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Many nanoparticle suspensions that enter the subsurface environment are polydisperse mixtures, 

and for other (monodisperse) suspensions, polydispersity often evolves through in situ processes, including 

agglomeration and dissolution. Despite this inherent variation of particle sizes, however, conventional 

approaches to modeling the fate and transport of nanoparticles in porous media typically employ a 

population mean size (representative diameter) to predict nanoparticle mobility and reactivity. In this work, 

we explore the nature and extent of potential errors introduced by the use of a ‘representative particle 

approach’ (RPA) in the prediction of reactive nanoparticle transport. Here comprehensive analyses are 

conducted to quantify the uncertainty associated with RPA predictions of silver nanoparticle filtration, 

oxidative dissolution, and silver ion elution under representative environmental conditions. Results of this 

investigation suggest that use of the RPA for environmental risk assessment or the design/assessment of 

subsurface remedial strategies that involve nanoparticles can lead to signification of errors in transport 

predictions, contributing to uncertainty in estimated risk or the efficacy of a design. 
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Abstract: 6 

Objective: Our goal was to characterize the uncertainty in the estimates of the mobility and reactivity of 7 

polydisperse nanocolloids introduced into computations when a distribution of particle sizes is replaced 8 

with a representative particle diameter through ensemble averaging. 9 

Methods: An existing colloid and solute transport simulator was modified to account for size distribution 10 

of injected particles and was used to model the elution of dissolving silver nanoparticles in 1D porous 11 

media in both simplified (ensemble averaging) and more realistic (polydisperse) simulations. Laboratory 12 

data on nano-silver dissolution, transport, and size distribution were incorporated from the existing 13 

literature. 14 

Results: The representative particle approach (RPA) systematically underestimated silver ion speciation 15 

and elution (~10-15% error in all RPA simulations that incorporated experimental size distribution data). 16 

RPA resulted in an underestimation of particulate silver elution in some simulated case scenarios but 17 

yielded overestimates in other cases. At a reduced interstitial velocity of 0.7 m/d, RPA underestimated 18 

silver elution in both particulate and ionic forms (an overall -6% error in total silver elution estimate). The 19 

magnitude of RPA errors was found to correlate positively with the skewness of size distribution, but 20 

exhibited a non-monotonic and less sensitive functional dependence on distribution mean.  21 

Conclusions: Our analysis suggests the absolute RPA error in the particulate and total silver mobility 22 

estimates to be less than 5% under the conditions of laboratory column experiments and limited to 10% 23 

under the flow conditions of shallow sandy aquifers. For generic highly skewed and bimodal size 24 

distributions, RPA estimates fell outside a 10% error margin, demonstrating the importance of 25 

incorporating size distribution data in simulations of polydisperse nanoparticles exhibiting highly skewed 26 

and/or multi-modal size distributions for an accurate assessment of mobility and reactivity, especially 27 

under slow flow conditions typical of field-scale problems.   28 

Key words: particle size distribution, silver nanoparticles, mobility, dissolution, estimation error 29 

Abbreviations used: RPA: representative (average) particle approach; NP: nanoparticles; nAg: silver 30 

NPs; CFT: clean-bed filtration theory; PSD: particle size distribution; SSA: specific surface area. 31 
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1. Introduction 32 

Many varieties of anthropogenic nanoparticles (NPs) used in a wide array of industrial 33 

applications exhibit an intrinsic distribution of sizes. These include metallic nanoparticles (e.g., elemental 34 

silver 
1
, zero-valent iron 

2
, and TiO2 

3
) and non-metallic types such as fullerene 

4
 and graphene oxide 

5
 35 

NPs. Also, a number of previous studies have demonstrated that the size distribution of NP suspensions 36 

can alter during transport 
3,5

 due to either agglomeration of suspended particles
 3,6

, ripening 
7
 (i.e. 37 

attachment to retained particles), or preferential filtration of particles of specific size due to the size-38 

dependence of collector contact efficiency 
8
.  39 

Size and surface state (i.e. surface area and surface functionalization) are among the most 40 

important properties that shape numerous anomalies in the environmental behavior of engineered NPs 41 

compared to traditional contaminants 
9,10

. Potential toxicity of nanoparticles 
11,12

 as well as mechanisms 42 

that dictate their fate in terrestrial ecosystems (i.e. dissolution 
13

, reactivity
 14

, attachment to 
8
 / detachment 43 

from 
15

 collector grains, aggregation
 16,17

, and hetero-aggregation
 18

) are affected, among other factors, by 44 

size of particles and particle size distribution
 2
. 45 

Physicochemical filtration is considered as the likely removal mechanism for particles in the sub-46 

micron to nanometer range 
19

 in saturated porous media. In this size range and under typical conditions of 47 

shallow aquifer environments, particle-collector surface (PC) interactions are governed by electrostatic 48 

repulsion and van der Waals forces (i.e. DLVO interactions
 20,21

) and unfavorable attachment conditions 49 

prevail; that is, only a fraction of PC collisions results in deposition. Under certain conditions, an 50 

interplay between hydration 
22

, steric 
23,24

 and/or magnetic forces can also control PC interactions
 25,26

. All 51 

of these surface interaction forces exhibit a first or higher order functional dependence on �� (particle 52 

size)
 27

. Classical “clean-bed” filtration theory (CFT) decouples the filtration process into two steps: (i) 53 

transport to collision sites at the collector surface, and (ii) deposition into an energy minimum for a 54 

fraction of collisions carrying enough kinetic energy to surpass the repulsive energy barrier between 55 

interacting surfaces, if present
 28,29

.  56 
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3 

 

Under unfavorable conditions for deposition, the depth of the secondary energy well is directly 57 

proportional to particle size 
8
 resulting in fast reversible attachment mode by deposition in secondary 58 

minima, and retention due to surface charge heterogeneity 
30

. A deviation from CFT predictions has been 59 

reported by numerous investigators for unfavorable attachment 
8,31,32

, where non-exponential particle 60 

deposition profiles have been documented 
33

. Systematic experimental studies conducted with different-61 

sized colloids suggest the controlling influence of secondary minimum deposition and surface charge 62 

heterogeneities on the observed deviation from colloid filtration theory 
34

. In addition to the depth of the 63 

secondary energy well 
8
, the height of the electrostatic energy barrier 

27
 is also directly related to particle 64 

size. Here, not only is the transport to the collector surface affected by the size of a particle, but also the 65 

outcome of collisions can be determined by it; that is, irreversible ‘slow’ attachment of particles 66 

depositing in deep primary minima versus reversible ‘fast’ deposition in secondary minima.  67 

Wang et al. 
35

 reported size effects on the retention of silica NPs which they attributed to two 68 

primary mechanisms: (a) direct effect on the interaction energies between NPs and sand surfaces, and (b) 69 

indirect effect on physicochemical properties such as zeta-potential thereby further affecting interaction 70 

energies and deposition behavior. Some studies report an increase in NP retention with size (e.g., Hahn et 71 

al.
 36

) whereas others have demonstrated NP attachment efficiency independent of particle size 
19

. Phenrat 72 

et al. 
2
 examined the effect of intrinsic particle size distribution (PSD) on the transport of surface-73 

modified iron NPs and reported negligible effect of particle size on deposition in clean bed filtration 74 

under unfavorable deposition conditions. In contrast, Pelley and Tufenkji 
37

 examined the effect of 75 

particle size on NP mobility in laboratory-scale filtration experiments of latex NPs ranging in size 76 

between 50 to 1500 nm, and reported a mild increase of attachment efficiency (less than one order of 77 

magnitude) with size over a wide range of ionic strengths between 10 to 100 mM KCl. Similar trends 78 

(increased removal efficiency with particle size) have been reported for magnetic iron oxide NPs 
38

.  79 

Despite an observed size dependence, the conventional approach for modeling filtration dynamics 80 

of particles with a size-distribution has been based on ensemble averaging where a distribution of sizes is 81 
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substituted by the diameter of a representative particle (referred herein to as the representative particle 82 

approach, RPA). Application of the RPA was the common practice (since the early work of Yao et al. 
28

 83 

and Elimelech and O’Melia
 29

) until more recent modeling attempts by Phenrat et al. 
39

 and Wang et al. 
35

. 84 

The downside to consideration of the full range of PSD data in filtration modeling is the increased 85 

complexity and higher computational requirements of either (i) using a Lagrangian approach or (ii) 86 

discretizing the PSD through a probability mass function approach (pmf; a finite number of size classes 87 

(bins) and respective probabilities), solving the transport equation for each bin separately, and computing 88 

the weighted average of particle concentration using the pmf probability values
 17

. The justification for 89 

adopting a more sophisticated modeling scheme will ultimately depend on the magnitude of the error 90 

introduced by the RPA. To the best of our knowledge the previous transport modeling studies that 91 

incorporate particle poly-dispersity 
40,41,42

 have not explored the error introduced by a Representative 92 

Particle Approximation.  93 

In this work, our goal is to characterize the errors introduced in particle mobility and reactivity 94 

estimates for variably sized NP populations when the RPA is invoked. It is postulated that these errors 95 

could be significant based upon: the highly non-linear relationship between particle size and contact 96 

efficiency, particularly for complex particles undergoing complex heterogeneous chemical reactions.  The 97 

study focuses on the coupled transport and dissolution of polydisperse silver NPs (nAg).  Errors are 98 

quantified through examination of simulated spatiotemporal mass moments for (i) particulate and (ii) 99 

dissolved silver components. Experimental nAg mobility and dissolution data   (Taghavy et al. 
14

) and 100 

nAg PSD data from (Zhang et al. 
1
) form the basis for these analyses. The transformation of nAg PSD 101 

during transport in porous media is also examined and the respective effects of flow velocity and filtration 102 

depth are evaluated.  103 
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5 

 

2. Motivation and Theoretical Background for Error in RPA-Approximation  104 

  The particle size dependence of nAg deposition is rooted in the strong non-linear relationship 105 

between the single-collector contact efficiency, ��	(– ) and particle hydrodynamic diameter, �� (m), as 106 

illustrated in Figure 1. CFT theory predicts an optimum particle size at which a particle has the highest 107 

mobility. Above this optimal size, sedimentation and interception mechanisms and, below it, diffusive 108 

transport mechanisms increase the particle removal efficiency. Based upon this non-monotonic non-linear 109 

relationship, use of the RPA could lead to an under- or over-estimation of nAg retention for a 110 

polydisperse population, depending on the range of sizes within that population.  111 

The nonlinear relationship between particle deposition rate and fractional surface coverage is 112 

another salient feature of colloid filtration dynamics that could lead to particle size distribution effects on 113 

particle deposition. This effect is based on a theoretical surface area exclusion phenomenon that creates a 114 

shadow zone on the collector surface down gradient of deposited particles 
43,44

 and has been confirmed by 115 

stagnation point flow cell studies 
45

. However, predictions of particle size effects on the site-blocking 116 

process based on the so-called “shadow-zone” theory remain speculative in lieu of extensive experimental 117 

evidence to support a quantitative description of such effects. In the absence of appropriate supporting 118 

data, the effects of particle size distribution on site blocking and maximum attainable retention capacity
 14

 119 

are neglected herein. 120 
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 121 
Figure 1. Single-collector contact efficiency calculated for nAg particles based on Tufenkji and Elimelech 122 

correlation 8 under experimental conditions of Taghavy et al. 14.  123 

Dissolution is another important aspect of nAg fate that can be affected by particle size. The oxidative 124 

dissolution of nAg is a heterogeneous chemical reaction where reaction kinetic rate constant, 
��

 (1/s), 125 

is a particle-specific parameter that depends on, among other factors, the available specific surface area, 126 

	���	(m2
/m

3
), for the dissolution reaction: 127 


��

���� =

��

�
���� ∙ ������� 

Equation 1 

Here 
��

� and ���� are the pseudo-first order dissolution rate constant and specific surface area 128 

determined for a reference initial state, respectively. ��� is typically expressed as a linear function of 129 

inverse particle diameter for particles with regular geometric shape.  For spherical particles, the SSA 130 

calculated based upon a representative particle size (������) can be compared to that calculated based 131 

upon the complete distribution of particle sizes (������). As shown in Appendix A of the supporting 132 

information (SI), the RPA-based estimator of ��� is negatively biased (See Appendix A of SI document 133 

for additional details):  134 

������ =
6
����� = 	

6
�� ∑ �� ∙ ��!�

≤ ������ =
6
�� ∙ 	#

�� 
��!�

 

 

Equation 2 
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7 

 

Where �� (kg/m
3
) is particle density, ��� (m) is mean particle diameter, and ��  is the mass fraction of 135 

particles in the size bin $, with ��! (m) denoting the bin-averaged diameter. This inequality indicates that 136 

use of a RPA will yield a systematic underestimation of particle reactivity (here dissolution kinetics) for 137 

surface reactions where specific surface area is a limiting factor.  138 

3. Mathematical Modeling  139 

Mathematical Model Implementation  140 

A CFT adaptation of the random-walks particle-tracking modeling framework presented in 141 

Taghavy et al. 
14

 was implemented in this study. This modeling approach facilitates the evaluation of the 142 

influence of particle size distributions and their evolution in space/time. Mass balance for nAg, Ag
+
 and 143 

dissolved oxygen was expressed using a set of advection-dispersion-reaction (ADR) equations with size-144 

dependent constitutive relationships describing nAg deposition and dissolution (See Appendix B of SI 145 

document for detail). The hybrid Eulerian-Lagrangian simulator (HELP-1D) presented in Taghavy et al. 
14

 146 

was modified to incorporate non-parametric  size distributions for the influent particles at the inlet 147 

boundary, accepting any tabulated form as either a number-based or volumetric-based cumulative 148 

distribution function (cdf).  Prior to introduction to the simulation domain, a random diameter was 149 

selected for each simulated particle where the probability for selection of ��! was equal to �� . For RPA 150 

simulations an identical average diameter was assigned to all particles. Note that, after the release of 151 

particles at the inlet boundary, particle dissolution and deposition are two dynamic processes that can alter 152 

the nAg PSD. The effect of aggregation, another potential mechanism for a dynamic PSD, on particle 153 

sizes was neglected, consistent with the observed high stability of the nAg suspension relative to the time-154 

scale of transport experiments of Taghavy et al. 
14

.  155 

Defining the RPA Error 156 

RPA error for parameter Θ (e.g., recovered silver mass in particulate or ionic form) is defined as: 157 
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&' =
Θ���
Θ��� − 1 Equation 3 

where Θ��� and Θ��� are Θ estimates based on the treatment of NPs as a monodisperse (MD) or 158 

polydisperse (PD) population, respectively. A positive &' indicates an overestimation by the RPA, and 159 

vice versa. 160 

Selection of Model Parameters 161 

The base case for simulations in this study follows the experimental steps outlined in Taghavy et 162 

al. 
14

 for transport tests on dissolving citrate-stabilized nAg at fixed pH 4 through 12cm 40-50 mesh 163 

Ottawa sand columns saturated with a 10mM NaNO3 solution. In these experiments, a 3 pore volume 164 

(PV; a dimensionless measure of time equal to the hydraulic residence time of a porous system) pulse of 3 165 

mg/L nAg suspension was injected at a pore velocity of ca. 6.8 m/day into the column and was followed 166 

by a 2 PV post-flush with particle-free 10mM NaNO3 solution. The nAg mobility and dissolution 167 

parameters were selected consistent with fitted parameters reported therein. A complete list of model 168 

input parameters is provided in Table 1. 169 

Figure 2 depicts the three particle size distributions used in the simulations. PSD#1 (mean particle 170 

diameter of ca. 39 nm) was adopted from Zhang et al. 
1
 for a citrate-stabilized nAg suspension measured 171 

at low ionic strength and near neutral pH. PSD#2 and PSD#3 are two illustrative distributions with 172 

identical mean particle size but different skewness and modality. PSD#2 was generated by rescaling the 173 

experimental PSD for 80 nm nAg from the same report 
1
 and adjusting the distribution mean to 39 nm 174 

(preserving the underlying variance) yielding a higher positive skewness than PSD#1.  PSD#3 is a 175 

bimodal distribution that was generated consistent with the reported modality of PSDs for other metallic 176 

NPs (e.g., copper 
46

 and ZnO 
47

 NPs). Commonality of the mean size among the implemented PSDs 177 

means that the RPA prediction of the mobility and reactivity of NPs will be identical for particles 178 

following either of these distributions, that is, any variation in the difference between RPA simulations 179 
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and simulations that use full PSD data can be attributed solely to changes in the structural characteristics 180 

of the PSDs facilitating cross-simulation comparisons.  181 

 182 

Figure 2. The experimental nAg PSD reported for nAg by Zhang et al.
 1

 (in solid blue diamonds) and two generic 183 
unimodal and bimodal size distributions (open diamonds), all with an identical mean size of 39 nm. 184 

Table 1. List of model input parameters for the base case simulation scenario, mostly selected consistent with 185 
Taghavy et al. (2013) report. For values taken from other reports, citations are provided under the reference 186 
column. * PV, the number of pore volumes, is a dimensionless measure of time.    187 

Property symbol unit value reference 
attachment efficiency  *�+ − 0.01  

mean influent particle diameter �� ./ 38.5 
1
 

nAg dissolution coefficient 
3�4��

 1/ℎ 3.45 × 109:  

normalized dissolution constant 
3�4��

/���� ;//: ∙ ℎ 2.32 × 109=  

particle density �� ;/>/= 10.49  

soil grain density �
 ;/>/= 2.65  

soil porosity @ − 0.37  

mean grain diameter �B C/ 354  

Hamaker constant, silver �D:D 109:�E 1.02 
48

 

Hamaker constant, silica �=:= 109:�E 28.2 
49

 

influent nAg concentration F�,3�4 /;/G 3.17  

influent Ag
+
 concentration F�,�4H /;/G 0.06  

influent DO concentration F�,IJ  /;/G 9.1  

column inner diameter  K. L. >/ 2.70  

column length GB >/ 12.1  

injected flow rate MN /G//$. 1.0  

nAg pulse width  OP*
 2.88  

4. Results and Discussion 188 

Size Distribution Effects on nAg Mobility 189 

Figure 3.a-c presents the breakthrough curves for nAg and Ag+, and the total Ag retention 190 

profiles predicted for the monodisperse nAg with effective diameter of 39 nm and PSDs depicted in 191 
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Figure 2. According to simulation results for the base case, RPA error in terms of nAg recovery was 192 

minimal for the experimental PSD#1 (+3.2%) whereas  nAg recovery prediction errors for PSD#2 and 193 

PSD#3 were +19.7% and +30.7% nAg, respectively (Figure 3.a). In contrast, Ag+ recovery prediction 194 

errors for the RPA were -13.5%, -58.1%, and -57.4% for PSDs #1, 2, and 3, respectively (Figure 3.b). 195 

Similarly, RPA prediction errors for total silver recovery for the base case were +2.4%, +11.3%, and 196 

+20.6% for the three PSDs. Thus, for this base case scenario, the RPA overestimates nAg and total Ag 197 

transport and consistently underestimates the transport of Ag
+
, the more toxic form of silver

 13,50
. In this 198 

scenario, the fate of total Ag was dominated by particulate Ag, consistent with a calculated Dahmkohler 199 

number (Da) of 0.018, Here Da is defined as the ratio of the time rate of nAg dissolution over the 200 

difference between the time rates of nAg advection and deposition: 201 

LQR =

��



1/SN − 
TUU =

��



VN/GB − =:	(1 − @)VN*�+WX/�B
 Equation 4 

Here SN (s), VN (m/s), GB (m), @ (−), �B (m), *�+ (−), and WX  (−) denote the residence time of water in 202 

the column, pore velocity, column length, porosity, median grain diameter, attachment efficiency, and 203 

single collector contact efficiency, respectively. Mean particle diameter was used to determine 
��

 and 204 


TUU from Equation 1 and Equation A5 (SI-Appendix A).  205 

Figures 3.d-f compares influent PSD curves with predicted effluent PSDs.  Inspection of these 206 

plots reveals a slight preferential deposition of smaller particles for PSD#1, accompanied by an increase 207 

in the mean particle size from 39 nm to 40 nm between the inlet and outlet.  This trend was more 208 

pronounced for the more highly skewed unimodal PSD#2 (49 nm at the outlet) and bimodal PSD#3 (54 209 

nm at the outlet),where the effluent PSD clearly exhibits a reduction in volumetric percentages of 210 

particles in the lower quartiles, balanced by an increase in volumetric fractions in the upper quartiles. 211 

These model predictions are attributed to the dominance of Brownian diffusion as the main mechanism 212 

for removal of particles at the nanoscale; smaller particles exhibit higher diffusivity, and thus, higher 213 

removal efficiency.  214 
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 215 
Figure 3. Simulated (a) nAg and (b) Ag

+
 breakthrough curves and (c) nAg retention profiles based on RPA (MD: 216 

monodisperse – thick solid black lines) and polydisperse (PD) treatment of PSD#1-3 distributions all with identical 217 
mean particle diameter, and PSD diagrams of influent versus simulated effluent NPs for (d) experimental PSD #1, 218 
and generic (e) skewed unimodal PSD#2, and (f) bimodal PSD#3 distributions.  219 

Influence of travel distance and flow velocity on RPA-approximation 220 

The base case results presented above were characterized by a small filtration depth (12 cm) and 221 

high interstitial velocity (6.8 m/d)
 14

). To explore the effects of filtration depth and flow velocity on 222 

prediction errors, two additional scenarios were considered: (i) a 2-fold increase of filtration length and 223 

(ii) a 10-fold reduction of pore velocity to 0.68 m/d, the mid-range of typical of groundwater velocity in 224 

shallow sandy aquifers
 51

. In both cases a total of 234 µg nAg was injected, the same as used for the base-225 

case.  226 

Increased filter length. RPA simulations (based on a mean particle diameter of 39 nm) suggest that 227 

doubling the filtration length reduces nAg elution (from 61.5% (base) to 37.0%) and increases Ag
+
 elution 228 

(from 2.6% to 4.1%) for all considered PSDs (also compare Figure 4.a and Figure 4.b). Similar trends 229 
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were also observed for predictions using the full PSDs.  The RPA recovery prediction error associated 230 

with PSD#1 was +4.5%, -10.5% and +2.7% for nAg, Ag
+
, and total Ag respectively. Comparisons with 231 

the respective error values for the base case (+3.2%, -13.5%, and +2.4% for nAg, Ag
+
, and total Ag) 232 

reveals that a longer filtration length was associated with a slightly
 
increasing (worsening) discrepancy in 233 

nAg mobility predictions and a decreasing (improving) estimate of  Ag
+
 speciation. Similar trends were 234 

found for the PSD #2 and bimodal PSD#3 distributions. In both cases, the RPA predicted error worsened 235 

for nAg (PSD#2: from +19.7% to +23.8%; PSD#3: from +30.7% to +47.9%) and improved for Ag
+
 236 

(PSD#2: from -58.1% to -47.6%; PSD#3: from -57.4% to -49.4%) when the filtration length was doubled 237 

(a comprehensive set of mass elution and RPA error data are presented in Appendix C – Tables A2 and 238 

A3 of SI document).  239 

Reduced flow velocity. Decreasing pore velocity by one order-of-magnitude from the base case 240 

substantially reduced nAg mobility and enhanced silver ion speciation (compare Figure 4.a and Figure 241 

4.c). The RPA predicts an order of magnitude decrease in nAg elution (from 61.5% to 6.3%) and a 13-242 

fold increase in Ag
+
 elution (from 2.6% to 34.3%). This decreased nAg mobility is attributed to two 243 

factors: (i) The dependence of contact efficiency on velocity (a  ca. 5 fold increase for 39 nm sized 244 

particles (see Figure 5)) and (ii) An increase in nAg dissolution due to the increased contact time, 245 

consistent with the calculated Dahmkohler number of ~1.0 for this case (about 50 times greater than the 246 

respective value for the base case).  247 

Another remarkable result is the prediction of a hyper-exponential spatial distribution of retained 248 

nAg for the PSDs #2 and 3 (Figure 6.c). It is important to emphasize that this predicted “non-exponential 249 

retention profile” is the result of incorporation of PSD data into a classical filtration model. The presence 250 

of a hyper-exponential retention profile has been interpreted in experimental studies as a deviance from 251 

CFT 
52,53,54

 and typically attributed to non-CFT mechanisms, such as physical straining
 31

 or non-Fickian 252 

transport behavior
 53

. The present work demonstrates, however, how such profiles could arise for a 253 

variably sized NP population without invoking additional retention mechanisms. 254 
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 255 
Figure 4. Simulated breakthrough curves of (1) nAg and (2) Ag

+
 ions for the (a) base case, (b) 2-fold increase of 256 

filtration length, and (c) one order-of-magnitude reduction of flow velocity. A total silver mass of 234C; is injected 257 
in all simulated scenarios.  258 

 259 
Figure 5. Single collector contact efficiency curves based on Tufenkji and Elimelech correlation for the base case 260 
(pore velocity of 6.8 m/d – thick line) and reduced velocity scenario (pore velocity of 0.68 m/d – thin line).  261 
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 262 

Figure 6. Simulated nAg retention profiles corresponding to the end of post flush period for (a) base case, (b) 263 
increased filter length, and (c) reduced velocity scenarios. A hyper-exponential structure is predicted in the latter 264 
scenario for the unimodal PSD#2 (high skew), and bimodal PSD#3 distributions.  265 

A general negative bias in RPA predictions of both nAg mobility and Ag
+
 speciation was found 266 

for the implemented PSDs #1-3 at this lower velocity. Here RPA-error on total Ag recovery was -6.3% 267 

for the experimental PSD#1 and further increased in magnitude to -25.5% and -32.1% for generic PSD#2 268 

and PSD#3, respectively (see SI Appendix C – Table A3 for further details). It is important to note the 269 

underestimation of silver transport in both particulate and dissolved forms for all simulated PSDs at low 270 

interstitial velocity, which implies a systematic underestimation of exposure to both toxins in risk 271 

assessment studies if analyses are based on the RPA approach. Nevertheless, the overall mobility 272 

estimation error was limited to ca. 6% based on the experimental particle size distribution (i.e. PSD#1). 273 

Comparisons of influent PSDs with simulated effluent PSDs (Figure 7) reveals that the 274 

preferential filtration of smaller particles is intensified with either an increase in the filter length or 275 

decrease of flow velocity. This results in a growth of the mean particle size along the transport path 276 
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through the filter/porous media (mean effluent particle diameters of 42 nm and 47 nm for these two cases 277 

are predicted for experimental PSD#1).  This effect is more pronounced for the PSD with higher skew 278 

(i.e. PSD#2 – Figure 7.b) and even more particularly, for the bimodal distribution (i.e. PSD#3 – Figure 279 

7.c). A mean particle diameter of 121 nm was predicted for the reduced flow scenario for PSD#3, a 280 

staggering increase of more than 200% in the mean size with respect to the injected particles, i.e. 39 nm 281 

(see Appendix C – Table A4 of SI document for details). The important implications of this growth effect 282 

are (i) an increase in effective mobility of nAg after removal of smaller particles and (ii) a gradual 283 

decrease in nAg dissolution due to the lower ��� of the larger particles remaining in suspension. Thus, 284 

the subsurface mobility and longevity of polydisperse nAg are expected to increase with distance from the 285 

point of introduction.  286 

 287 
Figure 7. Influent (♦) and simulated effluent PSDs for (a) experimental PSD #1, and generic (b) skewed unimodal 288 
PSD#2 and (c) bimodal PSD#3 distributions, for the base case (◊), and increase filter length ( ̵ ) and reduced 289 
velocity (small ♦) scenarios.  290 

Effect of Structural Characteristics of Particle Size Distribution on RPA Error 291 

In order to systematically characterize the effect of the shape characteristics of the PSD of 292 

polydisperse populations on the error associated with RPA estimates, the discrete experimental 293 

PSD#1was fitted to continuous lognormal distribution (fitted CYZ and 	[YZ of 3.58 and 0.36 – see 294 

Appendix D of SI document for detail) and the sensitivity of RPA-error to variations in distribution (i) 295 
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skewness and (ii) mean size was analyzed in terms of nAg mobility, Ag
+
 speciation, and total Ag 296 

transport.  297 

Sensitivity to Variations in Skewness. The skewness of the PSD#1 fitted lognormal distribution was 298 

parametrically estimated as 1.16, as a function of [YZ	(Equation 2.c – Appendix D of SI document). The 299 

sensitivity of predicted particulate and dissolved silver elution was analyzed within a two order-of-300 

magnitude range of variation from 0.1- to 10-fold of PSD#1 skewness (Figure A3 – Appendix D of SI 301 

document). Distribution mean was kept at a constant 39 nm in this set of simulations. A positive 302 

correlation was predicted between the distribution skewness and the magnitude of RPA error in both nAg 303 

and Ag
+
 elution estimates (Figure 8.a). It was also found that, as skewness increased, the RPA 304 

overestimated nAg mobility (conservative) which was contrary to the consistent underestimation of more 305 

toxic dissolved silver elution. Lowering the skewness by one order of magnitude, on the other hand, 306 

resulted in a diminishing of RPA error in both nAg and Ag
+
 elution estimates to +0.01% and -0.4%, 307 

respectively.  308 

Sensitivity to Variations in Mean Size. A two order-of-magnitude range of variation of distribution 309 

mean between 4 nm to 390 nm was simulated and model sensitivity in terms of nAg and Ag+ elution was 310 

evaluated based on RPA and PSD approaches (Figure A3.b – Appendix D of SI document). The 311 

distribution skewness was held constant at a parametric value of 1.16 consistent with the log-normal fit to 312 

PSD#1. The estimate of RPA error in nAg mobility asymptotically decreased from +3.2% to +2% with 313 

the increase of mean particle size from 39 nm to 390 m. In contrast, with a decrease of mean diameter 314 

from 39, the error first increased to a maximum +4.8% (20 nm) but then decreased to -7.7% (4 nm). 315 

Varying the mean diameter affected the RPA-error for the prediction of Ag
+
 elution to a lesser extent; a 316 

one order-of-magnitude increase and decrease of mean diameter both reduced error magnitude (from -317 

13.5% to about -11%) (Figure 8.b). In absolute terms, a comparison of FiguresFigure 8.a and Figure 8.b 318 

reveals that both types of RPA error showed lower sensitivity to variations in distribution mean compared 319 

to skewness. 320 
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 321 
Figure 8. Sensitivity of predicted RPA error in the estimates of nAg mobility (blue solid lines) and Ag

+
 transport 322 

(brown dashed lines) to variations in (a) distribution skewness at constant mean particle diameter (39 nm) and (b) 323 
distribution mean at constant coefficient of variation of 0.37. 324 

5. Conclusion 325 

In this study, a systematic bias was found in RPA estimates of nAg dissolution, where Ag
+
 326 

speciation and elution were methodically underestimated.  Developments for mitigation  of the RPA error 327 

in nAg mobility estimation appears particularly challenging, as RPA both under- and overestimated nAg 328 

elution depending on the specific properties of particles, flow, and porous medium. The RPA-329 

approximation remained within a ~10% margin of error in all case scenarios associated with the actual 330 

experimental particle size distribution PSD#1 (blue bars in Figure 9). The magnitude of RPA-error 331 

positively correlated with filter length without affecting the overall trend predicted for the base case in 332 

terms of overestimation of nAg and total Ag elution (Figure 9.a andFigure 9.Figure 9b). Reducing flow 333 

velocity resulted in a transitioning in the controlling  role of particulate silver to that of dissolved silver in 334 

determining the fate of total Ag.  A reduction in flow velocity also altered the RPA-prediction error 335 

pattern, resulting in underestimation of silver elution in both forms for all simulated PSDs (Figure 9.c). It 336 

was also predicted that a (i) generic increase in the skewness or (ii) bimodal structure of the PSD can 337 

intensify RPA-related errors. The former conclusion was confirmed by a subsequent sensitivity analysis 338 

where a positive correlation was found between distribution skewness and the magnitude of RPA error in 339 

the estimates of both nAg and Ag
+
 elution.  340 
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The model predictions of nAg dissolution presented herein are based on an assumption regarding 341 

the acidity of the subsurface environment (i.e. pH 4 used in Taghavy et al. 
14

 experiments), a condition 342 

representative only of acidic soils 
55

 or some landfill sites 
56

. Thus, the findings cannot be generalized to 343 

natural well-buffered soil systems. It should also be noted that polydispersity of particle sizes can also 344 

affect the surface capacity of soil grain collectors for NP retention thereby further influencing NP 345 

mobility estimates and the respective RPA-error. This effect, however, cannot be predicted with the 346 

classical clean-bed filtration theory, and is, thus, beyond the scope of this study. Characterizing the error 347 

in RPA estimates of NP mobility for NP suspension – porous medium systems that exhibit a limited 348 

retention capacity for particle attachment could be carried out as a continuation of this work through the 349 

implementation of predictions of “shadow-zone” theory
 43

 on the scaling of maximum retention capacity 350 

with particle size. A comprehensive assessment of the accuracy of RPA versus PSD-based methods will 351 

be contingent upon the characterization of the influence of size effects not only on the attachment 352 

efficiency (this work) but also on the extent of particle-collector attachment.   353 

 354 
Figure 9. Bar plots of RPA error in estimation of nAg, Ag+, and total Ag elution, predicted for the (a) base case, (b) 355 
increased filter length, and (c) reduced flow scenarios.  356 
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