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Charged lipids in cell membranes and subcellular organelles are arranged in the form of a bilayer
with the hydrocarbon tails sequestered away from the water and the polar head groups exposed
to the aqueous environment. Most of their bear net negative charges leading to the negatively
charged cell membranes. Charged lipid-lipid and lipid-protein interactions are generally dynamic
and heavily depend on their local molecular concentrations. To examine the electrostatic prop-
erties of charged lipid layers in contact with an electrolyte solution, we incorporate the Single
Chain Mean Field theory with Poisson Boltzmann theory to explore the equilibrium structure of
charged phospholipid membranes. Using the three beads coarse-grained model we reproduced
the essential equilibrium properties of the charged phospholipid bilayer. We also investigate the
influence of the mobile ions on the thickness of the layer, the area per lipid (APL), and the elec-
trostatic potential of the membrane. Then we investigate the attraction-repulsion property of two
charged nanoparticles which are stuck on the charged lipid molecules surrounded with mobile
ions. After that we simulated the interaction between Pleckstrin homology domain (PH domain) of
Akt and cytoplasmic membrane. Taking into account the electrostatic interaction, we observe the
structure changes of the membrane under different concentration of mobile ions in its equilibrium
state. Also we discuss the influence of mobile ions on the size of the pore opened in the mem-
brane by the charged protein. Such observation may shed a light on the activation of oncogenic
Akt (or protein kinase B) around the membrane at the molecular level.
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1 Introduction
Natural lipid bilayers make up the cell membranes of almost all living organisms, and they separate the contents of cells from their
extracellular surroundings. For example, plasma membrane lipids are 7.9% red-blood-cell (RBC) phosphatidylserine (PS) by weight
in humans and 10.6% RBC PS by weight in pigs1. Phospholipid membranes are complex and heterogeneous objects consisting of
phospholipid molecules, each molecule with one hydrophilic head and two hydrophobic tails. Charged lipids in the cell membranes
and subcellular organelles are arranged in the form of a bilayer with the hydrocarbon tails sequestered away from the water and
the polar head groups exposed to the aqueous environment. One basic function of lipids in a biomembrane is to compartmentalize
the space. Most charged lipids bear a net negative charge, and most charged cell membranes are therefore usually negatively charged
surfaces. Molecular bioavailability and toxicity have long been linked to the ability of chemicals to permeate cell membranes. Membrane
permeability has thus attracted increasing attention from the biological and environmental sciences2–5. Research on charged lipid
membranes is scarce despite they are of such importance. Dysfunctions of lipid membranes have also been implicated in many diseases
including cancer6–8. More recently, the translocation of nanoparticles with tunable degrees of hydrophobicity through lipid bilayer
membranes was studied and showed that molecular machines can drill holes in cell membranes9,10. These findings may also have
applications in the field of drug development11–14.

Many of the membrane’s structural properties and functions depend on electrostatic interactions15 such as structural stability and
lateral phase transitions. Functionally, lipid bilayers act as barriers that control the flow and localization of ions, proteins, and other
molecules. Lipid bilayers allow certain molecules or ions to pass through them by either passive transport (including diffusion and
facilitated diffusion) or active transport16,17.

Lipid headgroups are charged or zwitterionic. Electrostatic charge is a key property of lipid molecules, determining their physico-
chemical properties, structures, and biological functions. Lipid membranes in aqueous solutions form an electrostatic double layer, the
result of ion distribution close to the membrane. The standard description of the double layer is based on the continuum mean-field
approximation and is commonly referred to as the Poisson-Boltzmann (PB) theory18–21. Central to the PB theory is the PB equation
with appropriate boundary conditions, of which the solution determines the electrostatic potential. PB formalism has frequently been
used to describe membrane electrostatics both qualitatively and quantitatively22. Lipowsky23 et al. analyzed electrostatic properties
of membranes based on the PB theory. Their study presented specific solutions of the problems with a single flat and rigid membrane,
generalized to two flat membranes, and then considered flexible membranes in various situations including single membranes, double
membranes, and stacks of several membranes. The coupling between the electrostatic and elastic properties was emphasized in the
discussion of these flexible, charged membranes. Bohinc20 et al. derived an analytic expression for the dipole potential of a single lipid
layer using an electrostatic model that is based on an extended version of the linearized PB theory. Levin24 reviewed the thermodynamic
consequences of electrostatic correlations in a variety of systems ranging from classical plasmas to molecular biology and introduced an
application of electrostatic correlations in gene therapy. Due to the enormous configurational space and high number of interactions,
computer simulation of lipid bilayers has been challenging for decades,25,26 with full-atomistic molecular dynamics methods limited to
microseconds and lengths of nanometers25.

The membrane-mediated interaction between proteins has been studied. A simple example of such studies is the interaction between
two cylindrical inclusions in a symmetric lipid bilayer. The theory takes into account two contributions to the free energy, the elastic
behavior of the membrane and the conformational restrictions that the flexible hydrocarbon chains of the lipids experience in the
vicinity of a rigid inclusion27. It was found that the short-range interaction potential between two cylindrical inclusions depends on
the degree of hydrophobic mismatch and on the spontaneous curvature of the lipid layers. Andrey28 proposed a theoretical models
for DNA condensation on cationic lipid membranes, examined the conditions of full wrapping of a cylindrical DNA-like semi-flexible
polyelectrolyte by an oppositely charged membrane, self-consistently analyzed the shape and the extent of the membrane for two
parallel DNA rods. Andrey29 also investigated extensive computer simulations mutual interactions of rod-like particles adsorbed on the
surface of responsive elastic two-dimensional sheets, that unveiled the phase diagram of attractive-repulsive rod-rod interactions in the
plane of their separation and mutual orientation.

More recently Seo30 proved positively charged divalent and multivalent cations accumulate around the negatively charged PIP2
(phosphatidylinositol 4,5-bisphosphate) inhibit electrostatic PIP2-PLC (phospholipase C) interaction due to electrostatic charge shield-
ing effect. In the context of the cell membrane, the apparent membrane electrostatic charge is substantially reduced as a result of
the ion shielding effect31. These findings enlighten us to quantitatively explore the role of mobile ions in the electrostatic interactions
between charged membrane and protein or charged nanoparticles.

In computer simulation schemes, such as Monte Carlo (MC) and molecular dynamics (MD) simulations, coarse-grained models of
phospholipids have been proposed to reduce the degrees of freedom of the system32–38. However, even in coarse-grain models, MC and
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MD simulations are inefficient if only equilibrium properties are considered when the free energy of the whole system is at a minimum.
To avoid expensive equilibration processes in MC and MD simulations,39 adopted Single Chain Mean Field (SCMF) was proposed to
simulate the equilibrium structure of phospholipid membranes at the molecular level. SCMF combines the self-consistent mean-field
theory with the conformational variability accessible in MC simulations40–42. This method can be seen as solving a constrained Monte
Carlo nonlinear optimization problem, with the solution of the nonlinear SCMF equations corresponding to the minimum free energy.
The accuracy of the method is comparable with that of MC simulations, while the speed is dominated by the speed of the nonlinear
solver. It is worth pointing out that the Mean-field theory which was applied in Boltzmann machine learning at the end of last century
has become popular in the field of deep learning, and comparison of functional forms for energy of Restricted Boltzmann Machine and
SCMF reveal closer homologous relationship in method43,44.

In this paper we applied SCMF theory incorporated with PB theory to simulate charged phospholipid membranes. Using the
simulation results, we explored the influence on the equilibrium properties of charged phospholipid membranes in two aspects( a
schematic presentation is shown in Fig.1 We adopt 3-beads model since it is the simpler due to less restricted conformational space, and
it demands less computer resources to simulate the charged phospholipid membranes.). First aspect is the quantity of electric charge
carried on lipids which is represented by the surface charge density, and the second is the salt concentration in the solution. Based on
our new theory we propose a framework to simulate the interaction between the charged membrane and nanoparticle or protein (the
framework is described in Fig.2 ). Finally, as an application, we simulate the interaction between the Akt Pleckstrin Homology (PH)
domain and the cytoplasmic membrane, taking into account electrostatic interactions. As part of this application we formally discuss
the equilibrium state of the structure of the complex and the influence of mobile ions on the size of the opened membrane pore.

Fig. 1 Schematic presentation of the interaction between the charged membrane and a charged nanoparticle or protein. In this three-bead model
(HTT), the membrane lipids are represented by a teal bead (charged group) and two red beads (uncharged/nonionic groups). The charged nanoparticle
or protein is represented by a purple sphere, while the attached pink cylinder represents phosphatidylinositol phosphate inserted into the membrane.
The small cyan and red points permeating the membrane and surrounding the protein are mobile ions.

2 Single Chain Mean Field With Poisson Boltzmann Theory
2.1 Physical Model of The Charged Phospholipid
The SCMF theory was originally developed for the micellization problem of low molecular surfactants. This theory describes a single
molecule in the molecular fields40,41,45 and has been used to describe the phospholipid membranes39. We start from the coarse grained
models of lipid Dimyristoylphosphatidylcholine (DMPC) proposed in Pogodin39 et al., in which hydrophobic units and hydrophilic units,
and the solvent molecules are represented by beads of the same size and interaction range.

In our three beads coarse-grained model, P denotes the phospholipid molecule, S denotes the solvent molecule, and iω denotes the
mobile monovalent ions with the valency ω =±. In the particular phospholipid molecule T and H denote hydrophobic and hydrophilic
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Fig. 2 The framework to simulate the interaction between charged membrane and protein or nanoparticle

beads respectively. Therefore the phospholipid molecule is described by freely joining two hydrophobic beads and one hydrophilic bead
which is schematically represented as HT T .

One of a typical charged lipids in the membrane is phosphatidylserine (DPPS) which not only provides an environment for proteins
to work in but is also involved in modulating the structure and function of those proteins46. Since DPPS and DMPC are of high similarity
in structure except that the headgroup of DPPS is charged, we model the DPPS lipids in the same way as DMPC. Furthermore it can be
adapted to other similar lipid model by adjusting the corresponding properties.

We assume that the heads of the type H in the phospholipid molecules carry charge, hence the phospholipid molecules are treated
as linear polyelectrolytes on which the charge is evenly distributed. Once phospholipid molecules self-assemble we obtain the charged
surface of the phospholipid membrane in contact with the solution. In our model, the mobile salt ions in the solution are point-like.

2.2 Application to the Charged Phospholipid Membranes
In the theory, the free energy F of a system with the volume V containing NP charged phospholipid chains consists of four terms:

F = 〈Hintra〉+ 〈Hinter〉+ 〈Hel〉−〈S〉 . (1)

The first term Hintra in Eq.1 is the energy generated from the short range interactions between beads inside the same molecule. In the
second term Hinter the energy is generated from the hydrophobic and hydrophilic interactions between the beads of different phospho-
lipid molecules and solvent. The contribution originated from the long range electrostatic interaction between charged phospholipid
molecules is included in the third term Hel . The last term S corresponds to the entropy of the system composed of phospholipid
molecules, solvent and mobile ions. The angular brackets denote the average value over the probability distribution function (pdf) of a
single phospholipid molecule ρ(Γ), where Γ denotes the conformation state of the phospholipid molecule in the membrane. With the
notations introduced in previous section 2.1, we denote the bead type H and T by α, and the average concentration of the beads of the
α−th types can be defined by

〈cα (r)〉=
∫

cα (Γ,r)ρ(Γ)dΓ (2)

where cα (Γ,r) is the concentration of the beads of the α−th type of a phospholipid molecule in the conformation state Γ at the position
r. In Eq.2 we integrate over all possible conformation states at the position r.
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2.2.1 Entropy contribution

Our system includes three components: charged phospholipid molecules of concentration cP, solvent molecules of concentration cs(r)
and monovalent mobile ions of concentration ciω (r), ω =± at r . The entropy term can be written as

〈S〉= NP

〈
ln

ρNP

e
ΛP

〉
+
∫

dr

{
cS(r) ln

cS(r)
e

ΛS

}
+ ∑

ω=±

∫
dr

{
ciω (r) ln

ciω (r)
e

Λiω

}
(3)

where the angular brackets in the first term denotes the average over single phospholipid molecule pdf, and Λα denotes the de Broglie
lengths of corresponding beads, α ∈ P,S and i±.

2.2.2 Intra-molecular energy

The intra-molecular energy of the system can be written as a sum over the single phospholipid molecule:

〈Hintra〉= NP

〈
H intra

P

〉
(4)

where NP is the number of phospholipid molecules which are assembled into the membrane. In our model the intra-molecular energy
originates from the intramolecular nonbonded hydrophobic beads (T-T) interactions45,47,48.

2.2.3 Inter-molecular Energy

The short range Inter-molecular energy between a phospholipid molecule in the conformation state Γ and another phospholipid
molecule in the conformation state Γ

′
, is actually the interaction between the beads of α−th type of phospholipid molecule in the

conformation state Γ and the beads of β−th type of phospholipid molecule in the conformation state Γ
′
, and it can be written as

H inter(Γ,Γ
′
) = ∑

α,β

∫
uα

int(Γ,r)cβ (Γ
′
,r)dr (5)

where uα
int(Γ,r) denotes the field potential created by the beads of α−th type in the phospholipid molecules in the conformation state Γ

at r, and cβ (Γ
′
,r) is the concentration of the beads of β−th type in the phospholipid molecules in the conformation state Γ

′
at r .

We still consider the membrane that is assembled by NP phospholipids. The average inter-molecular free energy that accounts for
the interaction between different phospholipids and interactions between phospholipid and solvent can be written in the form

〈Hinter〉= ∑
α,β

NP(NP−1)
2

∫
dr

{
〈uα

int(r)〉
〈
cβ (r)

〉}
+∑

α

NP

∫
dr

{
〈uα

int(r)〉cs(r)

}

(6)

where
〈
uα

int(r)
〉

is the average fields created by the beads of α−th type, and
〈
cβ (r)

〉
denotes the average concentration of beads of β−th

type. The first term minus one is due to the exclusion of the intra-molecular energy of which both the concentration and field come
from the same molecule. The first term accounts for the interaction between beads of α−th type and beads of β−th type of different
phospholipid molecules, and similarly the second term accounts for the interaction between corresponding beads and the solvent. It is
noted α−th type and β−th type that can be either type H or type T , and practically in our model for phospholipid membrane assembly
we only consider interactions between four type pairs of bead’s type: (1) H and H, (2) T and T , (3) H and S, (4) T and S. Besides

we adopt the approximation
∫

dr

[
uH

int(Γ,r)〈cH(r)〉+uT
int(Γ,r)〈cT (r)〉

]
≈
∫

dr

[〈
uH

int(r)
〉

cH(Γ,r)+
〈
uT

int(r)
〉

cT (Γ,r)

]
, since we assume the

beads of all types are of the same size.

2.2.4 Electrostatic contribution and Poisson-Boltzmann equation

The third term 〈Hel〉 on the right-hand side of Eq.1 is the contribution of electrostatic interaction, which results from the Coulomb
forces interaction between charged phospholipids, as well as the screening effect from mobile ions in solution that has been already
considered in the entropy contribution Eq.(3)

〈Hel〉=
1
2

∫
dr
{
〈ρtotal(r)〉ϕ(r)

}
(7)

where ϕ(r) is the electrostatic potential at r. In a mean-field approach, the essential input to calculate the electrostatic contribution that
accounts for the effective interaction, is the electrostatic mean-field potential which can be obtained from a Poisson-Boltzmann equa-
tion49–51, in which the steric effect of charged phospholipid molecules or excluded volume interaction between them are neglected52,53,
hence it can be treated as a supplementary contribution for the total free energy of the charged system. We define the total charge
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density as 〈ρtotal(r)〉

〈ρtotal(r)〉=
∫

dΓ

{[
cH(Γ,r)λH + cT (Γ,r)λT

]
ρ(Γ)

}
+ c∞

(
e−βqϕ(r)− eβqϕ(r)

)
(8)

where the first term denotes the fixed density of the charge on hydrophobic and hydrophilic beads, and λH and λT denotes the weight
density on particular beads. The second term is the contribution of the monovalent mobile ions, c∞ denotes the bulk concentration
of mobile ions in the solution. β = e/kT where e is the elementary charge, kT is the product of the Boltzmann constant, k, and the
temperature T . In addition cκlB = (κlB)2 = 8πc∞l3

B is in proportion to the salt density, where lB is Bjerrum length (Supporting Information
SI-15.1). Hence we use c∞ as a control parameter tuning the salt density in the solution in following discussion.

Let us note that Eq.(8) connects the microscopic properties of the individual phospholipid ( cH(Γ,r)λH + cT (Γ,r)λT ) to the macro-
scopic charge density 〈ρtotal(r)〉 through the sum of the concentrations of phospholipid in certain configuration Γ. We insert 〈ρtotal(r)〉
into the Poisson equation and obtain the differential Poisson-Boltzmann equation

∇
2
ϕ(r) =−4πq

ε
〈ρtotal(r)〉 (9)

where ε is the uniform dielectric constant. The solution procedure for the Poisson Boltzmann equation is given in Supporting
Information SI-15.1 and SI-25.2. The Poisson-Boltzmann equation is a differentiate equation for the electrostatic potential ϕ(r). The
concentrations of monovalent mobile ions ciω (r) are obtained from Boltzmann relation ln [ciω (r)/c∞] =−ωϕ(r), where ω =±.

2.2.5 Self-consistent Calculation of Free Energy

Finally we can obtain the total free energy by substituting the four contributions Eqs. (3,4,6 and 7) into the Eq.(1). In addition we
consider the incompressibility condition at r

〈φH(r)〉+ 〈φT (r)〉+φS(r) = φ0 (10)

where 〈φH(r)〉 and 〈φT (r)〉 denote the corresponding mean volume fraction of beads H and T respectively. φS(r) = cS(r)vs is the volume
fraction of the solvent at r, cS(r) denotes the corresponding concentration. φ0 is the total volume fraction occupied by the molecules in
the box, and it is noted that its value is less than 1.0 due to the space between molecules.

vs denotes the volume of one solvent bead and we assume the linear relation between the concentration of bead of type α and
corresponding volume fraction φα (r) = cα (r)vs . Hence via Eqs.(2) self-consistency condition for volume fraction of bead of type α

Eqs.(11) still hold

〈φα (r)〉=
∫

ρ(Γ)φα (Γ,r)dΓ (11)

where α is the bead in the molecules of the conformation state Γ, and it can be of type H or T .
Lagrange multiplier π(r) is introduced for constraint condition Eq.(10) to the total free energy in Eq.(1) to obtain the augmented

free energy Faug = F +π(r)
∫

dr

{
〈φH(r)〉+ 〈φT (r)〉+ φS(r)− φ0

}
, and then we minimize it respect to the concentration of the solvent

cs(r) to get the approximate expression for the Lagrange multiplier π(r)

π(r) ≈ − lnφs(r)
vs

(12)

Substitution of Eq.(12) into Faug and minimization of Faug with respect to ρ(Γ) gives the pdf of a charged phospholipid of certain
conformation Γ

ρ(Γ) =
exp(−HNP(Γ))

Q
(13)

where Q = ∑Γ exp(−HNP(Γ)) is the partition function of the system that inaccurately expressed as a sum of the Hamiltonian of all
conformations, and − lnQ is the total free energy of the system at equilibrium.
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After normalization the effective Hamiltonian HNP(Γ) expressed in units kT is given by

HNP(Γ)

kT
= H intra

P (Γ)+(N−1)
∫

dr

[
uH

int(Γ,r)〈cH(r)〉+uT
int(Γ,r)〈cT (r)〉

]

+
∫

druT
int(Γ,r)cs(r)+

∫
druH

int(Γ,r)cs(r)

+NP

∫
dr
[
〈cH(r)〉λH + 〈cT (r)〉λT

]
ϕ(r)

2

−
∫

dr
lnφs(r)

vs

{
〈φH(r)〉+ 〈φT (r)〉+φS(r)−φ0

}
(14)

Eqs (9, 10, 11, 13 and 14) form a closed set of non-linear equations of the self-consistent SCMF-PBE theory. The equations are solved
by replacing the integrals with the sums after the space being discretized according to the geometry of the system, and the conformation
of a single molecule and the corresponding short range field potential are generated and stored before solving the system of nonlinear
equations39.

The solution of the closed set of non-linear equations of the self-consistent SCMF-PBE theory gives the profiles of the charged
phospholipid membranes such as the concentration of H beads, and the probabilities of each conformation of the charged phospholipid
molecules. It also gives the distribution of the solvent and mobile ions in the box.

Finally, the free energy of the system Fsys is related to the free energy of the simulation box minus the entropy of the solvent and
mobile ions

Fsys = F−V
φ0

vs
log
(

φ0

vs

)
+2V c∞ logc∞ (15)

The last two terms on the right-hand side of Eq.15 can be expressed as the free energy in a reference state in which only solvent
and mobile ions exist in the simulation box. Since the integral in total free energy Eq.(1) diverges for large systems,54 considers the
excess semi-grand potential with respect to reservoir by −2V c∞ logc∞ which is corresponding to the third term on the right-hand side of
Eq.(15).

3 Numerical Implemetation And Results Discussion
In this work we have implemented the SCMF-PBE in C++. The program consists of three modules. The first module is the sampling
generator which generates the molecules conformations via Rosenbluth algorithm55 and calculates the volumes and interactions. The
second module employ Newton-Rapson method to solve the uncoupled PBE, and the solution is transferred to the third module which
is based on the fixed-point iteration technique. In our program OpenMP parallelization technique is employed in solving the SCMF-PBE
equations, and the program runs on 48 cores Xeon E5-2690 platform.

3.1 Modeling the Charged Phospholipid Membrane in Electrolyte Solution
Our theoretical model deliver the equilibrium properties of the system such as the volume fraction profiles of the lipids in the bilayer,
the electrostatic potential and the mobile ion distribution around the charged bilayer. The equations of the previous section also allow
us to calculate the free energy of the system containing a charged phospholipid bilayer in the electrolyte.

We perform the simulation of a charged phospholipid bilayer, which is convenient to study the deformation of bilayers when the
interactions with nanometer-scale objects are taken into account, such as the interaction with protein domains. Furthermore, as
electrostatic effects play key role in multiple interactions such as hydrophobic and hydrophilic interactions, the self-consistent SCMF-
PBE theory can form the basis for another type of simulation besides Brownian dynamics (BD) and molecular dynamics (MD). Our
discussion therefore focuses on the electrostatic properties of the bilayer, with consideration of the influence of the salt density on
the bilayer thickness along the bilayer, and the influence of the salt concentration on the interfacial area since the free energy of a
homogenous bilayer is proportional to the membrane surface area39.

The mean-field space is divided into nested concentric circular shells of radius r and slices in cylindrical fields. We adapted the con-
figuration model proposed by Pogodin and Baulin39 and incorporated additional parameters listed in Tab.1; thus when the electrostatic
interaction is neglected by setting λH = 0 and c∞ = 0 we can get exact same equilibrium properties of the system such as the membrane
thickness, and mean area per lipid (MAPL) that described in Ref.39.

It is worthwhile to note that contact energies in Tab.1 are essentially treated as force fields of corresponding units, which are the
most significant contributions to the system free energy.

We first consider the influence of salt concentration on the energy curves with different salt densities are presented in Fig.3. The
influence of salt concentration on the stability of the phospholipid bilayer can be observed in the shift of the minimum free energy
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Table 1 Molecular configuration parameters of the membrane model

Configuration Parameters Values

Bead radius 4.05 (
◦
A)

Interaction range 12.15 (
◦
A)

Bond length 10.0 (
◦
A)

T-T contact energy -0.75 (kT)
H-S contact energy -0.15 (kT)

per lipid of the system. The increase of c∞ weaken the repulsion force between charged hydrophilic heads (H beads) , resulting in a
decrease in interfacial area. We then considered the influence of salt concentration on the variation of volume fraction of the charged
lipid. We decompose the volume fraction 〈φP〉 into mean volume fraction of hydrophobic beads 〈φT 〉 and hydrophilic beads 〈φH〉 , as
shown in Fig.4,in which the second row presents 〈φH〉 in the solution with three different salt densities. The distance between two
peak values of 〈φH〉 (red zone) reflect the thickness of the bilayer, and the increase in the distance of the peaks of 〈φH〉 indicates it
contributes more strongly than that in 〈φT 〉 to the increase in the thickness of the phospholipid membrane. The repulsion strengths
between the hydrophilic beads H is weakened due to the screening effect from the surrounding mobile ions which leads to the decreased
MAPL. Then more charged hydrophilic beads H are packed crowded in each layer also cause the increased surface charge density, which
gives rise to the increase of thickness of bilayer. Since the two layers are very close, usually less than 50 A, the increased repulsion
force is non-negligible. Our elucidation of the change in lipid membrane thickness is strongly supported by experimental data in the
literature56,57, which indicate lipid bilayers monotonically swell with increasing salt concentration, due to the screening effect on the
balance between the electrostatic repulsion and the van der Waals (vdW) attraction. To further confirm our results, we compared the
thickness of the bilayers obtained by SCMF-PBE method and the thickness obtained from experimental data56–58 (Tab.2). We also
employed MD simulations to quantitatively analyze the relation between salt density and thickness of the lipid membrane, and detailed
results are listed in Supporting Information SI-35.3.

In Tab.3 A
a
SP and A

b
MD present the comparison of MAPL of the bilayers obtained by SCMF-PBE method and Molecular Dynamics

(MD) list in ascending order of corresponding salt concentration. In Tab.3 A
c
DMPC presents maximal and minimal APL values averaged

over time, with standard deviations from 12 to 23
◦
A.

Table 2 Comparison of the thickness of bilayers between results obtained from SCMF-PBE (SP) and experiments

Salt Concentration (M) Thickness (nm)

c
a
∞ c

b
KCl c

c
KBr d

a
SP d

b
KCl d

c
KBr

0.010 0.01 0.01 2.0 ±0.1 3.4 ±0.1 2.8 ±0.1
0.012 0.20 ∼ 2.2 ±0.1 3.5 ±0.1 ∼
0.014 0.40 ∼ 2.8 ±0.1 3.6 ±0.1 ∼
0.015 1.00 ∼ 3.0 ±0.1 3.5 ±0.1 ∼
0.016 1.20 0.10 3.5 ±0.1 3.6 ±0.1 3.1 ±0.1
a c∞ = cκlB/8πl3

B is the bulk concentration of mobile ions in unit of M.
dSP denotes the thickness of the bilayers generated by SCMF-PB method.

b DLPC (12-carbon-chain) bilayers in the presence of KCl at 15◦C. Experimental data from56.
c DDPC (10-carbon-chain) bilayers in the presence of KBr at 35◦C. Experimental data from58.

Table 3 Comparison of the MAPL (
◦
A) of bilayers between results obtained from SCMF-PBE (SP) and MD

A
a
SP A

b
MD A

c
DMPC

70.0 ±0.5 51.6 ±0.5 69
64.8 ±0.5 51.9 ±0.5 ∼
61.8 ±0.5 49.8 ±0.5 ∼
57.8 ±0.5 49.0 ±0.5 ∼
54.6 ±0.5 49.1 ±0.5 56
a Obtained from SCMF-PBE, with λH = 0.015, c∞=0.010,0.012,0.014,0.015,0.016(M)
b DPPS bilayers in the presence of KCl at 50◦C, Obtained from MD. The ion concentration in
the box are set 0.2, 0.8,1.5,2.0,2.5 (M), details in Supporting Information
c Obtained from computational analysis of DMPC bilayer59, with sodium and chloride ions to a concentration of 0.15(M).
And the standard deviations of the local APL ranges from 12 to 23

◦
A.
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Higher concentrations of mobile ions will also lead to the decrease of electrostatic potential of the phospholipid bilayer, as indicated
by the change in color of the heat map in Fig.5. From Fig.5 it can also be observed that when c∞ = 4.0× 10−3M the outline of the
potential does not appear as a bilayer, due to the compressed state of the bilayer in a solution with low salt density.

However in the final plot in which c∞ = 1.0×10−2M the outline of the bilayer is comparable with the volume fraction profile 〈φH〉 at
c∞ = 1.0×10−2M plotted in Fig.4.

Fig. 3 Free energy Fsys per lipid in solution with dimensionless salt concentration (c∞) range from 2.0×10−3M to 1.0×10−2M, the minimum free energy
corresponding to the most probable conformations of the layer in equilibrium and the density profiles shifts to the right.

We then consider the influence of different surface charge densities on the equilibrium properties of the system. Since the charge
ratio of the hydrophilic heads λH is an important electric property that determines the surface charge density of the lipid, different lipids
can have varying quantities of charge, such as pyrophosphate lipids and phosphatidylglycerol lipids. We can create a lipid with certain
surface charge density by adjusting the charge ratio of the corresponding hydrophilic heads. The energy curves with different charge
ratio of H beads are presented in Fig.6, and the values of MAPL corresponding to the minimum free energy indicate lipids with higher
charge density occupy more space on the surface of membrane. The dimensionless salt density is set c∞ = 1.9×10−4M, and the results
obtained from the sampling of 1 million conformations. From Fig.7, we observed the thickness decreased when λH = 0.003, and this is
due to fewer lipids assemble into membranes. Although each lipid carry more charge with higher λH , the charge density in two layers
still decreases that results in the repulsion force decrease even more, therefore the thickness of lipid bilayer decreases.

3.2 Interactions between Nanospheres on Charged Phospholipid Membrane
We consider interactions of two charged spherical inclusions in or stick to the charged membrane surrounded by mobile ions and
charged lipid molecules. Sabyasachi60 calculated deformation and adhesion energies as a function of membrane elastic parameters
and adhesion strength, and John Lekner61 proved that two charged conducting spheres will almost always attract each other at close
approach, even when they have like charges. Here we investigate the attraction-repulsion property of two charged nanoparticles which
are stuck on the charged lipid molecules surrounded with mobile ions. For conveniently we consider 3D SCMF-PBE, in our 3D physical
model two charged spheres with a variety of distance on x axis are placed near the surface of the membrane, and we observe the
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Fig. 4 Mean volume fraction profiles of 〈φP〉, 〈φT 〉 and 〈φH〉 in solution with increasing salt density from c∞ = 2.0× 10−3M to 1.0× 10−2M. The mean
volume fractions 〈φP〉 , 〈φH〉 and 〈φT 〉 are list from the first to the third row respectively. The first row illustrates the thickness of the lipid bilayer (red part)
increases with salt density increasing.

variation of the system energy and profiles of the two spheres. The 3D SCMF-PBE equations and corresponding boundary conditions
are list in SI-2 5.2.

Fig.8 shows the energies as a function of the distance D between two identical charged spheres, and it shows that two charged
spheres attract each other at close approach. We observe the energy increases again with distance D continues increasing because
of periodic boundary condition in which two spheres approach the boundary of the simulation box respectively. One similar unusual
phenomenon of attraction between conducting spheres carrying like charges is proved theoretically61. Another similar phenomenon
of attraction between two charged cylinders is discussed numerically, although different amount of charge carried by two charged
cylinders53. And the figures of the electrostatic potential of the system with two charged sphere at 4 distances are shown in Fig.9, and
it is noted these figures are taken at the membrane surface z = 27

◦
A.

3.3 Interaction of Nanoparticles and Proteins with Charged Phospholipid Membrane
In our study we simulate the interaction between the Akt PH domain and the cytoplasmic membrane as an application. Akt is a crucial
oncogene that has been implicated in a variety of cancer and it is involved in the tumorigenesis and metastasis. PH domains is a protein
domain (part of protein) of approximately 120 amino acids which are found for translocation and activation around the cell membrane.
For this function, the PH domain needs to bind phosphatidylinositol lipids (e.g. PIP3) to form a complex, in which phosphatidylinositol
lipids are negatively charged compounds in a cylindrical shape. For simplicity and clarity, a coarse-grained model is employed in which
the PH domain protein is represented by a charged sphere with radius 8

◦
A, and PIP3 is represented by a short cylinder with length 10(

◦
A)

and attached to the charged sphere; the interaction between the lipids is also taken into consideration. From experiment we know that
some complex that composed by PIP3 or PIP2 and some PH Domain protein may bind to membrane eventually by inserting the PIP3 or
PIP2 into the membrane62, while some are not. The quantitative comparison of the electrostatic free energy of interaction of the system
composed by PLC(a PH domain protein) and PIP2 and the system composed by PLC and PIP3 with the distance between the van der
Waals surfaces of the PLC and membrane exhibits the attraction-repulsion respectively63, and it has been proved by64. We are interested
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Fig. 5 The variation of the electrostatic potential in solution with increasing salt density.

in the procedure of the Akt PH domain with PIP3 binding to the membrane, and the binding affinity of the complex to the membrane
will affect our choice of certain phosphatidylinositol lipids (PIP2 or PIP3) in future application. As shown in Fig.10, the model simulates
the whole process of the PH-domain protein’s approaching the membrane and PIP3’s insertion into the membrane to reach equilibrium.
The images in the first row of Fig.10 present the mean volume fraction of the coarse-grained phosphatidylinositol lipids, and the bottom
of corresponding snapshots are viewed form overall perspective. This figure exhibits the process of the PH-domain protein (green ball)
approaching the membrane and the insertion of PIP3 (pink cylinder) into the membrane.

As shown in the second row of Fig.10, the variation of the free energy of the system Fsys in the simulation of the interaction indicates
PIP3 inserting the membrane and the PH-domain protein stick to the interface of the membrane in equilibrium. Although quantitative
evidence for PH-domain protein is scarce, a lot qualitative analysis demonstrate the effectiveness of our model. For example, our results
are supported by the in vitro experiments performed by Seo30 et al, who showed that charge-shielding by free cations modulated the
binding of phospholipase C (PLC) to the membrane phospholipid PIP2. PLC interacts with PIP2 via the enzyme’s PH domain; this
interaction is analogous to the interaction of a generic charged lipid (pink cylinder in Fig.10) with a generic charged protein (green
sphere in Fig.10) in our simulations.

Furthermore, our simulations indicated that the lowest-energy state for a charged protein would be close to the membrane, a result
that is supported by cellular studies examining the translocation of PLC from the cytosol to the plasma membrane. Wang65 showed in
a mammalian cell system that the PH domain stabilizes the interaction of PLC with the plasma membrane, indicating that the lowest-
energy state would place the PH domain and the membrane lipids close together. All this demonstrates a potential application in
membrane protein modeling and design.

Another interesting phenomenon we observed in our simulation is that the pore formed by the PH domain disappears gradually as
the salt density increases. As shown in Fig.11, we observed that the increasing concentration of mobile ions weaken the steric repulsion
force between the lipids and allow more lipids per unit volume to assemble. Analogously, the left column of Fig.11 lists the mean
volume fraction of the coarse-grained phosphatidylinositol lipids, and the right column lists the corresponding snapshots viewed form
top-down perspective, which demonstrates the pore disappearing as the salt density increases. Our results also predict that as the
concentration of salt is increased, the repulsion between individual lipids of the membrane would be weakened due to the screening
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Fig. 6 Free energy of the system per lipid area A, the phospholipid molecules H1T2 are with different charge ratio λH , and the dimensionless salt
density is fixed c∞ = 2.0×10−4M

effect. This prediction has been confirmed in wet-laboratory experiments by Carmona-Ribeiro66.

4 Conclusions
The present approach incorporated the Single Chain Mean Field theory with Poisson Boltzmann theory to explore the equilibrium
properties of charged phospholipid membranes. In addition we considered the influence of mobile ions on the membrane thickness,
the APL and the corresponding electrostatic potential. We simulated the interaction between Pleckstrin homology domain of Akt and
cytoplasmic membrane with coarse grained model. The study of pore formation by the charged proteins is a promising research field in
which the reasons for the activation of oncogenic proteins would be possible.

5 Appendix
5.1 SI-1
In our model the space of the simulation box is discretized into concentric circular shells of radius r and layers or slices along z axis
in a 2D cylindrical fields. In this 2D r− z coordinates, ϕ(r,z) represents the electrostatic potential at cell (r,z), and the differential
Poisson-Boltzmann equation is written

∂ϕ(r,z)
r∂ r

+
∂ 2ϕ(r,z)

∂ r2 +
∂ 2ϕ(r,z)

∂ z2 = −4πq
ε
〈ρtotal(r,z)〉 (16)

where q denotes the elementary charge and ε is the solvent dielectric constant, and 〈ρtotal(r,z)〉 is the mean total charge density described
in Eq.8. In our 2D model, the space of the box is divided into concentric circular shells of thickness δh and layers of slices with thickness
δr , then xh =

z
δh

, xr =
r
δr

. For brevity in computation we set dimensionless electrostatic potential u(xr,xh) = βqϕ(xr,xh), and

〈ρtotal(xr,xh)〉= 〈cH(xr,xh)〉λH + 〈cT (xr,xh)〉λT (17)
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Fig. 7 The volume fraction of phospholipid membrane in the simulation box. The membranes are assembled by the phospholipids with different charge
ratios λH = 0.002 and λH = 0.003.

then the 2D differential Poisson-Boltzmann equation

∂u(xr,xh)

xr∂xr
+

∂ 2u(xr,xh)

∂x2
r

+
∂ 2u(xr,xh)

∂x2
h

(
δr

δh

)2
= −4πδ

3
r NP

[
〈cH(xr,xh)〉λH + 〈cT (xr,xh)〉λT

]
/

(
δr

lB

)

+
cκlB

2

(
δr

lB

)2
[

eu(xr ,xh)− e−u(xr ,xh)

]

where
(

δr
δh

)
and

(
δr
lB

)
are two ratios determined by the input parameters. NP is the number of phospholipid molecules, and

cκlB = (κlB)2 is proportion to the salt density which can be used for tuning the salt density in the solution. Inverse Debye length 1
κ

is

defined by lBc∞ = κ2

8π
, and lB = βq2

ε
is the Bjerrum length and ε is the solvent dielectric constant. where (κlB)2 is a parameter which is

proportional to the salt density, and δr
lB is the ratio of the thickness to the Bjerrum length, which is a constant in the numerical test we

set it 2.0. Finally, discretization of the boundary Γ with the Dirichlet boundary condition are

u(xr,xh=0) = 0,u(xr,xh=max) = 0 (18)

and
u(xr=max,xh) = 0,u′(0,xh) = 0 (19)

where xh=max and xh=0 corresponds to the heights of the top layer and bottom layer, and xr=max is the radius of the outermost layer
of the nested cylinder.
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Fig. 8 The variation of the energy of the system Fsys as a function of the distance D
◦
A between two charged spheres. The rise of system energy Fsys

at close approach of these two charged spheres indicates the interaction transition from attraction to repulsion during the departure of them. Due to
periodic boundary condition, the energy increases again when the spheres apart far away from each other and approach the boundaries of the box
respectively.

5.2 SI-2
In our 3D model the space of the simulation box is discretized into cube fields, and ϕ(x,y,z) represents the electrostatic potential at cube
(x,y,z), and the 3D differential Poisson-Boltzmann equation is written

∂ 2ϕ

∂x2 +
∂ 2ϕ

∂y2 +
∂ 2ϕ

∂ z2 = −4π

ε
〈ρtotal(x,y,z)〉 (20)

where

〈ρtotal(x,y,z)〉 = 〈cH(x,y,z)〉λH + 〈cT (x,y,z)〉λT + c∞

{
e−βqϕ(x,y,z)− eβqϕ(x,y,z)

}

where q denotes the elementary charge and ε is the solvent dielectric constant, and 〈ρtotal(x,y,z)〉 is the mean total charge density
described in Eq.8 still. For brevity in computation we set dimensionless electrostatic potential u(x,y,z) = βqϕ(x,y,z), and we denote x

lB
by x, denote y

lB by y and denote z
lB by z, we can obtain Eq.21.

∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2 = −4πl3

BNP 〈cH(x,y,z)〉λH + 〈cT (x,y,z)〉λT

]
+

cκlB
2

{
eu(x,y,z)− e−u(x,y,z)

}
(21)

where NP is the number of charged phospholipid molecules, and lB = βq2

ε
is the Bjerrum length and ε is the solvent dielectric constant.

cκlB = (κlB)2 is proportion to the salt density that be used for tuning the salt density in the solution. Boundary Γ consists of 6 sides,
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Fig. 9 The variation of the electrostatic potential of the system during the departure of two charged spheres with radius 6
◦
A, with between distance

D/2 = 7,13,20 and 30
◦
A respectively, and at z = 27

◦
A

therefore discretization of the boundary Γ with the Dirichlet boundary condition are

u(x =±xmax,y,z) = 0,u(x,y =±ymax,z) = 0,u(x,y,z =±zmax) = 0 (22)

where xmax, ymax and zmax are the cutoff lengths on axis x,y and z respectively.

5.3 SI-3
The Molecular dynamics (MD) simulations are executed by Gromacs (version 5.1.4), and the structure of the charged membrane built
by the lipid DPPS via tool The Membrane Builder67–69. The simulation used forcefield charmm36 for lipids, and TIP3P water model.
The simulation temperature was maintained 323.15 K. The simulation pressure (compressibility) was maintained at 1 bar. Periodic
boundary condition (PBC) were employed, and the particle mesh Ewald (PME) was used for electrostatic interactions with coulomb
range 1.2 nm. The simulation time step was set to 2 fs with the SHAKE algorithm to constrain the covalent bonds involving hydrogen
atoms via LINCS algorithm.

The obtained data are analyzed by tool GridMAT-MD, which is designed to analyze thickness and area per lipid headgroup (APL)
in simulations of lipid bilayers70. Fig.12 illustrate the thickness of the charged membrane assembled by lipid DPPS. The simulation
executed in a rectangular box with size 100×100, and the salt density in solution vary from 0.2 to 2.5
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Fig. 11 The variation of the mean volume fraction profiles of lipid 〈φP〉, and on the right list the corresponding snapshot in top-down perspective. The
green sphere represents Domain Protein with dimensionless surface charge density 3.0×10−4, and the attached pink cylinder represents the pip3 with
dimensionless surface charge density 1.0×10−4. The center of the pip3 is fixed at zPH = 39. The pore of the membrane is opened up by the charged
protein inserted, and with the dimensionless salt density c∞ increases from 2×10−3M to 2×10−2M, and the pore disappear gradually.
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Fig. 12 Variation of the thickness of the charged membrane. Th denote the average thickness of the membrane in the solution with corresponding salt
density.
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