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branes exhibit fluidity of constituent components and do not resist
in-plane shear. Early theoretical work focused on characterizing
the shape and roughness of membranes, especially at low bend-
ing rigidity, where thermal fluctuations can dramatically influence
membrane shape. Studies have focused on the crumpling tran-
sition in polymerized membranes,17 roughness in self-avoiding
polymerized membranes,18,19 and characterization of the shape
of fluid membranes.20–24 Fluid vesicles have been found to ex-
hibit a branched-polymer-like phase at small values of the bend-
ing rigidity. In this regime, entropic gains obtained by forming
fingerlike projections outweigh their modest energetic costs.25,26

Semiflexible polymers have received considerable attention
in part because of their relevance in studying properties of
biomolecules such as DNA.5,7,27,28 A number of theoretical and
computational studies have investigated semiflexible polymers
under both hard2–5,29,30 and soft tubular confinement.1,6,31

Studies of semiflexible polymers under soft tubular confinement
have characterized the shape and diffusion of a model polymer
within a polymerized membrane tube,31 shown that a semiflexi-
ble polymer can prevent a filopodial projection from collapsing,1

and developed scaling relationships for constructing qualitative
phase diagrams of polymers confined within fluid tubes.6 In a re-
lated study, Fošnarič et al. considered a single semiflexible poly-
mer confined within a fluid vesicle and showed that sufficiently
stiff polymers deform the membrane into a disk-like shape, which
is in contrast with the spherical shape of an empty fluid mem-
brane at moderate bending rigidity.32

In this paper, we use computer simulations to explore the equi-
librium behavior of elastic membrane tubes and confined semi-
flexible polymers. In contrast with previous work, we explore the
effects of membrane fluidity and bending rigidity on the behavior
of membrane tubes. We also investigate the interplay of a con-
fined polymer and the membrane for a variety of polymer sizes
and persistence lengths. The paper is organized as follows: Af-
ter introducing the discrete models of polymers and membranes,
we compare the behavior of polymerized and fluid tubular mem-
brane structures. The fluid tubes exhibit qualitatively different
behavior at small values of the bending rigidity, where they are
characterized by large fluctuations in membrane shape. We then
explore how confining a semiflexible polymer within the tube in-
fluences the behavior of the membrane, finding that the presence
of the polymer suppresses fluctuations of the membrane and can
lead to localized deformations of the tube where the polymer
forms loops.

2 Methods

We use Monte Carlo computer simulations to explore the equi-
librium behavior of elastic membrane tubes with and without
confined semiflexible polymers. In the simulations, we use dis-
cretized representations of the polymer and membrane that have
been used widely in a variety of studies and that are amenable to
computer simulation (see, for example, refs.31–33).

The polymer consists of M particles connected by M−1 bonds.
The bond length can range from lmin = σ to lmax = 1.67σ , and the

energy of the polymer is given by32

Ep = λp

M−2

∑
j=1

(

1− cosθ j

)

,

where θ j denotes the angle between two successive bonds and
λp = lpkBT/l̄, with lp the effective persistence length and l̄ =

(lmin + lmax)/2. For this study, we neglect excluded volume in-
teractions between polymer particles. In a similar manner, the
membrane is represented as a triangulated surface that consists
of N particles connected by bonds. As with the polymer, bond
lengths can range from lmin to lmax. All membrane particles, in-
cluding those not connected by bonds, interact by a hard-sphere
potential with each particle having a hard-sphere diameter of lmin.
The bending energy is given by

Em = λm ∑
〈i, j〉

(

1−ni ·n j

)

,

where the sum extends over all pairs of triangles sharing a bond,
ni denotes a normal vector to triangle i, and λm is related to
the bending rigidity by λm = 2κ/

√
3. This form of the energy

has been used widely for triangulated surfaces,16,17,22,25 and the
definition of λm holds for cylindrical surfaces.16,22 The polymer
and membrane interact through hard-sphere interactions of their
constituent particles, which each having a hard-sphere diameter
of lmin. We consider both fluid membranes and non-fluid mem-
branes. Non-fluid membranes maintain a fixed connectivity of
particles.16,17 In contrast, the connectivity of fluid membranes is
not fixed, allowing particles to change their neighbors and move
throughout the membrane.16,19,25

We employ Metropolis Monte Carlo computer simulations to
sample equilibrium configurations of polymer-membrane systems
described by the energy functions above. Denoting the total
energy by E = Ep + Em, trial configurations are accepted with
probability 1 if ∆E = Etrial − Ecurrent ≤ 0 and with probability
exp(−∆E/kBT ) otherwise. Monte Carlo updates include two types
of trial moves: In the first, a particle is selected from either the
polymer or membrane and its position is randomly updated, with
a maximum displacement of 0.15 lmin. This choice of maximum
displacement ensures that the polymer will not pass through the
membrane surface during the simulation. In the second type of
trial update, the connectivity of the membrane is updated using
a bond-flip move in which a randomly chosen bond is cut and re-
placed by a new bond.16,19,25 The new bond connects the two ini-
tially unconnected particles associated with the triangles sharing
the original bond. New bonds must satisfy the bond length con-
straint and each particle involved must have at least three bonds
to other particles. The bond-flip update incorporates fluidity into
the membrane. A single Monte Carlo sweep for a non-fluid mem-
brane consists of M+N attempted moves of polymer particles and
M +N attempted moves of membrane particles. Attempts alter-
nate between the polymer and the membrane, with a particle se-
lected at random for each update attempt. For fluid membranes, a
Monte Carlo sweep consists of an additional N bond-flip attempts,
with a bond selected at random for each attempt.

To mimic a tubular extension connecting two cells, we consider
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two parallel planes (representing the cell surfaces) separated by a
fixed distance. Each end of the tubular membrane is constrained
to move only within one of the planes. The initial configuration
of the membrane is chosen to be cylindrical, with nl layers each
containing np particles equally spaced along the circumference of
the cylinder. The nl layers are equally spaced and span the dis-
tance between the two constraining planes, and the particles are
arranged so as to form equilateral triangles with sides of length l̄.
The total number of triangles is 2np(nl − 1) and the distance be-
tween the planes is (

√
3/2)(nl −1)l̄, which accommodates the ini-

tial length of the membrane tube. The polymer is confined within
the tube, and unless otherwise noted, each end of the polymer
is constrained to move only within the same plane as the tube
ends, leading to a polymer that extends the entire length of the
tube. The initial configuration of the polymer is chosen to be a
helix that spans the entire tube. To make connections with length
scales relevant to cell biology, we let σ = 1 µm and report polymer
persistence lengths in units of µm. The smallest nonzero persis-
tence length considered in this study is greater than three times
the initial radius of the membrane tube.

For all simulation results, we average the quantities of interest
over 106 Monte Carlo sweeps after allowing the system to equili-
brate. Energies are calculated using the expressions above, and
the specific heat of the membrane is given by

C =
1

N

1

kBT 2

(

〈E2
m〉−〈Em〉2

)

The specific heat has been used to study fluctuations and rough-
ness of triangulated membranes in previous studies.16,17,20,25

3 Results

3.1 Energetics of empty membrane tubes

We begin by considering the behavior of empty membrane tubes,
with an initial focus on the effects of membrane fluidity and of
constraining the ends of the tube. Figure 1 characterizes the av-
erage energy of a membrane tube as a function of bending rigid-
ity (κ). Note that the average energy of the membrane is not
equivalent to the free energy of the system, which is minimized at
thermal equilibrium, and that entropic contributions may signif-
icantly influence equilibrium configurations sampled by a mem-
brane tube. The membrane contains N = 1596 particles initially
arranged into 84 layers of 19 particles. In Fig. 1a, the energy of
a non-fluid membrane tube is shown for two cases: (i) the ends
of the tube are constrained to move in-plane only and (ii) the
ends are free to move with no constraints. The mean energy is
strictly increasing as a function of κ, with similar values for the
constrained and unconstrained membrane tubes. The similarity
in the average energy can be understood by noting that the fixed
connectivity of particles in non-fluid membranes limits the tube
from adopting shapes that deviate significantly from cylindrical.
At sufficiently large values of the bending rigidity, local fluctua-
tions in shape become less prominent, and the membrane tube
can be regarded as approximately cylindrical. Using the Helfrich
free energy (Hm) defined previously and performing the integral
over the surface of a cylinder, the total bending energy of a cylin-

der is πκL/R, where R is the radius of the cylinder and L is the
total length. Thus, with R and L fixed, the energy increases lin-
early with κ.

The behavior of a fluid membrane is qualitatively different, as
depicted in Fig. 1b. For both the constrained and unconstrained
cases, there is a local maximum in the average energy at small val-
ues of κ. This feature is not present in the non-fluid membrane
tube. Additionally, for larger values of κ, the average energies of
the constrained and unconstrained membrane tubes deviate sig-
nificantly from one another, with the energy of the unconstrained
membrane remaining relatively low. In this regime, as can be seen
from the snapshots of configurations with κ = 40 kBT , the con-
strained tube maintains a tubular shape while the unconstrained
membrane adopts an approximately spherical shape. As with the
cylindrical case, the Helfrich free energy can be readily computed
for a sphere, giving a total energy of 8πκ (at fixed κ, spheres
have the same total bending energy, independent of their radius).
The spherical shape is energetically favorable at large values of κ,
when thermal fluctuations are less prominent and entropic contri-
butions play a less significant role. Note that the constrained fluid
membrane tube at κ = 40 kBT has lower average energy than the
non-fluid membrane tubes. This is due to the ability of the fluid
membrane to change its connectivity and rearrange particle loca-
tions to adopt shapes that are less energetically costly, even while
maintaining a tubular morphology.

3.2 Fluid membrane tubes exhibit a peak in specific heat at

small κ

Figure 1b exhibits a local maximum in the average energy as a
function of κ. We observe similar behavior for two additional
tube sizes (nl × np): N = 1197 (63× 19) and N = 798 (42× 19).
To further characterize the behavior of empty membrane tubes,
we calculate the specific heat of the membrane, which is shown
as a function of κ in Figure 2 for the case with N = 1197. Com-
paring non-fluid and fluid membranes reveals that the specific
heat of non-fluid membranes strictly increases as a function of
κ (for small κ) while the fluid membrane exhibits a peak near
κ = 1.25 kBT . The peak observed for the fluid membrane is sim-
ilar to behavior reported for fluid membrane vesicles.16,20,25,26

For the fluid vesicles, the peak was identified as indicating a tran-
sition from branched-polymer-like behavior at small κ to an ex-
tended, roughly spherical shape at large κ. Similar behavior is
observed in the fluid membrane tubes studied here.

Figure 3 displays images taken from simulation trajectories
of empty membrane tubes at various values of bending rigidity.
Large-scale shape fluctuations are present for the fluid case with
κ = 0.25 kBT and become less pronounced as κ is increased. We
observe qualitatively similar behavior to that reported for fluid
vesicles: At small values of κ, the membrane tube adopts con-
formations that exhibit fingerlike extensions. As κ increases, the
membrane transitions to an extended tube-like state. This transi-
tion is consistent with the location of the local maximum in the
specific heat. It is interesting that the fluid membrane tube ex-
hibits the same qualitative behavior as fluid vesicles, as the tubes
are constrained on both ends and have less freedom to make large
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polymer is described by

r(s) =







Rc cos(αs)

Rc sin(αs)

sLT /l







where α =
√

(1− (LT /l)2/Rc and 0 ≤ s ≤ l. Using this expression
for the polymer shape, the total energy can be written

E1 =
πκLT

Rc
+

lpkBT

2

l

R2
c

(

1−
(

LT

l

)2
)2

The first term accounts for the energy of the membrane and the
second term accounts for the energy of the polymer. This function
grows linearly with lp with other parameters held fixed.

In the second membrane-polymer configuration, we assume
that a spherical bulge of radius Rs is present in an otherwise
cylindrical membrane. The polymer is assumed to be straight
within the cylindrical region and to form circular loops of radius
Rs in the spherical region. The length of the cylindrical portion
is approximated as LT − 2Rs, the bulged region is assumed to
be a complete sphere, and the maximum possible surface area
is given in relation to a corresponding discrete representation
by Atot = 2np(nl − 1)(l2

max
√

3/4). Under the approximations de-
scribed, the energy of the system is

E2 = 8πκ +2π2κ
(LT −2Rs)

2

Atot −4πR2
s

+
lpkBT

2

(

l − (LT −2Rs)

R2
s

)

The first terms are associated with the spherical and cylindrical
portions of the membrane, respectively, and the third term gives
the energy of the polymer. For this system, we minimize the en-
ergy with respect to the bulge size (Rs) subject to the total area
being as large as possible (a fixed surface area allows the radius
of the cylinder to be written in terms of Rs above). Physically,
increasing Rs decreases the polymer energy since larger loops can
be formed, yet it leads to a smaller radius for the cylindrical por-
tion of the membrane, thus increasing the membrane energy.

Figure 7 shows E1 and E2 as a function of the polymer per-
sistence length for a membrane tube of fixed length. The poly-
mer is twice the length of the tube in this example. For each
value of κ considered, there is a crossover at which the spher-
ical bulge case becomes energetically favorable compared with
the cylindrical case. As expected, this transition occurs at larger
values of the persistence length as κ increases since it becomes
more energetically costly to deform the membrane. Although we
are considering simple representative configurations, they cap-
ture the crossover to a deformed tube and likely incorporate the
physical interactions most relevant at large κ.

Using computer simulations, we have also considered the ef-
fects of confined polymers when the polymer is not constrained
to span the entire tube, with a focus on two cases: (i) both poly-
mer ends are free to move anywhere within the tube, and (ii) one
end of the polymer is constrained at a tube end and the other end
is free. Both cases exhibit qualitatively similar behavior in which
the specific heat of a fluid membrane is decreased by the polymer.
However, the effects are most pronounced for the polymer that is

constrained to fully span the tube. This is because the partially
constrained or unconstrained polymers adopt configurations that
typically do not span the entire tube, and hence they directly in-
teract with less of the membrane.

4 Discussion

Tubular membrane structures are common in cells and highlight
important biophysical interactions between deformable mem-
branes and semiflexible biopolymers such as actin. Models that
capture elastic properties of both the polymer and the membrane
allow us to investigate many important features of their interac-
tions, namely that they are deformable, are subject to thermal
fluctuations, and can mutually influence each other’s behavior.
The persistence length of a single actin filament is approximately
15 µm, although bundles of actin filaments, which are common
in cells, have persistence lengths that grow with the number
of actin filaments in the bundle.1 Typical measurements of cell
membranes give κ ∼ 10− 20 kBT . However, many model bilayer
systems exhibit bending rigidities above and below this range,
and many can be tuned by controlling the relative quantities of
bilayer components.26,34 The simulations in this paper are meant
to characterize general features of polymer-membrane tube inter-
actions in parameter regimes that are biophysically relevant.

We used Monte Carlo computer simulations to study the equi-
librium behavior of tubular membrane structures with and with-
out a semiflexible polymer confined inside of the tube. For empty
fluid membrane tubes, we observed a local peak in the specific
heat as the bending rigidity increases from zero. In the fluid
membrane tubes, the peak in specific heat is associated with a
transition from membrane structures with highly irregular shapes
at small κ to extended, tube-like configurations at large κ. Non-
fluid membranes, which have fixed connectivity of constituent
particles, maintain extended tube-like behavior at all values of
the bending rigidity.

We further observed that confining a semiflexible polymer
within a fluid membrane tube results in a reduction of energy
fluctuations of the membrane in the regime around the transi-
tion from irregular to tube-like membrane shapes. For polymers
with a small persistence length, this is a consequence of excluded
volume interactions that result in the polymer partially filling
the tube and restricting the configurations available to the mem-
brane. For stiff polymers, the energy associated with bending the
polymer leads to an interesting interplay between the polymer
and membrane. For polymers only slightly longer than the sepa-
ration between the tube ends, we observed serpentine polymer-
membrane shapes. This allows the polymer to span the tube
without incurring large bending penalties associated with small
loops or deformations. For longer polymers, localized bulges in
the membrane accommodate polymer loops.

The results presented in this paper highlight nontrivial equilib-
rium behavior of tubular membranes in a regime of low bend-
ing rigidity. Additionally, we characterized two potentially bi-
ologically important roles of semiflexible polymers confined by
membranes: (i) that they can suppress membrane shape fluctua-
tions and (ii) that they can induce significant local deformations
of the membrane. Due to the prevalence of membrane-confined
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polymers within cells, we anticipate that these consequences of
polymer-membrane interactions may play a role in a wide array
of cellular structures.
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32 M. Fošnarič, A. Iglič, D. M. Kroll and S. May, Soft Matter, 2013,
9, 3976–3984.
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