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The damping or attenuation coefficient of sound waves in solids due to impurities scales with the
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wavevector to the fourth power, also known as Rayleigh scattering. In amorphous solids, Rayleigh

scattering may be enhanced by a logarithmic factor although computer simulations offer conflicting

conclusions regarding this enhancement and its microscopic origin. We present a tensorial replica

field-theoretic derivation based on heterogeneous or fluctuating elasticity (HE), which shows that

long-range (power-law) spatial correlations of the elastic constants, is the origin of the logarithmic
enhancement to Rayleigh scattering of phonons in amorphous solids. We also consider the case
of zero spatial fluctuations in the elastic constants, and of power-law decaying fluctuations in the
internal stresses. Also in this case the logarithmic enhancement to the Rayleigh scattering law can
be derived from the proposed tensorial HE framework.

1 Introduction

Amorphous solids exhibit anomalous thermal and vibrational
properties at low temperature. Thanks to improved scattering
experiments, as well as numerical simulations, recent years have
witnessed important achievements in our understanding of glassy
materials. One interesting property, as reported in, is that long-
wavelength phonons are more strongly attenuated in glasses than
in ordinary crystalline solids, with an attenuation coefficient that
scales with wavenumber k as ~ —kt!Ink (in dimension d), thus
with a logarithmic enhancement compared with the well known
Rayleigh scattering law ~ k4*!, whose validity has never been
questioned in the last fifty years of studies of sound attenuation
in amorphous materials.

To be more specific, a compilation of many experiments with
X-ray and light scattering demonstrates that the wavenumber de-
pendence of the longitudinal sound attenuation coefficient, I'z, (k)
is in general divided into three regimes: (1) Tp(k) ~ k2 for
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low k; (2) T'p(k) ~ k* for an intermediate k regime; and (3)
'z (k) ~ k2 for large k. It has been proven that the &> to k* transi-
tion for sound attenuation in a large frequency regime is mainly
harmonic. In contrast, the k2 dependence in the low-frequency
regime was already clearly related to viscous attenuation caused
by anharmonicity. Most computer studies address the sound at-
tenuation problem at zero temperature in order to remove anhar-
monic effects and thus isolate the effect of disorder. In particu-
lar, regardless of system size, a recent numerical study of 2D sys-
tems reveals that the logarithmic correction to the cubic scaling,
[, (k) ~ —k3Ink (A = L,T stands for longitudinal and transverse)
emerges in the boson peak (BP) regime, while it disappears as the
wavenumber approaches the continuum limit, where ' (k) ~ &
is recovered®2. Authors in even revisited data in experimental
systems to confirm the attenuation coefficient indeed corresponds
to the enhanced —k?*!Ink law.

To rationalise the observed logarithmic correction to the
Rayleigh law, one interpretation is to invoke the existence of cor-
related inhomogeneities of the elastic constants within the frame-
work of fluctuating or heterogeneous elasticity (HE), yet neither
quantitative nor qualitative arguments have been presented 3718,
Also, the possible relation between the logarithmic correction to
the Rayleigh law and the long-range nature of elastic modulus has
been questioned in1219, In particular, in® simulations results in-
dicate that the log enhancement to Rayleigh scattering does not
correlate with fluctuations in the elastic constants, but appears,
instead, to be strongly correlated with spatially heterogeneous
internal stresses. Finally, a recent analysis in Ref.20 argues that
HE is unable to predict the logarithmic enhancement.
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In this paper, by developing a fully tensorial replica field theory
for athermal amorphous systems with power-law decay in elas-
tic constant correlations (or in stress fields), we reveal the origin
of the enhanced phonon attenuation, especially where the loga-
rithmic enhancement is prompted. The analytical theory shows
that the logarithmic enhancement is either due to the long-range
power-law correlations of elastic constants“l22 or (as shown in
the Appendix B) to long-range power-law correlations of the in-
ternal stresses (with no fluctuations in the elastic constants)23/24,
which is the key ingredient in our framework leading to the pre-
diction of the logarithmic enhancement. Some previous works
dealing with mean-field theory confirm the Rayleigh scattering
law without the logarithmic factor. In those works, there is
no power-law decay in correlations of elasticity?>"22, We will
mainly consider systems with similar elastic properties as in'l
an athermal regime where scattering is purely harmonic (no vis-
cous/anharmonic dissipation involved). However, such systems
usually have coupled internal longitudinal and transverse prop-
agators: the explicit form of damping is thus not as clearly de-
fined=%, Hence, the present work demonstrates that, contrary to
claims of Ref.2% heterogeneous elasticity (HE) in the fully tenso-
rial formulation developed here for the first time is indeed able
to recover the anomalous Rayleigh scattering observed in simula-
tions. In our analysis we will work essentially within the linear
acoustic dispersion relation regime.

L in

2 Formalism

Throughout this paper, we focus on 2D systems. All results can be
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where C*P¥% and oP* are the elastic constants and the Cauchy
stress in the reference configuration, respectively. Greek sub-
scripts refer to Cartesian coordinates and 6%* denotes the Kro-

necker delta. We note that, with the pair interaction V;;, Caﬁ X =

hi jn‘j [i where r;j is the interatomic distance, n;; is the unit
" 2 31
vector pomtmg from i to j and hj; = V]i(rij)r; V[j(rij)rij

Prime denotes the derivative with respect to distance. The sec-
ond term on RHS in Eq. (2) involves the pair contributions to
the internal stress field and hence carries long-range spatial cor-
relations due to stress. Following the assumptions of Ref.t, we
ignore the contribution of spatial correlations in stress tensors.
The influence of long-range fluctuations in stress tensor on elastic

waves will be studied and discussed in Appendices A & B for the
case where, instead, no fluctuations in the elastic moduli exist.

Writing n;; = (cos 6;;,sin 6;;), the elastic constants appear to be

ofthe form Caﬁxl = h;jcos” 6;; sin* " 0;j,n =0,.

hence, five local constants for each pair, they are'l

.,4. There are,

cl =

)

Bt

ijs Clzj = h,‘jCOS(Z@,‘j),

Ct3] = h,‘j Sil‘l(zeij); C14] = h,‘j (30S(4-9,‘j)7

C}; = hijsin(46;;). 3)

Contributions of each pair to the Lamé constants are pu;; =
(1/8)(C}; = C;) and 4;; = (1/8)(C}; + C}}). We are able to express
effectlve elast1c constants S®P¥X ~ C*BXX in terms of these five
local constants:

generalized to 3D case, by letting «, 3, , x = x,y,z go through full e _ Cij Cij ﬂ
Cartesian components and specifying bond orientation through Y 8 2 8
the pair of angles ¢, 6: n;; = (cos ¢;jsin B;,sin g;;sin 6;,cos 6;;). In 5 3
elastic media, deformations of a generic material point (or a par- Cixj?‘xy = Cl*;‘” = CI?‘J}.’XX = CZXJ?C‘* v,y
ticle) are expressed in terms of microscopic displacements u, de- 8 4
fined as the current position of the particle at time ¢, r(#,¢) minus oy . . . . o Cil/' Cl‘}],
XXy VY. X . y y
its initially position located at 7, i.e. u = r(#,#) — 7. In the absence Cx » CX V= C%jx} = ij) = Cl}j = Ciyjy =% %
of body forces and assuming spatially uniform density p, the La-
grangian form of the elastic wave equation can be written as' OOV — o _ )xyy ny» i + j
i j 8 ' 4
%u® (¢ d d
;2( : B {Saﬁkx(f) ; J(c)] D ct ¢k 3ct
2 oF 7 oy _ i i ij )
with 8 2 8
saBrx (7) = CoBxx (F)+ 5%6/3%@) (2) Then, Eq. (@D)] becomes
Iuw(F) 0 g+g+g aux+ g+g3 aux+auy c ¢t
P “ar [\ "2 "8 Jar T8 "1 )\ on T om § 8
+8 QS+Q3 3u"+ CfliCi 8ux+8u} 775 g du’
ar 8 4 ) o 8 8 P I 4 7
2w (#) J gs+ 23 du* n gl B C;‘ du* N v’ 7C7 g v
o2 9 [\ 8 4 )om 8 8 )\om o~ 8 4 )
+i g,g &Mx+ ,C75+C73 aux+auy + C74,C72+£ % (5)
ar 8 8 ) I 8 4 am I 8 2 8 P |’
2| Journal Name, [year], [vol.], 1
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2.1 Toy model with vanishing C',C2,C* 5 and long-range
correlation in C3

To probe the simplest possible scenario of long-range correlations
in the elastic constants, we assume C!(r),C%(r),C*(r),C>(r) = 0
while C3(r) = C(r) = pCy + pC(r) is expressed in terms of its
mean value plus a random part, i.e. C(r) =0 and C(+')C(F +r1) =
B(r) = ycos(40)/(r* +4?) = cos(40)B(r) for some constants y and

%u*
oMM

+20(#)

%t (#) 1 [9C(F) du* N C(F) du*
a2 oF I W I

1
Z [Va(CVp)]w'+ 3 X [Va(CVa)]w’
a#B a
82u} 314) dC(¢#) dw’ o 02
312 { P E P P A e

Z Va(CVq ]w‘+ Y [Va(CVp)] .

06#3

In frequency space, upon letting z> = ®? + i0, the equation of
motion of the frequency-dependent displacement vector u(r,z) is
(we have dropped the ring)

A(z)u(r,z) =0,

Soft Matter

a, where the final form is in polar coordinates. In principle, a
might also depend on r as long as it decays faster than ~ 2 when
r — oo. Here, we just let it be a constant. In other words, only the
effect of non-vanishing C? is considered, whose spatial autocorre-
lation scales as 1/r2. The power-law decay in the self-correlation
of elasticity, B(r), has been numerically investigated in simula-
tions in'Y. Similar behaviour in the spatial correlation of mass

was analysed in detail within a scalar model of wave propagation
;22
in'«4,

Equation (5) then reduces to
IC(F) 0w’ IC(F) dw’ @ Puw  o%w
or o o ap |\ gror T gpam

IC(F) A AC(R) du*
P T T

B %u* o%u*
c® <8i’~x8i’~x * a;yafy)}

©)

The spatial correlation of C(r) may be implemented by the prob-
ability distribution for its fluctuating part,

P[C(r)] = Pyexp {—f/dzrdzr/C( VB~ (r—r)C‘( " (8)

where B~! is the inverse of B(r — ') such that
: XX ' 1
with :A.W:—pzz_Z ;ﬁ [Voc(cvﬁ)]7 /dzpB(K*B)B_](B*Q):5@*%)7 9)
o
1 while By is a normalization factor. The La-
AV =AY = 1 Z [Va(CVa)]. 7 grangian is  expressed as (rescaled by p),
o
L= % / d*ru’ Au = % / AP r [ (Aer™ +Aytt) + 18 (Aystt® + Ayyir’)|
= %/dzr{fzzygf% Y u [Va(CVgu")] ffqu[va (CVa?)] — = Z W [V (CVgu)] ffzu [V (CVau)]}
a#B 0‘#3
d2 X ] X Yy y
H{—2u-u— Z (Vo[ CV gu'] — (Vqu*)C(Vgu)] Z [Va[u* CV o] = C(Vqu) (V)] — x +— y}
a#ﬁ @
— %/dzr{—zzy'z— iVx[uxCVyux + W CVyr’ +u* CV’ + W CVu'| — %Vy [x<—y]
1 , , ,
+ EC[(Vx”X) (Vyue") + (Vi) (Vyue") + (Vi) (Var”) + (Vyu) (Vo) ]}
1[5 1 1 1
- 5/d H-Buru— VL]~ L]+ 5OV ) (Ve + V)
= %/dzr{—zzg@—k %C(V-g)(vxuy—kvyux)} (10)
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where the object [...] vanishes on the boundary. Using the

replica-field representation,

(Z(0)) = lim

n—0.

7 (1) Z1C(x) 1Py

l n g
X exp {—2 Y /dzr{—zzga(r)z—O—
a=1

;i/dzr{ z

a=1

:iii% Dlu, (1)) 2[C(r Poexp[
_1 /dzrdzr/é(r)Bfl(r—r/)é(r')}
2. - -

~ lim | Pu,(r)]exp [ /dz {
n—0

V-u
24 2C0(

b X[ V- (0) (Vu(0) V) Bl
ab 1

where a = 1,...,n is a replica index (same as b), and the

n — 0 limit eliminates the determinant factor. By means of a

Hubbard-Stratonovich transformation, we introduce the effective

(2(0)) = lim [ Z[u, (D] [N (r,r ,2)] Ao

n—0.

Xexp{— Z/dzr {—z

n

u,(r

)y

ab=1akyp=xy

@

N =

ocblcxﬁ(

where AGBK" Oifa=B,k=y ora+pB,x+#y. The wayAaﬁKx
is 1ntroduced is to make Eq. (12) consistent with Eq. (7). We will
see in the following calculations that the way to index A%F*X will

() = lim [ Pl (D2 INGE (0.1 2o

1 n
xexp{—2 ) /dzr [—ZZM
a=1

'y ¥

a,b=1okyPf=xy"

()

(r)?

2. 2.1 axyp
5 /dd Y ALKEB (r—

K-/x/

= lim

n—0
2

X exp{ —
{ ab=1axyf=x,)y
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n
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4]

the generating functional for

?W () (Ve Vyi)} — 3 [ e - rhe)
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calculating the averaged Green’s function takes the form

+ C()(V

3C0(V 14, (1)) (Vi + Vi) + 5 C)(V

(£)) (Vi + Vyg) }

Uy

sy >>(vxuz;+vng>}

)V uy (F) (Vaany (F) + Vy”i("l)):| an

matrix fields Aaﬁ *X(r,r’,z) to replace the C(r) in the harmonic
part of the effect1ve equation of motion. Then (Z(0)) becomes

C : 4 y
2 40 ( Y (Vo Vguy+uyVeVgu) +Z(Mavavauﬁ+uﬁvthxuj)>}
o#p o

Z ACPRE (4 ) — iu (r )VKA“ﬁKX(r,r',z)quf(r’)} } (12)

be fulfilled by e*A*¥X. The normalization constant is represented
as Ag. The generating function including source J;‘B (r,r)) is

i < Y (uaVa Vi, +u,VoVpguy) +Y (Vo Vau +M§Vavau§))]
a#p o

g 1
)Afsz Xﬁ_zulx( ) KA(xﬁKXV MB

H(r )+21""3A°‘ﬁ""}

+ ZAaﬁKxB ) aﬁxx +21aﬁAaﬁKx

} (13a)
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where
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C(] CU
—2-Qy VY —Gy Vv
Aab(A)=5(V—r/)5ab( 707042 zx%éﬁva P _ 27420 y avav )
4 LovYaVa < 4 Zoc;éa aYa
712 \Y% AXXKX( 7”7Z)VX VKA“KX( r,r >Z)VX (13b)
4 KX VK‘AyXKX( r,r 7Z)VX VK‘A”KX(7>, -,Z)VX ’
By evaluating derivatives of (Z(J)) with respect to J(Xﬁ function of Agf X, Integrating u, out in Eq. (12),

at JZ)B = 0, we are able to find the averaged Green’s

n

(2(0) ~ lim [ %]exp{—; Y

ab=1o,B,K,x

We seek a saddle-point such that the exponential in Eq. (14)
is stationary, which corresponds to the mean-field theory of spa-
tially correlated disorder of the coherent-potential approximation
(CPA) for the one-particle Green’s function. A saddle point A’ of
the A field is a point such that the exponential in Eq. (14) con-
tains no terms linear in a small fluctuation A = A —A’. On the
other hand, if we expand the Lagrangian about A’, keeping only
quadratic displacements in A, then the saddle-point value of A
determines the averaged one-particle Green’s function:

AN =(A) (15)
Expanding in A, A, (A) is written as
Aab(A) = Agp(N)
1 Z( VRS (rr )V VeASF (11 2)Vy )
4\ VR (rr )V, VR (rr 2)Vy
= Aap(N) +Aw(A). (16)
Making use of the identity
Indet(A(A') +A(A)) = Indet(A(A))
+i (=) Tr(A~'A..A"14), a7
n & s 2

" 2n

the corresponding saddle-point equations can be solved with a
replica-diagonal field AaB Kx (r,r,z) = rob (r,r,z)8%, which is rel-
evant to the evaluation of the averaged one-particle Green’s func-
tion. Non-diagonal saddle points need only be taken into ac-
count at the stage of renormalization®2. Then we have Indet(A) =
Trin(A). The self-energy (£%#) measuring the average response of
the oth component of the displacement field at r to an impulse in

we obtain a field theory involving only the A field:

(mdetA(/\jbﬁKX) + Z /erdzr/AaﬁKXBl(r_r/)AOCﬁK'XI> } . 14
K-/x/-
the Bth component at ¥/, can be determined by taking
62605 5 (TrlnA (=%P) + / d*rd*/'£*P B! (r— ¥ )zoP )
=0 (18)
at ):gﬁ , which yields
ZVKB )V (Go(r®, "B 2))e*Prx (19a)
(Co+3F) -
Go(r*,r'™,2) = {—Zz - %(vay +V“,Vx)} (19b)
Co+x -
Go(ry /y,Z) {*22 - w (vay + Vyvx):| (199
Co+x¥ -
Go(r*,r”) = {—(0:70)(%% + V.vvy)} (19d)
(Co+2) -
Go(r 1) = {_f(v Vi +V,V. )} (19¢)

where P2 = 0 if & = B,k = x or a # B,k # x. Translational
invariance holds after taking the ensemble average, hence the
CPA Green’s function Gy depends only on the difference between
two points in space.

2.2 Theory with non-zero C!,C%,C* C5 and long-range corre-
lations in C°

We weaken our condition on the other elastic constants by letting
C!,¢?,¢c* and € be all non-zero constants. The propagator A in

A(2)u(r,z) = 0 takes the form (scaled with p)
af _ _25af _ afxy _l A afxy
AT = 8 EIVYy - L VR(CVple 20)

KX
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where € *B*X corresponds to the r-independent part of elastic
constants C',i = 1,2,3,4,5. The explicit form is not important and

(2(2)) = tim [ 2 (D] 2N (1,1 2)) Ao

n—0.

xexp{—; i Z /dzrdzr' u?

a
a,b=1afky=x,y

with

AGEA) = 8(r— )8 (

Again, letting AaB *Z — yoB§ab and finding the saddle point
of TrinA(£%F) +fd2rd2r’E“BB(7 /)£, we obtain the self-

(F)Aqp (A2PFL), P

250£B Z(g&ﬁlf}(v Vl) 4 ZVK'AOCISKX (}",L/,Z)Vl
KX
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we do not provide it here. The Lagrangian becomes
= %/dzr{fzzu2 + %C(V@)(quy +Vyu)
- Y u% Py, v, uP)} (21)
aBxy

and (Z()) is

7 )Aaﬁ’(x +2J‘XﬁAaBKX

lxﬁKX
+ Z A B ab

} (22a)

(22b)

consistent equations for the self-energy and the Green’s function:

ZVKB )VilGo(r®, 7P 2))e P (23a)
r C4 C2 3cl Cl C4 CS Cy+ XX -1
Go(rF,/*,2) = |- — <§+7+?)v V,— ( o 7§> VyVy — (?+%) (vxvy+vyvx)} (23b)
[ ct ¢t 3! c 5 (Co+EY) -
)y 2
i - 2§58 s (G- (-] oo
, ¢ ¢ Co+1y c -
6ol = [~ (§-5) E5 1990 - w9, v, - CE-v) (234)
r Cl C4 C _;’_Zyx CS -1
Go(r', ™) = |- (? - ?) (VaVy +VyVy) — M(vax +V,Vy)— 3 (VaVi— Vyvy)} (23e)
Defining the Fourier transform as the condition on the one-particle CPA Green’s func-
tion may be rewritten in momentum space:
k Z /dz lk(r r>2(£—£/7z)7 (24)
1 - .
(557 = =3 LMtk [ PaBlk—q)(Gola)): B = [dPr B(r) (252)
KX
4 2 1 4 S Cpa YR -1
Go(kK*, k¥ ,2) = | -2+ < +C—+£ KK+ C——C— 4 (& O (25b)
8 2 8 4 2
¢t ¢ 3c! c' ¢ Gy -
Y Y )= |2 . AR A A i 0 y
Go(K' K, 2) |:z+(8 5+ 8)kk +(8 )k‘k"+( T 5 )Hk} (25¢)
1 4 Co L3V S -1 1 4 Co L3> s -1
Go(K*, k) = c_« ]gck)7+Mk2+g(kka,kyky) Go(K, k") = c_c kxk,\#MkZ (kxlg,kyky)
4 4 4 8 4 4 4
(25d)

6| Journal Name, [year], [vol.], 1



Page 7 of 15

F(k w=k)
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0.008
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4 6 8 10

Fig. 1 Fitting of F(k,®) (i.e. the numerical integral in Eq. (26)) (sym-
bols) with logarithmic function —pgln(p k) (solid line). Parameters are
a=10,c=1,py=0.008 and p; =0.07.

which must be solved self-consistently since the self-energy of
the Green’s function involves the full propagator itself (this self-
consistency has been ignored in Ref2Y). In the weak scatter-
ing limit, approximate solutions are possible because ImX(k,z) is
small compared with Cyy and also the imaginary part of the propa-
gator takes the form of a §-function, Im(Gy(q)) = 8(®* —¢*) upon
averaging over all possible directions of dummy variable ¢ and
upon re-scaling redundant constants. Upon taking the imaginary
part, the correlation function in Eq.(25a) can be evaluated using
the §-function and we calculate the self-energy to be

op rJy(kr)Jo(or)
(g xZe"‘ﬁ""k ky / g dn (26)

where Jy and J; are (modified) Bessel functions. The detailed
derivation is outlined in Appendix C. Making use of a linear dis-
persion relation with constant speed of sound, numerical compu-
tation reveals that the integral F(k,®) = [5°[rJ4(kr)Jo(0r)/(r* +
a?)]dr ~ —Ink across a broad range, from low to intermediate val-
ues, of k. Figure[I]shows one typical plot for such fitting. In other
words, the logarithmic dependence is caused by the integral of
r/(r* 4+a*), while the Bessel functions in the integrand are respon-
sible for bending the overall shape of F(k,®) away from the log
asymptote, and thus for restricing the logarithmic dependence to
an intermediate range of k. This consideration is a further demon-
stration that the logarithmic correction stems from the power-law
decay of correlations encoded in the integrand factor r/(r> 4 a?).
Thus, we obtain the averaged self-energy (susceptibility), in an
intermediate range of k, as:

m(=E2P (k) ~ —K Ink. 27)

where the linear dispersion relation k « o is assumed. A similar
result was obtained by John and Stephen?? in a different context
of Anderson localization of electromagnetic waves where a scalar
model with power-law correlation in the spatially varying mass
parameter was considered. To our knowledge, the one presented
here is the first derivation of this effect in the context of phonon
propagation in elastic media, thus accounting for the full tensorial
nature of the problem.

Soft Matter

We note that there are no purely longitudinal and transverse
waves with respect to the direction of k. This is different from
the cases considered in?1'2225  However, cross terms (25d) es-
sentially contribute nothing to the density of states. One might
define a more general relation between damping and self-energy
over different directions. Hence Eq. (27) demonstrates that the
self-energy of the phonon Green’s function, which is closely re-
lated to the phonon attenuation coefficient, does indeed exhibit a
logarithmic enhancement correction to the Rayleigh law as a re-
sult of power-law spatial correlations in, at least, the elastic con-
stant C3. Hence, this result holds for materials that are described
within the heterogeneous elasticity framework.

2.3 Theory with non-zero C!,C*,C> and long-range correla-
tions in C? and C3

In addition to letting C3(r) = pCs + pCs(r), we further require

Cz([) = pC2 + péz([) with 52,3 ([) =0 and 6‘2_’3 (K/)C'273(Z,+[) =

By5(r) = pp3c08(46)/(r? 4+ a*) for parameters 7,3, and parame-

ter a. In this case, the configurational average is due to spatial

fluctuations of both C? and C? and is given by

P[C(r) ]o<exp|: Z /d2 dzr/C

123

B; (rfr)C’,-([/) . (28

To implement the same formalism as above, we now introduce
two effective fields to get the CPA for the one-particle Green’s
function. The matrix operators (with effective fields) become

Journal Name, [year], [vol.], 1 |7
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AP — 7225043 *Z(gaﬁmvxvx - iZ[VK(CEVx)]SaﬁKX + %Vaézvﬁ‘saﬁnaﬁ
KX

KX

1 1
Agcbkxﬁ (A2, A3)=8(r—71) <_225aﬁ _Z%aﬁKxVKVx> _ ZKZ)‘ZVKAZZI?;X (£7L/7Z)Vx8aﬁm + EVGAgfzvﬁSaBnaB

¥4

where ™ =1, n» = —1. Repeating similar steps,

(29

(30)

the self-consistent equations take the following form

(z68) = %Voch(l—l')Vﬁ(Go(r“J'BJ)M“B? (£5h) = %KZX"VKBz(z—l')Vx(Go(r%r’ﬁ,z)>8“ﬁ"" (31a)
Go(r*,r*,2) = :—zz - (%4 + Q% J;E& + %) V.V, — (%1 - %4) VyVy— (C: + = EE&)) (VaVy +V>'Vx)] : (31b)
Go(r,r,2) = :ZZ - (C; - CZ_TE& + 321) Vy,Vy — (% - %4) V,Vy— (C: + (CSZZ&)> (ViVy+VyVy) B (310
Go(r,r?,z) = -7 (C; - :) (ViVy+V,V,) — (Q%Z&)(vax +VyVy) — %S(VXVX -V,V,) R (31d)
Go(r',r'*,z) = (Cgl - %4) (ViVy+V, V) — (Q%Z‘y;’%)(vxvx +V, V) — %S(vax -V,Vy) B (31e)

We note that, even if B, + B3 has no long-range tail, the net
effect of the imaginary part of (Zgg) + ():8‘?) still exhibits log-
enhancement. To see this more clearly, we write down Zj", and

XX
203’

1
(55 = 3 VaBa (e =) ValGo(r,r7.2)

1
< 6X3> = ngBB(l_l/)vy<G0('X7”lxvz)>

+ VB )VlGolr 1.2) (32)
Using the same arguments as in the last section, namely trans-
forming to k space, we can easily verify that Im(Xo,) ~ —k*Ink
and Im(Zy3) ~ —k*Ink. Hence, we also have that Im[(Xg5) +
(Z8)] ~ —k*Ink even if B, = —Bs. Since this works the same
for ’all components ¢, 3, we can conclude that

Im{(SG8) +(£55)] ~ —k2Ink, (33)

which holds for of all components a, 8 of the self energy.

Hence, the logarithmic enhancement to Rayleigh scattering law
remains confirmed also in the case of power-law spatial correla-
tions in two elastic constants, C2 and C°.

This is the main result of this paper, which rigorously proves
that power-law correlations lead to the logarithmic enhance-

8 | Journal Name, [year], [vol.], 1

ment of Rayleigh scattering in amorphous solids, under the same
conditions studied in numerical simulations in!, where this ef-
fect was observed. We note that, in Ref?% it is reported that
Rayleigh law without the logarithmic dependence is retrieved in
the frame of fluctuating elasticity. The authors attribute this be-
havior to cancellation of the elastic correlations between spatial
auto-correlations of non-diagonal part of local elastic coefficients.
We emphasise that the imaginary part of self-energy obtained
here in Eq. (33) does not split into purely transverse and longitu-
dinal contributions, whereas that from Ref.%%s method vanishes
because those authors assume fully isotropic elasticity splitting
into uncoupled longitudinal and transverse contributions (see e.g.
Eq. (34) in the Supplementary Information of Ref.2%), which does
not correspond to the physical system in'Y, nor to other simulated
systems where the effect was observed.

3  Conclusion

We have developed a fully tensorial replica field theory of hetero-
geneous elasticity which, in two dimensions, predicts that long-
range elastic correlations cause a logarithmic enhancement to
Rayleigh scattering of phonons in amorphous systems where in-
ternal stresses are absent. A similar calculation (reported in Ap-
pendix A and Appendix B) predicts the anomalous logarithmic
correction to arise in the absence of fluctuations in the elastic
constants, but in presence of power-law fluctuations in the inter-
nal stresses that have been recently discovered experimentally22.
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The mean-field method, which generally applies in infinite dimen-
sions, might predict somewhat different results when it is com-
pared to numerical results in finite dimension2®. In future work
it may be worth studying how the logarithmic correction is af-
fected by non-mean-field effects within our framework of the HE,
and possibly in synergy with numerical methods22.

Recent work'? on jammed harmonic sphere packings showed
that the Rayleigh scattering law without the logarithmic correc-
tion is observed in the low wavevector limit in those systems,
however the authors showed that in the systems they studied
there were no long-range correlations in the elastic moduli. In
19 the anomalous scattering was found to correlate with spatially
fluctuating internal stresses in the absence of fluctuations of elas-
tic constants. Our analytical theory (in its formulation based on
correlations in internal stresses), is able to provide a theoretical
prediction for those observations.

We note that many numerical simulations addressing this prob-
lem so far only extract affine elastic constants, while the non-
affine contribution to elasticityl#313334 might be important in
some systems and should be examined in detail in future work,
although nonaffinity does not appear to be a necessary ingre-
dient for the appearance of the anomalous logarithmic correc-
tion. Moreover, Ref.1? argued on the basis of numerical data
of computer glasses that Rayleigh scaling is expected at low
wavenumbers, where soft quasilocalized modes are scarce, while
the logarithmically enhanced Rayleigh scaling of the form I'(k) ~
—k?*1Ink arises at higher k. We are aware that, in that case, the
way to extract phononic and nonphononic excitations is different
from12, which might result in the different features of enhanced
logarithmic dependence. We also note that the enhanced loga-
rithmic Rayleigh scattering contributed by power-law elastic or
stress correlations in our theory arises in a broad intermediate
range of k. However, the discussion about this issue is beyond the
scope of this paper, and will be studied in detail in future work.

Furthermore, our analysis is restricted to the athermal limit.
At finite temperature, elastic correlators would receive additional
effects from anharmonicity®>3% and other thermal effects. We
expect this problem to be important also for plasticity and
yielding, which could be the object of future work.
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A Equations of motion with stress correlations

Here we instead assume that elastic constants C*#%% have no fluc-
tuations, while fluctuations exist in the internal stresses, a situa-
tion encountered in glasses?4 and granular materials?3, Writing
pij=—-(1 /2)Vi’j(r,- 7)7ij, the local stress tensor can be decomposed

at the pair level as:
1 .2 .3 ~

Gij=pij; O;; =—pijcos(26;j),; ©;; = —pijsin(26;;) (34)

In this representation, ¢ is the pair-level pressure, while 6% and

o’ = o;; represent two shear stresses. We are able to express

ij =
effective elastic constants S*#¥Z in this new representation. Given

o!,062,06% and using Eq. (2) in the main text, we are able to obtain

Sm([) :CW+02(£)—01(£); Sxxxy(l) :CXXXy—FO'S([)
Sy ( I) — Cxxyx; Sy ( K) = Y
SN (r) = CO 4 3 (1), SV (r) =YY — 6 (r) - 63(r)
Sy ( K) = WYX gy ( Z) = VY
gyxx ( K) — o gy ( K) — O
() = O 02 (r) =6 (1) () = O+ ()
Syyxx ( Z) — C}’}'XX Syyx}' ( K) — C}’.VX)’

S () = O £ 63 (r) S (r) = O — 6l (r) = 6%(r). (35)

Substituting  Eq. (35) back to Eq. (@D)]
gives (we drop the ring on r:

8(92715‘ _ % |:(Cxxxx+62(£) N 01(£)> 31:: n (waxy+63(£)) 37“; +Cmyx% +Cxxy.v%}
, 9;7 _ % [cym g’x + CWY% (e e’ - ') ‘;—ri + (0™ +6%(n) %}
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B Prediction of logarithmic scattering with long-

range decay in internal stress ¢

We assume that only o3 exhibits long-range behavior, i.e. 63(r) =
poy+p6(r) is expressed in terms of its mean value plus a random
part, i.e. 6(r) =0and 6(r')6 (1’ +r) = B(r) = ycos(48) /(1* +a*) =
cos(40)B(r) for some constants y and a again. All other elastic
constants like C**X or ¢!, 62 are short-ranged and hence can be
regarded as constant when r is large. The long-range decay in
shear stress correlations has been derived using generalized hy-

where .*P¥X corresponds to the r-independent part of elastic or
stress tensors. Letting z2 = w? + i0, the equation of motion of the
frequency-dependent displacement vector u(r,z) is

A(Qu(r,z) =0 with (38)

A% = 2598 Y Brry, v, — ¥ (Vi[6V,)E%. (39
KX K#X

The fluctuation of o(r) is implemented by the probability distri-
bution for its fluctuating part,
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. 1 s N .
drodynamic theory in?4. Then the elastic wave equation becomes P[&(r)] = Pyexp {—5 / d*rd*F&(r)B~ ' (r—1r)6(r)|.  (40)
azux(l) _ oxBxy 92ur d6(r) E d6(r) % The Lagrangian is expressed as (scaled by p),
dt? arBorx oars or ary or*
9% (r) VBrY %u*  96(r) dw  3&(r) ow
AR P R I R

1 ’ ! ! !
L= 3 /dzryTAg =u (Apu" + A’ + 16 (Ayct™ + Ay

1 .
=3 / d*r {zzwu Y u® SR,V yuP — iV (6V ) — V(6 V) — 1V (Vi) — uyvy(évxuy)}
afky

- % / d*r {ZZM Y uS PRIV P — [V (05 GV ) 4+ V(1 6V ) — 26 (Vo) (V)] — [ y]}
afry

= ;/dzr{zzwu Z uayaﬁkkavxuﬁ+26‘[(Vyuy)(vxuy)+(qux)(Vyux)]} 41
afky

where the last equality holds because objects like V,(#*6V,u")
vanish on the boundary. Using the replica-field rep-

resentation, the generating functional takes the form

n—0

(Z(0)) = lim | P[u,(r)]2[6(r)]Pyexp {; i"]/dzr{,ZZMu(I)Z+26[(Vyu>’)(qu)') + (Vo) (Vyu)]}

1 ~ _ ~ . 1 &
- Y R A E/dzrdzr’cr([)B l(rr')G(r')] %il_l)%/@[ga(z)]exp [zgl/dzr{fua(r)z )y u“&’“ﬁ"xvxvxuﬁ}

afxy afxy
+% bi‘,l/dzrdzr/[(Vyuil(r))(vxuﬁ(r))+(VxMZ(V))(VyuZ(r))]B(rr’)[(Vy“ﬁ(r/))(qui(r'))+(qui(r/))(vyui(r'))]} (42)

where again a,b = 1,...,n. We introduce effective ma-

harmonic part
trix  fields Agf *(r,r',z) to replace the &(r) in the

of the effective equation of motion:

(Z(0)) ~ lim .@[gd([)],@[Ang (r,r',2)]Ag ~exp{; Z /dzr [zzua(r)2 - Z uayaﬁkkavxuﬁ

n=0 a=1 aBxy

—% i Z /d2rd2r/

a,b=1of k#y

AP (! DB (r—r') Y AP (1 ) — @ (1) VAP X (1, )V (r’)S“ﬁ} } (43)
K71
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The way Agbeﬁ is introduced is to make Eq. (48) con- The generating function including source J;Zﬁ (

sistent with Eq. (42). Ag is a normalization constant.

r,r') is then:

@) = lim [ Pl (D ZINGE (0.1 2o

exp{ /dzrdz’{ YAy (AP Xy () + Y AP () APFH 4 0% AP RX
ab locﬁ K#X K'#x

} (44a)

where
AN ™*) = 8P8(r—r)(~28%F = Y SUPEVV) = ¥ Viehg) H v, 8% (44b)
ofxy K#X
By evaluating derivatives of (Z(J)) with respect to J(f;}ﬁ Green’s function of Aaﬁ X, Integrating u, out in Eq.

at JZP = 0, we are able to find the disorder-averaged (48), we obtain a ﬁeld theory involving only the A field:

o lim / P[A]exp {— - Z Yy <1ndetA( APy 4 / drd?® Y N<XBB= (r r’)A"‘ﬁK’%'> } (45)
ab=1ap k#x K'/;E)(
Solving saddle-point problem, we take at Zg B , yielding
1) _
7620‘13 <TrlnA(Zaﬁ)+/d2rd2r/ZaﬁB 1([*[’)2043) =0 (46) (x gﬁ Z V,B( V—F)VX<G0( 7},[3’Z)>5aﬁ (472)
o=z
~1
Go(r*,r'*,2) = [—ZZ — (O 462 — 61 )V, V, — (C9 4 TV, .V, — (COF + TV, V, — (7 — ! — oz)vyvy} (47b)
X ' - - -1
Go(r,1"”,z) = [—zz — (O LIV V) — (O 457V Vi — (O 4 6% — 6 )V, V, — (O — 6! - oz)vyvy} 470)
Go(r,1") = [~C™V,V, — CYVV,V, — COV,V, — OV, V,] ! (47d)
Go(r, 1) = [~C™V,V, — C¥V,V, — OV, V, — POV, V,] ! (47¢)
In k space, the condition on the one-particle
CPA Green’s function may be rewritten as:
(2P Z 5B kicky / Bk — q)(Gol(q)): / 2rekrp (48a)
="
-1
Go(K*, k" 2) = [fzz + (O™ 4 67 — 61 ks + (C™ 4 ZE hcky + (CO 4+ Z5)kyky + (CO — 6! — cZ)kyky} (48b)
" ) P, -1
Go(K,k,z) = [—z2 + (O™ 4 Vkeky — (C + 5 kyky + (CF + 6% — 0 keky + (O — o1 — cz)kyky] (480)
Go(I, k) = [CV¥kekey + C™Phiky + C¥ ke + CO Pk ky ] ! (48d)
Go(R %) = [C"keley + O™V hky + CV ke + Ok k] ! (48¢)
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Applying similar manipulations as for disorder in elastic con-
stants (see Section III), we find that the self-energy scales as

m(z2 (k) ~ —k*Ink. (49)

C Steps in the derivation of Eq. (26)

The Bessel function of the first kind in integral representation is
defined as

1 T
Ju(x) = ;/ cos(n® —xsin0)do. (50)
0
When n = 0, we have
1 [# 1 2
Jo(x) = ;/0 cos(xsin0)dO = E/o cos(xsin0)do
— L/.zneixsin(?de _ L /271: eixcosﬂde (51)
27 Jo 27 Jo .

We want to calculate

| / d*gB(k~q)(Go(q.2)) < / 0 C,‘fffz)

(Go(g.2))d*qd*r

) ) 4
_ / gikreos(6)—igreos(9—6) ’:;i%’) 48(0* — ¢*)drdqd0d

o« — /eierOS(e)—i(L))‘COS((])—G) r:;S(tg) drdqd6d¢

i, (52)

where £ is aligned with the x-axis, forming an angle ¢ and an
angle 6 with ¢ and with r, respectively. On the second line, we
have replaced (Gy(g,z)) with d-function and to obtain the last
equality, we used the property of §-function that §(@w? —¢%) =
(6(w—¢q)+6(w+q))/(2w). We thus can write

T T .
/ / COS(46)etr(kcos6—wc0s(¢—6))ded¢
—nJ—T

:/” /Tii(eiﬂ) cos(40) ¢! (keosO—wcost) yg 47
JO=—nJ1=—(6+7)

:/n /n COS(49)eir(kcosB—wcosr)ded,r
=—nJt=—m1

b1 . b
= cos(40)e*res8 49

0=—n1 T=—T

e*l(l)rCOS Td,r

' i < T P .
_ cos(49)e'er°5 ede £ OTCosT o
O0=—nm T=—T

ocJy (kr)Jp(r) (53)

where we have used the periodicity of trigonometric functions.

Notes and references

1 S. Gelin, H. Tanaka and A. Lemaitre, Nature Materials, 2016,
15, 1177-1181.

2 J. W. Strutt (Lord Rayleigh), The London, Edinburgh, and
Dublin Philosophical Magazine and Journal of Science, 1871,
41, 447-454.

3 G. Carini, M. Federico, A. Fontana and G. A. Saunders, Phys.
Rev. B, 1993, 47, 3005-3010.

12 | Journal Name, [year], [vol.], 1

10

11

12
13

14

15

16

17

18

19

20

21

22
23

24

25

26

27
28

29

30

Page 12 of 15

G. Baldi, V. M. Giordano, B. Ruta, R. Dal Maschio, A. Fontana
and G. Monaco, Phys. Rev. Lett., 2014, 112, 125502.

B. Rufflé, G. Guimbretiére, E. Courtens, R. Vacher and
G. Monaco, Phys. Rev. Lett., 2006, 96, 045502.

C. Masciovecchio, G. Baldi, S. Caponi, L. Comez, S. Di Fonzo,
D. Fioretto, A. Fontana, A. Gessini, S. C. Santucci, F. Sette,
G. Viliani, P. Vilmercati and G. Ruocco, Phys. Rev. Lett., 2006,
97, 035501.

G. Monaco and V. M. Giordano, Proceedings of the National
Academy of Sciences, 2009, 106, 3659-3663.

G. Baldi, V. M. Giordano, G. Monaco and B. Ruta, Phys. Rev.
Lett., 2010, 104, 195501.

G. Baldi, V. M. Giordano and G. Monaco, Phys. Rev. B, 2011,
83, 174203.

G. Baldi, V. M. Giordano, B. Ruta and G. Monaco, Phys. Rev.
B, 2016, 93, 144204.

G. Monaco and S. Mossa, Proceedings of the National Academy
of Sciences, 2009, 106, 16907-16912.

H. Mizuno and A. Ikeda, Phys. Rev. E, 2018, 98, 062612.

A. Marruzzo, W. Schirmacher, A. Fratalocchi and G. Ruocco,
Scientific Reports, 2013, 3, 1407.

H. Mizuno, S. Mossa and J.-L. Barrat, Phys. Rev. E, 2013, 87,
042306.

H. Mizuno, S. Mossa and J.-L. Barrat, Proceedings of the Na-
tional Academy of Sciences, 2014, 111, 11949-11954.
Marruzzo, Alessia, Kohler, Stephan, Fratalocchi, Andrea,
Ruocco, Giancarlo and Schirmacher, Walter, Eur. Phys. J. Spe-
cial Topics, 2013, 216, 83-93.

H. Mizuno and S. Mossa, Condensed Matter Physics, 2019, 22,
43604.

L. Wang, L. Berthier, E. Flenner, P. Guan and G. Szamel, Soft
Matter, 2019, 15, 7018-7025.

A. Moriel, G. Kapteijns, C. Rainone, J. Zylberg, E. Lerner and
E. Bouchbinder, The Journal of Chemical Physics, 2019, 151,
104503.

C. Caroli and A. Lemaitre, Phys. Rev. Lett., 2019, 123, 055501.
S. John, H. Sompolinsky and M. J. Stephen, Phys. Rev. B,
1983, 27, 5592-5603.

S. John and M. J. Stephen, Phys. Rev. B, 1983, 28, 6358-6368.
Y. Wang, Y. Wang and J. Zhang, arXiv e-prints, 2020,
arXiv:2004.06357.

M. Maier, A. Zippelius and M. Fuchs, The Journal of Chemical
Physics, 2018, 149, 084502.

E. Maurer and W. Schirmacher, Journal of Low Temperature
Physics, 2004, 137, 453-470.

M. Shimada, H. Mizuno and A. Ikeda, arXiv e-prints, 2019,
arXiv:1907.06851.

M. Wyart, EPL (Europhysics Letters), 2010, 89, 64001.

S. Kohler, G. Ruocco and W. Schirmacher, Phys. Rev. B, 2013,
88, 064203.

E. DeGiuli, A. Laversanne-Finot, G. Diiring, E. Lerner and
M. Wyart, Soft Matter, 2014, 10, 5628-5644.

E. Lifshitz, A. Kosevich and L. Pitaevskii, Theory of Elasticity



Page 13 of 15 Soft Matter

(Third Edition), Butterworth-Heinemann, Oxford, Third Edi- 34 A. Zaccone and E. M. Terentjev, Phys. Rev. Lett., 2013, 110,

tion edn, 1986. 178002.
31 A. Lemaitre and C. Maloney, J. Stat. Phys., 2006, 123, 415. 35 H. Mizuno, G. Ruocco and S. Mossa, arXiv e-prints, 2019,
32 A. McKane and M. Stone, Annals of Physics, 1981, 131, 36 — arXiv:1905.10235.

55. 36 M. Baggioli and A. Zaccone, Phys. Rev. Lett., 2019, 122,
33 A. Zaccone and E. Scossa-Romano, Phys. Rev. B, 2011, 83, 145501.

184205.

Journal Name, [year], [vol.]1 |13



F(k, w=k)
0.012 4
0.010
0.008
0.006

0.004 |

0.002

Soft Matter

Page 14 of 15




Page 15 of 15 Soft Matter

POWER-LAW CORRELATIONS
# TENSORIAL REPLICA FIELD THEORY

IN ELASTIC CONSTANTS
OR IN INTERNAL STRESSES (HETEROGENEOUS ELASTICITY)

) - vumc- ey i P i 038 L vt et LOGARITHMIC
RAYLEIGH SCATTERING

o= [2- (G 2w (55 ) o (G5 o, v
= [2- (§- 2R o (§-§ o (-0 wevns] Y Imi(EGR) + (5] ~ 2 ink
« ('; !;]\\ LA l‘:" V.V, +V,V l’:\\ v,V

214x82mm (144 x 144 DPI)




