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Introducing holes within an elastic column provokes a novel buckling mode (centre) occupying less space than convenational lateral buckling.
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a novel variant of an elastic column under axial load. We find that including a regular line ct

www.rsc.org/journalname centred holes in the column can prevent conventional, global, lateral buckling. Instead, the loc:l
microstructure introduced by the holes allows the column to buckle in an entirely different, internai,
mode in which the holes are compressed in alternate directions, but the column maintains th_
lateral reflection symmetry about its centreline. The internal buckling mode can be accommodater!

within a smaller external space than the global one; and it is the preferred buckling mode over ~~

intermediate range of column lengths for sufficiently large holes. For very short or sufficiently lo =

columns a modification of the classical, global, lateral buckling is dominant.

1 Introduction

Buckling instabilities are found in a wide range of problems in
soft matter such as the loading of rods, fibres?and chains® em-
bedded in soft matrices. They serve as prototypical models of
root structures, micro-tubules and muscles respectively. Buck-
ling of elastic structures is a well developed field in engineering*
with applications in large scale structures such as aircraft, bridges
and skyscrapers but similar approaches have been equally suc-
cessful in the engineering of DNA® for example. Early investiga-
tions were primarily concerned with the prevention of buckling,
but much recent work has focused on harnessing the effect® with
novel applications in soft robotics’, and nature inspired photon-
ics®1°, Lattice structures formed by perforated elastomers have
attracted a great deal of recent attention '™, in part because de-
spite being geometrically simple they exhibit non-trivial buckling
modes. Moreover, the reported effects are length-scale indepen-
dent, suggesting the same instabilities could control optical soli-
tons'® at the microscale as well as potentially diverting damaging
earthquake vibrations'” over kilometre scales.

In this paper we demonstrate that the introduction of a sim-
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ple geometric modification to the canonical buckling problem ¢*
a thin elastic column under axial compression, the Euler strut'®

can dramatically change the response to loading. Specifically, th
inclusion of a regular line of circular holes induces the bucklec
states shown in the central image of the numerical results in fig-
ure 1 and also in experiments as in figure 2. The well-know=
laterally-deflected buckled state remains, see the righthand image
in figure 1, but a new alternating state appears. In this, the hole,
transform into an array of mutually orthogonal ellipses and the
column remains straight. Physically, the modification introduce-
an internal structure that can support localised buckling in addi-
tion to the global (lateral) buckling. Mathematically, the appro..

imate continuous (vertical translation) symmetry of the unbucx-
led state in a solid column is replaced by a discrete (permutatior..
symmetry in the holey column, leading to a new and exquisitely
rich solution structure.

Competition between localised and global buckling modes has
been found to occur in composites, such as biological tissue,
where a thin layer of stiff material is embedded within an elas-
tic host of lower stiffness!”. In those cases, the competition is
between the buckling of the thin layer and the buckling of the en-
tire structure. However, in the present study, the change in effec-
tive (bending) stiffness is induced purely through local geometry
rather than a change in material properties.

Journal Name, [year], [vol.], 1-8 |1
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2 Experimental Methods

We performed experiments on a set of samples with up to eight
holes. Regular samples were moulded using the hyperelastic ma-
terial extra hard Sid AD Special (Feguramed GmbH). The ma-
terial was formed by thoroughly mixing quantities of degassed
polyvinyl base and siloxane catalyst in a 1:1 volume ratio. The lig-
uid mixture was poured into 3D printed moulds and left to set for
15 minutes. The samples were gently removed from the moulds
to avoid tearing and any samples with visible imperfections were
discarded. Four different samples were produced for each geome-
try and measured from calibrated images captured using a Nikon
D300s still camera which had a resolution of 0.05 mm per pixel.
An LED light box was used to provide uniform back lighting. The
average hole radius R, the distance between hole centres a and
the sample length I, width w and depth d were measured *.

Each of the samples was compressed using an Instron 3345
machine with a 5 N load cell. The force required to achieve a
local strain given level of compression was measured to within 0.0025 N. The
o_g:l_ gy'_/(E/_g?_l compression rate was 0.1 mm/min, but we also performed exper-

' iments at a rate of 0.5 mm/min and obtained the same results.
Fig. 1 Centre & right: two buckled states for a column with 20 regular Thus, we conclude that the loading was sufficiently slow to be
holes; left: lateral buckling of the corresponding solid column. All considered quasi-static. Samples were placed within a machined

states are at the same compression, ¢ = 0.093. The colour map shows h 1 facili d ali £ th ] d
the local strain energy normalized by the shear modulus E/3. Left-right perspex channel to facilitate good alignment of the sample an

symmetry is quantified by Sm = %, where L (R) is the total strain contact surface during compression; and to ensure that the top
energy in the region of the column that was located to the left (right) and bottom surfaces of the samples remained flat, which helped

of the centreline in the undeformed configuration. Sm ~ 10710 in the

prevent out-of-plane buckling. The out-of-plane mode is not the
symmetric central state; 0.85 in the nonsymmetric rightmost state.

preferred mode, but can be forced when the alignment is poor.
The channel was attached to the Instron machine and lowered
onto a perspex indenter. The perspex was stiffer than our sam-
ples by factor of 10?, so its deformation was negligible. We also
found that lubricating the top and bottom surfaces of the samples
with Vaseline helped to make the forcing uniform.

In the theoretical model we assume a Neo-Hookean, incom-
pressible hyperelastic material?>*' under plane strain. Hence,
the second Piola—Kirchhoff stress tensor o/ = (E/3) g/ — pG™,
where p is the solid pressure, F is the Young’s modulus, ¢*/ and
G are the contravariant undeformed and deformed metric ten-
sors respectively. The principle of virtual displacements and the
incompressibility constraint yield the required governing equa-

* Average measurements for the samples with (a) 2 holes are: R = 4.27 + 0.08 mm,
a = 9.9+ 0.05 mm, ! = 20.98 + 0.07 mm, w = 11.14 + 0.05 mm and d =
6.87 4+ 0.29 mm; (b) 3 holes are: R = 4.2 & 0.05 mm, ¢ = 9.83 + 0.05 mm,
!l = 30.83 £ 0.05 mm, w = 11.25 £ 0.05 mm and d = 7.28 + 0.06 mm; (c) 5

Fig. 2 An illustrative example of the alternating state in a holey holes are: R = 4.23+0.05mm, a = 9.85+0.05 mm, [ = 50.64+0.05 mm, w =
column compressed by a vernier caliper. The equivalent solid column is 11.124+0.05mm and d = 7.1240.11 mm; (d) 8 holes are: R = 4.19+0.05 mm,
shown alongside and undeformed samples are on the left. a = 9.83 + 0.05 mm, I = 80.24 + 0.15 mm, w = 11.25 4+ 0.05 mm and

d = 7.12 + 0.05 mm. The average sample size, also used in the theoretical model,
iss R = 4.21 £ 0.03 mm, a = 9.84 £ 0.02 mm, w = 11.19 4+ 0.07 mm,
d=7.140.17mmand! — N X a = 1.38 £ 0.18 mm.
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tions:
/Gij de;; dVo =0 and /(detG —1)dpdVp =0,

where ¢;; is the Green-Lagrange strain tensor, detG is the de-
terminant of the deformed metric tensor, V; is the undeformed
volume and the Einstein summation convention is used. The
C++ library oomph-1ib?* was used to solve the variational form
above via a finite-element approximation in two-dimensions with
quadratic interpolation for the displacements and linear interpo-
lation for the pressure. Experimental observations and the good
agreement between the theory and experimental data, see figure
3, indicates that the third, out-of-plane, dimension plays no sig-
nificant role, as also found in related buckling problems'%1>23,

We used the average experimental geometry in the model
and each sample comprised N identical elemental cells, with
hole radius, R = 4.21 mm, distance between the hole centres,
a = 9.84 mm, and sample width, w = 11.19 mm. The results
for samples with three or fewer holes were sensitive to the pre-
cise details of the geometry at the constrained boundaries and an
extra 0.69 mm of elastic material was added at each end of the
model sample to model the experimental samples more closely. A
structured mesh of quadrilateral elements was used to discretise
each elemental cell and this discretisation was repeated through-
out the domain to ensure that the appropriate symmetries were
present. The side boundaries of the domain were traction-free;
the bottom boundary was pinned to ensure zero displacement in
the vertical direction and fixed at the left-hand edge; and the
compression was induced by prescribing the displacement of the
upper boundary, which was constrained to remain horizontal and
also fixed at the left-hand edge.

3 Results & Discussion

3.1 Global stress-strain relationships

Stress-strain curves corresponding to elastic columns containing
between two and eight holes under compression are shown in
figure 3. Data is shown from both the experiments and model
calculations. The engineering strain, ¢, is defined to be the com-
pression of a sample relative to its initial length / and the engi-
neering stress, o, is the ratio of the applied force to the initial
cross-sectional area in contact with the loader d x w.

For £ < 0.04, all samples in figure 3 follow a linear stress-strain
relationship with a gradient equivalent to an effective Young’s
modulus of 213.8 +0.5 kPa. Buckling occurs through a symmetry-
breaking bifurcation, accompanied by a change in gradient, at
€er(0er). Both e, and the corresponding o, decrease with in-
creasing sample length. The error bars in figure 3 represent the
standard deviation over the different experimental runs with the
different samples. They are only significant in the vertical di-
rection because the critical stress is sensitive to precise details
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of sample geometry and end loading conditions but the critical
strain is not. In the theoretical model, we confirmed that the crit-
ical strains for buckling were independent of the discretisation,
but the critical loads were sensitive to the third significant figure,
indicating a similar sensitivity to that found in the experiments.

Despite the simplifications in the geometry, boundary condi-
tions and constitutive behaviour used in the model, the agree-
ment between the experimental and the numerical results in fig-
ure 3 is striking. This confirms the robustness of the phenomena
and lends support to the idea that it does not arise from material
nonlinearities. These results also indicate that the critical strain
and mode shapes are not particularly sensitive to slight imperfec-
tions that are inevitably present in the experiments.

Typical post-buckled shapes of the samples, obtained experi-
mentally and in the model are shown below the stress-strain curve
in figure /3 with strain values chosen to achieve approximately
the same level of hole compression. Buckling involves lateral
movement of the whole sample when there are just two hole
involved. In this case, the buckling mode is dominated by thc
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Fig. 3 Stress-strain curves for the compression of the holey columns
with 2, 3, 5 and 8 holes, respectively, obtained experimentally (filled
markers) and in the theoretical model (empty markers). The errorbars
are the standard deviation over 8 experimental runs, 2 for each sample.
The transition to the bucked state occurs where the data diverges from
the initial linear relationship. Typical buckled states, obtained
experimentally (left) and in the theoretical model (right), and the
corresponding strain values are shown below.
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boundary conditions. In contrast, the alternating state is the pre-
ferred mode for all samples containing between three and eight
holes. Indeed, provided the appropriate local critical strain can
be induced the alternating buckling should occur for a holey col-
umn fabricated from any elastic material. This is because the
buckling occurs when it is energetically favourable for regions of
the material to bend rather than further compress, i.e. buckling
is primarily determined by the local geometry of the sample. By
examining the local strain energy, o*/¢;;, of a buckled column in
the lateral and the alternating states at the same level of compres-
sion, it is possible to predict the state that will be observed after
buckling. For example, in the case of the sample with six holes,
shown in the inset in figure 6, the total strain energy of the lateral
state is greater than that of the alternating state and consequently
the holey column buckles in the latter lower-energy state.

We have investigated the role of the material constitutive law
by repeating the calculations in figure 3 using an incompressible
version of the two-term I;-based Rivlin model?. In this model
o = (E/3) [1+c(I1 — 3)] g — pGY, where I = ¢g”7Gy; is
a strain invariant and ¢ is a material parameter chosen to be
0.3/0.55 based on experimental data®. In compression (I; —3) <
0, which means that the additional term leads to an approximate
strain softening of the material. In contrast, it is strain harden-
ing under extension. The buckling modes for the different column
lengths remain identical and the columns buckle at approximately
the same strains, but the critical stresses are slightly increased be-
cause sideways extension is more significant than vertical com-
pression globally. The differences between the two models are
most pronounced for the two-hole column, which buckles at the
largest strains, but even here the critical engineering strain dif-
fers by only ~ 0.001. We note, however, the the critical strains
for buckling are sufficiently small that non-linear effects remain
extremely modest.

The results in figure 3 also demonstrate that if the material
buckles in the alternating state, then the stress can decrease with
subsequent increases in strain. The effect is most pronounced in
the theoretical model for the column with three holes. A simi-
lar phenomenon is found in the buckling of shells and has been
recently observed in the buckling of wide beams and so-called
metabeams, in which a more complex internal structure consist-
ing of an array of elliptical holes is introduced'*. The reduction
in stress occurs because the mode accommodates global com-
pression by bending, rather than compressing, the elastic regions
around each hole, leading to a large decrease in effective stiffness
once the mode becomes accessible to the system. In addition,
for an odd number of holes the hole on the horizontal symme-
try line of the column plays an important role. If this central
hole has buckled with semi-major axis aligned with the external
compression, the situation observed experimentally in the case
of three holes (see figure 3), then increased buckling due to in-
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creased force would lead to column extension: a negative effec-
tive stiffness. In contrast, when the semi-major axis is normal to
the direction of external compression, the situation observed in
the case of five holes (see figure 3), the effective stiffness is still
reduced, but not as dramatically. The effect can be seen clearly in
figure 5, which presents the complete bifurcation diagram for the
perfect (no additional end material) three-hole column.

3.2 The role of geometry

As demonstrated in figure 3, the preferred buckling mode de-
pends on the number of holes in the sample. It also depends on
two other geometric parameters: the relative hole size to column
width R/w, and the relative distance between hole centres to col-
umn width a/w. For any geometry, as R/w decreases the solid
column limit is approached and the classic Euler mode will even-
tually be preferred. The solid column limit is also approached as
a/w increases and the holes move further apart. Thus, we expect
the alternating mode to be the preferred mode of buckling for ge-
ometries in which the elastic regions between holes are relatively
thin and therefore offer limited resistance to bending. The exact
values of R/w and a/w at which the preferred buckling modes
exchange are not independent and also depend on the number of
holes (length) of the sample, see 3.4 for details of the effects of
column length on our standard geometry.

3.3 Bifurcation-theoretical context

For the solid column, the buckled states correspond to global si-
nusoidal modes and the strain energy increases with the increas-
ing number of lateral deflections®*. Thus the mode with a single
deflection is always preferred. For the holey column, the buck-
led states are associated with subgroups of the discrete symmetry
group D2 x Sx, which represents the direct product of the reflec-
tion symmetries of the rectangle, D2, and all permutations of the
N holes, Sy. Unlike the solid column, where the buckling modes
remain the same irrespective of length, in the holey column the
number of subgroups increases as N!, leading to increased com-
plexity of possible buckling modes®.

We are principally concerned with the first bifurcation that oc-
curs under compression of each column because these give rise
to the physically observed (stable) solutions. Once the first bi-
furcation has occurred all subsequent bifurcations from the trivial
branch are of academic interest only because all the solutions are
initially unstable. Nonetheless, the forms of the possible solu-
tions can be predicted by using group theory. The general frame-
work for group theoretical analysis of bifurcation phenomena is
equivariant bifurcation theory, as described in Golubitsky et al.
(1988)%. The governing equations of a dynamical system are
said to be equivariant under the action of a symmetry group if
every solution of the equations is mapped to another solution by
the action of every element of the group. The theory can be used
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to predict the symmetries of the eigenfunctions, i. e. those sym-
metries that can be broken when a single eigenvalue crosses the
imaginary axis and therefore occur generically under variation of
a single parameter. However, whether or not a particular eigen-
value does actually pass through the origin, leading to bifurca-
tion, can only be determined by solving the specific problem in
question.

In the present system, the governing equations are equivariant
under the action of the symmetries of the rectangle, D, acting
on the entire domain. These are reflections about the horizontal
and vertical bisectors and rotation by 180°. In the present prob-
lem, there are additional symmetries of the trivial state, however,
that give rise to the observed complexity. In the trivial state, each
elemental cell has the symmetries of the rectangle D, and the
N cells can be freely permuted, assuming that the line between
cells remains horizontal. Thus, the symmetry group of the trivial
state is D> x Sy. This is not a symmetry group of the govern-
ing equations, however, because once buckling takes place, the
line between elemental cells does not remain horizontal and the
cells can no longer be freely permuted. Nonetheless, the eigen-
functions retain the approximate symmetries predicted by theory
applied to the group D2 X Sn.

Standard equivariant bifurcation theory for the global action of
D3 predicts three possibilities for symmetry-breaking:

e Bifurcation to solutions preserving only the horizontal reflec-
tion symmetry,

e Bifurcation to solutions preserving only the vertical reflec-
tion symmetry,

e Bifurcation to solutions preserving only the half-turn rota-
tion symmetry.

Lateral buckling preserves the vertical reflection symmetry and al-
ways arises through a Ds-equivariant symmetry-breaking pitch-
fork bifurcation. In contrast the alternating mode is only Ds-
equivariant when the number of holes is even. In that case, only
the horizontal reflection symmetry is preserved and the alternat-
ing mode arises through a symmetry-breaking pitchfork bifurca-
tion. For an odd number of holes, the alternating mode is in-
variant under the symmetry group D- and therefore cannot arise
through a symmetry-breaking bifurcation of that group. Instead
it represents a loss of the permutation symmetry from the trivial
branch. This would be a pitchfork bifurcation if the equations
were D» x Sy-equivariant. Instead it is actually a transcritical bi-
furcation, which is the generic form under the additional assump-
tion that the trivial solution always exists. In the experiment both
pitchfork and transcritical bifurcations are unfolded by small un-
avoidable imperfections. Hence it is very difficult to distinguish
between the two types of bifurcation in practice.

We now illustrate these theoretical remarks by presenting the
bifurcation diagrams that include all bifurcations from the trivial
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Fig. 4 Computed (theoretical) bifurcation diagram for a perfect
column with two holes, each of radius R = 4.8 mm. All bifurcations arc
pitchforks that break the Dy group that acts globally on the entire
system. The symmetries of the branches are: trivial (squares), vertical
reflection only (circles), horizontal reflection only (triangles) and
half-turn rotation only (stars). The lines between discrete points are
added to guide the eye. Corresponding solutions are shown near each
branch.

branch for “perfect” columns with two and three holes. In both
cases eigenfunctions possessing the appropriate symmetries pre-
dicted by the equivariant bifurcation theory applied to the ful
D, x Sy group are found, although the symmetries that are not
within D; are only approximate. The number of bifurcations from
the trivial branch within the range of physically-allowed paran.
eters (non self-intersecting solutions) increases with increasing
hole size, so for illustration of these ideas we present the re
sults for a hole radius of R = 4.8 mm. The distance betwee:
hole centres remains ¢ = 9.84 mm and the sample width remainx
w = 11.19 mm. The columns are “perfect” in the sense that there
is no additional material at the constrained boundaries and thz
boundary conditions on the upper and lower surfaces are imple-
mented symmetrically.

For two holes, figure 4, there are three bifurcations fron
the trivial branch, corresponding to the three possibilities fro r
Ds-equivariant bifurcation theory. In order of increasing com-
pression they are: the lateral mode, the alternating mode and
a rotationally-symmetric mode. Eigenfunctions that are D,-
invariant but break the permutation symmetry of the trivial state
are also found but the associated eigenvalues never go unstable.

For three holes, figure 5, there are four bifurcations from the
trivial branch. In order of increasing compression these are: a
Ds-equivariant pitchfork bifurcation to the lateral mode; a Ds-
invariant transcritical bifurcation to the alternating mode; a D»-
equivariant pitchfork bifurcation to a solution that is invariant
under rotation; a Ds-equivariant pitchfork bifurcation that is in-
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Fig. 5 Computed (theoretical) bifurcation diagram for a perfect

column with three holes,

each of radius R = 4.8 mm. Three of the

bifurcations are pitchforks that break the Dy group that acts globally
on the entire system. The bifurcation to the alternating mode is
actually transcritical with a nearby limit point. This gives rise to two
distinct solution branches that are not conjugate under D2. Hence, the
force required to achieve a given displacement is different for each of

the alternating branches.

The symmetries of the branches are: trivial

(squares), vertical reflection only (stars), half-turn rotation only
(crosses), horizontal reflection only (triangles). The alternating mode

branches are represented

by circles and possess the full D2 symmetry,

but loss of the approximate permutation symmetry. The lines between
discrete points are added to guide the eye. Corresponding solutions are

shown near each branch.
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variant under horizontal reflection and is the perturbed form of
the eigenfunction that does not break the Ss permutation sym-
metry. Note that the branch of lateral-mode solutions joins the
alternating mode via a secondary bifurcation. Note also that
the two branches of alternating mode solutions are not conju-
gate under the actions of D, and they have quite different force-
displacement relationships. In contrast, the two branches of the
Ds-equivariant pitchfork bifurcations are indistinguishable in this
projection. The different force-displacement relationships for the
alternating-mode branches presented in figure 5 are a conse-
quence of the change in orientation of the semi-major axis of
the hole on the horizontal symmetry line, as discussed in sec-
tion 3.1. When the central hole buckles so that its semi-major
axis is aligned with the direction of external compression, the
lower branch, an increased buckling (increased force) would lead
to extension of the column, which results in a negative effective
stiffness. When the semi-major axis is normal to the direction
of compression, the upper branch, the compression is enhanced,
leading to a reduced, but still positive effective stiffness.

3.4 Predicting the preferred buckling state

Although this complexity in solution structure is an inherent fea-
ture of the holey column, a remarkable observation for the sam-
ples in figure 3 is that only the buckling states shown in figure 1
are seen in experiments. These two states represent different ex-
tremes: the strain energy is least evenly distributed throughout
the material in the lateral state, only the initially vertical side
walls of each hole are significantly strained; in contrast, the strain
energy is more evenly distributed in the alternating state than
any other state — all regions surrounding each hole are under
strain. We can predict the preferred buckling state of any column
by computing the smaller value of e., corresponding to these two
extreme states, keeping the same void to material ratio as in fig-
ure 3 but increasing number of holes, see figure 6.

The data were obtained using the model now in the absence
of extra end material to preserve the permutation symmetry and
ecr was calculated by solving a standard extended system to find
points at which the Jacobian (tangent stiffness matrix) has a zero
eigenvalue corresponding to the appropriate eigenmode. &, is
plotted as a function of the number of holes N on a log-log scale
for the lateral and the alternating buckling states. For compari-
son, we also show e, at the onset of buckling for the correspond-
ing solid columns without holes (in this case N corresponds to
the ratio of the sample length to the length of the elemental cell).
The theoretical scaling for the lateral state in a solid column with
clamped ends gives ., = 4721 /(dwN?a?), where I = dw®/12 is
the area moment of inertia of the cross section of the column?*.
This prediction is demonstrated in figure 6 with the lower dotted
line and becomes quantitative once N > 6.

The critical strain for the lateral state in the holey column also
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exhibits a 1/N? scaling, suggesting that the same essential mech-
anism is at play as in the solid column. Examination of the strain
energy in figures 1 and 6 and the supplementary video material
indicates that the deformation is confined to thin columns whose
width is of the order of the narrowest cross-section of elastic ma-
terial. The prediction of the Euler theory in which the area mo-
ment of inertia and column width are replaced by those corre-
sponding to the narrowest cross-section, Imi, = (w® — 8R?*)/12,
Wmin = (w — 2R), is shown as the upper dotted line in figure 6.
The numerical data is in excellent accord with the asymptotic pre-
diction, albeit approaching it for much larger N than in the case
of the solid column.

The critical strain associated with the lateral state decreases as
the length of the column increases, ultimately tending to zero.
On the other hand, the critical strain for the alternating buckling
state appears to saturate at a constant value as the column length
increases. The critical buckling strain for an “infinite” column in
which a two-hole sample is subject to periodic boundary condi-
tions in the vertical direction but with traction-free sides is given
by P, = 0.035, which gives a lower bound for ... Although
we might expect ., — €7, as N increases, it is not clear that
the influence of the boundaries can ever be totally neglected. For
the periodic calculations, we used an unstructured mesh of tri-

I T T T
. * Euler mode, solid column
*, m  Euler mode

s, ® Alternating bucking mode
CN — — Periodic calculation 7
------ Asymptotic solutions

10¢

) =0.039

Eer

i
o
[
T

Critical engineering strain, &,

local strain
energy/(E/3)
-0.01 0.1 2

i
<
)
T

L L L L
5 10 20 40
Number of holes, N

Fig. 6 Log-log plot of ., as a function of N obtained numerically for
(m) the lateral and (e) the alternating states in the holey column
with the same void to bulk ratio as in figure 3 and (%) the lateral
state in the corresponding solid column. The lines between
discrete points are added to guide the eye. The horizontal dashed
line, €%, = 0.035, is &, for the two-hole sample with periodic
boundary conditions. The dotted lines are predictions of the Euler
theory for columns with fixed ends. The insets are the same
states as in figure 1 with 6 holes at ¢ = 0.11816.
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angles in our numerics and modified the boundary conditions so
that material points on the upper and lower boundaries that were
originally aligned vertically remained separated by a constant ver-
tical distance. This distance was then decreased to simulate the
compression, while the pressures at the upper and lower bound-
aries were constrained to be the same. The different behaviours
for the lateral and alternating states in figure 6 as the column
length increases suggest that a sufficiently long holey column will
always buckle as an Euler column, unless specifically forced into
the alternating buckling state.

4 Conclusions

We have shown that a simple modification of the canonica:
example of mechanical buckling and symmetry-breaking bifur
cation, the introduction of a line of holes in a solid column.
has non-intuitive and potentially far-reaching consequences
The buckling still occurs via a symmetry-breaking bifurcation.
but broken symmetry is not necessarily the left-right reflectior
symmetry. As a consequence, it is possible to realise a bucklec
state which has the qualitative form of bamboo. Interestingly the
alternating state was previously unreported in related studies
of cellular structures with smaller void to material ratios?®?/
Relatively large void to material ratios are required for the nev-
state to be realised because it involves local bending of thc
elastic regions between the holes, which is preferred when thesc
elastic regions are thin. This new state can accommodate thc
same mechanical load within a much more confined space thai.
conventional columns. Localised buckling is observed in sof:
shell structures and composites, but not in solid columns. Or--
interpretation of our geometric modification is that it introduces
shell-like behaviour by adding a second, smaller, lengthscale to
the structure. Broadening our approach to include the effects
of void fraction, hole shape and hole size distribution wil
further enhance the diversity of the phenomena potentially
allowing custom tuning of buckling states to specific applications.
The phenomena also has implications for the widely-used
Euler-Greenhill formula?® often used in the prediction of the
mechanical stability of trees?’. OQur new results suggest that thr.
height at which an elastic column topples could be increased ty
modifying the internal structure.
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