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the membrane was treated as a single, mathematical surface, thus
neglecting the influence of transmembrane proteins on the cou-
pling between the two monolayers. The influence of the bilayer
structure of the membrane on single protein diffusion has recently
been studied, in particular for proteins located in one of the two
monolayers14, yet no comparable work at the many protein level
has been proposed. We note that though a very general theoret-
ical framework was developed some time ago15, a handy theory
describing the multiphase dynamics of a deformable membrane
bilayer with diffusing transmembrane proteins is still lacking.

Simple, single-phase bilayer membranes already have a com-
plex hydrodynamic behavior16,17 due to their soft out-of-plane
elasticity18. The complete equations describing the hydrody-
namics of bilayer membranes, including curvature and in-plane
elasticities, intermonolayer friction, monolayer 2D viscosity and
solvent 3D viscosity, were first derived by Seifert and Langer
for almost planar membranes3. The method employed was a
careful balance of in-plane and out-of-plane elastic and viscous
stresses. Generalization to non-linear membrane deformations
was achieved by Arroyo et al.19–21 using covariant elasticity and
Onsager’s variational principle22,23; see also Ref.24. Importantly,
the monolayers must be treated as compressible fluids. Indeed,
while the 3D density of the lipid region remains almost constant,
the 2D lipid density can significantly change because the mem-
brane thickness is free to adapt25. Moreover, any lipid density dif-
ference between the two monolayers couples with the membrane
curvature26,27. In the early studies of membrane hydrodynamics
the bilayer structure of the membrane was neglected16,17. While
this is a good approximation24 for tensionless membranes at
length-scales much larger than microns, experiments and theoret-
ical studies have shown that taking the bilayer structure into ac-
count is essential at shorter length-scales2–4,28,29. This is chiefly
due to the importance of the dissipation due to the intermonolayer

friction, caused by the relative motion of the lipid tails, occurring
when the two monolayers have different velocities2,30.

In this paper, we derive the coupled equations describing
the multi-phase flow of a deformable bilayer membrane host-
ing transmembrane proteins that diffuse collectively. For a one-
component, or even a two-component lipid bilayer membrane,
the hydrodynamical equations for each monolayer can be written
in a relatively simple manner by balancing standard 2D and 3D
hydrodynamic stresses with the in-plane pressure gradient and
the intermonolayer stress3,31. This is no longer possible for a bi-
layer membrane with spanning proteins. Indeed, the two mono-
layers are not only coupled through the intermonolayer stress,
they are also coupled through the protein mass conservation law,
manifested by the equality of the protein fluid velocity in the two
monolayers, which connects the diffusive flows of both mono-
layers. This constraint produces additional in-plane stresses that
cannot be understood simply. Using Onsager’s variational princi-

ple, because it is based on minimizing the total energy dissipation
under all the relevant constraints, we are able to determine the
constitutive equations consistently and to uncover these nontriv-
ial stresses.

One simple consequence, that is readily understood, is that
with respect to the hypothetical situation where the proteins
would be broken into independent halves living in each mono-
layer, the intermonolayer friction coefficient b increases in inverse
proportion to the proteins’ mobility Γ. Indeed, imagine the sim-
ple case of up-down symmetric proteins within a bilayer flowing
in such a way that the two monolayers have exactly opposite ve-
locities. By symmetry, the proteins remain immobile, and friction
arises not only from the lipid tails of the contacting monolayers,
but also from the dissipation (∝ 1/Γ) due to the flow within the
monolayers between the lipids and the proteins.

From our coupled dynamical equations, we obtain the collec-
tive diffusion coefficient Deff of up-down asymmetric proteins and
its wavevector dependence. Relaxation of small wavevector (q)
disturbances of the density of asymmetric transmembrane pro-
teins couples to the relative motion of the monolayers, which in-
volves intermonolayer friction. This leads to a b–proportional re-
duction of the effective diffusion coefficient Deff (q), as compared
with equivalent but symmetric proteins. In contrast, for large
wavevectors, the energetic coupling between protein density and
membrane curvature further reduces the effective diffusion coef-
ficient Deff(q), in agreement with Refs.12,13. The crossover be-
tween the two regimes occurs at wavevector qc ∼

√
σ/κ, with

σ the membrane tension and κ the membrane bending modulus.
Below qc, tension effectively flattens the membrane, thus only the
protein concentration and the difference in monolayer densities
couple; above qc, short scale membrane deformations favor spa-
tially inhomogeneous protein concentration, thus lowering Deff.
Finally, we confirm the wavevector dependence of the protein dif-
fusion coefficient by examining, with our formalism, the dynam-
ics of an initially localized excess concentration of proteins.

The present article is organized as follows. In Sec. 2, using On-
sager’s variational principle23, we derive the general equations
describing the multiphase flow of the system. In Sec. 3, we cal-
culate the relaxation modes of the dynamical equations coupling
the membrane shape, the lipid density–difference and the protein
density. We discuss the role of membrane tension and protein
asymmetry, and we derive the wavevector–dependent effective
diffusion coefficient of the proteins. In Sec. 4, we analyse the
spreading of a concentrated spot of proteins and we discuss its
anomalous diffusion. In Sec. 5, we give our conclusions and dis-
cuss the perspectives of our approach.

2 Hydrodynamic description

To understand the coupling between the protein diffusion in a bi-
layer membrane and the membrane curvature, we first establish
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the dynamical equations governing the relaxation of small fluc-
tuations in membrane shape, and densities of lipid and protein
relative to a flat, homogeneous configuration. Let us consider a
one lipid species bilayer membrane hosting a non-uniform mass
fraction c of (identical) asymmetric transmembrane proteins. The
space is parametrized in Cartesian coordinates by R = (x⊥, z),
with x⊥ = (x, y). The membrane shape is described, in the Monge
gauge, by the height h(x⊥, t) of the bilayer’s midsurfaceM above
the reference plane (x, y), with t the time. Quantities with the
superscript + and − will refer to the upper and lower monolayer,
respectively (Fig. 1). Considering one protein, we call 1/s+ (resp.
1/s−) the fraction of its mass lying in the upper (resp. lower)
monolayer, with

1/s+ + 1/s− = 1. (1)

Let r± be the total (lipid+protein) mass density within each
monolayer and c± the protein mass fraction within each mono-
layer. Then, r±c± is the protein mass density in each monolayer,
and c± is thus related to the protein mass fraction c through

s±r±c± = (r+ + r−)c . (2)

Note that r±, c± and c vary along the membrane, while s± are
constant coefficients. Like in Ref.3, all densities are defined onM.

We consider small deviations with respect to a flat membrane
ground state with uniform protein mass fraction c0 and mass den-
sities r±

0
. Thus, we write

r± = r±0 (1 + ρ±), (3)

c± = c±0 + φ
±, (4)

c = c0 + φ. (5)

The variables h(x⊥, t), ρ±(x⊥, t) and φ(x⊥, t) are our main vari-
ables and they will be considered as first-order quantities. Note
that c±

0
, as well as φ±, follow from Eq. (2):

c±0 =
r+
0
+ r−

0

r±
0

s±
c0 , (6)

and, to linear order in the densities,

φ± = ∓
r∓
0

c0

r±
0

s±
(

ρ+ − ρ−
)

+

r+
0
+ r−

0

r±
0

s±
φ + O(2). (7)

That is, the monolayer protein mass fractions couple not only to
φ, but also to the difference in monolayer densities ρ+ − ρ−.

Since the monolayers have little interactions apart from being
pushed into contact by hydrophobic forces, the Hamiltonian of

the bilayer can be written as

H =
∫

M
dS

[
g
+(H, r+, c+) + g−(H, r−, c−)

]
(8)

≃
∫

d2x⊥

σ

2
(∇h)2

+

∑

ǫ=±
f ǫ (∇2h, ρǫ , φǫ )

 , (9)

where dS is the elementary area and H ≃ ∇2h/2 the mean curva-
ture ofM. Eq. (9) is obtained by expanding Eq. (8) at quadratic
order. The membrane tension, σ, arises from the zeroth-order
terms in g

± mutiplied by dS/d2x⊥ ≃ 1 + (∇h)2/2. The most gen-
eral quadratic form of f ± can be written as32

f ± =
κ±

4

(

∇2h
)2
+

k±

2

(

ρ± ± e±∇2h + β±φ±
)2

± λ±k±e±(∇2h) φ± +
α±k±

2
φ±2
, (10)

which generalizes the form proposed by Seifert and Langer for
protein-free membranes3. Note that, although the lipids are the
same in both monolayers, the elastic constants κ±, k±, e±, etc., are
monolayer dependent if the proteins are up-down asymmetric.
The Gaussian curvature elasticity term can be neglected thanks
to the Gauss-Bonnet theorem despite the inhomogenity of the
corresponding stiffness, κ̄±, arising from the proteins33,34. In-
deed, taking into account the dependence of κ̄± in φ± would re-
sult in a higher-order, cubic term, since the Gaussian curvature
is already a second-order quantity. We shall assume throughout
that the system is far from protein phase separation. Here κ± is
the monolayer bending rigidity18, k± the stretching modulus, e±

a density–curvature coupling constant that can be interpreted as
the distance betweenM and the monolayer neutral surface, and
β±, λ± and α± are dimensionless coupling constants arising from
the presence of the proteins, normalized by k±. All these con-
stants depend in principle on the background protein mass frac-
tion c0 and on the bare mass densities r±

0
, hence on the tension

σ 35,36, although these dependences should be moderate37. Iden-
tifying them would require a specific microscopic model, which is
beyond the scope of this work.

Let us call V± the solvent velocity on both sides of the mem-
brane, v± the in-plane barycentric velocity of the lipid+protein
binary fluid, in each monolayer, and v+p = v−p the barycentric ve-
locity of the transmembrane proteins. These quantities are ob-
tained from the total mass flux g± and the protein mass flux g±p
using the relations g± = r±v± and g±p = r±c±v±p . Our model is
therefore valid only on length scales greater than the inter-protein
spacing. We assume that the velocities are generated by the relax-
ation of the membrane only, hence they are also small quantities
that can be considered parallel to (x, y) at first-order. In the fol-
lowing, we use the convention that Latin indices represent either
x or y while Greek indices represent either x, y or z. Assuming no
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Fig. 1 (color online.) Membrane with asymmetric, spanning proteins. (a)

Geometric description of a membrane with height h and solvent velocities V±.

(b) Monolayers have total mass densities r± and barycentric velocities v±.

Proteins have total mass fraction c and velocity vp.

slip at the membrane surface and no permeation, we have on the
membrane, at z = 0:

V±i = v
±
i , Vz = ḣ , (11)

where a dot indicates partial time derivative. The mass continuity
equations read38:

ṙ± + ∂i (r
±
v
±
i ) = 0 , (12)

r±ċ± + r±v±i ∂ic
±
+ ∂i J±i = 0 , (13)

where the protein diffusion currents are defined by J± =

r±c±(v±p − v±) and the last equation follows from ∂t (r±c±) +

∂ig
±
p,i
= 0. We note that, with the help of Eqs. (2), (12), and

(13), the protein continuity equation can be rewritten in terms of
the bilayer protein mass fraction:

rċ + rvi∂ic = −
1

2
∂i

(

s+J+i + s−J−i
)

+

1

2
∂i (c∆r∆vi ) , (14)

where r = r+ + r− is the total mass density, vi = (r+v+
i
+ r−v−

i
)/r

is the barycentric velocity, ∆r = r+ − r− and ∆vi = v
+

i
− v
−
i

. Thus,
the total protein density is convected by the bilayer barycentric
velocity, as expected. A more striking observation is that the pro-
tein mass current relative to vi depends not only on the diffusive

fluxes, but also on the relative monolayer velocity ∆vi .

A crucial element of this problem is the following. Since the
proteins span the bilayer, v+p = v−p , and the monolayer protein
currents must obey the following constraint:

s+J+i − s−J−i = (r+ + r−)c (v−i − v
+

i ), (15)

as a consequence of Eq. (2) and the definition of the currents. As
we show below, this relation implies that transmembrane proteins
slow down the relative motion between monolayers.

In the Stokes approximation, i.e., neglecting all inertial ef-
fects, the dynamical equations of the whole system can be ob-
tained by minimizing the total Rayleighian of the system, R =
1
2

(Ps + Pm) + Ḣ , equal to half the total dissipated power plus the
time derivative of the Hamiltonian22,23. The dissipation in the
solvent reads

Ps =

∫

z>0
d3R ηD+αβD+αβ +

∫

z<0
d3R ηD−αβD−αβ , (16)

where D±
αβ
=

1
2

(∂αV±
β
+ ∂βV±α ). The dissipation within the mem-

brane reads

Pm =
∑

ǫ=±

∫

d2x⊥

[
η2dǫi jd

ǫ
i j +
λ2

2
dǫiid

ǫ
j j +

1

2Γ
Jǫi Jǫi

]

+

∫

d2x⊥
b

2

(

v
+

i − v
−
i

)2
, (17)

where d±
i j
=

1
2

(∂iv
±
j
+ ∂jv

±
i

), η2 and λ2 are the in-plane mono-
layer viscosities (compressible fluid), Γ is the coefficient associ-
ated with the dissipation due to the diffusion currents38, and b

is the intermonolayer friction coefficient2,3. As in the case of the
elastic constants, these dissipative coefficients depend on c0 and
r±
0

14,39–41. Note that for the sake of simplicity we have assumed
that η2, λ2, and Γ are the same in both monolayers. The time
derivative of the Hamiltonian is

Ḣ =
∫

d2x⊥
{
− σ

(

∇2h
)

ḣ

+

∑

ǫ=±

[
f ǫρ ρ̇
±
+ f ǫφ φ̇

±
+

(

∇2 f ǫ
h

)

ḣ
] }
, (18)

where f ±
h
= ∂ f ±/∂(∇2h), f ±ρ = ∂ f ±/∂ρ±, and f ±

φ
= ∂ f ±/∂φ±,

The Rayleighan R must be extremalized with respect to all
the variables expressing the rate of change of the system: ḣ,
v
±
i

, V±z , V±
i

, ρ̇±, φ̇±, J±
i

22,23, and Lagrange multiplier fields
must be introduced in order to implement the various con-
straints. Let ω(x⊥) be the Lagrange field associated with (2),
{µ(x⊥), γ(x⊥), ζ (x⊥), χ(x⊥)} associated with (11–13), and ωi (x⊥)

associated with (15). The bulk incompressibility condition
∂αV±α = 0 will be implemented by the Lagrange fields p±(R) cor-
responding to the solvent’s pressure. Performing the constrained
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extremalization of R yields the bulk Stokes equations:

− 2η∂βD±αβ + ∂αp± = 0 , (19)

∂αV±α = 0 . (20)

and the surface equations in the plane z = 0 of the unperturbed
membrane (in the order of the dynamical variables listed above):

∇2( f +
h
+ f −

h
) − σ∇2h + γ+ + γ− = 0 , (21)

− 2η2∂jd
±
i j − λ2∂id

±
j j ± b

(

v
+

i − v
−
i

)

− r±∂iζ
±

+ r± χ±∂ic
± ± ωi (r+ + r−)c + µ±i = 0 , (22)

± p± ∓ 2ηD±zz − γ± = 0 , (23)

∓ 2ηD±zi − µ
±
i = 0 , (24)

f ±ρ + r±0 ζ
±
= 0 , (25)

f ±φ + r± χ± = 0 , (26)

Γ
−1 J±i − ∂i χ

± ± s±ωi = 0 , (27)

ṙ± + ∂i
(

r±v±i
)

= 0 , (28)

r± ċ± + r±v±∂ic
±
+ ∂i J±i = 0 , (29)

v
±
i − V±i = 0 , (30)

ḣ − V±z = 0 , (31)

s+r+c+ = s−r−c− = (r+ + r−)c, (32)

s+J+i − s−J−i = (r+ + r−)c (v−i − v
+

i ). (33)

Note that in addition to h, ρ± and φ±, the velocities, the diffu-
sion currents and, therefore, all the Lagrange multipliers are first-
order quantities. Linearizing these surface equations, eliminating
the Lagrange multipliers, the diffusion currents and φ± (thanks to
Eq. (7)) is straightforward and yields the following reduced set of
surface equations:

∇2 fh − σ∇2h + p+ − p− − 2η(D+zz − D−zz ) = 0 , (34)

− 2η2∂jd
±
i j − λ2∂id

±
j j ± (b + δb)(v+i − v

−
i ) + ∂i f ±ρ

∓Q
(

s+r−0 ∂i f +φ − s−r+0 ∂i f −φ
)

∓ 2ηD±zi = 0 , (35)

ρ̇± + ∂iv
±
i = 0 , (36)

φ̇ − ΓS
(

s−r−0 ∇
2 f +φ + s+r+0 ∇

2 f −φ
)

− T∂i (v
+

i − v
−
i ) = 0 , (37)

in which fh = f +
h
+ f −

h
, s2
=

1
2
[(s+)2

+ (s−)2] ≥ 4, r0 =
1
2

(r+
0
+

r−
0

), Q = c0r0/(s2r+
0

r−
0

), S = s+s−/(4s2r+
0

r−
0

r0), T = c0[(s+)2r+
0
−

(s−)2r−
0

]/(4s2r0), and

δb =
2

Γ

(

r0c0

s

)2
. (38)

These equations, Eqs. (34–37), resemble the ones obtained by
Seifert and Langer for a one-component lipid bilayer membrane3,
yet there are fundamental differences. These arise from the
terms proportional to δb and Q in Eq. (35), and, of course, from
Eq. (37), which describes the protein mass conservation. Before
commenting on these differences, we explain the physical mean-
ing of these four equations. The first one, Eq. (34), is the bal-
ance of stresses normal to the membrane, with ∇2 fh and −σ∇2h

the elastic stresses and 2ηD±zz − p± the stresses arising from the
solvent. Equation (35) is the balance of stresses parallel to the
membrane in each monolayer: the first two terms are the vis-
cous stresses, the third term is the intermonolayer friction, the
fourth term the gradient of two-dimensional pressure, the fifth
term (∝Q) is an extra intermonolayer stress and the last term is
the solvent shear stress. Eq. (36) is the mass continuity equation
and Eq. (37) is the protein conservation equation.

In order to grasp the differences with the dynamics of mem-
branes deprived of spanning objects, we consider the limit where
the proteins are located only in the upper monolayer, which cor-
responds to s+ = 1 and s− ∼ s → ∞. In this case δb → 0,
Qs+ ∼ s−2 → 0, Qs− ∼ s−1 → 0, and Ss+ → 0, and all the ex-
tra terms mentioned above vanish. These terms arise thus specifi-
cally from the spanning character of the proteins. As explained in
the introduction, the increase of the intermonolayer friction coef-
ficient b arises from the dissipation ∝1/Γ caused by the motion of
the lipids relative to the proteins. Note that a similar conclusion
was found in a simulation study42. More precisely, in the process
of obtaining Eqs. (34)–(37), the protein currents J±

i
are found

to bear a term proportional to the relative barycentric velocity
v
+

i
−v−

i
. This comes in part from Eq. (15). Thus the dissipation as-

sociated with diffusion, J±
i

J±
i
/(2Γ), contains a term proportional

to (v+
i
− v−

i
)2 which increases b. Note that in Eq. (38) the depen-

dence on c0 is hidden, since Γ depends on c0. Hence in the dilute
limit δb ∼ c0 since Γ ∼ c0. As for the stresses ∝Q, which are pro-
portional to the gradient of the energy density f ±

φ
, they are elastic

stresses transmitted by the spanning character of the proteins.

3 Relaxation modes

The equations being linear, we may decompose all quan-
tities into independent in-plane Fourier modes: h(x⊥, t) =
∫

d2q(2π)−2hq (q, t) exp(iq · x⊥), etc. Let us define the average

1–12 | 5
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density ρ̄ = ρ+ + ρ− and the density–difference

ρ = ρ+ − ρ−. (39)

Taking the Fourier transform of the membrane equations (34–36)
and eliminating the bulk and surface velocities yields a system of
four equations that give ḣq , ρ̇q , ˙̄ρq and φ̇q as linear combinations
of hq , ρq , ρ̄q and φq . This procedure, involving heavy calcula-
tions, is detailed in the Appendix.

3.1 Reduction to three dynamical variables

We shall assume throughout typical parameter values: κ± ≃
10−19 J43, k± ≃ 0.1 J/m2 43, e± ≃ 1 nm, η ≃ 10−3 J·s/m3,
ηs = 10−9 J·s/m2 44, b ≃ 109 J·s/m4 45–47, and D0 ≃ 10−12 m2/s
for the diffusion coefficient of transmembrane proteins48. The
coefficients α±, β±, and λ± are expected to be of order unity49.

As in the case of protein-free membranes3, it turns out, given
the parameter values given above, that the variable ρ̄q is always
much more rapid than hq , ρq and φq . It can therefore be elimi-
nated by setting the right-hand-side of Eq. (68) equal to zero and
solving for ρ̄q . One then obtains a reduced dynamical system of
the form

*..,
ḣq

ρ̇q

φ̇q

+//-
= A

*..,
hq

ρq

φq

+//-
. (40)

In the general case, the coefficients of the matrix A are too cum-
bersome to be given explicitly. Figures 2a and 2b show examples
of the three relaxation rates γ1 > γ2 > γ3 given by the negative of
the eigenvalues of A, for different membrane tensions and degree
of protein asymmetry. Note that they never cross.

To simplify the expression for the elements of A, we consider
the case of a weak asymmetry which we assume to be present only
in the curvature coupling constants. Without loss of generality,
it can be expressed in terms of a small parameter ν, by setting
1/s± = 1/2± ν, e± = e± νê, β± = β ± ν β̂, λ± = λ ± νλ̂, and κ± = κ,
k± = k, r±

0
= r0, α± = α. We then obtain

A = A(0)
+ νA(1)

+O(ν2) (41)

with

A(0)
=

*.............,

− κ̃q
3
+ σq

4η

ke(1 − c′
0
)q

4η
0

ke(1 − c′
0
)q4

B + ηq + ηsq2
−

k (1 − c′′
0

)q2

2(B + ηq + ηsq2)
0

0 0 −Γkαq2

r2
0

+/////////////-

. (42)

where B = b + δb, κ̃ = κ + 2ke2, ηs = η2 +
1
2
λ2, c′

0
= c0(β + λ),

c′′
0
= 2βc0 − c2

0
(α + β2), and

A
(1)

13
=

ke1

2η
q , A

(1)

23
=

2 β̃k

B + ηq + ηsq2
q2, (43)

A
(1)

31
=
*,
Γe1

r2
0

+

2ec0(1 − c′
0
)

B + ηq + ηsq2
+- kq4, (44)

A
(1)

32
=
*,

(2c0α + β̃)Γ

r2
0

−
c0(1 − c′′

0
)

B + ηq + ηsq2
+- kq2, (45)

with e1 = (2β + β̂ + 2λ + λ̂)e + λ ê and β̃ = (β + 1
2
β̂)(c0 β − 1), the

other elements of A(1) being zero.

It can be first noticed that, for symmetrical proteins (ν = 0),
the matrix A = A(0) is block-diagonal and h and ρ are coupled
exactly as in protein-free membranes, but with renormalized co-
efficients50.

Next we compare the basic relaxation rates in this problem,
given by the diagonal elements of the matrix A. Although they
do not coincide in general with the actual rates γi , they provide
useful informations. First, the h-like relaxation rate, associated
with A

(0)

11
, is ( κ̃q3

+ σq)/(4η) (green dashed line in Fig. 2a,b).

Second, the ρ-like rate, associated with A
(0)

22
and originating from

the relative monolayer movement, is ≃ kq2/B (red dashed line in
Fig. 2a,b). Here, we have assumed c′′

0
= O(1) and B ≫ ηq +

ηsq2, which we shall assume throughout since it holds typically
for q−1

& 1 nm, given the orders of magnitude listed above. The
ratio of the h-like rate to the ρ-like rate is minimum where the
green dashed line of Fig. 2a (σ = 0) or 2b (σ , 0) attains its
minimum, i.e., at

qc =
√

σ/κ̃. (46)

Comparing the h-like rate and the ρ-like rate yields the crossover
tension

σc =
4

κ̃

(

kη

B

)2

. 10−8 N/m (47)

that separates the vanishing tension regime (Fig. 2a) from the
finite tension regime (Fig. 2b); it is defined by the condition that
for σ > σc the h-like rate is always larger that the ρ-like rate (as
in Fig. 2b).

Finally, the φ-like rate, associated with A
(0)

33
, is D0q2 (blue

dashed line in Fig. 2a,b), where

D0 =
kΓα

r2
0

. (48)

The ratio of the φ-like rate to the ρ-like rate (that both have a
diffusive character ∝ q2) is D0B/k; this leads us to introduce the
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to two variables, governed by the matrix

B =

*....,
A22 −

A21A12

A11
A23 −

A21A13

A11

A32 −
A31A12

A11
A33 −

A31A13

A11

+////-
. (51)

The two relaxation rates (negative of eigenvalues) Γ1 > Γ2 of B

are not always well separated, and one cannot eliminate adiabat-
ically ρq in order to get the dynamics of φq . Instead, keeping
only the slower rate, one has φq (t) ∼ exp[−q2Deff(q)t], where
Deff = Γ2/q

2 and Γ2 = − 1
2
{B11 +B22 + [(B11 −B22)2

+ 4B12B21]1/2}.
The precise form of Deff(q), the effective diffusion coefficient of
the proteins, is quite complicated for arbitrary q, but can be calcu-
lated numerically, as shown in Fig. 2c. Its coincidence with q−2γ3

justifies the adiabatic approximation for hq .

We consider now two limiting forms of Deff(q). First, for q → 0,
the asymptotic effective diffusion coefficient, D0

eff
, is given at first

order in the small parameter ζ and to O(ν2) by

D0
eff

D0
≃ 1 − 2ν2ζ

(2β + β̂)2

α(βc0 − 1)2
. (52)

Since ζ ∝ b, we find that the protein diffusion coefficient at long
wavelengths is, for asymmetric bilayers, reduced by the inter-
monolayer friction b (see Fig. 2c): this effect arises from the cou-
pling between φ and ρ in the free energy terms β±φ±2 through
Eq. (7).

Second, for q ≫ qc, we write

D∞eff = D0
eff + ∆D , (53)

where in general ∆D is very complicated. However, ∆D vanishes
for symmetric membranes (ν = 0) and no protein–membrane cur-
vature coupling (λ = λ̂ = 0), in agreement with Ref.12. For the
simple asymmetric case ê = λ̂ = 0 and c0 → 0, expanding again
to O(ν2) and to first order in ζ yields

∆D

D0
= −8ν2

ke2

κ

λ2

α

[
1 +

2ζ

λ

(

2β + β̂ − 2
ke2

κ

)]
. (54)

Thus, the effect of intermonolayer friction, b ∝ ζ , is a secondary
effect compared to the dominant role played by the protein-
membrane curvature coupling λ (see Fig. 2c).

4 Diffusion of a concentrated protein spot

As an application of the above formalism, we consider the
diffusion of a concentrated spot of asymmetric transmem-
brane proteins. The relaxation of the protein density field,
c(x⊥, t), is coupled to the membrane height, h(x⊥, t), and
to the density–difference ρ(x⊥, t). Defining the state of the
protein–membrane system by the column matrix X(x⊥, t) =
(h(x⊥, t), ρ(x⊥, t), φ(x⊥, t))T , we ask how does X(x⊥, t) evolve

given that proteins are initially concentrated in a circular region
of radius w in a flat, equilibrium membrane:

X(x⊥, 0) = φ0 e−r
2/(2w2) (0, 0, 1)T , (55)

To find out, we work in Fourier space. The time evolution of the
Fourier transform is determined by solving Ẋ(q, t) = A X(q, t) for
each q, subject to the initial condition:

X(q, 0) =

∫

d2r X(x⊥, 0) e−iq ·x⊥

= 2πw2 φ0 e−
1
2
w2q2

(0, 0, 1)T . (56)

We denote S(q) the matrix whose columns are the three eigen-
vectors of A; therefore Ad = S−1AS is a diagonal matrix whose
elements are the negative of the relaxation rates γi (q). With a
change of basis, we define X′(q, t) = S−1X(q, t), which satisfies
Ẋ′(q, t) = AdX′(q, t), with solution X′(q, t) = eAd t X′(q, 0). There-
fore, we obtain X(q, t) = S eAd tS−1 X(q, 0). As a result, the solu-
tion in real space is reconstructed, yielding

X(x⊥, t) =
∫

d2q

(2π)2
S eAd tS−1 X(q, 0) eiq ·x⊥

=

∫ ∞

0

dq

2π
qJ0(q r) S eAd tS−1 X(q, 0) , (57)

and thus,

φ(r, t) =φ0w
2
∑

i

∫ ∞

0
dq qJ0(qr)×

× S3i (q) e−
1
2
w2q2−γi (q)t S−1

i3 (q). (58)

We have used the symmetry of revolution of the problem to carry
out the angular integration, which yields the Bessel function of
zeroth order J0(qr), where r = |x⊥ |. We therefore see that the
diffusion of the protein spot, viewed in real space, is governed
not only by the bare diffusion constant D0, but more generally by
all the three rates γi .

The time evolution of the protein concentration spot is de-
scribed in Fig. 3. The q-dependence of the effective diffusion
coefficient Deff(q), as seen in Fig. 2b, is reflected in the evolu-
tion of the real space protein mass fraction φ(r, t). As shown in
Fig. 3a, at short times (but still D0t > w

2) and for r2
. 2D0t, the

protein diffusion is controlled by D∞eff. Indeed, for times such that
qc
√

D0t ≪ 1,

φ(r, t) ≃
φ0w

2 a∞
3

2D∞
eff

t
e
− r

2

4D∞
eff

t
, (59)

where a∞
3
≡ limq→∞ S33S−1

33
. Note that, for large r, φ oscillates

slightly about zero, due to the coupling with membrane curvature

8 | 1–12

Page 8 of 12Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t



Fig. 3 (Color online.) Diffusion of a concentrated protein spot in a tensed

membrane. (a) Logarithmic plot of t φ(r, t) normalized by 2D0/(φ0w
2) versus

r2/t for times ranging from t = 1 s to t = 1000 s, with two profiles per time

decade (red to fuchsia, from bottom to top). Short and long time behaviors are

given by dotted and dashed lines, controlled by D∞eff and D0
eff (see text). (b) Half

width at half maximum, r1/2, as a function of t. Short and long time behaviors

are given by dotted and dashed lines, controlled by D∞eff and D0
eff (see text). In

addition to the parameter values given in text, σ = 10−8 N/m, b = 5×109 Js/m4,

ê = 0.1 nm, α̂ = 1, β̂ = 1, λ̂ = 1, ν = 0.25, and w = 10−8 m.

for large q; in Fig. 3a this is seen as a divergence in the logarithm
of t φ(r, t).

In contrast, at long times (qc
√

D0t ≫ 1), the protein diffusion
is controlled by D0

eff
, and

φ(r, t) ≃
φ0w

2 a0
3

2D0
eff

t
e
− r

2

4D0
eff

t
, (60)

where a0
3
≡ limq→0 S33S−1

33
. These behaviors are confirmed by

Fig. 3b, showing the half width at half maximum of φ, denoted
r1/2, versus t. For short times, r1/2 tends to 2

√

D∞
eff

t ln 2, while

for long times, r1/2 tends to 2
√

D0
eff

t ln 2. Thus, the coupling

of protein diffusion to membrane curvature is felt at short times
(through D∞eff), whereas the coupling to in-plane motion is felt at

long times (through D0
eff

).
5 Conclusion and Perspectives

To summarize, we developed in this paper a generic formalism,
based on Onsager’s variational principle, that allowed us to de-
scribe the dynamics of lipid bilayers containing transmembrane
proteins of arbitrary shape. This approach, valid on length scales
larger than the mean inter-protein distance, reveals that the pres-
ence of proteins that span the bilayer opposes monolayer sliding,
and hence significantly increases the intermonolayer friction co-
efficient. The correction to this coefficient is shown to vary in in-
verse proportion to the protein’s mobility. Experimentally, trans-
membrane protein-enhanced intermonolayer friction has recently
been invoked to explain observations of slow force relaxation
on membrane tubes extracted from Giant Unilamellar Vesicles52.
Applying our formalism to the simple situation where protein en-
richment is localized initially in a circular region within a flat
membrane, we show that for practically all accessible membrane
tensions, protein density is the slowest relaxing variable, and the
spreading of the protein spot follows an anomalous diffusion be-
havior. Precisely, at short and long times, the spreading passes
from a normal diffusion regime at short times to another normal
diffusion regime (i.e. with another diffusive coefficient) at long
times. To our knowledge, diffusion of transmembrane proteins
has been probed only at very low concentrations11. The anoma-
lous diffusion behavior expected at larger protein concentrations
could be tested experimentally: the initial patch of proteins could
be realized either by applying a magnetic field on proteins with
grafted magnetic particles, or by coalescing a small vesicle with
high concentration of proteins and a large vesicle with moder-
ate concentration of proteins53. Some proteins, like Gramicidin,
can exist in the form of monomers located separately in the two
monolayers, or in the form of a dimer spanning the whole bi-
layer54. In light of our model, it would be interesting to test
experimentally the effect of this dimerization on the effective in-
termonolayer friction coefficient.

Acknowledgments

We thank S. Mangenot and P. Bassereau for useful discussions.
J.-B. Fournier acknowledges financial support from the French
Agence Nationale de la Recherche (Contract No. ANR-12-BS04-
0023-MEMINT).

Appendix

A Dynamical equations for the membrane in Fourier space

In reciprocal space, Eqs. (34–37) take the form:
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− q2
∑

ǫ=±

(

f ǫ
hρ
ρǫq + f ǫ

hφ
φǫq + f ǫ

hh
hq

)

+ σq2hq + 4ηqḣq = 0 , (61)

2ηsq2
v
±
q ± B(v+q − v−q ) + iq

(

f ±ρρ ρ
±
q + f ±ρφ φ

±
q + f ±

ρh
hq

)

∓ iqQ
∑

ǫ=±
ǫ sǫ r−ǫ0

(

f ǫφρ ρ
ǫ
q + f ǫφφ φ

ǫ
q + f ǫ

φh
hq

)

+ 2ηq v
±
q = 0 , (62)

ρ̇±q + iqv±q = 0 , (63)

φ̇ + Sq2
∑

ǫ=±
s−ǫ r−ǫ0

(

f ǫφρ ρ
ǫ
q + f ǫφφ φ

ǫ
q + f ǫ

φh
hq

)

− iqT (v+q − v−q ) = 0 , (64)

where v
±
q is the component of the velocity parallel to q. The above coefficients f ±

i j
, where (i, j) ∈ {ρ, φ, h}2, are defined through the

reciprocal space relations: f ±ρ = f ±ρρ ρ
±
q + f ±

ρφ
φ±q + f ±

ρh
hq , f ±

φ
= f ±

φρ
ρ±q + f ±

φφ
φ±q + f ±

φh
hq , and f ±

h
= f ±

hρ
ρ±q + f ±

hφ
φ±q + f ±

hh
hq . Explicitly,

they read

f ±ρρ = k±, f ±
ρφ
= k± β±, f ±

ρh
= ∓e±k±q2,

f ±
φρ
= k± β±, f ±

φφ
= k±α± + k± β±2, f ±

φh
= ∓e±k±(λ± + β±)q2,

f ±
hρ
= ±e±k±, f ±

hφ
= ±e±k±(λ± + β±), f ±

hh
= − 1

2
(κ± + 2k±e±2

)q2.

(65)

The term 4ηqḣq in Eq. (61) is the Fourier transform of the bulk stress p+ − p− − 2η(D+zz − D−zz ) evaluated at z = 0; the term 2ηsq2
v
±
q

in Eq. (62), where ηs = η2 +
1
2
λ2, is the Fourier transform of −2η2∂jd

±
i j
− λ2∂id

±
j j

; finally, the term 2ηqv±q in Eq. (62) is the Fourier

transform of the bulk stress ∓2ηD±
zi

evaluated in z = 0. For a detailed derivation of those contributions, see, e.g., Sec. 8 of Ref.24.
Expressing φ±q in terms φq , ρq and ρ̄q using Eq. (7) and eliminating the velocities v±q yields the system of equations given in the body

of the text:

4η ḣ = ( f +
hh
+ f −

hh
− σ)qh +

1

2
( f +

hρ
− f −

hρ
+ 2Y− f −

hφ
− 2Y+ f +

hφ
)qρ +

1

2
( f +

hρ
+ f −

hρ
)q ρ̄

+ (X+ f +
hφ
+ X− f −

hφ
)qφ, (66)

2(B + ηq + ηsq2) ρ̇ = ( f −
ρh
− f +

ρh
− 2Qs−r+0 f −

φh
+ 2Qs+r−0 f +

φh
)q2h

− 1

2
[ f −ρρ + f +ρρ − 2Y− f −ρφ − 2Y+ f +ρφ − 2Qr+0 s−( f −φρ − 2Y− f −φφ ) − 2Qr−0 s+( f +φρ − 2Y+ f +φφ )]q2ρ

+

1

2
( f −ρρ − f +ρρ − 2Qr+0 s− f −φρ + 2Qr−0 s+ f +φρ)q2 ρ̄

+ q2(X− f −ρφ − X+ f +ρφ − 2X−Qr+0 s− f −φφ + 2X+Qr−0 s+ f +φφ )φ, (67)

2(η + ηsq) ˙̄ρ = −( f +
ρh
+ f −

ρh
)qh +

1

2
( f −ρρ − f +ρρ − 2Y− f −ρφ + 2Y+ f +ρφ )qρ − 1

2
( f +ρρ + f −ρρ)q ρ̄

− (X+ f +ρφ + X− f −ρφ )qφ, (68)

φ̇ =
1

2

(

−2SM41 +
T N41

B + ηq + ηsq2

)

q2h +
1

4

(

−2SM42 +
T N42

B + ηq + ηsq2

)

q2ρ

+

1

4

(

−2SM43 +
T N43

B + ηq + ηsq2

)

q2 ρ̄ +
1

2

(

−2SM44 +
T N44

B + ηq + ηsq2

)

q2φ, (69)
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where X± = (r+
0
+ r−

0
)/(r±

0
s±) and Y± = (r∓

0
c0)/(r±

0
s±) are the coefficients appearing in Eq. (7), and the coefficients M4i and N4i are

given by

M41 = r−0 s− f +
φh
+ r+0 s+ f −

φh
, (70)

M42 = 2r+0 s+( f −φρ − 2Y− f −φφ ) − 2r−0 s−( f +φρ − 2Y+ f +φφ ), (71)

M43 = r+0 s+ f −φρ + r−0 s− f +φρ, (72)

M44 = r−0 s−X+ f +φφ + r+0 s+X− f −φφ, (73)

N41 = f +
ρh
− f −

ρh
+ 2Q(r+0 s− f −

φh
− r−0 s+ f +

φh
), (74)

N42 = f −ρρ + f +ρρ − 2Y−( f −ρφ − 2Qr+0 s− f −φφ ) − 2Y+( f +ρφ − 2Qr−0 s+ f +φφ ) − 2Q(r+0 s− f −φρ + r−0 s+ f +φρ), (75)

N43 = f +ρρ − f −ρρ + 2Q(r+0 s− f −φρ − r−0 s+ f +φρ), (76)

N44 = X+ f +ρφ − X− f −ρφ + 2Q(r+0 s−X− f −φφ − r−0 s+X+ f +φφ ). (77)
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