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Passive Brownian particles partition homogeneously between a porous medium and an adjacent fluid
DOI:00.0000/000000000x reservoir. In contrast, active particles accumulate near boundaries and can therefore preferentially
partition into the porous medium. Understanding how active particles interact with and partition
into such an environment is important for optimizing particle transport. In this work, both the initial
transient and steady behavior as active swimmers partition into a porous medium from a bulk fluid
reservoir are investigated. At short times, the particle number density in the porous medium exhibits
an oscillatory behavior due to the particles’ ballistic motion when time ¢t < 7r, where g is the
reorientation time of the active particles. At longer times, t > L?/D***™ the particles diffuse from
the reservoir into the porous medium, leading to a steady state concentration partitioning. Here, L
is the characteristic length scale of the porous medium and D***™ = Uyl/d(d — 1), where Uy is the
intrinsic swim speed of the particles, £ = Uy7g is the particles’ run, or persistence, length, and d is
the dimension of the reorientation process. An analytical prediction is developed for this partitioning
for spherical obstacles connected to a fluid reservoir in both two and three dimensions based on the
Smoluchowski equation and a macroscopic mechanical momentum balance. The analytical prediction
agrees well with Brownian dynamics simulations.

1 Introduction
Porous Medium Bulk Reservoir

Active matter systems span a large range of length scales from
bacteria and micromotors to schools of fish and humans mov-
ing in a crowded area™. The activity arises from particles self-
propulsion by converting chemical energy to persistent mechani-
cal motion®. This motion leads to interesting phenomena such as
self-assembly, accumulation at boundaries, and the conversion of
chemical energy into mechanical work through ‘micro-gears™?,
The utilization of new developments, such as active particle mi-
crorobots for drug therapy® and bacterial sequestering technolo- v
gies®, will depend on understanding not only the behavior of ac-
tive particles in bulk but also in confined spaces and crowded en-
vironments such as porous media. How active particles partition
into porous media and how to predict this behavior is the focus
of this paper.

The simplest model that captures the essential physics of active
particles is the active Brownian particle (ABP) model, wherein
each particle translates with a swim speed Uy in a direction ¢

Fig. 1 lllustration of the porous medium model (i.e., an array of spheres
connected to a reservoir). The obstacles are fixed, and active particles
can move freely around them; further, the system is periodic in the y-
direction.

In free space, the random reorientation of ABPs result in diffu-

for a characteristic reorientation time 7r; the average length they
move between each reorientation is called the run, or persistence,
length ¢ = Uy ™%, Owing to this persistent swimming, the ABPs
distribute non-homogenously near surfaces, accumulating at no-

flux boundaries leading to a concentration boundary layer near
solid surfaces®112,

Division of Chemistry and Chemical Engineering, California Institute of Technology,
Pasadena, CA 91125 USA. E-mail: jfbrady@caltech.edu

sive motion with D*“*™ = Uyl/d(d — 1), where d is the dimen-
sion of the reorientation process. The active swim diffusivity can
be much larger than the thermal diffusivity of “passive" Brownian
particles. Solid boundaries and other obstacles change the free
space available to these particles and can dramatically shorten
the mean-free path; this cuts off their run length, reduces the
diffusivity, and causes accumulation at boundaries™. Alonso-
Matilla et al. studied Taylor dispersion in circular arrays and ob-
served, even without flow, a decrease in diffusivity for low activ-
ity particles resembling the behavior observed for passive parti-
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cles™, Experimental studies of Chlamydomonas Reinhardtii show
that the diffusion of algae is obstructed by arrays of pillars and
becomes lower than it would be in the free space’®. It has been
shown experimentally that bacteria in a microfluidic crystal lat-
tice (porous media) exhibit Taylor-Aris dispersion.2® Additionally,
in highly crowded environments, E. coli has been observed to dis-
play an interesting hopping-trapping behavior; E. coli is trapped
in pockets of space between densely packed obstacles and then
hops through highly confined channels into other pockets of pore
space'’”. Chamolly et al. studied how activity impacts particle tra-
jectories around a periodic lattice.’® Further, porous media sig-
nificantly impacts the chemotactic migration of bacteria as con-
finement strongly influences the directed motion and can cause
active particles to move with the same orientation over great
lengths.’??% Reichhardt and Reichhardt have conducted multiple
studies of the effect of confinement on motility induced phase
separation in dense solutions of active particles.2142

Partitioning is a standard concept from thermodynamics, where
Henry’s law governs the concentration between two phases such
that C4 = K -C1! 2324 The partition coefficient, K, for a thermo-
dynamic system would be determined from equality of chemical
potential in the two regions, py = pll. In the simplest case
of hard-sphere interactions for equilibrium Brownian systems the
concentration in the pore space is equal to that in the reservoir.

Even though one cannot apply the concept of a chemical po-
tential for active matter systems, concentration distributions (or
partitioning) are well understood for fundamental confining ge-
ometries such as in-, and outside a single sphere, around parallel
plates in a reservoir, and channels in a wall**?*, However, there is
a lack of knowledge regarding the partitioning of active particles
for more complex environments.

This work explores both the transient and steady-state parti-
tioning of active particles between a fluid reservoir and a porous
medium (i.e., arrays of spherical obstacles). The particles inter-
act with the obstacles through excluded volume interactions only.
Utilizing scaling arguments relating to particle properties and ge-
ometric parameters, we explain the initial oscillations in the con-
centration in the bulk of the porous medium in two dimensions.
We then derive a theory for the long-time partitioning between
the porous medium and the reservoir in two and three dimensions
based on a mechanical balance and the concentration distribution
outside a single obstacle. At high activity the theory predicts

<’I'Lpo're> -1 + \/a/(d - 1) K/R ¢ (1)

no 1+1/Vde¢/R 1—¢

where (npore) is the average concentration in the pore volume
of the porous medium, n°° is the bulk concentration in the fluid
reservoir, ¢ is the volume (or area) fraction of obstacles of size
R in the porous medium, and ¢ is the run length. The analytical
prediction agrees well with Brownian dynamics simulations. The
theory and simulations suggest that a mixture of bacteria having
different run lengths can be separated by contacting the solution
with a porous medium whose geometric structure has a length
scale R ~ .

2| Journal Name, [year], [vol.], 1

2 Transient evolution

We model a porous medium as an array of fixed disks (2D) on
a lattice in contact with a fluid reservoir as illustrated in Fig.
The active particles can move in both the reservoir and in the free
pore space of the porous medium. They cannot penetrate the ob-
stacles and collide with them via excluded volume interactions. In
the next section, we predict the steady-state behavior using a me-
chanical balance, but first we investigate the transient behavior.
As previously mentioned, active particles accumulate at bound-
aries, and the simplest example of boundary accumulation is that
of a single flat wall. Yan & Brady* determined that the number
density n as a function of distance from the wall z at steady state
is given by

kSTS’
kT

n(z) = n*> (1 + exp (—)\z)) , 2)
where kgT is the thermal energy, k,7s = (Uof/d(d — 1) is
the analogous active energy scale, and n°° is the concentra-
tion far from the wall. Here ¢ is the drag coefficient of an
ABP (see Appendix [A). The accumulation layer decays exponen-
tially with distance from the wall with screening length, A\™! =
5/+/1+ (£/5)2/2, where § = \/Dr7g is the microscopic diffusive
length and Dr is the thermal diffusivity. The ratio of the active
energy scale to the thermal one can be expressed as the ratio of
run length to diffusive step: ksTs/ksT = (£/8)?/2 in 2D*E,

In the porous medium, the amount of boundary available
depends on the area (or volume) fraction of obstacles, ¢ =
N7R?/A, where N is the number of obstacles in the total area
of the porous region, A, and R is the radius of an obstacle. (The
ABPs have no size. One can give them a size from the Stokes drag
¢ = 6mna, where 7 is the fluid viscosity. In this work, the obsta-
cle size R includes the ABP radius ‘@’ in its definition.) The total
average number density of ABPs in the medium is defined as,

(Mpore) = NaBp _ Nagp
el =Ty T A6y

where Napp is the number of ABPs in the free pore space,
Ay = A(1 — ¢). We also define the number density outside the
accumulation boundary layer as ngm,e = Nipp/A}, where A} is
the adjusted free space available excluding the area within a dis-
tance of 10 screening lengths from obstacle surfaces and N}gp
is the number of particles in A%, such that only particles in the
bulk pore space are included in this quantity. The inset of Fig.
shows the adjusted free space over which ngom is measured. The
number density of swimmers in the reservoir is n>.

€]

Both the initial and long time behavior will be set by the activity
and the geometry. The inset of Fig. [4illustrates the characteristic
length scales. From dimensional analysis there are three dimen-
sionless groups: ¢/§, /R, and R/L. The ratio of ¢/6 describes
the activity, £/ R is the ratio of particle run length to the size of an
obstacle, and R/L relates to the porosity of the medium, which
is also expressed as ¢ = wR?/L?, where L is the length of one
lattice unit cell. Thus, the transient evolution will be governed by
these three dimensionless groups.

The evolution of the number density for the two-dimensional
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Fig. 2 Brownian dynamics simulation snapshots of particle density in the system for ksTs/kpT = 800, ¢ = 0.5, £/R = 0.5, and times O7g, 17R,
107R, and 1007r. The circular obstacles are shown as black disks for clarity. The system is periodic in that there is an equivalent reservoir region

to the left of the porous medium. Initially, the active particles are distributed homogeneously throughout the pore space and the reservoir such that
the density is the same everywhere. The density within the pore space is based only on the free space available (see eq. . At 17R, particles in the
porous region accumulate at the obstacle surfaces, causing the concentration in the pore space to become lower than in the reservoir. At 107y, the

reservoir particles have had time to diffuse into the outer parts of the medium. Thus, the outer obstacles have a larger surface concentration than the

inner obstacles, while the reservoir concentration decreases. At longer times, 1007g, the particles from the reservoir have had time to diffuse through

the entire medium, and the system is near steady state.

system is shown in Fig. at four times: 0 7g, 1 T8, 10 7&,
and 100 7g. These results are from dilute Brownian dynamics
(BD) simulations for k,7s/kgT = 800, ¢ = 0.5, {/R = 0.5
and 10” ABPs. The particles interact with obstacles through a
hard-particle force, which is implemented via a potential-free al-
gorithm2%28, (See Appendix|A|for a description of the BD simula-
tions.) Obstacles are shown as black disks, and each active parti-
cle is color-coated with its surrounding density such that purple is
low density and yellow is high density. Initially, at 0 75, the parti-
cles are distributed homogeneously throughout the pore space of
the porous medium and the reservoir. At 1 7z, the particles can
move one run length, and, as expected, particles accumulate at
the obstacle surfaces leading to a lower concentration in the pore
space of the porous medium compared to that in the reservoir. In
Fig. this is observable through the pore space of the porous
medium being dark purple, while the reservoir concentration is a
lighter blue. We go into more detail surrounding this lower con-
centration in the next section.

At 10 7R, the particles from the reservoir have had time to
diffuse into the outer edge of the porous region, where we ob-
serve a higher concentration of ABPs at the outer obstacles’ sur-
faces, while simultaneously observing a lower concentration in
the reservoir. Last, at 100 7r, the active particles from the
reservoir have had time to diffuse through the entire porous re-
gion. There are high-density boundary layers around all obsta-
cles, while a significantly lower reservoir concentration than ini-
tially. Hence, we observe a partitioning in concentration at steady
state.

In summary, two phenomena dominate the transient changes
in particle concentration: 1) the persistent motion of the parti-
cles within the porous medium and 2) particles diffusing from
the reservoir into the porous medium. The following sections de-
scribe these phenomena in more detail.

Journal Name, [year], [vol.], 1 |3
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Fig. 3 Normalized number density in the pore space of the porous

medium, nQ,.. = nd,../nd,..(t = 0) as a function of time for

¢/R = 0.5, ksTs/kpT = 800, and ¢ = 0.1 — 0.7. The measured
densities oscillate initially due to the accumulation at boundaries, when
particles leave the pore space, due to their short-time ballistic nature,
and then reach a temporary constant state until around a time of 57g,
after which the particles from the reservoir are diffusing into the medium
and the density again increases.

2.1 Initial oscillations in concentration

Changes in concentration in the porous medium and the reservoir
are interdependent, but initially, we can consider concentration
changes in the porous medium without accounting for the effects
coming from the reservoir. Particles from the reservoir require
time to diffuse into the porous region, and until then the average
number density in the porous medium, (npore), will be constant.

The evolution in the pore space of the porous medium, ngom
from O to 20 7 is shown in Fig. [3| Interestingly, we initially see
oscillations in the bulk number density, then a temporary constant
concentration until around 5 — 10 7. After this, the bulk number
density increases again as the reservoir particles have had time to
diffuse into the porous medium. ABPs exhibit ballistic behavior at
short times?, which leads to this short-time oscillatory behavior.

We can predict when the minimum in bulk number density will
occur using knowledge of this ballistic behavior. Initially, parti-
cles can move their run length and leave the pore space when
they collide with an obstacle. A particle will not reenter the pore
space until it reorients, which leads to a minimum in the pore
space concentration. The time it takes to reach the first minimum
depends on the run length of the particle compared to the length
available before colliding with an obstacle, expressed through ¢.
For a given activity, a more dense system will reach the minimum
faster, and this is apparent in Fig.[3| To obtain a scaling for the
minimum, we use the average length a particle moves before col-
liding with an obstacle. At close packing or strong confinement,
we expect the length to be L/2 on average, while for low packing
fraction, we would expect that particles can move the full length,
L. Thus, we estimate the minimum by the time it takes an ABP
to travel the length L = 2R + h, where h is the shortest distance
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Fig. 4 Time to reach the initial local minimum in pore space concen-
tration scaled by ¢/R as a function of area fraction of obstacles, ¢ for
ksTs/kgT = 800 and R/¢ =1, 1/2, and 1/4. The inset illustrates the
four characteristic dimensions in the porous medium; h, R, Dpctween
and L. The black line corresponds to with a scaling coefficient of 3/4.
The gold shaded area is the interval of time between traveling an aver-
age length of L/2 (lower bound) and L (upper bound). At higher area
fractions, the particles experience more confinement and travel a shorter
distance before colliding with an obstacle than for lower area fractions.

between obstacles (as illustrated in the inset of Fig. [4);

tmin L T R
m e \/% 7 “

where tni, is the time to reach the minimum, 75 is the reorien-
tation time, and L is the length of the lattice unit cell. As men-
tioned, we expect the average length a particle will move before
colliding to be between L/2 and L. Thus, we choose a scaling fit
in-between the two (3/4 L/R). We compare this scaling predic-
tion with ¢min measured from BD simulations. The result is shown
for ¢tmin scaled with ¢/ R in Fig. |4] such that one can compare re-
sults for different degrees of confinement, R/¢ = 1, 1/2, and
1/4. The gold shaded area marks the interval of average travel
distance between L/2 (lower bound) and L (upper bound). We
obtain good agreement between our scaling prediction and the
simulation results. As expected, near close packing or highly con-
fined, the characteristic length to reach minimum is closer to L/2,
while for lower confinement, the particles on average move L be-
fore reaching the minimum concentration.

Now that we have obtained a prediction for the ¢min, we can
explore the number density at minimum. This will be related to
the area fraction of obstacles in the medium. The larger the area
fraction, the closer packed the obstacles will be and more parti-
cles will be at the boundary compared to the bulk. We propose
a simple linear scaling: n,,.(tmin)/Nyore(t = 0) = 1 — a - ¢,
where « is a constant. This leads to the behavior shown in Fig[5]
where the dashed lines are linear regressions for ngom(tmin) com-
puted on ¢ between 0 and 0.6. We observe linear dependence on
volume fraction until near close packing.
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Fig. 5 The porous medium pore space number density at the initial
local minimum, 19, (tmin) = 19 oy¢ (tmin) /19 opc (t = 0), as a function
of area fraction of obstacles, ¢, for ksTs/kpT = 800 and R/¢ = 1,
1/2, and 1/4. The decrease in concentration with increased obstacle
fraction is linear until near close packing. The dashed lines are linear fit
tonY,,.. =1—a¢ with a = 0.87, 1 and 1.11 for R/¢ =1, 1/2 and 1/4,

pore
respectively.

2.2 Porous media as a sponge

The concentration in the center of the reservoir initially re-
mains constant until 5 7r, after which it rapidly decreases before
reaching a steady value. The changes in reservoir concentration,
n°°, scaled by the initial concentration, n*°(¢ = 0), are shown in
Fig.[6] The steady-state concentration in the reservoir depends on
the volume fraction of the porous medium. The higher the vol-
ume fraction, the lower the reservoir concentration, even though
there is less pore space in the denser porous medium! The porous
medium acts as a sponge and soaks up the ABPs.

This emptying of the reservoir poses exciting opportunities for
application design. Imagine a bath of active particles, such as
bacteria, and wanting to remove them. One could temporarily in-
sert a porous medium and utilize this mechanism to rapidly drain
out the bacteria. With the knowledge of the area fraction depen-
dence, one could either drain an optimal amount or achieve the
maximum drainage effect by having a high area fraction of obsta-
cles in the porous medium. One could also separate a mixture of
bacteria if they had different run lengths. In the next section, we
predict the long-time partitioning between the porous medium
and the fluid reservoir.

3 Partitioning into a porous medium

3.1 Two dimensions

Fig.|7|shows the average number density in the porous medium,
(npore)/n°°, as a function of the area fraction of obstacles, ¢. Pas-
sive particles distribute homogeneously independent of the sys-
tem geometry. However, when the particles are active, there is an
increased concentration in the porous medium compared to the
reservoir at steady state. The partitioning depends on the three
nondimensional parameters: ¢/J, ¢/ R, and ¢. We can determine
how the partitioning scales with these parameters, and analyti-
cally predict the partitioning from the governing Smoluchowski
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Fig. 6 Number density in the reservoir, n®® = n°>°/n>°(t = 0), as a
function of time for R/¢ = 0.5, ksTs/kgT = 800, and ¢ = 0.1—-0.7. We
observe that the concentration decreases exponentially as particles diffuse
out of the reservoir and reaches a steady state reservoir concentration
after ~ 1007g. This time corresponds to the characteristic time it would
take a particle to explore the entire reservoir, t.pqr ~ Ares/Ug'rR, where
Ajres is the size of the reservoir.

equation. First, we relate the average concentration in the porous
medium (nyore) to the one in the bulk pore space nd,,.. For high
activities, we can assume that the accumulation boundary layers
are thin such that they do not overlap, and each obstacle can be
viewed as isolated and surrounded by a concentration of nfme.
From the analytical expression for ABP accumulation outside a
single disk, we integrate over all N obstacles within the porous
medium to obtain

no"‘e 2N *~ nr
%’7>21+%f ; ( ()fl)rdr, (5)

0
Npore Npore

where n(r) is the concentration profile outside a single disk in
two-dimensions. The area fraction of obstacles is ¢ = mR>N/A.
The free space areais Ay = A(1 — ¢). At high activity, the bound-
ary layer is thin, and by subtracting the bulk concentration, we
know that n(r)/n9,.. — 1 will be confined to the accumulation
layer, and we have

/ < - 1) rdr ~ (£/6)° R/ ©)
R 7lpore

Thus, the average concentration in the porous medium relative to
that in the pore space is

14 G %)

1—¢’

where Cap is a numerical factor from the 2D disk solution of Yan
& Brady'!:

<npo’re>

Npore

4 (£/86)?K1 (AR)

O = AR R ORIE = (1/0)2] + K (V)2 + (€/0)7)

®

where K, and K> are Bessel-functions. (See Appendix [A]for de-
tails on the Smoluchowski equation and statistical moments’ ex-
pansion.) The analysis leading to requires the accumulation
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layer to be thin, AR > 1, and in the high activity limit, £/ > 1,
Csp is independent of the microscopic length ¢ and takes the sim-
ple form
_ V2R
1+ 55t/R’
when §/R < 1 and ¢/5 > 1. Thus, with (7) and (9), we have a
relation between (npore) and ny,,... To determine the partitioning
between the porous medium and the reservoir, we still need to
relate the uniform concentration in the pore space, ﬂgom to the
reservoir concentration n>°.

Cap 9

As in our previous work for parallel plates®”, we apply a mo-
mentum balance to the control volume shown in Fig. [1} which, as
discussed in Appendix[B] yields

Npore = n°[1 +2Q5 )71, (10)

where Q7" is the nematic order density in the pore space. As-
suming the nematic order is negligible, (10) reduces to

Npore =1, 1)

where n*° is the bulk concentration in the reservoir and ng,m
is the pore space concentration in the porous medium. The pore
space concentration in the porous medium only accounts for ABPs
outside a distance of 10 screening lengths of the obstacle surfaces.
The screening length is the characteristic thickness of accumula-
tion boundary layer, A™!, and the bulk area is shown in gray in
the inset of Fig. We validate through BD simulations,
and Fig. |8] shows ngwe /n®° as a function of the area fraction of
obstacles. When the area fraction is near close packing, our thin
boundary layer approximation no longer holds, and the boundary
layers overlap. However, for our range of area fractions, we ob-
serve ng,,./n> = 1 within a 90% margin. This deviation is due
to the edge effects of the porous medium and the neglect of the
nematic order term in (10). The nematic order is negative at the
edge of the boundary layer.

The combination (7), (9), and form the analytical pre-
diction for the partitioning confirm that the partitioning in the
porous medium scales linearly as ¢/(1 — ¢). Fig. [9] shows the
excellent comparison between our analytical prediction and the
results from BD simulation. From the partitioning we can also
obtain the steady state drop in reservoir concentration from the
overall conservation of particle number.

3.2 Three dimensions

We predict the partitioning between a lattice of spheres in con-
tact with a fluid reservoir in three dimensions (shown in the in-
set of Fig. using arguments analogous to that for the two-
dimensional geometry.  Fig. shows the value of nd,,./n>
as a function of the volume fraction of obstacles. As before, the
prediction for the partitioning is

ore 4N oo
(ng ) -1+ { no(r) - 1} r? dr. (12)
npore Vf R npore

In three dimensions, the volume fraction is ¢ = 2rNR*/V and
further reduced by V; = V(1 — ¢). Equivalent to the two-
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Fig. 7 Average number density in the two-dimensional porous medium,
(npore)/n°°, as a function of the area fraction of obstacles, ¢, for ratios
of obstacle size to run length, R/¢ € [0.1,50], at steady state with
activity ksTs ~ 5000kpT.

dimensional case, we have

pore) _ 1 4 Cyp—2 (13)

1—¢’

where Csp is a numerical factor from the 3D sphere solution of
Yan & Brady and is given by

Npore

_ 3W/)POR+1) 1
14+ (1+AR)(6/R)? (RN)?

Csp a4

As before, in the high activity limit where ¢/6 > 1 and AR > 1,
the scaling factor becomes

|G
TP

Csp = (15)

14 L8

V3 R
For high activity the scale factor depends only on the degree
of confinement, ¢/R. The combination of and with
nYore = n gives the full analytical prediction of the partitioning
between a reservoir and a porous medium in three dimensions
and is compared to results from BD simulations in Fig. Notice
that having k,Ts ~ 250kgT or ksTs ~ 800kpT leads to the same
partitioning independent of the two activities when the degree of
confinement, ¢/R, is the same, thus validating . The scaling
coefficient has the general form given in (T).

4 Conclusions

The transient evolution of the number density in porous media
(i.e., two-dimensional arrays of circles) shows a fascinating initial
oscillatory behavior. Through dimensional analysis, we argue that
the behavior only depends on the activity, the degree of confine-
ment (ratio of run length to obstacle size), and the area fraction
of obstacles. We predict this behavior when the length scales in
the medium are on the order of the particle run length. After the
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Fig. 9 Relative number density in the porous medium, (npore), to
that in the reservoir, n° as a function of a combination of degree of
confinement, C3p, and obstacle volume fraction ¢/(1 — ¢) leading to
linear partitioning dependence at steady state in two dimensions and
ksTs ~ 5000kpT. The dashed line show the analytical prediction in
combined with (11)), where C3p is given by @

initial oscillations, the particles from the reservoir diffuse into the
porous medium, which decreases the concentration in the reser-
voir, while increasing the concentration in the porous medium,
leading to a partitioning in concentration.

We presented a model for the concentration partitioning be-
tween a porous medium and external environments at steady-
state, and predicted a linear dependence between the partitioning
and a combination of degree of confinement and the area fraction
of obstacles. The analytical prediction is determined by applying
a mechanical momentum balance and utilizing the concentration
profile outside a single disk/sphere (2D/3D). Our analytical pre-
diction agrees well with results from Brownian dynamics simu-

Soft Matter

3t TE €. €.« @ A p
Ly e (/R =40
8§ : o~ B~ B L (/R =20
o5 | ICAAAAL, | | - yr=10 ]
o & i £ £ < 1
T | OO | (/R =
| OOEH ot e /R =
Cj . _ S - B
g /R = .2/3 .
5 . .
[ )
215} « ° ° L
= b ° °
° . o : o *
1} 8 o e o 8 o O ]

0 0.05 0.1 015 02 0.25 0.3 035 04 0.45
Volume fraction of obstacles, ¢

Fig. 10 Average pore space number density in the porous medium, ngore,
to that in the reservoir, n®° as a function of the volume fraction of
obstacles, ¢, at steady state and ksTs ~ 250kpT. The inset illustrates
the porous medium in three dimensions (i.e., spheres on a cubic lattice
in contact with a fluid reservoir).

lation in both two and three dimensions. While the prediction
is for a regular lattice porous medium, and many environments
in nature are less structured, we expect that the general ideas
and scaling should apply to disordered media. However, disor-
dered media will create corners between obstacles, where active
particles would get trapped leading to an increased partitioning.
This work provides a foundation for understanding partitioning
in more complex and confined environments. Additionally, our
predictive model can be utilized for designing geometrical config-
urations of porous media that can capture a desired concentration
of active particles.

A Theoretical framework

This work depends on two methods for obtaining analytical pre-
dictions and results: conservation equations and Brownian dy-
namics simulations. The Smoluchowski equation governs the
probability, P, for finding an active Brownian particle at a spe-
cific position « with orientation g:

OP(z,q,t)

51 (16)

+V-jT+Vr- =0,
where the translational and rotational fluxes are: j7 = UyqP +
FYVP/¢— DrVP and j% = —DrVrP. Here, Vg = g x Vq
is the orientational gradient operator, and Dy and Dpg are the
translational and rotational diffusivity, respectively. The num-
ber density is obtained by expanding the Smoluchowski equa-
tion in statistical moments®’, such that n(z,t) = [ P(z, q,t)dq,
m(z,t) = [ gP(x, q,t)dg, which leads to the equations in 2D 30,
on

7+V.jn:()7

ot 17

%—T+v-jm+DRm=o7 (18)
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Fig. 11 Relative number density in the porous medium, (npore), to
that in the reservoir, n°°, as a function of a combination of degree of
confinement, C3p, and obstacle volume fraction ¢/(1 — ¢) leading to
linear partitioning dependence at steady state in three dimensions for
ksTs ~ 250kgT and ksTs ~ 800kgT. The dashed lines show the

analytical prediction in (13), where C3p is given by (15]).

where the fluxes are given by

3, =Uom — DrVn, (19)

1
jm = UOQ =+ §U0’I’LI — DrVm, (20)

where n is the number density, m is the polar order, and
Q(z,t) = [(gqq — I/2)P(=,q,t)dq is the nematic order. Assum-
ing an isotropic nematic order, @ = 0, we can close the expan-
sion. These equations can be solved for simple geometries to ob-
tain analytical expressions for the concentration distribution. Yan
& Brady solved these equations outside a disk in two-dimensions
and a sphere in three-dimensions subject to no flux at r = R,
Applying these analytical solutions of the Smoluchowki equations
in combination with no net-force balances over specific control
volumes in the porous medium (Appendix [B), we obtain analyti-
cal predictions for the behavior.

To verify the analytical predictions, we perform Brownian dy-
namic simulations. These simulations can be viewed as numeri-
cally solving the particles’ equation of motion: The overdamped
Langevin equations=?,

0= _Cu+FSu1im —|—FB, (21)
0=—CrQ+L", (22)

where U is the translational velocity, €2 is the rotational velocity,
Cr is the rotational Stokes drag, and F5**™ is the swim force de-
fined to be F°*"™ = (Uyq. FP is the random Brownian force with
the properties F® = 0 and FP(0)FP(t) = 2kpT(6(t)I, where
I is the identity tensor and §(t) is the delta-function. LT is the
random reorientation torque where L¥ = 0 and LR(0)LF(t) =
2¢%5(t)I/Tr. Length scales are non-dimensionalized by the mi-
croscopic length 6 = +/Dr7r and the time steps are non-
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dimensionalized by the reorientation time, 7z. The orientation
of the translational motion q is related to the angular velocity ©2
via: dgq/dt = Q x q. The particles interact with obstacles through
a no flux condition, which is implemented via a potential-free
algorithm®28 In order to obtain steady state and minimize the
impact of fluctuations and errors, the simulations are computed
with ~ 10° particles and a minimum of 10* 7. For the transient
results, the simulations are computed with ~ 107 particles.

B Momentum balance

From the macroscopic Langevin equations we can write the mo-
mentum balance

0=—Cj, + CUom +V - ™, (23)

where the flux is given by j,, = n+ ZaNzl U, the polar order is
m =n+ 3" q,,and 0™ = —nkpTI is the osmotic pres-
sure. In the force balance —(Jj,, is the average drag force
from the suspending medium (which is assumed to be station-
ary), ¢Upm is the average propulsive or swim force, and since
the average of the Brownian force is zero, its effect appears as the
divergence of a stress V - o°°™°. The polar order can be written
in terms of its flux as m = —7rV - j,,, and the expression for
polar order flux is given in (20). Thus, the momentum balance
becomes

0=—Cj,+V [ —(l,,] 24
At steady state V - j,, can be written as j;' = 8% Jj x:; thus, the
momentum balance becomes ’

V- [O_OSmO - Cejm - gjnm} =0. (25)

We apply this momentum balance to the control volume (C.V.)
illustrated in Fig.

0= fn oo™ — ¢t — ¢4, )dS, (26)

where §/[...]dS designates the integral over all surfaces. Integrat-
ing the x-component gives

0= H[(—o22" + iy + (o)L (27)
O = i~ ) + 3 f oS 1,
P

where subscripts L and R refer to the left and right boundary of
C.V., and Y, §[...]dS is the integral over all obstacles in C.V..
For the left and right boundary, we have

(—oea "’ + Clijgy + (o)L = (28)
Npore (kBT 4 ksTs) + 2k TsQR2°,

(022" = {ljze — Cow)|r = —n™ (kT + ks Ts),  (29)
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where k,Ts = €Uy /d(d—1). Note that the particle flux j;, is zero
at both boundaries, thus the momentum balance in becomes

(kBT + ksTS)(ngore -

%Z%nkBTndS 1.
P

For all particles fully inside the porous medium, we know that
[ nkpTndS = 0. Even for the particles at the edge, this could be
at most proportional to ngore — n*°. Therefore, we have that

™) + 2k, TLQLYe =

(30)

/ nkpTndS - 1, = a(nyre — n™)ksTsmR, (31)
where R is the obstacle radius and « is an unknown scaling coef-
ficient. The contribution from the edge will depend on the num-
ber of particles at the edge within the control volume, which is
Neage = H/L, where H is the height of the control volume and L
is the length of a unit cell. Thus, the momentum balance becomes
n>)

(ksT + ksTs) [1 + a%} (n0re —

+2k:s T Q05 =0 (32)

In the porous medium, the nematic order can be written as
—=pore
gcxfre = npochmm 5 such that

|:(kBT + kSTs) |:1 + a%} + 2ksTS@Z;TE:| ngore =

(ksT + k.T%) [1 + a%} n>®.  (33)
Or,
—=<pore -1
nO o noo 1 + QkSTSQZz (34)
pore (kT + ksTs)(1 + a=L)

From Yan & Brady™ we know that @, < 0 away from the obsta-
cle surface. Hence, nfme > n°° and becomes increasingly so the
higher the area fraction ¢. Assuming the edge effects are negligi-
ble o must be small, and the expression becomes

—pore -1
0 Qsz

=n> |14 —Fzz____ 35
Npore n + 1 -‘rkBT/kSTS ) ( )

which for high activity (ksTs > kpT) is the expression in (10).
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