of molecule-molecule orbital angular momentum quantum number up to 

), and for various initial states of CO + CO system. In all cases MQCT gives reliable 𝓁 ~ 335

results, except low collision energy (below around 100 cm-1) where the full-quantum calculations 

predict strong oscillations of state-to-state transition cross sections. For strong dipole-driven 

transitions the results of MQCT are reliable, especially at higher collision energy. For weaker 

transitions and lower collision energies the cross sections predicted by MQCT may be a factor of 

2-3 different from those obtained by full-quantum calculations for CO + CO. Although there was 

a significant recent interest in the experimental studies of CO rotational excitations, 22,49 there are 

no direct experimental measurements of absolute values of inelastic cross sections or rate 

coefficients for the rotational state-to-state transitions in CO + CO collisions, to the best of our 

knowledge. We hope that this theoretical work will stimulate new experimental efforts.

In this paper we presented the results obtained with two different dynamics methods (full-

quantum and MQCT) combined with two different potential energy surfaces for rigid CO 

molecules (that of Vissers et al. and the present PES). In the future, these studies can be extended 

to include the vibrational motion of CO molecules using the PES of Chen et al. and employing the 

method of quasi-classical trajectories. This would represent a very comprehensive study of CO + 

CO system using three different dynamics methods combined with three different potential energy 

surfaces. 
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A new version of MQCT suite of codes28 is always available to the community through 

GitHub.  
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