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Abstract

We applied the systematic and simulation-free strategy proposed in our previous
work (D. Yang and Q. Wang, J. Chem. Phys., 2015, 142, 054905) to the relative-
entropy-based (RE-based) coarse graining of homopolymer melts. RE-based coarse
graining provides a quantitative measure of the coarse-graining performance and
can be used to select the appropriate analytic functional forms of the pair potentials
between coarse-grained (CG) segments, which are more convenient to use than the
tabulated (numerical) CG potentials obtained from structure-based coarse graining.
In our general coarse-graining strategy for homopolymer melts using RE framework
proposed here, the bonding and non-bonded CG potentials are coupled and need
to be solved simultaneously. Taking the hard-core Gaussian thread model (K. S.
Schweizer and J. G. Curro, Chem. Phys., 1990, 149, 105) as the original system,
we performed RE-based coarse graining using the polymer reference interaction site

model theory under the assumption that the intrachain segment pair correlation
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functions of CG systems are the same as those in the original system, which de-
couples the bonding and non-bonded CG potentials and simplifies our calculations
(that is, we only calculated the latter). We compared the performance of various an-
alytic functional forms of non-bonded CG pair potential and closures for CG systems
in RE-based coarse graining, as well as the structural and thermodynamic properties
of original and CG systems at various coarse-graining levels. Our results obtained
from RE-based coarse graining are also compared with those from structure-based

coarse graining.
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1 Introduction

Coarse graining of polymeric systems' is an active research area, because full atomistic
simulations of many-chain systems used in experiments are in most cases not feasible
at present due to their formidable computational requirements. Various coarse-graining

211 in most of which many-chain molecular

methods have been proposed in the literature,
simulations (i.e., molecular dynamics or Monte Carlo simulations) are used to obtain the
structural and/or thermodynamic properties of both original and coarse-grained (CG)
systems that need to be matched. In Ref. [12] (referred to as Paper I hereafter), we
proposed a systematic and simulation-free strategy and applied it to structure-based
(st-based) coarse graining of homopolymer melts, where we used integral-equation theo-
ries,!31% instead of many-chain simulations, to obtain the structural and thermodynamic
properties of both original and CG systems, and quantitatively examined how the
effective pair potentials between CG segments and the properties of CG systems vary
with the coarse-graining level. Our systematic and simulation-free strategy is much
faster than those using many-chain simulations, thus effectively solving the transferability
problem in coarse graining,!® and provides the quantitative basis for choosing the
appropriate coarse-graining level. It also avoids the problems caused by finite-size effects

and statistical uncertainties in many-chain simulations.!?

The widely used st-based coarse graining matches the segment radial distribution
functions between original and CG systems.>® As expected, it cannot give the thermo-
dynamic consistency between original and CG systems due to the information loss of
coarse graining.'>17 In this work, we apply our systematic and simulation-free strategy
to the recently proposed relative-entropy-based (RE-based) coarse graining,® %1% which
minimizes the information loss quantified by RE. As shown by Shell, RE-based coarse
graining provides a general framework and can be reduced, under further constraints,
to the various coarse-graining methods previously proposed.!® For example, when pair
potentials are used between CG segments (which is the common practice in molecular
simulations), RE-based coarse graining becomes equivalent to st-based coarse graining if
the functional form of CG potentials is unconstrained (i.e., contains an infinite number of

parameters).! Tt can therefore be used to parameterize CG potentials with given analytic



Soft Matter

functional forms containing finite number of parameters, which are more convenient to
use in molecular simulations than the tabulated (numerical) CG potentials obtained
from st-based coarse graining. The values of minimized RE obtained from RE-based
coarse graining with different CG potential functional forms can further be compared to

determine the appropriate functional form or number of parameters.

To the best of our knowledge, RE-based coarse graining has not yet been applied
to polymeric systems. In this work, we first describe our systematic and simulation-free
strategy for RE-based coarse graining of homopolymer melts using the polymer reference
interaction site model (PRISM) theory,' then present our numerical results with the
hard-core Gaussian thread model®® (referred to as the hard-core CGC-§ model below)
solved by PRISM theory with the Percus-Yevick closure?! as the original system, which
was also used in Paper 1.2 We compare the performance of various analytic functional
forms of non-bonded CG pair potential and closures for CG systems in RE-based coarse
graining, as well as the structural and thermodynamic properties of original and CG
systems at various coarse-graining levels. Our results obtained from RE-based coarse
graining are also compared with those from st-based coarse graining presented in Paper
.12 Finally, we elucidate in Appendix the relation between minimization of RE and the

least-squares fitting of the CG potential to that obtained from st-based coarse graining.

2 Models and Methods

2.1 A general coarse-graining strategy for homopolymer melts

using RE framework

We consider an original system of homopolymer melts, which consists of n chains each
of N, monomers at a chain number density p. = n/V with V being the system volume.
The invariant degree of polymerization N = (,OCRZ’Q)2 controls the system fluctuations
with R being the root-mean-square end-to-end distance of an ideal chain.*

112

For coarse-graining purpose, similar to Paper we divide each original polymer
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chain into N subchains (segments) each containing ! consecutive monomers, such that

Nl = N,,. Let r,, be the spatial position of the t* monomer on the at"

inal system, and R, s = flz(sq)z 11 Lot /1 the spatial position of the st segment (which

chain in the orig-

corresponds to the center-of-mass of its monomers) on the o' chain in the coarse-grained
(CQG) system; this defines the mapping operator M that gives R = M(r), where r and R
denote a configuration of the original system and the corresponding configuration of CG
system, respectively. Furthermore, let Z,, = [ drexp(—BH}, —BHEY) be the configuration
integral of the original system, where HP (r) and H""(r) are its Hamiltonian due to chain
connectivity and non-bonded interactions, respectively, and 8 = 1/kgT with kg being
the Boltzmann constant and 7" the thermodynamic temperature. Similarly, we have the
configuration integral of the corresponding CG system, Z = [ dRexp(—SH b — BH™),
where HP(R) and H"™(R) are its Hamiltonian due to the effective connectivity and

non-bonded interactions, respectively, between CG segments.

Coarse graining using RE framework? minimizes RE, which can be defined as?®
S = —/der(r) InP(M(r)) = (BH") + <BHnb>m+ln/dReXp(—ﬁHb — BH™), (1)

where the configurational probabilities P,,(r) = exp(—B8H> — BH")/Z,, and P(M(r)) =
exp(—BH — BH")/Z are for the original and CG systems, respectively, and (), denotes
the ensemble average of the original system (e.g., <Hb>m = [drP,(r)H*(M(r))). Pa-
rameterizing the bonding and non-bonded potentials of the CG system to be dependent
on AP and X, respectively, where A = {\;} with j =1,...,n,, for example, denotes the

parameters to be solved and n, the total number of these parameters, minimizing S is
<5’(6Hb)> _ <a<5Hb>> o)
aAE m a)\lla CG

for all the parameters, where the operator J/0)\;, for example, denotes the partial

then equivalent to solving

and

derivative with respect to A; while keeping all other parameters constant, and ()q

5
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denotes the ensemble average of CG system. Because the ensemble averages of CG
system depend on both its bonding and non-bonded potentials, A® and A are coupled

and need to be solved simultaneously.

Here we consider isotropic pair potentials for the effective interactions in
the CG system. In particular, its bonding Hamiltonian is given by ASH® =
S S S B (|Rasik — Rasl; AL), where BuP(r) is the bonding potential
acting on two segments with k& — 1 segments between them (excluding the two seg-
ments) on the same chain and is parameterized by a set of parameters AP (i.e.,

= {AP} with &k = 1,...,K < N), and its non-bonded Hamiltonian is given by
ﬁHnb = [Zazl Sy Zs:l Zi\f:l B(|Ra,s — Rarer|; A) — nN Bo(0; )\)] /2, where Buv(r)
is the non-bonded potential between two segments and is parameterized by A. Egs. (2)
and (3) then become

OBuR(r)
d sork (T AP N P22 — k=1,... K 4
Z / T ss+k (1) — ws srk(r )] r 8)\2,1' ( ) (4)

and
N N 0 742
2.0 /0 N { R0 [ (1) = e (s A" )]+ VN [g25 (1) = g (7327, )] |
s=1 s/'=1 6
8@3@ —0, (5)
J

respectively, where w®,(r) and g3, (r) are the normalized (i.e., 47 [;* drr?wss, (r) = 1)
intrachain pair correlation function (PCF) and the interchain radial distribution function,
respectively, between segments s and s’ in the space of M(r) in the original system
(denoted by the superscript “ss”), and ws ¢ (r) and gs ¢ (r) are the normalized intrachain
PCF and the interchain radial distribution function, respectively, between segments s
and s’ in the CG system. Note that w,y(r) and g« (r) depend on all SvP(r) (thus A")
and Bu(r) (thus ), while w??, (r) and g3, (r) do not; in particular, many-chain molecular

24,25

simulations or the self-consistent integral-equation theories of the CG system are

needed to obtain w, ¢ (r; A°, X).
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Finally, neglecting the chain-end effects, i.e., assuming that both wg*, (r) and w; . (r)
depend only on [s — §'|, g3%/(r) = ¢g*(r), and g, «(r) = g(r) for all s and s', we can
simplify Eqs. (4) and (5) as

/ ar [l (1) = e (AP ] P2 —0 k=1 k)
0 ki
and
o] 2 — 3
/0 g { Bl [70) 0N X))+ VA [570) — gl V)] gg(;) —0, (7

respectively, where w*(r) = Y20 S0 w3 (r)/N? and w(r) = S S wew ()N
Egs. (6) and (7) are for RE-based coarse graining of homopolymer melts and can be
compared with st-based coarse graining, which gives w; ¢(r) = wi%, () and g(r) = g*(r)

at all r by adjusting an infinite number of parameters.

2.2 Coarse graining of hard-core CGC-4 model using PRISM
theory

To demonstrate our general coarse-graining strategy described above, as in Paper I'2
we take the hard-core CGC-6 model®® as the original system, which consists of continu-
ous Gaussian chains each of NV,, = oo monomers interacting with the non-bonded pair
potential Su,,(r) = (k/p.N?2)d(r) with & — oo. This simple model system is solved us-
ing PRISM theory with the Percus-Yevick (PY) closure*! and ideal-chain conformations,
which then results in w;?,(r) and g**(r) for given N according to Eqs. (A11) and (19) in
Paper 1,'2 respectively, as well as its structural and thermodynamic properties; for more
details, we refer the readers to Paper .12 Note that, to simplify our calculations by avoiding
the aforementioned many-chain simulations or the self-consistent integral-equation theo-
ries* % of the CG system, in this work we assume w, »(r) = w3, (r), which de-couples A"

and A; in other words, we only solve fu(r) (i.e., A) from Eq. (7), which now becomes

| g e - N T <0 =y )
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For the CG system at given N, PRISM theory gives
h = N2wé(@ + poh), (9)

where h(r) = g(r) — 1 and ¢(r) are the interchain total and direct PCFs between CG
segments, respectively, and we use the short-hand notation f = (47 /q) J” drf(r)rsin(gr)
to denote the 3D Fourier transform of a radial function f(r) with ¢ being the wavevector
length. With w(r) = w®(r) given by the our assumption above, we numerically solve

Eq. (9) for given fu(r; X) with various closures, written in general as

c(r) = exp[=puv(r) +~(r) +b(r)] = [y(r) + 1], (10)

where v(r) = h(r) — ¢(r) is the interchain indirect PCF and b(r) the bridge function.
In particular, we consider three commonly used closures in this work: b(r) = 0 for
the hypernetted-chain (HNC) closure,®® In[y(r) + 1] — ~v(r) for PY closure,?! and
In[h(r) + 1] — h(r) for the random-phase approximation (RPA) closure;*” for the relation
among these closures, we refer the readers to Paper 1.12

Note that RPA closure can be written as c¢(r) = —puv(r), which directly leads to
c¢(r) for given Su(r;A). On the other hand, to solve Eq. (9) with HNC and PY closures,
we first re-write it as

5= @?/(N"2 — piod) — ¢, (11)
from which we obtain 4 (and thus ~(r)) for given ¢(r). We then obtain the new direct
PCF from Eq. (10), and use the Anderson mixing method?®? to converge c(r) till the
maximum absolute residual error of Eq. (10) at all r is less than 107!, Note that c(r)
approaches 0 when 7 is on the order of the interaction range of Sv, while h(r) (and (r))
approaches 0 when r is on the order of R.y. We therefore use a cut-off length r. = 30R, o
for h(r) with [0,7.] uniformly discretized into 3 x 10* subintervals, and a cut-off length
of r./ V'N for c(r); our cut-off and discretization give negligible numerical errors. We
also use FFTW? to perform the Fourier transforms of PCFs with the above cut-off and
discretization, where r. determines the discretization of g-space and the subinterval size

determines the cut-off in g-space.
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Finally, we use the Newton’s method combined with a globally convergent strat-
egy3! to solve for A from Eq. (8) till the maximum absolute value of its left-hand-side
is smaller than 1072, where the Romberg integration®! is used to evaluate the integral
with the cut-off r.. We then calculate the minimized RE, as well as the structural and

thermodynamic properties of the CG system at given N (see Sec. 2.4 below).

2.3 Parameterization of CG pair potential

In this work, we take the functional form of Suv(r) as suggested by the effective pair poten-
tial between CG segments Sv°(r) obtained from our st-based coarse graining reported in
Paper 1.12 As shown there, Sv**(r) can be approximated by a Gaussian function at small
r (where Sv*(r) > 0). Our first way of parameterizing Sv(r) is therefore to represent it

as a summation of ng Gaussian functions, i.e.,
na
B (r; A) = Z A; exp (—BJQ) (12)
i=1

with n, = 2ng parameters A; > 0 and B; > 0 (i = 1,...,ng), where 7 = N¥4r /R, is

used to take into account the N—3/4

scaling of the CG potential range found in Refs. [12,32].
On the other hand, Suvi,.(r;A) cannot capture the attractive well of fv*(r) < 0
at large 7, which has significant effects on both structural and thermodynamic properties
of CG systems, especially at small N, as shown in Secs. 3.1 and 3.3 below. We therefore
propose another way of parameterizing Sv(r) as

sin(Dr)

Bun(r; X) = Aexp (—Bi*) W(7) + C exp(—E7)[1 — W(F)], (13)

where the weighting function W (7) = exp(—F7?) is used to combine the two terms on the
right-hand-side of Eq. (13) dominating at small and large 7, respectively. This leads to
n, = 6 parameters: A, B, C, D, E, and F, all of which are positive.
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2.4 Calculation of structural and thermodynamic properties of
CG systems and the minimized RE using PRISM theory

Once the optimized pair potential fv(r) is obtained for the CG system at given N, its
normalized isothermal compressibility'? is calculated as k7 = 1 + VAN(0)/R2,, where
h(0) is solved from Eq. (9) with a closure, and its interchain internal energy per chain and

interchain virial pressure are calculated as

_szW_/ drR30g o(r), (14)

27rN2N r? dBu(r)

3
P=—
/BRBO Rgog( ) dlnT )

(15)

respectively, where the integrals are numerically evaluated using Romberg integration®!

with the aforementioned cut-off and discretization.

In general, the minimized RE per chain can be written as s, = S/n =
<BH b+ BH nb>m /n — BAf., where Af. denotes the difference in the Helmholtz
free energy per chain of the CG system (where €” = € = 1) from the reference state of an
ideal gas of CG segments (where €” = ¢ = 0) and can be calculated via thermodynamic
integration (over €® = 0 ~ 1 at ¢ = 0 and then over ¢ = 0 ~ 1 at ¢ = 1); we therefore
have

00 1
se=ax > (N 1) [ [wffmm— / debwl,m(r;eb,e:m} Bob(r)
0 0

k=1

+27 N /0 Tar Rgo {RZ’,O [WSS(r) - /0 1 dew(r;e® =1, e)]
#VR [0 - [t =1albam. o

where w(r;€®,€) and g(r;e®, €) are, respectively, the intrachain and interchain segment
radial distribution functions of the CG system with the bonding potentials e®vP(r) (after
BuR(r) for k = 1,..., K are obtained from the RE minimization) and the non-bonded
potential ev(r).

10

Page 10 of 36



Page 11 of 36

Soft Matter

In this work, our assumption of w; «(r) = w% (r) reduces Eq. (16) to

o0 2 1
Se = 27r]\72/O drRr—go {\/ﬁ [gss(r) - /0 deg(r; e)] } pu(r), (17)
and we obtain g(r;€) from PRISM theory with a closure. We use Romberg integration?!
to evaluate the integrals, where the cut-off r. is used for the integration over r, and
uniformly discretize the integration over e into enough subintervals so that the accuracy
of calculated s, is on the order of 1077 (for N = 1) to 1075 (for N = 100). s. provides
a quantitative measure of the overall quality of coarse graining,!? and can be compared
for various closures of CG systems and various ways of parameterizing Sv(r). Finally, we
note that Eq. (17), with g(r;€) calculated at ev™(r) and v(r) replaced by v*(r), can also

be used to calculate s, for our st-based coarse graining reported in Paper 1.2

3 Results and Discussions

In this work we set /' = 10%; other values of N’ do not qualitatively change our results. We
examine first in Sec. 3.1 the non-bonded CG pair potential Sv(r) obtained from RE-based
coarse graining with various closures and parameterization, then in Sec. 3.2 the minimized
RE, and finally in Sec. 3.3 the structural and thermodynamic properties of CG systems.
Our results obtained from RE-based coarse graining are also compared with those from

st-based coarse graining.!?

3.1 CG potentials

Our results of st-based coarse graining were presented in detail in Paper I, so here we
mainly focus on the difference between Suv(r) and the CG pair potential Sv™(r) from
st-based coarse graining, both obtained at the same N and with the same closure for the
CG system. Fig. 1(a) shows the CG potentials obtained with HNC closure, where various
N and parameterization of fuv(r) are used. We see that fura(r) is overall smaller than
[vt(r), especially at small N; note that Svr;(r) is even much smaller than Svr»(r) (data

not shown). We attribute this mainly to the absence of the attractive well in Sur(r). As

11
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N increases, Sui(r) approaches Sv™'(r) because the attractive well of Sv**(r) becomes
relatively (compared to Svst(r = 0)) small as shown in Figs. 4 and 5 of Paper .12 Suy(r),
on the other hand, is much closer to Sv(r) than Sui(r). As shown in Fig. 1(a), Suy(r)
and [vs(r) are almost indistinguishable at small N; as N increases, fup(r) slightly
deviates from Sv*(r) at small 7. Note that Svy(r) can well capture the attractive well
of Bvst(r) as shown in the inset of Fig. 1(a), although the attractive well of Suy(r) is
shallower than that of Sv™(r).

To highlight the importance of the attractive well, which occurs at large r and
cannot be captured by Sv(r), we note that Eq. (14) can be re-written as
_Ppu(F)
=2/ [T g, (18)
which indicates that it is 724v(7) that determines the internal energy; similarly, Eq. (15)
can be re-written as

2N 7 dBu(T)
3 A ~ ~
/BRS OP - 3 d N1/4 dr g(r)ﬂ

(19)

0

which indicates that it is 73(dfv/dr) that determines the pressure. In accordance with
Fig. 1(a), Figs. 1(b) and 1(c) show #28v(7)/NY* and —73(dfv/dF)/N'/*, respectively,
which exhibit qualitatively the same behavior. Quantitatively, however, the attractive
well is shifted to larger 7 in Fig. 1(¢) and thus more important in determining the pressure
than the internal energy. We therefore clearly see that the seemingly negligible attractive
well in Fig. 1(a) is actually needed for closely reproducing the thermodynamic properties
of the original system; this is supported by our results shown in Sec. 3.3 below. We also
note that similar results are found for RPA and PY closures for CG systems (data not

shown).

To quantify the deviation between [v*(r) and [v(r) obtained at given N, we de-
fine x2 = (4n/R2,) [;° drr?[Bv(r) — Bu(r)]®. Fig. 1(d) shows x2 vs. N for various
parameterization of fuv(r) obtained with HNC closure. Consistent with Fig. 1(a), we

see that x2 decreases with increasing n, and with increasing N (except for Suy(r) at

12
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N >59). Similar results are found for RPA and PY closures (data not shown).

Fig. 1(e) shows fv(r = 0) as a function of N for st- and RE-based coarse graining
obtained with HNC and RPA closures. In all cases, we see that the corresponding HNC
and RPA results are close at small N but deviate at large N. In particular, while all HNC
results of Sv(r = 0) monotonically increase with increasing N as expected (the same is
found for PY results; data not shown), all RPA results of fv(r = 0) exhibit a maximum
around N = 40, indicating the qualitative failure of RPA closure for CG systems at larger
N; for st-based coarse graining this failure was explained in Sec. IVA of Paper 1,2 and

the same reason holds for RE-based coarse graining.

For both HNC and RPA closures, we see that Sv**(r = 0) is the largest and that
Bon(r = 0) is only slightly smaller than Sv*(r = 0) with fv**(r = 0) — Sun(r = 0)
monotonically increasing with increasing N. In particular, both Sup(r = 0) and
Bvt(r = 0) obtained from HNC closure scale approximately with N%8. Buro(r = 0),
however, is significantly different from (smaller than) Sv**(r = 0) at small N < 10; as N
increases, fv**(r = 0) — Bur2(r = 0) monotonically decreases for RPA closure but exhibits
a minimum at N = 27 for HNC closure. While Svy(r = 0) is always larger (i.e., closer
to fv*(r = 0)) than Bvra(r = 0) for HNC closure, they cross around N = 20 for RPA
closure. Our PY results (data not shown) are qualitatively similar to HNC results. We
conclude that Svy(r) is a better choice for parameterizing Sv°*(r), which has a non-trivial
attractive well, and that the absence of this attractive well in vy deceases fui(r = 0)
(and also fur(r) at small 7) even at N = 100.

As shown in Figs. 5(c) and 5(d) of Paper I'? ¢*%(r) = o (r)/v*(r = 0) for vari-
ous N collapse approximately onto the same curve, if r is normalized by R.oN* with
k ~ —0.73 at N = 10%; note that k approaches —3/4 as N' — 00.1%32 Fig. 2(a) shows that
Or(r) obtained with HNC closure also exhibits the same behavior, where k = —3/4 is used.

The inset of Fig. 2(a) shows that the attractive well is approximately located around 7 = 5.

Since Oy(r) for various N approximately collapse, we expect a rather weak N-dependence

13
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of all parameters in the functional form of Suy(r); this is examined in Fig. 2(b). Writing
on(r) = exp[—(B + F)i?] + (C/A)[sin(D7)/Dr] exp(—E7)[1 — exp(—F7?%)], we see that
the parameters C'/A, E and D are indeed weakly dependent on N, but B and F have
much stronger dependence. Note that the large value of B + F' makes the first term of
Orr(r) decay very fast with 7; in other words, this term only affects op(r) at small 7.
Similarly, the term 1 — exp(—F7?) is approximately 1 at large 7 because of the large
value of F. This explains why o5(r) is more collapsed at large 7 than at small 7 as
shown in Fig. 2(a). In addition, since the large value of B + F makes the first term of
Orr(r) negligible at large 7, 7/ D approximately gives the first root 7y, at which oy1(r) = 0;
our numerical results give the average value (over 3 < N < 100) of D ~ 0.69 and thus
71 ~ 4.53, consistent with the inset of Fig. 2(a). We also note that C'/A > 1; the second
term in Sovp (thus the attractive well) is therefore significant. Finally, similar results are
found for RPA and PY closures (data not shown).

3.2 Relative entropy

Fig. 3(a) compares RE per chain s for st-based coarse graining with various closures
for CG systems. Note that, in the calculation of s., we do not consider the contribution
from the mapping entropy defined in Ref. [19], which is independent of CG potential;
this contribution stems from the degeneracy of different original configurations that map
to the same CG configuration and should decrease with increasing N. We see that s
decreases with increasing N for all closures, which is also the case when this contribution
is included; in other words, the information loss due to coarse graining decreases with

increasing N, which is well expected.

We also find that s¥' obtained from HNC and RPA closures, denoted by siyyc
and s3'zpy, Tespectively, are nearly indistinguishable at small N. Furthermore, s%y¢ is
always smaller than both s3'zpy and s3'py, and s3gps < sipy for N < 26 and the opposite
occurs for larger N. Compared to Fig. 6 in Paper 1,'? we see that the information loss
due to coarse graining quantified by s is qualitatively consistent with the deviation
in thermodynamic properties between original and CG systems; that is, for both the

interchain internal energy per chain and the interchain virial pressure of CG systems,

14

Page 14 of 36



Page 15 of 36

Soft Matter

HNC results are always closer to the original system (i.e., better) than RPA and PY
results, and RPA results are better than PY results for small N and the opposite occurs
for large N. Note that, because RPA closure for CG systems qualitatively fails for large
N 2 40 as shown in Fig. 3(a) of Paper I'? and in Fig. 1(e), hereafter we focus only on the
results obtained with HNC closure for CG systems.

Fig. 3(b) compares s. between st- and RE-based coarse graining with various CG

potential parameterization for the latter. We see that the difference in s. between these

RE _

st
c c

two coarse-graining methods s s%' > 0 in all cases; in other words, st-based coarse
graining gives less information loss than RE-based coarse graining at the same N. This is
expected according to Ref. [19], where it was shown that st-based coarse graining is equiv-
alent to RE-based coarse graining with an infinite number of parameters in fv(r). We
also find in Fig. 3(b) that s®¥ decreases with increasing N, by noting the variation of s

(from 0 to —20 as shown in Fig. 3(a)) and that of s®F — 5 (from 0 to 0.5) for 1 < N < 100.

Our st-based coarse-graining results reported in Paper I'? suggest that CG poten-
tials can be approximated by a Gaussian function. Fig. 3(b) shows that using two
Gaussian functions (i.e., fur2(r)) gives much less information loss than using just one
(i.e., Bvri(r)). Furthermore, our results in Paper I'? show that Sv™(r) exhibits an
attractive well (i.e., fv™(r) < 0) at large 7 ~ 5, which has significant effects on both
structural and thermodynamic properties of CG systems, and Fig. 3(b) shows that
capturing this attractive well with the second term in Eq. (13) (i.e., SBvn(r)) gives even

better coarse-graining performance. Finally, Fig. 3(b) shows that s®F — s increases

C
with increasing N. In particular, Buvy(r) gives the smallest s®¥ — s < 3 x 107 and is

therefore good enough to analytically represent $v°°(r) in the N-range considered in this

paper.

3.3 Structural and thermodynamic properties

In this section we compare the normalized isothermal compressibility x; and the
interchain virial pressure BR:;’,OP between st- and RE-based coarse graining with HNC

closure for CG systems; the behavior of interchain internal energy per chain is similar to

15



Soft Matter

that of the pressure and thus not shown. Note that the st-based result &3 is the same
as that of the original system and is independent of N, and that we refer the readers
to Paper I'? for the calculation of these thermodynamic properties of CG systems in

st-based coarse graining.

As aforementioned, RE-based coarse graining using Suvy;(r) gives poor performance. This
is also shown in Fig. 4(a), where we see that xr obtained using fuvpy(r) is significantly
larger than k5. kr obtained using Suia(r) is closer to x5t but still overestimates it
for small N < 10. The poor performance of Suvi(r) is again due to the absence of the
attractive well in its functional form. On the other hand, using Svy(r) gives better results

than using Suy(r), although k5t is somewhat underestimated for small N < 10.

Fig. 4(b) shows that using fuis(r) always underestimates the pressure of the origi-
nal system, P,,, particularly for N < 30, again due to the absence of the attractive well.
Using fur;(r) gives even smaller P (data not shown). Note, however, that the results for
27 < N < 91 obtained from RE-based coarse graining using Svyo(r) are closer to P, than
the corresponding st-based results. On the other hand, using Suvy(r) gives better results
than using Suvro(r) at small N. Unlike using Suvyo(r), however, using vy (r) overestimates
P,, for N < 30. Finally, Fig. 4(b) also shows that using Suvio(r) gives closer prediction

of BR? P to the original system than using Buy(r) for N > 36, although the latter

RE

o as shown in Fig. 3(b). Minimizing RE is therefore not equivalent to

gives smaller s
matching structural or thermodynamic properties between the original and CG systems.
Similarly, in Appendix we show the relation (difference) between RE minimization and

the least-squares fitting of Sv(r) to Sv™(r).

4 Conclusions

In Ref. [12] (referred to as Paper I), we proposed a systematic and simulation-free strat-
egy for coarse graining of polymer melts, where we used integral-equation theories,*1?
instead of many-chain molecular simulations, to obtain the structural and thermodynamic

properties of both original and coarse-grained (CG) systems, and quantitatively examined
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how the pair potentials between CG segments and the thermodynamic properties of CG
systems vary with the number of CG segments per chain N. We applied our strategy
to structure-based (st-based) coarse graining in Ref. [12], which matches the structural
correlations of CG segments between original and CG systems. In this work, we have

918,19 wwhich provides

applied it to the relative-entropy-based (RE-based) coarse graining,
a quantitative measure of the coarse-graining performance and can be used to select the
appropriate analytic functional forms of the CG potentials. Such analytic forms are more
convenient to use than the tabulated (numerical) CG potentials obtained from st-based

coarse graining.

We have first proposed in Sec. 2.1 a general coarse-graining strategy for homopoly-
mer melts using RE framework, where the bonding and non-bonded CG potentials are
coupled and need to be solved simultaneously. Taking the hard-core Gaussian thread
model?® (referred to as the hard-core CGC-6 model) solved by the polymer reference inter-
action site model (PRISM) theory!* with the Percus-Yevick (PY) closure®! as the original
system, which was also used in Paper 1,2 we have then performed RE-based coarse
graining under the assumption that the intrachain segment pair correlation functions of
CG systems are the same as those in the original system (i.e., w,«(r) = ws%, (r)), which
de-couples the bonding and non-bonded CG potentials and simplifies our calculations
(that is, we have only calculated the latter). We have used three functional forms of the
non-bonded CG pair potential fuv(r) [i.e., fur1(r), Bvra(r), and Bon(r) given by Eqgs. (12)
and (13), which contain n, = 2, 4, and 6 parameters, respectively] and three commonly
used closures [i.e., the random-phase approximation (RPA),?" the hypernetted-chain
(HNC),?6 and PY?' closures] for CG systems, and compared our results [including
Bu(r), the minimized RE per chain s, the normalized isothermal compressibility k7, the
interchain internal energy per chain, and the interchain virial pressure P of CG systems

at various N] with those of st-based coarse graining.!?
Due to the absence of the attractive well in Suy(r), Buia(r) is overall smaller than

the CG pair potential Sv™(r) obtained from st-based coarse graining, and Suvr1(r) is even

much smaller than Svrs(r). Sun(r), on the other hand, can well capture the attractive
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well of v°¢(r) and is therefore much closer to it. The deviation between Sv(r) and Sv(r)
obtained with the same closure for CG system, x2 = (47/R2,) [~ drr?[Bv*(r) — Bo(r)]?,
in general decreases with increasing n, and with increasing N. With HNC and PY
closures for CG systems, Sv(r = 0) monotonically increase with increasing N as expected,
and both Sv*(r = 0) and Svy(r = 0) scale approximately with N8, With RPA closure,
however, fv(r = 0) exhibit a maximum around N = 40, indicating the qualitative failure
of RPA closure for CG systems at larger N. Similar to 0% (r) = v%(r) /v (r = 0), O (r)

for various N collapse approximately onto the same curve if 7 is normalized by R, oN /%,

s. provides a quantitative measure of the information loss due to coarse graining,
and decreases with increasing N as expected. For st-based coarse graining, s¥jy¢ is
always smaller than both s¥'zpy and s}'py, which is qualitatively consistent with the
deviation in thermodynamic properties between original and CG systems reported in
Paper 1.12 On the other hand, with HNC closure for CG systems (used hereafter) we find
that s% > s at the same N, consistent with the fact that st-based coarse graining is
equivalent to RE-based coarse graining with unconstrained functional form of fv(r) (i.e.,
in the limit of n, — 00), and that s&¥ — s increases with increasing N. Furthermore,
Pura(r) gives much less information loss (thus better coarse-graining performance) than
Buri(r), and PBur(r) gives even better coarse-graining performance and is good enough to

analytically represent Sv™(r) in the N-range considered in this paper.

Due to the absence of the attractive well in Suvi(r), wr obtained from RE-based
coarse graining using fvy;(r) is significantly larger than 5 from st-based coarse graining
(which is the same as k7 of the original system), and that using Svrs(r) is closer to &5t
but still overestimates it for small N < 10. Using fuy(r) gives better results than using
Bur(r), although x5 is somewhat underestimated for small N < 10. On the other hand,
using [uro(r) always underestimates the pressure of the original system, P,,, particularly
for N < 30, but gives closer P to P,, than st-based coarse graining for 27 < N < 91.
Using Sun(r) overestimates P, for N < 30 and gives better results than using Svps(r)
at small N, but the opposite occurs for N > 36. Results for the interchain internal

energy per chain are similar to those for P. It is therefore not possible to simultaneously
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minimize s. and the deviation in structural and thermodynamic properties (e.g., K and
P) from the original system, as these are not equivalent. We have also compared the

minimization of y? and s. in Appendix.

Finally, we note that, apart from the approximate closures and the assumption
that the interchain total and direct pair correlation functions do not depend on the
monomer /segment position along the chain contour in the original/CG system inherent
in PRISM theory,'* the only two assumptions used in our work here are the ideal-chain
conformations for the original system and the aforementioned w, ¢ (1) = w% (r). These
two assumptions can be eliminated by the self-consistent PRISM (SCPRISM) theory,?%25
which requires single-chain simulations of discrete chain models with nonzero-range
interactions but is still much faster than many-chain simulations commonly used in
the literature. For RE-based coarse graining, SCPRISM calculations of the original

ss
s,s’

system readily give more accurate results of w®,(r), and those of the CG system give
the corresponding w; ¢ (7), which depend on both the bonding and non-bonded CG pair
potentials. RE-based coarse graining using SCPRISM theory, which follows our general

strategy proposed in Sec. 2.1, will be reported in a future publication.
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Appendix: Relation between RE minimization and

least-squares fitting of CG potential

Here we elucidate the relation between minimization of RE and the least-squares fitting
of Bu(r) to the CG pair potential 5v°(r) obtained from structure-based (st-based) coarse
graining. The least-squares fitting minimizes x3 = (4w/R2) [;° drr?[Bv™(r) — Bo(r; X)]?
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with respect to the parameters A = {\;} (j = 1,...,n,), which is equivalent to solving
3)(12)/8)\] = 0, i.e.,

/0 " da 6% (g) — o N (g A) = 0, (20)

where v} (r; X) = 0v(r; A)/0A; and 9(q; A) denotes its 3D Fourier transform.

On the other hand, minimizing RE (i.e., Eq. (8)) is equivalent to
| dadlieota) = g N1l 2) =0 (21)
0

where ﬁss(q; A) is obtained from st-based coarse graining and iL(q; A) from solving the CG
system at A using PRISM theory with a closure. From PRISM equation (i.e., Eq. (9)),
we have h = N202¢/(1 — p.N2wé), which still holds when h and ¢ are replaced by 7 and

¢%, respectively, with @ = @**. Eq. (21) then becomes
| ol (a) = el VIS @)@ N5 3) = 0. (22)
0

where S = (1/& — p.N?¢**)~! and S = (1/& — p.N?¢)~! are the structure factor of CG

systems obtained from st- and RE-based coarse graining, respectively.

If RPA closure is used for CG systems, i.e., ¢**(r) = —fv™(r) and c¢(r) = —pv(r; ),
Eq. (22) becomes

/0 " dg?16%() — (g; N)IS™(@)S(: N9 (g N) = 0. (23)

Comparing Eq. (23) to Eq. (20), we see that RE minimization with RPA closure for CG
systems is equivalent to a specifically weighted (by S(¢)S(q; A)) least-squares fitting of

Bu(r) to pvt(r).
With HNC closure, i.e., ¢**(r) = —fv*(r) + h%(r) — In[l + % (r)] = —pv*(r) + AR (r)

and ¢(r) = —=po(r; A) + h(r; A) —In[1 + h(r; A)] = —=Sv(r; A) + Ah(r; X), where Ah**(r)
hes(r) — In[1 + h*3(r)] ~ O((h*%)?) and Ah(r;A) = h(r;A) — In[l + h(r; X)] ~ O(h?),

20
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Eq. (22) becomes

| o {8 (@) — 50 0)] - [B17(@) - Bhia: V] } @Sl ol X) =0, (29

0

which can be compared to Eq. (20).
It is therefore clear that, in general, least-squares fitting of Suv(r) to Fv*(r) is not

equivalent to RE minimization and gives higher RE (thus worse coarse-graining

performance) than the latter.
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List of Figures

Figure 1. (a) Non-bonded CG pair potentials Sv(r), (b) 7?Sv, and (c) 73dBv/dF obtained
from st- and RE-based coarse graining at various N (number of CG segments per chain)
with various parameterization in the latter, where 7 = N3/4r /Reo with R, denoting the
root-mean-square end-to-end distance of an ideal chain in the original system. (d) Devia-
tion x2 between Sv**(r) obtained from st-based coarse graining and Bv(r) from RE-based
coarse graining with various parameterization. (e) Sv(r = 0) obtained from st- and
RE-based coarse graining with various closures for CG systems and parameterization in
the latter. HNC closure for CG systems is used in Parts (a)~(d), and N' = 10* in all cases.

Figure 2. (a) Normalized CG potential o5(r) obtained from RE-based coarse
graining at various N. (b) Corresponding parameters of oy(r). HNC closure for CG

systems is used and N = 10%.

Figure 3. (a) Relative entropy per chain s for st-based coarse graining with
various closures for CG systems. (b) Difference in s. between RE- and st-based coarse

graining with various parameterization in the former and HNC closure for CG systems.

N =104

Figure 4. Comparisons of (a) the normalized isothermal compressibility xr and
(b) the interchain virial pressure P of CG systems obtained from RE-based coarse
graining with various parameterization, those from st-based coarse graining, and those
of the original system (represented by the black horizontal line). HNC closure for CG
systems is used and N = 10%.
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Figure 2: (a)
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Figure 3: (a)
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