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Abstract: The molecules 1,4-cyclohexadiene (unconjugated 1,4-CHD) and 1,3-
cyclohexadiene (conjugated 1,3-CHD) both have two double bonds, but these bonds interact in 
different ways. These molecules have long served as examples of through-bond and through-
space interactions, respectively, and their electronic structures have been studied in detail both 
experimentally and theoretically, with the experimental assignments being especially complete. 
The existence of Rydberg states interspersed with the valence states makes the quantum 
mechanical calculation of their spectra a challenging task. In this work, we explore the electronic 
excitation energies of 1,4-CHD and 1,3-CHD for both valence and Rydberg states by means of 
complete active space second-order perturbation theory (CASPT2), extended multi-state 
CASPT2 (XMS-CASPT2), and multiconfiguration pair-density functional theory (MC-PDFT); it 
is shown by comparison to experiment that MC-PDFT yields the most accurate results. We 
found that the inclusion of Rydberg orbitals in the active space not only enables the calculation 
of Rydberg excitation energies but also improves the accuracy of the valence ones. A special 
characteristic of the present analuysis is the calcualtion of the second moments of the excited 
state orbitals.  Because we find that the CASPT2 densities agree well with the CASSCF ones and 
since the MC-PDFT methods gets accurate excitation energies based on the CASSCF densities, 
we believe that we can trust these moments as far as giving a more accurate picture of the 
difuuseness of the excited- state orbitals in these prototype molecules than has previously been 
available.
_____________________________________________________________________________________

ORCID:
Jiaxin Ning: 0000-0003-0305-607X
Donald G. Truhlar: 0000-0002-7742-7294

_____________________________________________________________________________________

Department of Chemistry, Chemical Theory Center, and Minnesota Supercomputing Institute, 
University of Minnesota, Minneapolis, Minnesota 55455, USA. 

Email: truhlar@umn.edu

† Electronic supplementary information (ESI) available. It contains geometries, active orbitals, 
and CI vectors. See DOI: 10.1039/[to be filled in]

Page 1 of 24 Physical Chemistry Chemical Physics



2

1. Introduction

Polychromophoric assemblies are widespread in both biological systems and functional 

materials, and the 1,4-cyclohexadiene molecule (1,4-CHD) and 1,3-cyclohexadiene molecule 

(1,3-CHD) are good prototypes for investigating the electronic structures of molecules with 

interacting double bonds. 1-8 In addition to the structural data, a better understanding of the 

spectra can be important for interpreting the photo-induced dynamical processes that have been 

extensively studied.9 The skeletal formulas of 1,4-CHD and 1,3-CHD are shown in Scheme 1.

In 1,4-CHD, the double bonds are unconjugated, and the four π orbitals interact through the 

σ orbitals of methylene groups. The consequence is that the out-of-phase combination of the π 

and π* orbitals has lower energy than the in-phase combination of these orbitals.10–15 Therefore, 

the ordering of the four valence π molecular orbitals (MOs) is as follows: HOMO1 is ππ, 

HOMO is π+π, LUMO is π*π*, and LUMO+1 is π*+π*. The excitations involving these MOs 

have been studied by both experiment16,17 and quantum mechanical calculation.15 Electron 

impact experiments show that some Rydberg states have lower energies than the second valence 

π* states, as shown in Fig. 1.16,17 Complete-active-space second-order perturbation theory 

(CASPT2) calculations by Merchán et al. agree with the experimental conclusion that the 

valence and Rydberg states are interspersed in 1,4-CHD.15 

In 1,3-CHD, the double bonds are conjugated, and the valence π and π* MOs are ordered in 

the usual way: HOMO1 is π+π, HOMO is ππ, LUMO is π*+π*, and LUMO+1 is π*π*. The 

excited states of 1,3-CHD have been investigated by various experiments, including electron 

impact spectroscopy18,19 and optical spectroscopy.20,21 The results demonstrate that 1,3-CHD also 

has some Rydberg excited states between the first and the second valence excited states, as 

shown in Fig. 1. 

Various electronic structure calculations of the excited states of 1,3-CHD have been carried 

out.21-31 In 2005, Tamura et al. reported multi-configuration quasi-degenerate perturbation theory 

(MCQDPT) calculation with an active space composed of six electrons in four valence π orbitals 

and two valence σ orbitals and used the 6-31G(d,p) basis set.32 In 2015, Pemberton et al. 

reported 3-state state-averaged complete active space self-consistent-field calculations (SA(3)-

CASSCF(6,4)) with only three valence π orbitals and one occupied σ orbital included in the 

active space and with the cc-pVDZ basis set, where (ne,no) denotes ne active electrons in no 

active orbitals.33 In 2016, Lei et al. reported CASSCF(14,8) and CASPT2 calculations with the 
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active space composed of five occupied valence σ orbitals and three valence π orbitals and with 

the 6-31G* basis set.34 In 2019, Polyak et al. used extended multi-state CASPT2 (XMS-CASPT2) 

with the same active space that Hiroyuki et al. used and with the cc-pVDZ basis set.35 

An important question tested in the present work is whether the active spaces used in the 

previous work have diffuse enough orbitals to give a correct description of Rydberg character of 

all the excited states. We will show that they do not, which is consistent with previous work by 

Dong and two of the authors, where we showed, in what was called the Goldilocks principle, that 

basis sets with intermediate diffuseness are needed to calculate consistent excitation energies of 

π systems.36 

Quantum mechanical calculations of electronic excitation energies can be carried out by a 

wide variety of methods, but because of near-degeneracy effects in electronically excited states, 

we only make calculations here with methods based on SA(n)-CASSCF reference wave 

functions, because of that method’s potential for providing a balanced treatment of strongly 

coupled states.37 And we consider three post-SCF methods that start with a SA(n)-CASSCF 

reference wave function, namely CASPT2,38–42 XMS-CASPT2,43,44 and multiconfiguration pair-

density functional theory (MC-PDFT).45  We study the ability of these methods to provide 

accurate results for the vertical excitation energies for both 1,4-CHD and 1,3-CHD, which are 

especially interesting because they have states with different amounts of Rydberg character. We 

explore the dependence of the results on the choice of active space, and we explain why the 

excitation energies become more accurate when the active spaces include enough Rydberg 

orbitals.

2. Theory and Computational Details

All the calculations are performed using the maug-cc-pVTZ basis set46–48 in the 

OpenMolcas 8.3 software package.49,50 All calculated excitation energies are singlet-to-singlet 

vertical excitation energies. 

For 1,4-CHD, the ground-state geometry is optimized using Kohn-Sham density functional 

theory51 with D2h symmetry and with the M06-2X52 exchange-correlation functional, and all 

excited-state calculations are carried out enforcing Cs symmetry. For 1,3-CHD, the ground-state 

geometry is taken from reference 53, which shows that the molecule has C2 symmetry, and all 

the calculations carried out here are conducted using C2 symmetry. The Cartesian coordinates of 
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the two molecules are given in Tables S1 and S2 (Tables and figures with a prefix S are in the 

ESI).

When the symmetry of the excited states is the same as the symmetry of the ground state (A′ 

for 1,4-CHD; A for 1,3-CHD), the reference wave functions for all the states are obtained by 

SA(n)-CASSCF(ne,no), and we use the shorthand notation X(n)-(ne,no), where X denotes the 

irreducible representation (X = A′ or A″ for 1,4-CHD; X = A or B for 1,3-CHD). When the 

symmetry of the ground state is different from that of excited states, the reference wave function 

for the ground state is obtained by state-specific CASSCF (SS-CASSCF), denoted as X-SS-

(ne,no), and the reference wave functions for the excited states are still obtained by state-averaged 

calculations. The CASSCF calculations resulting from these choices are specified in the next two 

paragraphs.

For 1,4-CHD, the CASSCF calculations performed are:

 A′(3)-(4,4): four electrons in four valence π orbitals.

 A′(6)-(4,6): four electrons in four valence π and two Rydberg orbitals.

 A″(6)-(4,8): four electrons in four valence π and four Rydberg orbitals. 

 A′-SS-(4,8): four electrons in four valence π and four Rydberg orbitals.

For 1,3-CHD, the CASSCF calculations performed are:

 A-SS-(4,4) and B-SS-(4,4): four electrons in four valence π orbitals.

 A(2)-(4,4): four electrons in four valence π orbitals.

 A(6)-(4,12) and B(6)-(4,12): four electrons in four valence π orbitals and six 

Rydberg orbitals.

 A-SS-(4,12): four electrons in four valence π orbitals and six Rydberg orbitals.

For 1,4-CHD, the (4,4) active space is referred to as the π-only active space for convenience 

in the later discussion since it only contains valence π orbitals, and the (4,6) and (4,8) active 

spaces are referred to as π-plus active spaces since they contain valence π orbitals plus Rydberg 

orbitals. Similarly, for 1,3-CHD, (4,4) and (4,12) active spaces are referred to as the π-only and 

π-plus active spaces, respectively.

A default value of 0.25 Eh is used for the ionization potential−electron affinity (IPEA) shift54 

for all the CASPT2 and XMS-CASPT2 calculations. When calculating 1,3-CHD, a 0.5 Eh real 

level shift55,56 is used to avoid possible intruder states. 
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For MC-PDFT, two on-top functionals are used: translated Perdew-Burke-Ernzerhof 

(PBE)45,57 and fully translated PBE,57,58 labeled as tPBE and ftPBE, respectively. 

In the next section, we evaluate the accuracies of the various kinds of calculations by 

computing the mean unsigned error (MUE) relative to experimental values.

We know from previous work that the second moment can serve to quantify the Rydberg 

character of states because the greater the second moment for a state (orbital) is, the more 

Rydberg character this state (orbital) has.36,59 Thus, we calculate the second moments <x2>, <y2>, 

<z2>, and <r2> for selected orbitals and states, where 

<r2>  <x2>  <y2>  <z2>.= + +

We use the convention that the second moments include only the contribution of electrons 

(not nuclei) and are positive numbers (even though the electron density formally has a negative 

charge). To make it easier to compare the <r2> values of the states, we consider the relative 

second moment, which is defined as

∆<r2>= <r2>excited state  <r2>ground state,―

where the ground-state <r2> is obtained by the SS calculation. 

3. Results and Discussion

3.1. Excitation energies of 1,4-CHD

The excitation energies obtained by CASSCF, CASPT2, XMS-CASPT2, and MC-PDFT 

calculations for 1,4-CHD are summarized in Table 1. 

First, we consider the valence states. Table 1 shows that whether using the π-only or the π-

plus active space, MC-PDFT always gives the better excitation energies than CASSCF and the 

more expensive CASPT2 and XMS-CASPT2 for the two valence excited states, 2 1A′ state and 4 

1A′ state. 

By comparing the results obtained using the π-only and π-plus active spaces, we learn 

whether the inclusion of Rydberg orbitals in the active space has a significant effect on the 

calculated valence excitation energies. Table 1 shows that when the π-plus active space is used, 

the MC-PDFT results for valence states become more accurate. Especially notable is that – when 

the active space changes to π-plus from π-only – the MUE for valence states obtained by ftPBE 

is decreased to only 0.10 eV from 0.74 eV and the MUE obtained by tPBE is decreased to 0.15 

eV from 0.75 eV. Thus, we conclude that active space should include Rydberg orbitals to give 

more accurate valence excitation energies.
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Furthermore, when the π-plus active space is used, the Rydberg excitation energies can also 

be calculated. Table 1 shows that only MC-PDFT gives the correct energy ordering of the seven 

excited states of 1,4-CHD. CASSCF overestimates the lowest excitation energy by about 2~3 eV, 

which makes the HOMO  LUMO excitation have higher energy than the other transitions. We 

may ascribe this failure to the limited correlation in a CASSCF calculation. In addition, MC-

PDFT using ftPBE gives the smallest MUE (0.21 eV) for Rydberg excitation energies. When 

considering the valence and Rydberg excitation energies together, ftPBE is also found to be the 

best method in the table; it has a total MUE of 0.17 eV, slightly better than the 0.21 eV for tPBE. 

In summary, table 1 shows that MC-PDFT gives good excitation energies for both valence 

and Rydberg excited states for 1,4-CHD. Therefore we can explore the character of the states 

with more confidence than was possible in previous work.

3.2. Rydberg character analysis for 1,4-CHD

To explore the Rydberg or partial Rydberg character of each state for 1,4-CHD, we list the 

∆<r2> values of each state based on CASSCF wave functions and on CASPT2 first-order wave 

functions in Table 1. We find that there is no large difference between ∆<r2>CASSCF and 

∆<r2>CASPT2 for any of the states, which confirms that the CASSCF wave functions are 

quantitatively correct for the amount of diffuseness, even though their energies are not very 

accurate. 

For valence excited states, we find that both the 2 1A′ and the 4 1A′ states have positive ∆<r2> 

for either the π-only or the π-plus active space. Thus, even though these are valence excited 

states, they are more diffuse (have more Rydberg character) than the ground state. We also find 

that the state ∆<r2> values calculated from the π-plus active space for the 2 1A′ and 4 1A′ states 

are increased compared to those calculated from the π-only active space. We think this is the 

reason why MC-PDFT gives better excitation energies in the π-plus active space – it is because 

that the π-plus active space gives a more accurate description of the partial Rydberg characters of 

the valence excited states. 

For Rydberg excited states, we find – as expected – that they have even larger ∆<r2> values 

than the valence excited states. So far we have considered the moments of the states.  We next 

try to understand the diffuse character by looking at the second moments of the orbitals that 

dominate the excitation processes. The orbital images and the second moments of these orbitals 
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CASSCF wave functions for 1,4-CHD are summarized for the CASSCF wave functions of 1,4-

CHD in Fig. 2 and Table 2. 

We first consider the four π orbitals calculated from the π-plus active space. Figure 2 shows 

that the LUMO orbital is more diffuse than HOMO and HOMO1 orbitals. In Table 2, the <x2> 

of LUMO orbital is 7 a0
2, while the <x2> for HOMO and HOMO1 orbitals are only ~3 a0

2. The 

consequence is that the LUMO orbital has larger <r2> (26 a0
2) than the HOMO (12 a0

2) and 

HOMO1 orbitals (11 a0
2), which confirms that the LUMO orbital is more diffuse. Since the first 

valence state 2 1A′ is produced by HOMO to LUMO excitation and the second valence state 4 1A′ 

is produced by HOMO1 to LUMO excitation, this orbital analysis implies that these two 

valence excited states should have more Rydberg character than the ground state. 

We then compare the four π orbitals calculated from the π-plus and π-only active spaces. 

Table 2 shows that even though the <r2> of the LUMO orbital calculated from the π-plus active 

space does not change much compared to that calculated from the π-only active space, the <r2> 

of the HOMO orbital is decreased to 11.9 a0
2 from 12.9 a0

2, and the <r2> of the HOMO1 orbital 

is decreased to11.0 a0
2 from 11.3 a0

2. This explains why the state ∆<r2> values calculated from 

the π-plus active space for the 2 1A′ and 4 1A′ states are increased compared to those calculated 

from the π-only active space and further confirms that the π-plus active space gives a more 

accurate description of the partial Rydberg character for valence excited states.

We finally consider the Rydberg orbitals that can only be obtained in the π-plus active space. 

Table S3 identifies excited orbital in the dominant configuration of each state. For example, the 

dominant excited orbitals of the 2 1A″, 3 1A″, 3 1A′, 1 1A″, and 4 1A″ states are the 3pz, 3py, and 

3px, 3s, and 3s orbitals, respectively. Looking at the second moments of orbitals in Table 2, we 

find that all the Rydberg orbitals have larger <r2> (larger than 50 a0
2) than the LUMO orbital (for 

which <r2> is 26 a0
2). This is consistent with the result that the Rydberg excited states, for which 

∆<r2> ranges from 33 to 54 a0
2, are more diffuse than the valence excited states, for which ∆<r2> 

is around 22 a0
2. We conclude that the analysis of the orbital moments confirms the conclusions 

from the analysis of the state moments about the Rydberg character that the π-plus active space 

yields for all the low-lying states of 1,4-CHD.

3.3. Excitation energies of 1,3-CHD

The excitation energies obtained by CASSCF, CASPT2, XMS-CASPT2, and MC-PDFT for 

1,3-CHD are summarized in Table 3. We must use the π-plus active space to get all the states 

Page 7 of 24 Physical Chemistry Chemical Physics



8

(the π-only active space yields only the valence states), but the table shows that the π-plus active 

space increases the error for CASPT2 and XMS-CASPT2, showing the difficulty of treating the 

whole set of states consistently by perturbation theory. However, MC-PDFT with either on-top 

functional provides good results for both valence and Rydberg states with an overall MUE of 

only 0.23 eV for tPBE and 0.25 eV for ftPBE.  Furthermore, unlike the more expensive CASPT2 

and XMS-CASPT2, MC-PDFT gives the correct energy ordering for all six excited states for 

which experimental data are available, except that the order of 3A and 2B (which differ by only 

0.02 eV) is switched.” These results further validate MC-PDFT for calculating both the valence 

and Rydberg excitation energies and prove that the π-plus active space is sufficient to obtain 

accurate results for all the low-lying states. 

3.4. Rydberg character analysis for 1,3-CHD

We list the ∆<r2> value of each state calculated based on CASSCF wave functions and 

CASPT2 first-order wave functions in Table 3 to understand the Rydberg character of each state. 

As for 1,4-CHD, we again find that there is no large difference between ∆<r2>CASSCF and 

∆<r2>CASPT2 for all the states, which is very encouraging since MC-PDFT is based on the 

CASSCF density. 

Table 3 shows that (as expected) the valence excited states have larger <r2> than the ground 

state, and the Rydberg excited states have even larger <r2> than the valence excited states. These 

results for the moments of the states can be explained by the orbital images in Fig. 3 and the 

second moments of the orbitals in Table 4. In particular, we find that both the LUMO and the 

LUMO+1 orbitals have larger <r2> than HOMO and HOMO1 orbitals, and all the Rydberg 

orbitals have larger <r2> than all the four valence π orbitals. 

Even though the 1,4-CHD (unconjugated) and 1,3-CHD (conjugated) molecules have many 

similar features in terms of the Rydberg character of the orbitals, they still have some significant 

differences. For example, the diffuseness of the LUMO orbitals is different in the two molecules. 

In the unconjugated case, the <r2> values of HOMO, HOMO1, and LUMO+1 orbitals are in the 

10 to 14 a0
2 range, while the LUMO orbital has a much larger <r2> (26 a0

2). In the conjugated 

case, on the contrary, all the four π orbitals are have the same amount of diffuseness in that their 

<r2> are in all the range from 10 to 14 a0
2. 
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4. Conclusions
We have used CASSCF, CASPT2, XMS-CASPT2, and MC-PDFT to compute the 

excitation energies of both valence states and Rydberg states for two dienes: 1,4-CHD and 1,3-

CHD. Two sets of active space, one with only valence orbitals (π-only active space) and the 

other also containing Rydberg orbitals (π-plus active space), are tested for the two moleucles. 

The results show that the π-plus active space gives better excitation energies in MC-PDFT 

calculations and a different description of the partial Rydberg character of the valence excited 

states. Thus, we conclude that, consistent with the “Goldilocks principle” for choosing basis 

sets,36 Rydberg orbitals should be included in the active space to calculate the excitation energy 

for dienes. 

The MC-PDFT results demonstrate that the two on-top functionals, ftPBE and tPBE, give 

the best approximations of the excitation energies when the density is represented by the 

optimized CASSCF wave function using an active space containing diffuse functions. 

Furthermore, the moment analysis of the CASSCF states and CASPT2 states shows that the 

character of the orbitals is not changed significantly by external correlation (dynamic correlation 

outside the active space), even though the energies are greatly changed. This is very encouraging 

because it indicates that the accuracy of the MC-PDFT energies does not suffer from having poor 

densities at the CASSCF level.  The accurate energies btained with MC-PDFT are also very 

encouraging because of the low computation cost of MC-PDFT, which has a similar cost to 

CASSCF and so is more afordable than CASPT2 or SMS-CASPT2 for more complex dienes. 

A special characteristic of the present analysis is the calculation of the second moments of 

the excited-state orbitals.  Since the CASPT2 densities agree well with the CASSCF ones and 

since the MC-PDFT methods get accurate excitation energies based on the CASSCF densities, 

we believe that we can trust these moments as far as giving a more accurate picture of the 

difuuseness of the exctied state orbitals in these prototype molecules than has previously been 

available.
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Scheme 1. 1,4-CHD and 1,3-CHD molecules. (hydrogen atoms are not shown).

Figure 1. The experimental excitation energies for 1,4-CHD and 1,3-CHD. 1,4-CHD has Cs 

symmetry, and 1,3-CHD has C2 symmetry. Orange and blue lines represent valence and Rydberg 

excited states, respectively. No experimental data are available for the 3 1A′ and 3 1A″ states of 

1,4-CHD and the 3 1B state of 1,3-CHD. 
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Figure 2. The orbitals participating in the electronic excitation of 1,4-CHD and the 

corresponding second moments <r2> of each orbital based on the SA-CASSCF wave 

function obtained in π-plus active space. The value of the isodensity contour is 0.005 for each 

orbital. The orbitals are viewed from above the molecule, i.e., in the x direction.
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Figure 3. The orbitals participating in the electronic excitation of 1,3-CHD and the 

corresponding second moments <r2> of each orbital based on the SA-CASSCF wave 

function obtained in π-plus active space.  The value of the isodensity contour is 0.005 for 

each orbital. The orbitals are viewed from above the molecule, i.e., in the x direction.
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Table 1. The excitation energies (eV) calculated by CASSCF, CASPT2, XMS-CASPT2 and 

MC-PDFT and the experimental excitation energies (eV) for 1,4-CHD, together with the relative 

second moment (a0
2) calculated from the corresponding CASSCF and CASPT2 wave functions 

for each state.

Statea ∆<r2>
（CASSCF）

∆<r2>
（CASPT2）

CASSCF CASPT2 XMS-
CASPT2 tPBE ftPBE Exp.

1,4-CHD (π-plus active space)

2 1A′ (HOMO  LUMO) 19.3 19.3 8.26 7.01 7.14 5.76 5.83 5.80c

1 1A″(HOMO  3s) 39.0 41.4 7.30 6.47 6.41 5.93 5.98 6.10c,d

2 1A″(HOMO  3pz) 53.5 54.0 7.90 7.08 7.08 6.12 6.15 6.42c,d

3 1A″(HOMO  3py)b 45.7 46.7 7.46 6.77 7.89 6.31 6.33 N/A

4 1A″ (HOMO–1 3s)b 43.8 46.3 8.68 7.53 6.77 6.36 6.40 6.65c,d

3 1A′ (  3px) 32.5 30.9 7.67 7.50 7.60 6.56 6.59 N/A

4 1A′(HOMO–1 LUMO) 24.4 24.1 9.28 8.25 8.31 6.80 6.88 7.05c

MUE (valence) 2.35 1.21 1.30 0.15 0.10

MUE (Rydberg) 1.57 0.64 0.36 0.25 0.21

MUE (all) 1.88 0.86 0.74 0.21 0.17

1,4-CHD (π-only active space)

2 1A′ (HOMO  LUMO) 11.2 10.9 8.00 6.59 6.71 5.19 5.20 5.80c

4 1A′(HOMO–1  LUMO) 13.0 15.3 9.40 7.74 7.86 6.17 6.17 7.05c

MUE (valence) 2.28 0.74 0.86 0.75 0.74
aThe assignment of each state is according to CASSCF wave functions.
bThere is a mix between HOMO 1  3s and HOMO  3py electron transition. The 3 1A″ has ―
45.3% HOMO  3py component and 4 1A″ has 45.3% HOMO 1  3s component.―

cThese results are obtained from the electron impact spectrum.16

dThese results are obtained from the optical spectrum,17 as reassigned by  Merchán et al.15
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Table 2. The second moments <x2>, <y2>, <z2>, and <r2> of the four π orbitals based on 

CASSCF wave function for 1,4-CHD. The molecule is on yz plane.

Orbital <x2> (a0
2) <y2> (a0

2) <z2> (a0
2) <r2> (a0

2)

HOMO–1a 2.26 / 2.42 6.76 / 6.89 1.94 / 1.97 10.96 / 11.28

HOMOa 2.43 / 2.61 5.76 / 5.37 3.71 / 4.93 11.91 / 12.92

LUMOa 6.95 / 7.05 11.06 / 11.03 8.44 / 8.64 26.45 / 26.72

LUMO+1a 2.11 / 1.83 6.21 / 5.98 4.62 / 4.00 12.94 / 11.81

3s 10.82 23.47 23.54 57.83

3px 28.27 9.92 11.95 50.14

3py 11.88 46.89 16.12 74.90

3pz 13.87 15.14 46.95 75.96
a The value before the solidus is calculated from π-plus active space, and the value after the 
solidus is calculated from π-only active space.
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Table 3. The excitation energies (eV) calculated by CASSCF, CASPT2, XMS-CASPT2 and 

MC-PDFT and the experimental excitation energies (eV) for 1,3-CHD, together with the relative 

second moment (a0
2) calculated from the corresponding CASSCF and CASPT2 wave functions 

for each state.

Statea ∆<r2>
（CASSCF）

∆<r2>
（CASPT2）

CASSCF CASPT2 XMS-
CASPT2 tPBE ftPBE Exp.b

1,3-CHD (π-plus active space)

1 1B (HOMO  LUMO) 11.9 14.8 8.16 6.03 6.51 5.06 5.11 4.94

2 1A (HOMO  3s) 41.0 39.9 5.33 5.96 6.83 5.30 5.40 5.39c

2 1B (HOMO  3py) 51.5 50.9 6.57 6.37 5.01 5.83 5.91 6.03c

3 1B (HOMO  3px) 41.4 41.3 6.84 6.53 6.30 5.94 6.01 N/A

3 1A (HOMO  3pz) 54.4 53.0 5.92 6.58 6.18 5.75 5.85 6.05c

4 1A (mixed valence state) 24.6 24.9 6.30 6.57 7.34 5.95 5.97 6.30

MUE (valence) 1.61 0.68 1.31 0.23 0.25 0.17

MUE (Rydberg) 0.24 0.48 0.86 0.20 0.11

MUE (all) 0.79 0.56 1.04 0.21 0.17

1,3-CHD (π-only active space)

1 1B (HOMO  LUMO) 8.1 8.2 7.01 5.25 5.25 3.75 3.85 4.94

4 1A (mixed valence state) 1.7 1.6 6.47 6.50 6.63 6.56 6.48 6.30

MUE (valence) 1.12 0.26 0.32 0.73 0.64
aThe assignment of each state is according to CASSCF wave functions.
bThe results are obtained from the electron impact spectroscopy,18 optical spectra,20,21 and electron energy 
loss spectra.19

cThe results are obtained from the optical and resonant-enhanced multiphoton ionization spectra.15
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Table 4. The second moments <x2>, <y2>, <z2>, and <r2> of the orbitals based on CASSCF 

wave function for 1,3-CHD. The molecule is on yz plane.

Orbital <x2> (a0
2) <y2> (a0

2) <z2> (a0
2) <r2> (a0

2)

HOMO–1a 2.35 / 2.37 3.80 / 3.54 4.51 / 4.96 10.65 / 10.87

HOMOa 2.36 / 2.44 6.57 / 6.89 2.55 / 2.37 11.48 / 11.70

LUMOa 2.63 / 2.35 6.90 / 7.16 4.09 / 3.34 13.62 / 12.86

LUMO+1a 2.42 / 2.08 5.34 / 4.97 5.73 / 5.48 13.48 / 12.54

3s 16.68 13.85 34.48 65.01

3px 28.48 17.45 27.89 73.82

3py 12.54 43.09 17.17 72.80

3pz 22.12 8.98 21.44 52.54
a The value before the solidus is calculated from π-plus active space, and the value after the 
solidus is calculated from π-only active space.
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TOC graphical abstract

MC-PDFT can give the most accurate excitation energies for both valence and Rydberg states of 1,4-
CHD and 1,3-CHD when the active space includes Rydberg orbitals.
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