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Questioning the relationship between the y, suscepti-
bility and the dynamical correlation length in a glass
former (Revision number 2: minor changes)

Rémy Colin*¢c* Ahmed M. Alsayed?, Cyprien Gay?, and Bérengére Abou*¢

Clusters of fast and slow correlated particles, identified as dynamical heterogeneities (DHs),
constitute a central aspect of glassy dynamics. A key ingredient of the glass transition scenario
is a significant increase of the cluster size &, as the transition is approached. In need of easy-
to-compute tools to measure &4, the dynamical susceptibility x4 was introduced recently, and
used in various experimental works to probe DHs. Here, we investigate DHs in dense microgel
suspensions using image correlation analysis, and compute both x4 and the four-point correlation
function G4. The spatial decrease of G4 provides a direct access to &4, which is found to grow
significantly with increasing volume fraction. However, this increase is not captured by y4. We
show that the assumptions that validate the connection between x4 and &, are not fulfilled in our

experiments.

Introduction

Understanding the glass transition and the out-of-equilibrium
glassy dynamics remains a challenge in condensed matter physics.
In practice, glass transitions are observed in various systems, such
as molecular liquids, colloids or granular materials'=>. Among
all, dense colloids are model systems with a glass transition at
ambient temperature upon increasing volume fraction*. They
display slow but accessible timescales and can be probed with
simple optical techniques such as microscopy and dynamic light
scattering 56,

Over the last 15 years, dynamical heterogeneities (DHs) have
been recognized as a promising feature in understanding slow re-
laxation processes in glass-forming systems’~?. DHs consist of
fast and slow clusters of dynamically correlated particles, coex-
isting in the material, with the idea that a dynamical correlation
length — representing the clusters size — diverges when approach-
ing the glass transition 1916, Dynamical heterogeneities are pre-
dicted by theories and have been observed in numerical simu-
11,17-23 and experimental works?422. They can mainly
be quantified with tools such as four-point correlation functions
Ga4, whose spatial dependence gives a direct access to the dynam-
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ical correlation length &, or with dynamical susceptibilities x4
which have recently been proposed as easy-to-compute indirect
tools 1124,

Here, we investigate DHs with both a four-point correlation
function G4 and its associated dynamical susceptiblity x4, in
dense suspensions of soft microgel particles, by performing im-
age correlation analysis. With the direct tool G4, we measure a
significant growth of the dynamical correlation length &, with in-
creasing volume fraction. We then investigate the validity of the
dynamical susceptibility y4 as a tool to extract the dynamical cor-
relation length &4, and analyze the reasons why it fails to quantify
the growth of &,.

1 Theoretical tools for measuring the corre-
lation length

We consider a system described by a local order parameter g;j (1),
here defined as the time correlation of the observable quan-
tity (e.g. local density, particle position, transmitted light inten-
sity) between time 7 and 7+ 7 at point j. A space-averaged and
a space-time-averaged order parameters, Q:(7) = (gj,(7)); and
Q(7) = (Q:(7)); respectively, are constructed so that the averaged
time-correlation function Q(7) measures the relaxation dynamics
of the system. This quantity decays from 1 to 0 as particles move
a characteristic distance between r and r 4 732,

A direct route to the correlation length &, is the 4-point cor-
relator G;**(r, 7) which reflects how g;,(7) is correlated between
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points separated by r:

G (1, T) = (@4, (7) — G (D) (g, () — g5(7)))js
= Gt (D5, (D5 — @i (Dgg(T)); (D

where ¢j(7) = (gj;(7));. The corresponding 4-point correlation
function Gy(r,7) is defined as, G4(r,7) = (GY*'(X, 7)) rc|e|<r+6rs
with dr chosen such that the average runs over a sufficient num-
ber of points. In a system with a dominant dynamical correlation

length scale &,(7), the correlation function decays at large r as:

Ga(1 ) ~ 5 expl(1/&(1) @

where exponent p is discussed below. Equation (2) defines the
dynamical correlation length &,.

Another tool was introduced recently to characterize dynam-
ical heterogeneities, namely the dynamical susceptibility y4(7)
(see1833 for a review). It can be measured as the variance of
the temporal fluctuations of Q;(7):

24(7) =N{(QH(D): — (i (D)) 3

with N the number of points in space under consideration. Let us
see how ¥4 is indirectly connected to &;. Since Q,(7) = <qj7,(17)>j,
it can be shown that g4 is related to G4 by x4(7) = ¥ Gi* (1, 7)
which can be expressed in the continuous limit as :

(0 = p [ErGy(Irl, o) @

with p the average density of points in space. It was recently
proposed to use Ga(r,7) ~ A(T) /rP exp(—r/&s(7)) and Eq. (4) to
clarify the link between y4(7) and & (7). In two dimensions, y4(7)
is then :

24(7) ~A(T)2mp £ P (7) (5)

The peak of y4(7) was proposed and used widely in numerical
simulations and experiments®#*25.27,34.35 to determine the time
for which the dynamics is the most heterogeneous and indirectly,
the correlation length value &;. Here, the exponent p can be re-
lated to the clusters fractal dimension or, if the clusters are all
compact, to the cluster size distribution. As stated in 8, the grow-
ing peak in x4 upon increasing volume fraction reveals the growth
of a dynamical correlation length if the assumptions made for the
scaling of G4 are fulfilled.

2 Materials and Methods

Microgel suspension preparation.
of a suspension of thermosensitive microgels, made of pNI-
PAm (poly-N-isopropylacrylamide) crosslinked with BIS (N,N’-
methylenebisacrylamide), whose synthesis is described in 4. The
microgel diameter decreases with temperature, which provides a
unique way of tuning volume fraction with an external parame-
ter 3637, The suspension was prepared by mixing small and large
microgels with a diameter ratio 1:1.8, constant over the inves-
tigated temperature range 20 — 30°C (number fraction of large
particles : 18%). The bidispersity was used to suppress crys-

Our model glass consists
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Fig. 1 Microgels diameter as a function of temperature, measured with
Dynamic Light Scattering. In order to suppress crystallisation, our
suspension is prepared as a bidisperse mixture of small microgels (left)
and large ones (right) (the number fraction of large particles is 18%).
The microgels diameter decreases over the investigated temperature
range (20-30°C), with a constant diameter ratio 1:1.8.
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Fig. 2 Images of the microgel suspension at various volume fractions,
(0.49,0.55,0.60, 0.64 and 0.66) in bright field microscopy at x 100
magnification (oil immersion objective, NA=1.3); the subsets dimension
is 187 x 187 pixel>. The white bar is 96 pixel long (7 um). Images have
been processed (see details in the appendix) to filter out the noise
before image correlation analysis. The histogram of pixel intensities of
these processed images is shown. The condenser aperture stop was
set to the same setting for each experiment (condenser NA=0.55).
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tallisation. Figure 1 shows the microgel diameters as a function
of temperature, measured with Dynamic Light Scattering. The
diameters decrease by ~ 20% over the investigated temperature
range. Within the 20 — 30°C range, the pNIPAm particles behave
as hydrophilic repulsive soft spheres (the transition to hydropho-
bic attractive spheres occurs at 32 —33°C and is easily identified
by microscopy).

Effective volume fraction of the suspension. At temperature
T = 30°C, an effective volume fraction was assigned to the micro-
gel suspension. For this purpose, latex probes (radius R = 0.5um
comparable to the microgel radius) were added to the suspen-
sion and their mean-squared displacement (MSD) measured. The
MSD was found to increase linearly with time, which defines a
diffusion coefficient D, (Ar?(t));, = 4Dt. A suspension viscos-
ity 1 = 45 mPa.s was deduced from the Stokes-Einstein relation,
N = kgT/67RD, expected to be valid at such low viscosity. The
main issue with using the Stokes- Einstein relation in this case
is that the size of the probe is similar to the size of the pNIPAm
particle. This issue is tackled by considering the long time dif-
fusion coefficient which shows the response to the medium on
larger length scales. Following previous works performed in pNI-
PAm suspensions similar to ours38, the suspension volume frac-
tion was estimated from the measured value 1 /Nsolvent, Using the
empirical expression given in this paper. In our case, the vol-
ume fraction at 7 = 30°C was approximately ®3y = 0.49. The
volume fractions at lower temperatures T are then calculated us-
ing the relation @ (T) = (d(T)/d(30°C))3 &3, where d(T) is the
number-averaged diameter 0.82dgmay + 0.18 djorge at temperature
T.

Sample preparation and video recording. The microgel sus-
pension was injected in a 3 x 3mm? chamber made of a micro-
scope plate and a coverslip separated by a 250 um thick adhesive
spacer. The chamber was sealed with araldite glue to avoid evapo-
ration and contamination. The samples were observed using stan-
dard bright field microscopy on a inverted Leica DM IRB micro-
scope at x 100 magnification (oil immersion objective, NA=1.3,
depth of focus: ~ 200 nm). Typical images of the suspension
at various volume fractions can be seen in Figure 2. The objec-
tive temperature was adjusted with a Bioptechs objective heater
within +0.1°C. The sample temperature was maintained through
the immersion oil in contact. A CCD camera (FOculus 124B) cou-
pled to the microscope, was recording films of the microgel sus-
pension. The camera was running at a frame rate from 30 down
to 0.375 fps for a few minutes to several hours, depending on
the suspension dynamics. The region of observation was chosen
at least 100um away from the sample edges to avoid boundary
effects.

Image correlation analysis. Films of the microgel suspen-
sion were analyzed with image correlation analysis, a suitable
technique when particle trajectories cannot be resolved individu-
ally. Films consist of successive video frames (640 x 480 pixelz).
Frames are first pre-processed following a procedure described
in appendix. Image correlation analysis was then performed on
187 x 187 pixel? subsets of the pre-processed frames using home-
made ImageJ3° plugin (subset dimension: 13.6 x 13.6um?2, 1 px
=72.75 nm). Each frame subset is described by a matrix of pix-
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Fig. 3 Mean correlation function Q(7) and dynamical susceptibility x(7)
measured in the microgel suspension with increasing volume fraction. In
(a), the values of the typical decay time 7* of Q(t), denoted by large
empty circles, are: 0.88, 1.7, 4.3, 36 and 5.310%s. In (b), the peak value
of x4 increases with volume fraction, suggesting the increase of a spatial
correlation length. The inset reveals that the peak value is reached
approximately for Q(t) = 0.25 (vertical line), the value chosen to
estimate the typical decay time 7*.
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els p of intensity /,(¢), where p is the two-dimensional index of
the pixel position and ¢ the time position of the frame in the film.
Possible global variations of illumination and contrast along the
film were wiped out using the normalised frame intensity i,(r) at
pixel p:

ip(l) _ IP([) — <IP(I)>P (6)

((81p(1))*)p

with 8I,(r) = Ip(t) — (Ip(t))p, and (), the average over all the pix-
els in the frame. The subsets are divided into non-overlapping
squared Regions Of Interest, ROI, of dimension equivalent to a
particle size, 11 x 11 pixel2 (289 ROIs in a subset). The subset
intensity ip(r) is now denoted as ijj(r) = ip(t), with j the center
of ROIJj| and j' € ROI[j]. (ROI[j] is centered around pixel j. )
For each subset, following4°, a local order parameter, gj+(7), was
defined as,

43,1 (7) = iy (1 + Dijg ())yerory): ™

The functions Q(t) = <qj,,(r)>j .» X4(7) and Gy (r,T) were then de-
rived from g;j () using our home-made ImageJ plugin.

3 Dynamical susceptibility y.

The microgel suspension was investigated at various volume frac-
tions in the supercooled states, at volume fractions below the glass
transition 4. The volume fraction was increased in a quasistatic
way, allowing the system to relax between each step and reach an
equilibrium state. Figure 3-a shows the ensemble-averaged or-
der parameter Q(1) = <‘1J'J(T)>j7z’ similar to the one in2>4941 in
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the microgel suspension at various volume fractions. It decreases
from its maximal value — ideally 1 at T =0 - to 0 at the largest lag
times, with a typical decay time t*. It is intuitive that 7* is related
to the particles dynamics : as the particles get farther from their
initial positions with increasing lag time 7, the time correlation
function Q(t) between two frames separated by 7 gets smaller on
average. With increasing volume fraction, the relaxation time 7*,
defined by Q(7*) = 0.25 *, increases by three orders of magnitude,
revealing the suspension dynamics slowing down.

The dynamical susceptibility y4(7) is shown in Figure 3-b. It
exhibits a maximum whose value increases with volume fraction.
In the inset, x4(7) is plotted as a function of Q(7). Its maximum
is reached for approximately the same value of Q(7), correspond-
ing to the suspension relaxation time t*. Under the assumptions
detailed in'®, the increase of the peak value y4(7*) with vol-
ume fraction suggests an increase of the spatial correlation length
&4 (7*) with volume fraction, see Eq. (5). In the following, we
measure & (7*) from G4(r,7*) and test the reliability of Eq. (5).

4 Direct measurement of the spatial corre-
lation length &,

Let us first focus on the direct measurement of dynamical
heterogeneities with a normalised 4-point correlation function
G4(r,7)/G4(0,7) 1119, Figure 4-a shows Gy(r,7%)/G4(0,7*) in the
microgel suspension with increasing volume fraction at time 7*,
consistent with the peak value of x4 (see inset of Figure 4-b),
where dynamical heterogeneities are expected to be at their max-
imum. At low volume fraction, G4(r,7*)/G4(0,7*) exhibits an
exponential decay on a length scale ¢ = 0.31 um which we will
hereafter name “effective particle radius” as it corresponds ap-
proximately to the radius of the most abundant microgel 0.42 um
at T = 30°C. For the two highest volume fractions ®.¢ = 0.64 and
D5t = 0.66, the same exponential decay at small r is followed by a
second decay at large r. This decay becomes weaker with increas-
ing volume fraction, directly suggesting the increase of spatial
correlations as the glass transition is approached. The normalised
spatial correlation then reaches the noise floor, which is around
1073 for all volume fractions.

The high volume fraction data in Figure 4-a for G4(r) were fit
in the range r = 3 — 10 um, corresponding to the large r-regime,
with the following family of functions, following Eq. (2):

Ga(r,7%)/G4(0,7") = Kop (%)pexp <7 8)

=)
a(t*)
where the exponent p, the correlation length &4, and the coeffi-
cient K¢ are adjustable parameters . Values of p close to zero
were found to provide the best adjustments and we set p = 0.
In order to check the robustness of the & values obtained from
the G4 measurements, we added extra noise to the film images

«The decay time t* can be arbitrarily defined as Q(7*) = 0.25. In the range 0.2 <
Q(t) < 0.4, the curves of Q are parallel to each other and the increase in 7* with
volume fraction does not depend much on the value of Q.

 To perform the fits, the weight for each G4(r, 7*) data point was chosen as the number
of pairs of ROIs involved in the average over the whole sample (17 x 17 ROIs), see
Eq. (1).
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correlation length & (7*). (a): We define the critical radius r. as the
intersection of both asymptotes. The solid lines correspond to fits
according to Eq. (8) with p = 0. (b): The correlation length &, extracted
from the fits of G4 (open symbols) increases significantly with volume
fraction. The highest value of &, is larger than the image size (horizontal
line) and must be considered with caution. Values: & /a =93 £ 63 at
Dot = 0.66; E4/a =2245 at Dg = 0.64; At Der = 0.60, 0.55 and 0.49, the
second decay cannot be quantified and we identify the correlation length
with the effective particle radius, & = a. The values of the correlation
length derived from the peak value of y4 (filled symbols) are significantly
lower.
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Fig. 5 Prefactor G4(0,7) in the microgel suspension as volume fraction

increases. It decreases substantially with the lag time, and is found to
depend on volume fraction in the microgel suspension.
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purposefully, and it showed that the measurement of &, is fairly
robust against noise. ¥

The correlation length & (7*), shown in Figure 4-b and ex-
tracted from the fit, increases significantly with volume fraction,
and reaches a value (29 £ 19 microns) that exceeds the size of
the observed field (13.6 x 13.6 microns) for the highest volume
fraction investigated.

5 Bad estimate of the spatial correlation
length from the susceptibility x,

Let us estimate the growth of the correlation length that would
be derived from y, if one were to use 2w &EZ (7%)A = ya(7*). At
low volume fraction @ = 0.49,0.55 and 0.6, the peak value of
X4 is a constant. Since no correlations are expected, the corre-
lation length is set equal to the effective particle radius, & = a.
This also sets the value of the prefactor A. At higher volume frac-
tion, keeping the same value A for the whole set of data yields
éf’““zo'“ = 1.16a and éf’“f:o'“ = 1.41a. The growth of this es-
timate of &, is widely underestimated as compared to the direct
measurement (see Fig. 4-b).

Given our experimental data for Gy, let us investigate the pos-
sible sources of error and assess how reliably the growth of &4
with volume fraction can be inferred from the growing peak in
X4 Since y4 and Gy are related through Eq. (4), let us investi-
gate G4 in more detail. As shown in Fig. 4-a, G4 displays two
spatial regimes for the highest volume fractions, with a crossover
radius r, corresponding to approximately 5 effective particle radii
(a=0.31um, r, = 1.4 um for @er = 0.66 and r. = 1.7 um for Pyp =
0.64). We now estimate both parts of the integral in Eq. (4), r <r,
and r > re, as [y 2nrexp(—r/a)dr and [ 27rKg exp(—r/&4)dr.
The quantity Ko was found to depend on volume fraction, as
Kp—0.66 = 0.0105+0.0016 and Kg_ges = 0.0063 +0.0015. For
Dor = 0.66, we calculate that the r < r. part of the integral in
Eq. (4) contributes about 1% to the entire integral, while for
D = 0.64, it represents more than 25% of the entire integral.
Even though this short distance contribution which pollutes y4
vanishes at large volume fraction, it makes it risky to use y4 for
processing experimental results. Indeed, in an experiment, the
importance of this contribution cannot be estimated without mea-
suring G4 explicitly.

Another important source of error arises from the volume frac-
tion dependence of the prefactor A in Eq. (5). Using Eq. (8) with
p =0, Eq. (5) writes:

xa(7)

- K¢G4(O7T*) (9)

2mp & (17)
with Kg G4(0,7*(®)) = A(7*). The quantity G4(0, 1), displayed in
Figure 5, is found to decrease with the lag time 7 and to depend
on volume fraction. We find that Ky ¢4 G4(0,7*(0.64)) = 0.0011 at

#Noise levels equal to 0.3, 1 and 3 standard deviation of the original pixel intensity
distribution were added. At 0.3 and 1 standard deviations, the resulting normalised
G4 (r,7*) profiles (not shown) were unnoticeably altered and the value of & was
correspondingly unaffected. Only at a noise level of 3 standard deviations was the
first spatial decay of G, substantially stronger.

This journal is © The Royal Society of Chemistry [year]
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Peir = 0.64 and Ky 66 G4(0,7*(0.66)) = 0.0020 at Pesr = 0.66. Since
the prefactor A(t*) depends significantly on volume fraction, we
can not obviously estimate the growth of &, with volume fraction,
using yx4(7*) alone.

Conclusion

In conclusion, with the standard direct tool G4, we measure the
growth of a dynamical correlation length &; from 1 to 93 + 63
effective particle radii with increasing volume fraction in our
soft microgel suspension. This shows that the dynamics become
highly heterogeneous in space when approaching the glass tran-
sition, consistent with the broad theoretical picture*?. Recently,
various experimental studies have focused on the dynamical sus-
ceptibility x4 as a convenient indirect tool to quantify DHs, mainly
because the correlation function G4 requires finer measurements
and data processing. Meanwhile, in various theoretical works, x4
was understood to be not necessarily reliable 18:33:43,44

Our results provide the first quantitative experimental evidence
that there is a significant error in estimating the dynamic correla-
tion length &, through y4. The origin of the failure of y4 is related
to the fact that (i) it contains the correlations at the scale of the
particle radius and (ii) the prefactor A(7) in Eq. (5) varies with
volume fraction. It implies that y4 should a priori never be used
as a quantitative indicator of the increase of the spatial correla-
tions, before having first performed a direct measurement of Gy
to estimate its validity. Nevertheless, as it is the variance of the
time correlation function Q,(7), the susceptibility y4 is expected
to remain an indicator of the lag time for which the dynamics
is the most heterogeneous. In our experiments, the peak occurs
approximately at the suspension relaxation time 7* defined by
0(t*) =0.25, see Fig. 3.

The two sources of error highlighted in this work should be
kept in mind when trying to relate the dynamic heterogeneities
with other features of the glass transition, such as e.g. the local
structure*>4% or the soft modes of vibration4”-*8, They should
be investigated in other glass forming materials and using other
observable quantities.
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6 Appendix

Image pre-processing: The images are preprocessed in 4 steps.
We divide first the images by an average blank image taken with
a water only sample to account for dust on the camera and spatial
inhomogeneity in the illumination. The second step is an optional
correction of the drift of the sample relative to the objective. We
use the beads embedded in the suspension, which primarily are
used for computing the volume fraction at 30°C, to record the
motion of the sample. Usually 2 to 3 beads are visible in the en-
tire field of view of the CCD camera. We compute the average
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velocity of the centre of mass of the beads, smoothed over 1000
frames using a temporal sliding window. A subset of the image,
as large as possible to fit in the field of view while being advected
is extracted by advecting the subframe at the drift speed, using
a bilinear pixel interpolation to extract pixel values. Further pre-
processing consists in applying 2 filters. A rolling ball background
subtraction (radius 60 px) to eliminate heterogeneities in illumi-
nation coming from out-of-focus beads, and a Savitzky and Golay
filter (local polynomial interpolation, width= 5 px, order = 4) is
applied to reduce the effect of the camera shot noise.
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