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The loop extrusion theory predicts that cohesin acts as a molecular motor that extrudes chromatin

fibers to produce loops. Hi-C experiments have detected relatively high contact frequencies be-
tween superenhancers. These probably result from the fact that superenhancers are localized at
condensates of transcriptional activators and coactivators. The contact frequency between su-
perenhancers is enhanced by auxin treatment that removes cohesin from chromatin. Motivated
by these experimental results, we here treat chromatin at the surface of a condensate as a loop
extruding polymer brush. Our theory predicts that the lateral pressure generated by the brush
decreases with decreasing the loading rate of cohesin. This is because loop extrusion actively
transfers chain segments at the vicinity of the interface. Our theory thus predicts that the increase
of contact frequency by auxin treatment results from the fact that suppressing the loop extrusion
process induces the dissolution of molecular components to the nucleoplasm, decreasing the
average distance between superenhancers.
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1 Introduction

In eukaryotic cells, DNA is packed into a nucleus by form-
ing a complex, called chromatin, with histone proteins. On
much larger scales, chromatin is composed of topologically as-
sociated domains (TADs), contiguous regions of enriched contact
frequency that are isolated from other regions’2, In 40% of
TADs, the contact frequency between the two ends is much
larger than between other pairs, implying that these TADs
are composed of loops of chromatin®. The loop extrusion the-
ory predicts that cohesin, a ring-shaped protein complex, acts as
a molecular motor and extrudes the chromatin fiber to produce
a loop until it collides with another protein factor, called CTCF,

which is localized at the ends of each TAD#=. Whether cohesin
6H8'

frequency maps.

Auxin-induced degron techniques allow to remove cohesin
from chromatin in response to the dosing of auxirEf. Re-
moving cohesin from chromatin by using the auxin treatment
eliminates the chromatin loops’?. Remaining contacts are be-
tween superenhancers, clusters of enhancersﬁ] that are occupied
by a high density of transcription machinery. Indeed, the contacts
between superenhancers become more frequent by auxin treat-
ment. This treatment decreases the transcription rate of genes
that are activated by superenhancers by more than twofold (as
measured by PRO-seq techniqueﬂ 6 hours after the cohesin re-
moval), while it does not change the transcription rate of other
genes significantlyl?. Elucidating the nature of the contacts be-

acts as a molecular motor or operates via other mechanisms .
tween superenhancers, the structure of chromatin assembled by

remains to be elucidated. However, this theory predicts features
that agree well with those deduced from experimental contact
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those contacts, and the influence of loop extrusion on the struc-
ture are important steps to understand the physics behind tran-
scription regulation by loop extrusion.

Transcriptional activators and coactivators form liquid conden-
sates of micrometer size in the nucleus of a living cell, probably by
phase separation or microphase separation, and superenhancers
are localized at these condensates 112, The frequent contacts be-

+ With this technique, dosed auxin activates the ubiquitin ligase that drives the

degradation of tagged proteins.

t Enhancers are DNA sequences that activate transcription by binding to promot-

ers, from which RNA polymerase starts transcription.

1 PRO-seq is a technique to detect actively transcribed genes by mapping RNA

polymerase II, an enzyme that synthesizes messenger RNA.
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Fig. 1 Chromatin at an interface between a condensate (of transcription
activators and coactivators) and the exterior solution is modeled as a
polymer brush. Cohesin molecules (green circle) are loaded on the chain
from the grafting end and extrude segments from the arm region (shown
in red) to the loop region (shown in blue). In the beginning the height of
the arm region is larger than the height of the loop region (a). For longer
time scales, the height of the loop region becomes larger than the height
of the arm region.

tween superenhancers, as detected by Hi-C experiments"?, imply
that multiple superenhancers (or multiple enhancers separated by
a long genomic distance) are localized at the condensates. The
superenhancers probably attach to the surface of the condensate
via transcriptional activators due to the fact that activators are
localized inside the condensates and chromatin is repelled from
the condensates134. The resulting structure may be analo-
gous to a microemulsion, here stabilized by chromatin1415,
With this analogy, the stability and size of the condensates are
determined by the lateral pressure generated by the chromatin at
the interface. The lateral pressure generated by the chromatin
complex may be modulated by the loop extrusion process and
this may account for the fact that the contact frequency between
superenhancers increases by removing cohesin from chromatin.
The objective of this paper is to demonstrate this concept by
using a simple model, rather than to build a detailed model
of chromatin.

We here treat chromatin at the interface as a loop extruding
polymer brush to calculate the generated lateral pressure. We
predict that this pressure increases with increasing cohesin load-
ing rate and/or increasing rate of loop extrusion. This is because
the loop extrusion process increases the local concentration of
chromatin chain segments and this increases the repulsive inter-
actions between them. This prediction implies that the size of
the condensate increases via Ostwald ripening and thus the con-
tact frequency between superenhancers decreases due to the loop
extrusion process.

2 Model

We treat chromatin at the interface between a condensate and the
solution as a polymer brush whose structure is actively modified
through the action of loop extrusion. The chromatin fibers are
end-grafted to the interface with grafting density o via enhancers
at their ends. Chromatin brush models have been used before as
simplified models for chromatin grafted at interfaces1®17, The
chromatin fibers are longer than the Kuhn length and are in a
solution at physiological salt concentration. We thus treat each
chromatin fiber as an electrically neutral flexible chain that is
composed of N Kuhn segments, each of length /,. We use the

2| Journal Name, [year], [voI.],1-E]

Alexander approximation that assumes that the concentration of
the segments is uniform in the brush’®12, Experiments suggest
that the loops at the vicinity of superenhancers are recovered rel-
atively fast when auxin is washed out, implying that there is a
loading site at the vicinity of superenhancers'?. We thus treat the
case in which cohesin is loaded on the grafted end of the chain
with average loading rate 7! and extrudes segments with a con-
stant rate 7, |. The average time of the loop extrusion process has
thus the form

Tex = NTs. €D)

The cohesin molecule divides the chain into a loop and an arm
subchain; the segments of the loop subchain are already extruded
whereas the segments of the arm subchain have not yet been ex-
truded, see fig.[1} In general, cohesin is unloaded from chromatin
with a constant rate anywhere in the region between two CTCF
proteins (of converging orientation). For simplicity, we here treat
the case in which cohesin is unloaded only when it reaches the
free end of the chain. We use this model to predict the aver-
age osmotic pressure generated by loop extrusion as a function of
the average cohesin loading rate 7;,!, of the average time Te; per
loop extrusion process, and of the chain relaxation time ty. For
simplicity, we treat only the case where the average loading time
Ton is larger than the average time 7.x per loop extrusion event,
i.e. where each polymer carries at most one cohesin molecule.

For simplicity, we use Onsager’s variational principle?? to de-
rive the time evolution equation of the brush height. Onsager’s
principle states that the time development of a dissipative system
is determined by the minimization of the Rayleighan

R=P+F, (2)

where @ is the dissipation function and F is the free energy (here
and in the following f(¢) denotes the time derivative of function
f()). The brush is composed of a bottom layer, in which the loop
and arm subchains coexist, and a top layer, in which only one
of the subchains exists, see fig. The height of the top layer
is denoted by 4 and the height of the bottom layer by h,. The
dynamics of the brush is represented by the dynamics of the po-
sition of the brush top, z(t) = h (= h + hy), and the position of
the interface between the two layers, z,(¢) = h,. The dissipation
function @ per chain has the form
1 5 1 .2

P = ECNth +§Cth . 3)
The first term of eq. is the energy dissipation due to the mo-
tion of the brush top (while the position of the interface is fixed)
and the second term of eq. is the energy dissipation due to the
motion of the layer interface (while the position of the brush top
is fixed). Eq. treats the case in which the concentration of the
chain segments in the brush region is large enough to screen the
hydrodynamic interactions between chain segments so that the
friction constant is proportional to the number of the segments
in motion. M; is the number of Kuhn segments in the top layer.
Only the segments in the top layer move when the position of the
brush top moves while the position of the layer interface is fixed.

Page 2 of 9
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In contrast, the segments of both layers move when the position
of the layer interface moves while the position of the brush top is
fixed.

The free energy of the brush (per chain) has the form
F = Fip + Farm + 1Ty (241, + Ay ) +TTA — u(Nip +Np - N —N), (4

where F, is the free energy of the subchain in the loop region
and F,m, is the free energy of the subchain in the arm region. The
subscripts ‘Ip’ and ‘arm’ stand for the loop and arm regions, respec-
tively. The lateral osmotic pressure, IT, and IT;, and the chemical
potential u are Lagrange multipliers that ensure that the area per
chain and the number of segments are constant. The subscripts ‘b’
and ‘t’ stand for the bottom and top layers, respectively. Ay, is the
area occupied by one of the two subchains composing a loop (for
simplicity, we treat the loop as two subchains connected at the
top), see the blue subchain in fig. |1} and Ay is the area occupied
by the subchain of the arm region in the bottom layer, see the red
chain in fig. |1} A (= o) is the area per chain. N, is the num-
ber of Kuhn segments in the loop region and N, is the number of
Kuhn segments of the arm subchain in the bottom layer.

We here analyze the dynamics of the chains after a cohesin
molecule is loaded onto a chain at t = 0. We start with the dy-
namics on short time scales, ¢ < f,, when the space in the top
layer is occupied by part of the arm subchain, see fig. [[{a). The
free energy contributions Fj, and F,m have then the forms

Fip 342 opN, -
Hp 3 ’
ke T 2Np2 " 2,
Farm 3 h% O'bNg 3 htz GNtz

= 2 b 2 . 6
keT 22 Ty TaNE T e ©

The derivation of egs. and (6) by using blob arguments is
shown in sec. S1.1 of the Supplementary Materials. The first term
of eq. is the free energy due to the entropic elasticity of the
loop region and the second term is the free energy due to the ex-
cluded volume interactions between the segments in the loop re-
gion. The number N, of segments in the loop region has the form
Nip =1/ for this time scale, see fig.[1} v is the second virial coeffi-
cient that accounts for the excluded volume interactions between
chain segments. The loop region is composed of two subchains
of length Np/2 which is accounted for by the numerical factors
in eq. . ojp (= 1/Ayp) is the number of loop subchains per unit
area. Furthermore, N; segments of the arm region occupy the top
layer above the loop region and N, segments are in the bottom
layer. The first and third terms of eq. (6) are the free energy con-
tributions due to the entropic elasticity of the arm region in the
bottom and top layers, respectively. The corresponding free en-
ergy contributions due to the excluded volume interactions are
given by the second and fourth terms. o}, (= 1/Ap) is the num-
ber of arm chains in the bottom layer per unit area. This approach
takes into account the longest relaxation mode due to the entropic
elasticity of the chain and the relaxation process by the excluded
volume interactions.

The lateral osmotic pressures in the top and bottom layers are

Soft Matter

given by
I, 02 Ivt2
- 7
ks T " )
2 A2
I_Ib - v GIPNIP = GlgNg (8)
kgT 4hy, hy

which follow from minimizing the free energy, eq. [@), with re-
spect to the areas (per chain) A, A, and A,. Minimizing the free
energy with respect to the segment numbers N, and M, leads to

u - 7% h% Nbo-lp:73 hlz

o\
= v —_
kgT 2N22 hy

= v
2 N22 hy

9

With egs. (8) and (9), we assume that the relaxation in the lat-
eral direction and the transfer of segments between the top and
bottom layers are relatively fast. The number densities o}, and oy
are given by

206 (Np + N,
op = 22! ;’,lp ) (10)
o(Np + N

These equations are derived by using eq. and the relationship
o l= 261;1 +o, !, We assume that the grafting density is con-
stant throughout the loop extrusion and relaxation processes (see
also Discussion).

Minimizing the Rayleighan, eq. , with respect to /i and /y,
leads to the time evolution equations of brush heights

d kT [ 3h(r) 01\13)
—h(t = | — 12
") NC ( N2 R () (12
d, 0 keT [ 12hy(t)  3hy(r) = o(Nip+Np)?
— = — | - — \Y
dr'® NC N2 Noi2 0)
2
Nlla ht (t)

where we made use of the relationships and (TI). Egs. ),
(12), and and the relationship Ny = N — N, — /7 lead to
equations for the segment number M, (7) and the heights, A(¢) and
hy(t). The lateral osmotic pressure IT = IT; +1I,, is derived by
substituting Ny (1), h(t), and hy(¢) into eqs. (7) and (8).

For longer time scales, #;, <t < Tex, the space in the top layer
is occupied by part of the loop subchain, see fig. [I{b). The free
energy contributions F, and F; are then given by

F 34n2  OpNE 342 GN2
R R e e ¢ )
ke T N2 " 2y T2NE T T
Fam 3 B ouN?

= = v . (15)
kT N2 2y

The derivation of egs. and via blob arguments is shown
in sec. S1.2 in the Supplementary Materials. The first and third
terms of eq. are the free energy contributions due to the
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entropic elasticity of the loop subchain in the bottom and top lay-
ers, respectively. The second and third terms are the correspond-
ing terms describing the excluded volume interactions. The first
term of eq. is the free energy due to the entropic elasticity
of the arm subchain and the second term represents the free en-
ergy contribution from the excluded volume interactions between
segments of the arm subchain.

Minimizing the free energy, eq. (@), with respect to the segment
numbers N, and N;, we obtain

uoo 6h2 JONp 6h 20N

— — v
kT N33 hy, N2 hy

(16)

Minimizing the free energy with respect to the areas A, Ay, and
Ajp, leads to the lateral osmotic pressure, I1; and Iy, in the same
form as egs. and (8). The time evolution equations for the
heights / and Ay, have the form

d ksT [ 12m(t)  ON? )
7]1 t — — | — 17
" = TN, ( N2 R 4
d, 0 keT [ 3hp(t) 12m(1)  o(Mip+Np)?
= —= |- — v
dr® N\ M2 Npl2 2 (t)
2
) ) as
Ntla ht ([)

which follow from minimizing the Rayleighan, eq. (2), with re-
spect to / and /y,. Egs. , , and and the relationship,
Ny =1t/75 — Njp, lead to equations for the segment number N, and
the heights 4 and h,,. The lateral osmotic pressure, T = I+ I,
is derived by substituting these forms into egs. and (8).

The cohesin molecule is unloaded from the chromatin fiber at
t = Tex. The chain relaxes until another cohesin is loaded at t =
Ton- During the relaxation process, Tex < ¢ < Ton, the dissipation
function @ and the free energy F have the form

> = %gmz (19)
F 3 h*  oN?
- = - . 20
ks T 2N Th (20)

Minimizing the Rayleighan leads to the form

e —kBT< 21)

3h(t)  oN?
a" =T )

N RE0)
The lateral osmotic pressure is derived by substituting the solu-
tion of eq. (21)) into
H” G2N2
L =y 22
kT Y h (22)

In the limit of large average loading time (7, — ), our theory
returns to the Alexander model of a polymer brush. The Alexan-
der model predicts that the brush height and the lateral pressure

4| Journal Name, [year], [vol.],1-|§|

1 TR =3 —-_I_
.% 0.8} 7‘ 7
Q i Arm -
® 0.6} .
E t
o I )
g 0.4r Loop ¥
o i -

2 0.2} ,,}‘—"" -
m | = B
O ~ | X | N | . | \

0 02 04 06 038 1

t/1ex

Fig. 2 The height (rescaled by the height i of the Alexander brush) of
the arm (magenta) and the loop (cyan) is shown as a function of time ¢
(rescaled by the time scale 7., of the loop extrusion process). The time
scale ratio a (= 7x/1y) is fixed to 0.05. Calculations were performed by
assuming that the grafting density o is constant. The solid curves are
derived by numerically calculating egs. (8), (12), (i3) in the short
time regime and egs. (6), (i7), and (i8) in the long time regime.
The cyan broken curve is the asymptotic form of the height of the
loop subchains for the short time regime, see eq. @ The magenta
broken curve is the asymptotic form of the arm subchain for the
short time regime, see eq. @, and the magenta dotted curve is an
approximate form for this time regime, see eq. @

of a polymer brush at thermodynamic equilibrium are given by

1/3
ov
halxk = Nh| o+ (23)
31,
HAlx 0'2N2
= v . 24)
kgT halx

When the excluded volume interactions between chain segments
are negligible (v — 0), our theory predicts that the longest relax-
ation time of the chain is the Rouse time

LN

_ , 25
W= 3T (25)

3 Results

Our theory predicts that the dynamics of the brush height de-
pends on two ratios of time scales

o= (26)
™

and T,y /Ty, see also egs. and (25).

We first treat the simple case in which the average cohesin load-
ing time 7,, is larger than the longest relaxation time ty. There-
fore, when a cohesin molecule is loaded onto a chain, that chain
is typically completely relaxed with a height given by the equi-
librium value hpjx, €q. . Because the chain is extruded at a
constant rate, the height of the loop increases approximately lin-
early with time, see fig. [2l The linear dependence of the height

Page 4 of 9
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of the loop on the short time scale results from the fact that the
dynamics of the loop is governed by the excluded volume interac-
tions. For t < ty,, the height of the loop subchain /p(¢) (= /) has
the asymptotic form

hyp (2 t

L() —alP 27)

hAlx Tex
for small time scale ratio o, see the broken cyan curve in fig.
The derivation of eq. is shown via two different ways in S3
and S4 of the Supplementary Materials.

The height of the arm subchain does not change for a period
of time although chain segments are constantly transferred from
the arm region to the loop region. Recently we have used an ex-
tension of the Rouse model to predict that the conformation of
the chain does not respond to the loop extrusion process before
the tension generated by this process has travelled from the ex-
truded segment to the free end4®. The present model does not
treat local segment motion and thus tension propagation is taken
into account only implicitly for the longest chain relaxation time
Ty. It accounts for the delayed response of the brush height to
loop extrusion and the excluded volume interactions through a
Flory-type free energy. With this model, the height A,m(7) of the
arm subchain has the asymptotic form

ham(t) - 103 1 1+203 ( t )2
=hy+0—5———0—= — (28)
halx B} Tex 2%\ Tex

for t — 0 and small values of o, where /g (= hg/haiy) is the brush
height hg at t = 0, rescaled by the equilibrium brush height %4y,
see broken magenta curve in fig. The derivation of eq.
is provided in S3 of the Supplementary Materials. Eq. is
effective only for very short time. Neglecting the excluded volume
interactions (except for the fact that we use eq. for the height
hip(t) of the loop subchain) leads to an approximate form

harm () = hoe =%/ (T =1), 29)

for small time ratio «, see the dotted magenta curve in fig. [2| The
derivation of eq. is presented in S4 of the Supplementary
Materials.

For later times the height of the arm subchain decreases steeply
and eventually, at time 7y, becomes as large as the loop subchain.
After the transition, the decrease of the height of the arm sub-
chain becomes slower, see fig. |2] reflecting the fact that the num-
ber of segments that move with changing brush height is larger,
see the discussion below eq. [B). Then, towards the end of the
loop extrusion process at t = Tex, the height of the arm subchain
decreases steeply to zero. For small o-values it scales approxi-
mately as

Tex —1 \ &

harm (I) = hlh . (30)
Tex —Ith

The derivation of eq. is shown in S5 in the Supplementary

Materials. The height of the loop subchain increases more steeply

than for short time scales, see fig.|2| The duration of this second

time regime, Tex — ty,, decreases with decreasing . Moreover, for
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Fig. 3 The chain height kg at the time when a cohesin is loaded onto the
chain, (rescaled by the equilibrium value h4)x, See eq. @) is shown as
a function of the average loading time t,, (rescaled by the longest chain
relaxation time 1y, see eq. (25)). The values of a used for the calcula-
tions are 0.01 (blue), 0.05 (black), and 0.1 (magenta). The solid curves
are derived numerically. The broken curves follow from eq. (32). The
inset displays the height i(7x) (rescaled by h41x) at the end of the loop
extrusion process as a function of the average loading time 1, (rescaled
by 1) for the same «-values as in the main plot.

small values of o the increase of the loop height in this regime is
small compared to that of the first time regime.

By the time ¢ = 7.« at which the cohesin reaches the free end,
all the segments in the arm subchain have been transferred to the
loop region. After the cohesin is unloaded from the free chain
end at 7 = T, the chain relaxes back to its equilibrium state. The
height /(¢) of the chain during this relaxation process has the form

3 1/3
h(t) = haix {1 - (1 - 3> e N/ } : 3D

Alx

where hex (= h(Tex)) is the height of the chain at r = 7. Eq.
is derived by using eq. (2I).

For the case in which the average loading time 7., is larger
than the longest relaxation time 1y of the chain, the height of the
chain returns to its equilibrium value /4, before a new cohesin
is loaded onto the chain. The height 4 of the chain at the co-
hesin loading time ¢ = 7, decreases with decreasing value of 7.y,
relative to the longest relaxation time 7y, see fig.[3] This simply
reflects the fact that a new loop extrusion process always starts
before the chain had time to relax from the previous extrusion
event. For small time scale ratio a, the dependence of the chain
height hy (= h(7on)) On Ton is approximately given by

1/3
o = har [1 = (1= @) e=3En/mv=)] " (32)

see the broken curves in fig.[3] The derivation of eq. (32) is shown
in S6 in the Supplementary Materials. Eq. (32)) is derived by using
the fact (mentioned earlier) that in the intermediate time regime,

Tih < t < Tex, the increase of the height of the loop subchain is
negligible for small values of & (and thus /e ~ a'/3hu1¢) and by

Journal Name, [year], [vol.], 1~E| |5
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Fig. 4 The lateral pressure fIH generated by the brush in the steady
state (rescaled by the equilibrium value I15i) is shown as a function of
the average cohesin loading time 7,, (rescaled by the longest relaxation
time 7v). The pressure I1; is defined by eq. (33). For the calculations
we chose the following values for a: 0.01 (blue), 0.05 (black), and 0.1
(magenta). The solid curves are derived numerically. The broken
curve for large average loading times is given by eq. (34). The broken
curves for small loading times correspond to eq. .

using eq. (3I). In the regime of small values of o, the height i
decreases with increasing o for fixed (rescaled) average loading
time 7on/ Ty, see fig.[3] On the other hand, the height A(7ex) at the
end of the loop extrusion process shows the opposite dependence
on a, see the inset of fig. In fact, both dependencies reflect
the same fact, namely that only the extruded subchain can relax
during the loop extrusion process, 0 < ¢ < Tex, Whereas the rest
of the chain has still to pass through the cohesin complex. This
means for fast loop extrusion rates (i.e. small values of a) that
the chain is still rather compact at t = T.x. At the same time this
means that there is now more time available for the relaxation of
the whole chain during the time interval 7x <t < 7o,. However,
overall the height &, is much more sensitive to the value of 7y,
than that of 7.

The lateral pressure generated by the brush in the steady state
has the form

_ Ton

HH = i leH(t), (33)
Ton JO

where IT)|(#) (= TL() + Ip(r)) is the sum of the lateral pressure
generated by the chains in the top and bottom layers, see egs.
and . Our theory predicts that the lateral pressure fIH increases
with decreasing average loading time 7,,, see fig. This is be-
cause the loop extrusion process increases the local concentration
of chain segments in the vicinity of the interface. In the regime of
large average loading time 7., > 7Ty, the lateral pressure has the
asymptotic form

_ Ty (log3 T
Il =11 I+—= | ——-—= 3
I A1x{+ron( > 6\/§)}’ 349

6| Journal Name, [year], [voI.],1-E]

for small time scale ratio a, see the black broken curve in fig.
The derivation of eq. is shown in S7 of the Supplementary
Materials. In this regime, chains are in the relaxation process
most of the time and thus eq. results from the lateral pres-
sure generated during the relaxation process. In the regime of
small average loading time, 7o, < Ty, the lateral pressure has the
approximate form

1=IH _ 1 Tex Ton  2Tex -1/3 1 7y Ton  2Tex 2/3
—=—-—3— - +-—— 13— —-— (35)
Oax  3%n \ o™ Ty 2%Tn \ N W

for small time scale ratio, see the broken curves in fig.|4} Eq.
is derived by using eq. and by neglecting the lateral pressure
generated by the arm subchain in the bottom layer, assuming that
Ny < Ny, see sec. S7 of the Supplementary Materials. This ap-
proximation is not effective for moderate values of «, see the
black and magenta curves in fig.

4 Discussion

Our theory predicts that the lateral pressure is mainly generated
by the loop extrusion of chains at the interface. This is manifested
by the fact the the lateral pressure increases as one increases the
loading rate of cohesins, see Fig. This increase is caused by
an increase of the local concentration of chain segments in the
vicinity of the interface as a result of loop extrusion.

The lateral pressure opposes the surface tension between the
condensate and the nucleoplasm and decreases the hydrostatic
pressure in the condensate. When the loop extrusion process is
suppressed, for example by auxin treatment, Laplace’s law pre-
dicts that the hydrostatic pressure P, at the interior of the con-
densate has the form

Y —1Ia
Po—PRy=—"7, (36)
o
where v is the surface tension, Py the hydrostatic pressure of the
nucleoplasm and ry the radius of the condensate. When the loop
extrusion process is activated, the hydrostatic pressure P/, at the
interior of the condensate now has the form
r—1

Pl —Py= . 37)
0]

The fact that the lateral pressure I generated from the loop ex-
truding brush is larger than the equilibrium pressure I}, implies
that the hydrostatic pressure at the interior of the condensate de-
creases by the activation of the loop extrusion process. On a much
longer time scale, the molecular components of condensates are
transported from condensates of higher hydrostatic pressure to
condensates of lower hydrostatic pressure (Ostwald ripening).
The volume of the condensates which colocalize with multiple
superenhancers with high cohesin loading rate thus tends to in-
crease. This increases the average distance between the superen-
hancers (or enhancers separated by a long genomic distance) on
the condensate (if the number of superenhancers, or of enhancers
at distant genomic distances, on the condensate is constant). This
may account for the experimental observation that the contact
frequency between superenhancers increases by the auxin treat-
mentl?, This prediction may be experimentally accessible by
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measuring the size of condensates and the concentration of the
superenhancers that colocalize with the condensates before and
after the auxin treatment. Our argument assumes that the con-
densates in a nucleus are in a transient state and that auxin treat-
ment (or washing auxin out) changes the flux of molecular com-
ponents. If the condensates are in thermodynamic equilibrium
(or a non-equilibrium steady state), the size of the condensates is
determined by the spontaneous curvature. The spontaneous cur-
vature is generated by the distribution of lateral pressure gener-
ated by the brush?! and thus is modulated by the loop extrusion
dynamics. Because the loop extrusion increases the concentra-
tion of chain segments at the vicinity of the surface, it increases
the optimal size of the condensates.

A couple of theories predict the physical mechanism with
which the size of protein condensates is tuned. The phase
separation of chromatin binding proteins may be driven by
a positive feedback: the proteins bound to chromatin induce
the condensation of chromatin and, in turn, proteins are at-
tracted to the condensed region1922, Brackley and cowork-
ers used Brownian dynamics simulations and an extension
of model B to show that the protein condensates have a sta-
ble size when the attractive interactions between the bind-
ing proteins and chromatin are switched off at a constant
rate because a state transition stops the positive feedback22.
The state transition may be driven by posttranslational mod-
ifications of the binding proteins. Scolari and Lagomarsino
treated chromatin as a copolymer in which short blocks that
show attractive interactions (mimicking bridging between
these blocks by binding proteins) among themselves are in-
corporated periodically?4, This theory predicts that chro-
matin strands are folded into stable micelles, where the at-
tractive short blocks consist of the micelle cores, covered by
the corona of the longer blocks. Both of the above mentioned
mechanisms predict that chromatin is condensed in the con-
densates of binding proteins, in contrast to recent experi-
ments that have shown that chromatin tends to be excluded
from the condensates of transcription activators and coactiva-
tors1314, Therefore these mechanisms might not be relevant
to the tuning of the size of the transcription condensates.

At first glance, one might think that the increase of the con-
tact frequency between superenhancers by auxin treatment is ex-
plained if the number of superenhancers, which are localized to
each condensate, somehow increases. In contrast, our theory pre-
dicts that the number of superenhancers in the condensate does
not change with the auxin treatment. This prediction is accessible
by experiments that measure the concentration of superenhancers
in the vicinity of condensates. An alternative explanation may be
that auxin treatment somehow drives the coarsening of the con-
densate. This decreases the total area of the condensate, at which
superenhancers are located. The coarsening of condensates pro-
duces new interacting partners and it may be detected in Hi-C
experiments. In contrast, our theory predicts that the number of
superenhancers on a condensate is constant and thus the auxin
treatment does not produce new interacting partners. Instead it
just increases the contact frequency between already existing in-
teracting partners. The growth mechanism — coarsening vs Ost-
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wald ripening — can be tested by directly observing the dynamics
of condensates. It is thus of interest to characterize the size and
number of condensates and the concentration of chromatin in the
vicinity of the condensate before and after auxin treatment and
to visualize the dynamics of the condensates during the process.
Our theory predicts that cohesin is localized at the interface
during the loop extrusion process, which may be detected by
measuring the correlation between cohesin and a component
of the condensates by using STORM.

In our model, we have used the assumption that the area per
chain (or its inverse, the grafting density of the chains) is constant
throughout the loop extrusion process. This may correspond to
the case in which superenhancers are located at the surface of
the condensate relatively densely, when the loop extrusion pro-
cess is suppressed by the auxin treatment. Our theory treats a
relatively short time scale after the loop extrusion is activated at
t = 0 by washing out auxin, namely the time scale at which the
volume of the condensate is still constant. The volume of con-
densates increases only at a time scale much longer than the time
scale of the loop extrusion process. Note that loop extrusion does
not operate synchronously on all the chains at the interface. We
approximately treat this situation by using the time averaged lat-
eral pressure, see eq. (33). With a more complete treatment, the
area per chain at an instance may depend on the dynamics of the
neighboring chains and thus may be a function of time. In a mean
field picture, the neighboring chains are treated via a constant lat-
eral pressure. The time average of the area per chain is simply the
total area at the surface divided by the number of chains on the
surface. However, this treatment makes the theory more complex
and increases the number of assumptions, such as the treatment
of the lateral pressure and area per chain of the two layers. Our
theory predicts that the loop extrusion process increases the lat-
eral pressure and this drives the Ostwald ripening that increases
the size of the condensate, decreasing the contact frequency be-
tween superenhancers. We demonstrate this concept by using a
simple model.

We used a couple of assumptions in our theory: i) We
treat cohesin as a motor that extrudes a chromatin fiber with
a constant rate (the motor mechanism), as assumed in the
loop extrusion theory®. However, recent single molecule ex-
periments suggest that cohesin does not act as a molecular
motor in vitro2>"27, Instead the loop extrusion process may
be driven by cohesin being pushed by other motors, such
as RNA polymerase II®, The latter case is not essentially
different from the motor mechanism and thus our theory
remains applicable. Motivated by an experiment that sug-
gests that cohesin must form dimers to create a chromatin
loop?®, we have theoretically predicted that cohesin dimers
extrude chromatin fibers by the osmotic pressure of cohesin
monomers®. Brackley and coworkers proposed a similar idea,
but only with cohesin dimersZ. Our theory is not applica-
ble to the osmotic scenario as it is because the chain seg-
ments show repulsive interactions and the conformations of
the chains at the interface are different from those in the
bulk. These may influence the osmotic pressure generated
by cohesin monomers. In addition, whether chromatin loops
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are actually produced by the loop extrusion process is still
under debate2324, jj) We treat chromatin as a brush of flexi-
ble polymers. This assumption is motivated by the facts that
chromatin tends to be expelled from the transcription con-
densates13/14 it is still associated with the condensates1112,
and the transcription activators tend to be associated with
the condensates1112, To keep the brush structure, the adhe-
sion between the condensate and chromatin must be strong
enough to counterbalance the tension generated to the chain
by the loop extrusion process. The measurement of the mag-
nitudes of the excluded volume interactions between chro-
matin chain segments will provide quantitative estimate of
the lateral pressure generated by the brush.

Our theory treats the chromatin at the surface of a conden-
sate as a loop extruding polymer brush. Although it is a radical
simplification, it is tempting to think that the same principle is
effective to the original system. The genes that are associated
with a condensate are activated by the superenhancers on the
condensate, which contains the transcription machinery, such as
RNA polymerase II and mediators. The interaction partners of
pluripotency genes, such as Nanog and Oct4, change during dif-
28531 Indeed, with the expression of Yamanaka fac-
tors, only the cells that change the interaction partners to those
in the pluripotent state are successfully converted to iPS cells2E.
These results imply that the selective association of genes and (su-
per)enhancers is probably the key mechanism of the transcription
regulation during differentiation. The growth and regression of
transcription condensates are probably the result of the com-
petition between genes for the transcription machinery. The
present theory is a step towards the understanding of the physical
mechanism of the transcriptional regulation via the formation of
transcription condensates. It is thus of interest to study the tran-
scription dynamics of genes that are activated by superenhancers
on the condensates by using an extension of our present theory.
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