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 Flow of concentrated viscoelastic polymer solutions in porous media: 
effect of MW and concentration on elastic turbulence onset in various 

geometries. 
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Schlumberger Gould Research 
 
Abstract 
 
Viscoelastic polymer solutions exhibit a variety of flow instabilities and in particular, in mixed 

shear and extensional flow, elastic turbulence.  Coincident with the transition to turbulence is 
additional dissipation that, in porous flow, may be characterised as an increased apparent viscosity.  
We report elastic turbulence and apparent thickening in the flow of polymer solutions both in rock 
samples and in microfluidic analogues and we correlate the onset of thickening and turbulence with 
rheological measurements.  Contrary to expectations, the characteristic relaxation time associated 
with the transition to turbulence is found to be independent of polymer concentration over the range 
studied (10𝑐∗ ≲ 𝑐 ≲ 100𝑐∗).  Furthermore, this characteristic time scales with the square of 
molecular weight.  Thus the characteristic time associated with the transition to turbulence is not the 
linear-viscoelastic timescale usually measured but rather scales as a dilute Rouse time despite being 
an entangled system. 
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1 Introduction 
Aqueous polymer solutions are of wide interest because of their broad industrial applications 

and their rich physicochemical behaviours.  Fluid flows in porous media display a variety of physical 
phenomena and are key to many natural and commercial processes spanning multiple fields including 
physics, geophysics, medicine, and chemical engineering [1] [2] [3] [4] [5] [6] [7]. Here we address the 
phenomenology of flow of high molecular weight polymer solutions through porous structures at 
concentrations well above c*, the overlap concentration. The motivation for this study is the desire to 
understand the role of viscoelastic polymer solutions in enhanced oil recovery (EOR) [7].  Oil recovery 
is usually characterised as proceeding through three steps of systematically increasing technological 
complexity.  First, when a well is drilled into an oil-bearing porous rock (the reservoir), natural pressure 
in the system is sufficient to raise the oil to the surface and a few percent of the oil in the reservoir 
may be recovered.  Second, water is pumped (injected) into the reservoir either to maintain the 
reservoir pressure such that oil continues to come to the surface (be “produced”) or to sweep oil in 
the porous structure toward the producing well. This “water-flooding” process can recover up to a 
further ~30% of the oil originally in the reservoir.  Third, to produce more of the 60-70% of the oil 
remaining in the reservoir, an enhanced oil recovery process must be employed.  EOR technologies 
fall into three general categories: chemical, thermal and gas.  For chemical technologies, polymer 
injection is the simplest from an engineering point of view.  Polymers are generally used with the 
concept of simply “viscosifying” the aqueous phase whilst not considering their viscoelastic properties.  
A range of polymer types have been employed, usually at concentrations ranging well above 10c*, i.e. 
well into the entangled region for a neutral polymer.  This technology has been used for many years, 
particularly in China.  Recently it has been reported [8], [9], [10] that high-viscosity, viscoelastic 
solutions of high molecular weight (MW = 20 - 35 MDa) polymers recover significantly more oil than 
expected from conventional models of the process.  Our recent findings [11] have provided 
confirmation of this behaviour and demonstrated that a key additional behaviour not captured in both 
conventional and proposed models is the appearance of elastic turbulence. 

Solutions of high molecular weight flexible polymers are well known to exhibit long 
characteristic relaxation times that lead to a variety of elastic instabilities in various flow geometries 
[12], [13].  It is now generally accepted that, in addition to particular instabilities, chaotic flows can 
also occur i.e. irregular flows that exhibit a range of time and length scales. Such flow behaviour is 
referred to as elastic turbulence [14], [15] due to the similarity of certain features of the flow to inertial 
turbulence.   Studies of elastic turbulence are most commonly made with Boger fluids [16] or fluids 
with properties approaching those of an ideal Boger fluid, i.e. where elastic effects can be separated 
from viscous effects in viscoelastic flows.  In general this means dilute systems.  Whereas the use of 
Boger systems brings clarity to the essential behaviours being studied, additional features due to inter-
molecular interactions are largely absent.  Conversely similar instabilities in polymer melts have 
received significant attention due to their implications for polymer processing technologies.  A number 
of increasingly complex constitutive relations have been proposed and studied. One advanced, yet 
computationally tractable model, is the Rolie-Poly model [17].  The model is a single mode 
approximation to the Graham-Likhtman and Milner-McLeish model [18] which encompasses the 
physical molecular processes of reptation, convective constraint release (CCR), chain stretch and 

retraction.  The resulting constitutive relation requires four parameters: rep the reptation time, R the 

Rouse relaxation time, * the CCR parameter and  a parameter used to fit the simplified model to 
the full model.  Hence within this model one can expect processes dominated by each of the two 
timescales: (i) shear thinning and linear elastic behaviour, i.e. orientational relaxation, at a shear-rate 

of order 1/rep and, (ii) non-linear elastic effects, i.e. stretch relaxation, at deformation rates of order 

1/R. 
In the present study we investigate experimentally the flow of high molecular weight (3.5 – 

35 MDa) partially hydrolysed poly-acrylamides (HPAM) via flows in porous media (rock cores and 
microfluidic networks (micromodels)) and in conventional shear rheometry.  We have observed that 
for flow in porous structures, on increasing the apparent shear-rate the flow becomes unstable and 

Page 2 of 24Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t



3 
 

transitions from steady laminar flow to a flow varying randomly in space and time, i.e. elastic 
turbulence.  We find the surprising result that the onset of elastic turbulence is concentration 
independent for concentrations above approximately 10c*.  This independence is in contrast to an 
expected strong concentration dependence of relaxation times for these systems and leads to 
significant ramifications in the choice of polymer formulation for practical use. 

In a future study we will focus on the detailed interaction of the aqueous phase flow 
turbulence described here, with oil trapped in the porous medium. 

We first describe the experimental materials and procedures in section 2.  Subsequently in 
section 3 we present results beginning with a brief description of the data analysis.  In section 3.2 we 
show flow measurements for a range of polymer solution concentrations and separately for a range 
of mean polymer molecular weights.  In section 3.3 we briefly demonstrate that the observed flow 
thickening in porous flow is associated with elastic turbulence and in section 3.4 that the observed 
flow thickening due to elastic turbulence onset can also be observed in a cone-and-plate rheometer 
and moreover that the scalings observed in porous flow are also observed in this rheometer 
configuration.  In section 3.5 we show the collapse of the porous flow data when scaled with 
appropriate rheometer measurements. We discuss these results in section 4 and finally conclude in 
section 5. 

2 Experimental 

2.1 Polymer solutions 
Viscoelastic polymer solutions were prepared using partially hydrolysed polyacrylamides 

(HPAM) supplied by SNF Floerger covering a range of mean molecular weight (Table 1).  In all cases 
we chose to work with an ionic strength of 74 mM to coincide with a particular oil field aquifer 
example.  HPAM is a polyelectrolyte and so the ionic strength is expected to affect the behaviour of 
the molecule in solution.  The degree of screening of the polymer charge may be assessed by 
comparing the ionisable monomer number density concentration, c, with 2AcS [19], where A is the 

number of monomers between uncondensed charges and cs is the salt concentration.  Here A is 2 for 
the range of polymers except 6040S where it is 1.5.  For our solutions a typical concentration is 
0.12wt% corresponding to (1.2/71) 17mM of monomers.  Hence c << 2Acs (i.e. 17 << 2*2*78) and we 
expect the salt ions to screen the coulomb interactions between monomers.  Hence we expect the 
molecule to behave to first order as a neutral polymer in a good solvent.  We indeed see low-shear 

viscosity (0) ~ cn with n between 3 and 3.5 for our systems (Figure 3c), rather than the low-salt limit 

for polyelectrolytes ((0) ~ c3/2).  Thus at this ionic strength, we expect that the entanglement 

concentration ce  10c*, as for a neutral polymer [19]. 
 

HPAM 
Material 

MW 
(MDa) 

c* 
(wt %) 

Hydrolysis 
(mol%) 

3130S 3.6 ~0.048 30 

3230S 6 ~ 0.025 30 

3330S 10 ~0.016 30 

3430S 11 ~ 0.014 30 

3530S 16 ~0.011 30 

3630S 18-20 0.008 30 

6040S 30-36 ~0.004 40 
Table 1 Properties of SNF Floerger, partially hydrolysed polyacrylamides 

used in this study.  c* for 3630S was measured via viscometry, values for the other 

molecular weights were inferred from extrapolated viscosity-concentration 

measurements. 

Solutions were prepared to explore a range of concentrations (all entangled).  Further 
solutions were prepared to explore the range of mean molecular weight available.  In this latter case 
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we chose to vary the concentration such that the low shear viscosity of the sequence of solutions 
remained constant. All solutions were fully hydrated by rolling for 24 hours before being filtered to 
remove particulates and undispersed polymer.  To prevent biological or oxidative degradation of the 
polymer, preservative (15 wt% isopropanol, 7.5 wt% thiourea and 77.5wt% water) was added to each 
stock solution at mass two-thirds that of the dry mass of the polymer. 

2.2 Shear rheology 
All measurements were made with a Malvern Gemini NanoHR rheometer with a 40 mm 

diameter cone-plate measuring geometry.  The majority of measurements were made with a 4 cone 

and a few with a 1 cone, which enabled access to stable flow at higher shear.  The measurements 

throughout this work were at 20C.  Flow-curve measurements of viscosity 𝜂 were generally made in 
stress-control mode.  The range of shear depended on the sample in question but was selected so as 

to enable the determination of the low-shear limiting viscosity (0) and avoid ejection of fluid at high 
shear.  On increasing shear, the flow curves were well described by a plateau at low shear, then a 
thinning region and finally a region of apparent thickening during which flow was unstable (the 
noise/signal ratio increased, the fluid appeared to pulse).  In this region of unstable flow, the ratio of 

the first normal stress difference to the shear stress was constant (N1/for a 4 cone and 100 

for a 1 cone). 
The plateau and thinning behaviour were well described by the Carreau-Yasuda model,   

          
1

0 1

n
a a

CY      



          
  (1) 

where CY is the relaxation time, n the power-law index and a a parameter that describes the 
transition from Newtonian to shear-thinning behaviour.  The limiting high-shear viscosity 𝜂(∞) is set 
to zero unless the data clearly indicate a reduction in the rate of thinning (as would be the case at high 

rates accessible with a 1 cone).  

2.3 Flow through porous rock 
A cylindrical plug of rock (a core of length 50 mm and diameter 38 mm) cut from a Bentheimer 

sample was first characterised by measurement of permeability and porosity independently using a 
conventional gas permeameter (ErgoTech).  The Bentheimer formation is a relatively homogeneous 

outcrop sandstone which is naturally water-wet.  For our samples the permeability is k3100mD 

(3.0µm2, 1Darcy = 9.869x10-13m2) and the porosity 0.23.  The core plug was placed in an evacuated 
chamber.  A degassed sample of the 74 mM brine was then introduced to the evacuated chamber 
thereby filling the rock and ensuring no trapped gases.  The solution-filled core plug was transferred 
to the core holder and confining pressure of 1200psi (1psi = 6.85kPa) applied to the confining sleeve 
to prevent flow of liquid around the core.   

The flow of liquids through porous rock materials is investigated routinely using a “core-flood” 
apparatus in which liquid is flowed in a controlled rate through a plug of rock. We have constructed 
our measurement system based on a standard core holder (E.P.S. Coresystems) as shown 
schematically in Figure 1. The liquid is supplied by a high-pressure syringe pump (Teledyne ISCO) to 
the inlet distribution platen of the core holder.  Pressure at the inlet face is measured by one of four 
pressure transducers (Keller PX33 series) thereby enabling the measurements to cover a wide dynamic 
range (0.1 psi to 450 psi).  The outlet platen flows to a collection port and a pressure transducer 
measures the pressure at the core face. The average linear pressure gradient along the core is thereby 
simply determined as a function of imposed flow rate.  Note that the purpose of the platen is to 
distribute the flowing liquid uniformly across the face of the core such that the porous flow is 
predominantly 1D, i.e. along the core only. To ensure that there are no effects on the pressure 
measurement due to redistribution of the flow near the inlet, it is common to provide pressure taps 
along the core.  For this core holder, the core is too short to allow for this arrangement and (non-
flowing) end taps are used instead.  Whereas correction for the end effect may be made, in the data 
presented no allowance is estimated and the data presented without modification. 
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Figure 1 Core-flood apparatus.  Inlet flow is supplied by a high-pressure 

syringe pump, outlet flow is to atmosphere.  Inlet and outlet pressure gauges cover a 

range from 0 to 30bar.  The rock core sample is confined by a flexible sleeve and 

pressurised to 1200psi. 

2.4 Particle Tracking Velocimetry (PTV) in a microfluidic network 
Core floods allow macroscopic flow parameters to be measured for a range of liquids but 

provide little direct information regarding the microscopic details of the flow. For this purpose we 
have used microfluidic approximations of a pore structure (micromodels) as shown in Figure 2.  This 

lattice comprises a 2D net of channels of 100m depth.  Pores are 200m squares connected in a 

square net to each other by pore throats of width randomly distributed about 75m with a range from 

50m to 150m.  The square net is oriented at 45° to the mean flow. The inlet is a single channel that 
feeds a wide distribution region coupled to the porous net by a set of parallel channels.  This 
arrangement approximates a uniform inlet-flow rate.  Channels have been fabricated in SU8 on a 
PMMA support material (Epigem Ltd.).  The SU8 surfaces are hydrophobic in nature (contact angle for 

deionised water in air  81°) and are used as supplied.  In order to fill the device geometry without 
gas bubbles a pre-flush with methanol is used, which is subsequently flushed with the brine to be used 
in the particular experiment.  The microfluidic geometry has channels approximately 2x the pore-entry 
throat diameter  of the rock (38.8µm, determined by mercury intrusion porosimetry) described above.  
The design hence has comparable length-scales to that in the rock whilst preserving ease of 
manufacture. 

The network has two side channels across which is placed either a differential pressure 
transducer (Honeywell 24PC series) or a pair of gauge pressure transducers (LabSmith).  Thus 
macroscopic measurements (flow rate and pressure gradient) directly comparable to the core flood 
arrangement can be made whilst also performing pore-scale imaging measurements. 
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Figure 2 Microfluidic geometry (MM2). (a) Complete structure, channel 

depth is 100m. Two pressure taps are provided along the edge of the device. (b) 

Close-up of section near the inlet of the model; pores are 200m square and pore-

throats are randomly distributed about 75m width. 

Detailed flow velocity measurements are made by seeding the flow with 1m polystyrene 
particles (Sigma-Aldrich) and capturing high-speed images (Provision M1) via a moderately high 
numerical aperture lens system (Navitar). Analysis of the image sequences (LabView) provide spatial 
liquid velocity measurements (PTV [20]).  The lens used gives a depth of focus approximately 1/3 the 
channel depth and thus velocity measurements are plane projections of the 3D velocity vector within 
the middle of each channel. 

3 Results 

3.1 Analysis background 
The flow of liquids in small channels is typically dominated by viscous and capillary forces.  This 

situation is characterised by a small Reynolds number, Re, for such flows. As such, inertial forces can 
be ignored and the result is the well-known Stokes equation for creeping flow.  Such flows are laminar 
and steady.  For a random porous medium, flow is usually described by the Darcy equation, 

 
k

Q A P


    (2) 

where Q is the volumetric flow rate through a cross sectional area A of the porous medium, k is the 

permeability, the viscosity and P the pressure gradient. This equation originated as an empirical 
correlation [21] but can be justified for Newtonian liquids on the basis of Stokes equation [1].  There 
have been a number of studies seeking to extend the foundation of Darcy’s equation to be applicable 
to non-Newtonian flow [2] [22] [23].  Results for power-law fluids indicate that effective rheograms 
can be obtained by inverting equation (2) for viscosity and taking the apparent shear-rate and viscosity 
as respectively, 

  ;        
Q Ak P

QA k
   




     (3) 

with  the porosity and  a constant factor allowing the porous flow rheogram [24] to be overlaid with 
the bulk measured rheogram.  It should be noted that the flow in a porous medium is not expected to 
be pure shear, so it is perhaps more correct to use “apparent deformation rate”.  For the viscoelastic 
liquids under consideration here, this distinction is important since we expect a significant extensional 
contribution to flow at the pore scale.  Nevertheless, in what follows we chose to present our porous 
pressure/flow-rate data as apparent rheograms. For the rock-core flow data presented in this work, 

(a)

(b)

1mm
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the permeability estimated from flow of brine has been used to calculate both apparent shear rate 

(using a value of =1) and apparent viscosity. 
Instabilities in the flow of viscoelastic fluids have been known and studied for very many years.  

In 2000 Groisman and Steinberg [14] coined the term “elastic turbulence” to describe a widely 
observed chaotic instability.  Such instabilities are characterised as exhibiting fluctuations in flow 
velocity over a broad range of spatial and temporal frequencies up to a relatively sharp power-law 
cut-off above a threshold frequency.  Elastic turbulence has been observed in a number of situations 
[25], including microchannel flow [26], and has been proposed as a method of mixing within 
microfluidic devices [25]. 

McKinley et al. [27], [28] have proposed a dimensionless parameter, M, to characterise the 
onset of purely elastic flow instabilities, 

 .M Wi De   (4) 

with Wi the Weissenberg number and De the Deborah number. Linear-stability analysis for a cone-
and-plate rheometer geometry [29] shows that the flow of a viscoelastic fluid becomes unstable when 

M≥21.17, where M is defined for this geometry as, 

 
0

PMM
 


   (5) 

and where  is the rate of rotation of the cone, 0 the angle between the cone and the plate and 

where PMis a characteristic relaxation time (we use suffix PM for Pakdel-McKinley to distinguish this 
time) of the viscoelastic fluid. 

Whereas M was introduced to describe the point at which linear stability is lost and not 
necessarily the transition to elastic turbulence, since in our experiments we observe laminar flow 
transitioning directly to elastic turbulence, we follow Zilz [26] and take an M to describe loss of stability 
and the onset of turbulence.  Thus, in considering viscoelastic flow in a porous medium we should also 
expect elastic turbulence for M greater than a critical value, Mcrit.  If we assume equation (4) to hold 
and take the usual definitions for Weissenberg and Deborah numbers,  

 ;    
U

Wi De
L

     (6) 

with 𝛾̇ the shear rate, U a characteristic pore velocity and L a characteristic flow length. Then, 
taking the shear length scale to be a, the pore throat radius, 

 

1/2

.
a

M Wi De Wi
L

 
   

 
  (7) 

and using equation (3), 

 

1/2
Q a

M
LA k






  
      

  (8) 

Note McKinley et al. define the lengthscale L as the radius of curvature of a streamline within 

the flow, which might correspond to a grain size within a rock structure (hence a/L  0.27 for 
Bentheimer [30]). However, here we merely assume a lengthscale related to the pore structure exists 

but investigate no further. Thus at the onset of elastic turbulence ∝ (1/Q) and therefore that the 
onset of elastic turbulence for a particular porous structure characterises a liquid relaxation time.  
Note further that, rearranging, 

 

1/2

2crit

k
Q





 
  
 

  (9) 

i.e. the critical flow rate for onset of elastic turbulence, Qcrit, may be estimated based on the 
relaxation time and the characteristic rock properties of permeability and porosity. 
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3.2 Flow thickening: dependence on concentration and molecular weight 
The macroscopic behaviour of polymer solutions when flowed through rock cores have been 

reported a number of times, e.g. [11], [31], [32].  For solutions of flexible polymers, when the pressure 
– flow rate data are presented as described by equation (3), the apparent flow curve follows that 
measured in a rheometer until a critical deformation rate, above which the material flowing in the 
rock apparently flow thickens.  The observation of thickening is in contrast to the equivalent 
measurement in simple shear using a standard rheometer geometry.  In a conventional rheometer 
study no thickening is observed at shear rates equivalent to the deformation rate in the rock core.   

A particular interpretation of these observations is to invoke the onset of a strong extensional 
viscosity component.  Whereas this is a reasonable argument, it fails to explain the recently reported 
multiphase desaturation data [11].1  Thus, whereas additional viscous dissipation due to extensional 
flows is likely, it is the additional dissipation route due to elastic turbulence that we believe to be of 
primary importance.  

In this section of the paper, we compare the flow behaviour of HPAM solutions in a 
conventional rheometer with cone-and-plate geometries and in in a sandstone rock core.  We will first 
vary the polymer concentration at a given molecular weight and then vary the molecular weight at a 
given low-shear viscosity.  The data will be used to determine characteristic relaxation times for 
different processes and it will be clear that the behaviour describing the onset of thickening in porous 
flow is different from that describing the linear relaxation properties in shear flow. 

In Figure 3 we show data for the highest molecular weight material (6040S, 30-35MDa) at a 

series of concentrations that give rise to (0) values ranging from approximately 2 mPa.s to 30 Pa.s.  
Figure 3(a) shows flow curves for different polymer concentrations measured in the rheometer (filled 
points) and derived from rock-sample flow (open points) using equation (3). The onset of flow 
thickening in the rock is constant, at approximately 1s-1, independent of concentration.  The 
concentration independence of flow thickening has been reported previously by Seright [32] for 
concentrations 2.5-8×c*with 18-20 MDa HPAM at a higher ionic strength.  The flow data from the rock 
sample show a flattening at the highest apparent shear-rates.  Subsequent measurement of low-shear 
viscosity and analysis of extensional viscometer data (CaBER) using solutions that were exposed to 
such rates demonstrate that some degradation had occurred.  The experimental procedure was such 
that measurements at Q > Qcrit were always made on stepwise increasing rate and care was taken to 
ensure no mechanically degraded polymer was the in the core during low-rate measurement.  In 
Figure 3(b) are shown the shear rheometry data fitted, from low-shear plateau to the end of the shear-

thinning region, using a Carreau-Yasuda model.  In Figure 3(c) are plotted the low-shear viscosity, (0), 

and relaxation time, osc, from a frequency sweep at small amplitude (1/ where G’=G’’).  In addition, 

in Figure 3(c) are plotted the characteristic times for the onset of the observed thickening, core, 
derived from the data in Figure 3(a), as described later. 

                                                           
1 The extensional viscosity for the solutions studied here increases with polymer concentration, while the onset 
of apparent thickening we will demonstrate to be independent of concentration for these solutions.  The 
filament break-up time in CaBER measurements was found to be proportional to polymer concentration. 
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(a)  

(b)  

(c)   
Figure 3 Scaling as a function of concentration for 30-35 MDa HPAM 

6040S.  (a) Open symbols - apparent flow curves for a range of 30-35MDa HPAM 

concentrations with constant ionic strength derived using equation (3); filled symbols 

- the rheometer data from (b) (b) Rheometric flow curves with low-shear ( 10s-1) 

part of the curve fitted using the Carreau-Yasuda model, and (c) Characteristic 

relaxation time, osc, and low-shear viscosity (0), and apparent flow thickening, 

core, plotted as a function of concentration. 

In Figure 4 are plotted similar data, but here we follow the behaviour of solutions of HPAMs 
of different mean MW prepared at concentrations with a constant low-shear viscosity of 2Pas .  In 

Flow curves at 20
o
C.

shear viscosity (circles), normal force (crosses) and core plug viscosity (stars).
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Figure 4(a) are shown apparent flow curves generated from rock-core measurements; as molecular 
weight increases, the onset of flow thickening translates to lower apparent shear-rate. Figure 4(b) 
shows rheometer flow curves for the same set of polymer solutions as were used for the core-flow 
experiments.  These data have again been fitted using a Carreau-Yasuda model.  Last, in Figure 4(c) 

four characteristic times are plotted: osc, derived as the crossing point of G’ and G’’ in a low-amplitude 

oscillatory frequency sweep (see Appendix); CY, the characteristic time describing the transition to 

shear thinning in the rheometer flow curve; core, the characteristic time for the onset of flow 

thickening derived from Figure 4(a); and, PM, the characteristic time derived from the onset of 
thickening in the cone-and-plate rheometry (see below). 
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(a)   

(b)  

(c)  
Figure 4 Scaling as a function of MW for (0) 2 Pa.s solutions.  (a) Apparent 

flow curves for a range of molecular weight HPAM in a rock core, (b) rheometric 

flow curves with low shear part of the curve fitted using the Carreau-Yasuda model, 

and (c) characteristic times derived from various measurements: oscillation 

measurement OSC (see Appendix), from the Carreau-Yasuda fit in (b) CY, from the 

observed upturn in (b) (see below) using equation (5)PM, and from the position of 

the apparent flow thickening in (a), core. All characteristic times scale approximately 

as MW2 for this set of data.  Note concentration varies across the set. 

It is instructive to plot datasets such as those shown in Figure 3 and Figure 4 in such a way as 
to demonstrate the flow thickening apparent in the core-flow measurements.  We choose to plot the 
apparent viscosity derived from the core measurement divided by the Carreau-Yasuda curve obtained 
from fitting the corresponding rheometer flow curves.  Such a plot is equivalent to plotting the excess 

Core viscosity - shear rate based on Darcy flow predictions.
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pressure drop in the core divided by that expected based on a Darcy approach using the Carreau-
Yasuda model fluid (Note this is an equivalent plot to that used by Burghelea et al [33] for a Boger 
fluid, their fig. 2, but here applied to a shear thinning fluid).  The result is shown in Figure 5a.  In Figure 

5b we take the onset of thickening (1/core obtained by fitting an inverse Carreau-Yasuda function to 
the data shown in Figure 5a) from these data and plot against the low shear viscosity of each solution. 
We see now for HPAMs of a series of molecular weights, that the onset of flow thickening is 
approximately concentration independent.  Data are also included for a solution of the stiff polymer 

xanthan, which has similar a similar (0) to, and slightly shorter Carreau-Yasuda relaxation times than, 
the 18 MDa HPAM 3630S of the same concentration.  Any apparent flow thickening for xanthan occurs 
at a very much higher rate than for even the lowest MW HPAM studied here. 

 
Figure 5 (a) Ratio of apparent viscosity derived from porous flow 

measurement divided by the Carreau-Yasuda flow curve fitted to rheometer 

measurement.  A range of solution molecular weight and concentration are plotted. 

(b) The characteristic time, core, taken as the inverse shear rate for thickening seen 

in (a) is plotted against the solution low shear viscosity. 

The data presented in Figure 3, Figure 4 and Figure 5 illustrate two systematic trends 
concerning the observed onset of apparent thickening as a function of apparent shear rate, 𝛾̇onset:  

(i) Figure 3 and 5: The onset is independent of polymer concentration provided the 
concentration is greater than about 8c*.  Most authors [31] [34] assume that the observed 
onset of thickening is related to the linear elasticity of the polymeric solution.  However, 
if that were the case then the onset would be a strong function of concentration: clearly 
it is not. 

(ii) Figure 4 and 5: The onset is approximately inversely proportional to the square of the 

molecular weight, 1/𝛾̇onset = core~MW2.  Since the concentration is varying over this series 
of solutions but the onset is observed to be approximately independent of concentration, 
this is the molecular weight scaling for any particular concentration and is different from 

that of the Carreau-Yasuda time for thinning, CY~MW3 (see below). 
 

These two observations demonstrate that the apparent thickening is not simply related to the 
linear viscoelasticity of the polymer solutions (see also Figure 8).  Rather, there is a characteristic time 
that behaves as a function of concentration and molecular weight as would be expected for a single 
molecule.  We return to explore this further in the discussion section below. 

3.3 Flow thickening: correlation with elastic turbulence 
An increased pressure gradient in single-phase flow of viscoelastic solutions, interpretable as 

flow thickening, has been shown to coincide with the onset of elastic turbulence in single curvilinear 
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channels [26], in non-uniform single channels [35] and in porous media [11].  The observed fluctuation 
onset in microfluidic devices (micromodels) for the solutions used herein also coincide with the 
observed flow thickening.   

In Figure 6 we show for 0.12wt% 18MDa HPAM (3630S) example streakline images at flow 
rates below and above the transition to elastic turbulence.  For the lower flow rate we see simple 
laminar flow whereas for the higher flow rate we see crossing streaklines.  Furthermore where we see 
crossing streaklines, the image sequence shows frames where particles at the same apparent position 
are travelling in markedly different directions which we interpret as a complex three dimensional flow. 
Moreover the velocity at a particular position fluctuates in time. Since the onset of fluctuations is 
independent of polymer concentration, it is not appropriate to use a Weissenberg number defined 
with a characteristic time taken from linear-viscoelastic measurements as such a time is strongly 
dependent on concentration.  However, using a characteristic time as derived from the rheometer 
measurement described below we find Wi = 0.35 and 3.5 respectively which give values of M, 
estimated using equation(7), of M=0.16 and 1.6 respectively.  Note that the onset of fluctuations is 

observed for a flow rate of about 9l/min [11], at which point Wicrit  1.04 and, taking a = 37.5µm and 

L = 176µm (pore throat half width and the radius of an inscribed circle =500/22 respectively), M = 

Mcrit0.48.   
    

    

 
Figure 6 False colour streakline photographs (inverted dark-field imaging, 

with blue particle traces) illustrating onset of elastic turbulence for a 0.12wt% 

solution of 3630S. Left: Q = 3L/min, M=(De.Wi) = 0.16 showing steady laminar 

streaklines. Right: Q = 30L/min, M=1.6 showing unsteady multiple crossing 

streaklines. [Mcrit0.48 at threshold]. 

The imaging of particles within the microfluidic structure further enables us to extract local 
velocities and thereby to quantify the onset of elastic turbulence [11].  In Figure 7 we plot the velocity 

fluctuation amplitude observed in 1s within a 100m x 100m region at the centre of a pore for three 
concentrations of 18MDa HPAM (3630S).  It has been observed previously that the probability 
distribution function of velocity becomes asymmetric and non-gaussian [15]; in our case significantly 
so.  We therefore choose to plot the width of this distribution rather than a standard deviation.  It is 
clear that the fluctuation onset is at a constant flow rate to within the scatter of the measurements.  
Note that linear viscoelastic relaxation time varies by more than an order of magnitude over this 
concentration range as does the low-shear viscosity of the solutions (Figure 10). 

 

200µm
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Figure 7 Microfluidic PTV fluctuation analysis.  Here we plot the peak-to-

peak amplitude of velocity fluctuations in a central region of a pore for HPAM 

compared to that observed with 84wt% glycerol (74mPa.s). Flow fluctuations depart 

from the Newtonian case (i.e. glycerol) at flow rates between about 6L/min and 

10L/min.  Hence, the onset is independent of polymer concentration and coincident 

with apparent flow thickening within experimental error [11]. 

3.4 Flow thickening: corresponding observation in a rheometer 
The HPAM polymers used in our experiments have been characterised in conventional shear 

(Figure 3(b) and Figure 4(b)).  In this section, we determine characteristic exponents describing the 
concentration and MW dependence of the standard shear behaviour (viscosity, onset of shear 
thinning). These materials, despite being commercial polydisperse systems, follow the scaling 
expected for linear viscoelastic behaviour, which is very different from that we determine for the 
onset of thickening. We then describe the onset of unstable flow at high shear in the cone-and-plate 
geometry and find its scaling similar to that of the onset of thickening at high flow rates in rocks. These 
findings are in contrast to the assumption made by other workers that the linear-viscoelastic scaling 
defines the thickening behaviour  [31], [34].  

For the set of experiments shown in Figure 4(b) concentrations were adjusted to obtain 
comparable low shear viscosities of approximately 2Pas.  In all cases the concentrations are c≥10c* 
and hence are expected to be entangled.  In Figure 8 we re-plot the Carreau-Yasuda characteristic 
time together with the solution concentration that gives the target low-shear viscosity. There is clearly 
a power-law dependence for each of these parameters. 

 

  

0

200

400

600

800

1000

1200

1400

1 10 100

V
e

lo
ci

ty
 f

lu
ct

u
at

io
n

 a
m

p
lit

u
d

e
 /

 µ
m

/s

Flow rate / l/min

0.06wt% 3630

0.12wt% 3630

0.24wt% 3630

84wt% Glycerol

Rheology properties of HPAM in 78 mM brine measured at 20C in CP4-40. 

Vary MW in solutions, concentrations selected to give (0) = 2 Pa.s.
Relaxation time from C-Y fit and concentration C.

MW / MDa

3 4 5 6 7 8 9 15 20 30 4010

C
 /

 %
 w

/w
 

0.1

1

C
Y
 /

 s
 

0.1

1

10

100

C ~ MW

CY
MW

Page 14 of 24Soft Matter

S
of

tM
at

te
r

A
cc

ep
te

d
M

an
us

cr
ip

t



15 
 

Figure 8.  Log-log plots of Carreau-Yasuda relaxation times and low shear 

viscosities, (0), taken from fits to the data in Figure 4.  In each case concentration 

was been adjusted such that the low-shear viscosity is approximately 2 Pas. The 

power law behaviour corresponds to entangled systems with scaling exponent 2/3, 

indicating behaviours close to, but not quite, that of a neutral polymer in a good 

solvent [36]. 

Assuming that our solutions are indeed in the semi-dilute-entangled regime, then we might 
reasonably expect the low-shear viscosity to scale as [36], 

 𝜂(0) − 𝜂𝑠 ∝ 𝑁3 ∙ 𝑐3 (3𝜈−1)⁄  (10) 

If we choose a series of molecular weights and concentrations such that S ≈ 2 Pa.s is 

constant, as in Figure 8, then we should therefore find cN-(3-1).  Taking this scaling and noting the 

number of Kuhn monomers N  MW, our data implies 2/3, a value close to that expected of a 
neutral polymer in a good solvent (0.588) and appropriate for an incompletely screened 
polyelectrolyte.  This exponent value compares well with that calculated for a polyelectrolyte system 

( [37] figure 4) with a Debye length appropriate to characterise our systems.  Using =2/3, the 

reptation time, rep, for this same set of experiments should scale as 

   3 1 3 13 3 1

rep N c N c
 


 

      (11) 

The reptation time here does not take account of the polydispersity expected for these 
samples but nevertheless should correlate with the characteristic time encompassed in the Carreau-

Yasuda constitutive relation. Since for this set of experiments we have already determined that c1/N, 

then from equation (11) rep N2 which, if we associate CY with rep, is expected as indeed we observe 
[36]. 

The HPAM polymer series at the concentrations used here ((0) from 0.02 to 20 Pa.s) 
therefore behave as we would expect of semi-dilute entangled systems in simple shear.  Further, they 
are sufficiently screened to behave more like neutral polymers in a good solvent than as pure 
polyelectrolyte systems.  

The onset of an elastic instability was previously observed in a cone-and-plate rheometer 
configuration [27].  The linear-stability analysis by Olagunju [29] led to an onset criterion we reproduce 
as equation (5).  In our experiments there is an anomalous increase in viscosity above a critical shear 
rate associated with unstable flow and strongly fluctuating stress (Figure 9).  This upturn in the cone-
and-plate measurement is easily confused with the conventionally known inertial instabilities 
associated with this geometry (i.e. Taylor vortices).  However, if an inertial instability, it should be 
suppressed by increasing the fluid viscosity, which is clearly not the case (Figure 10).  (Note: we do see 
the inertial instability for simple shear-thinning fluids at sufficiently high rotation rates.)  Comparing 
the data in Figure 9(a) with those shown already in Figure 4, the corresponding upturn for each 
molecular weight solution is apparent.  In Figure 9(b) are shown data illustrating the transition to 
unstable flow using 0.225% 3630S as example. The standard flow curves describe steps increasing in 
stress at ten steps per decade with 20 s at each stress; these data are shown as symbols.  The onset 
of thickening (circles) occurs at 92 s-1 while on decreasing shear (triangles) the viscosity is higher until 
approximately 40 s-1.  Two experiments continuously ramping up and then down in shear stress 
between 0.1 and 10 Pa were carried out over 3333 s and 333 s, with an “instantaneous” viscosity value 
recorded each second.  The onset of thickening occurs from lower rate (74 s-1) for the slow ramp than 
for the faster ramp (145 s-1) – values spanning that obtained with stepped stress.  At shear above these 
transitions the viscosity data are very noisy.  On decreasing shear, the noise disappears and the 
viscosity returns to steady shear thinning at 45 s-1 for both the fast and the slow sweep, very similar 
to the value obtained with step shear.  Thus there is hysteresis in the observed transition, which may 
indicate a sub-critical instability. 
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Figure 9 (a) Unstable flow in the cone and plate rheometer, definition of 

terms.  On increasing shear rate we first see a low-shear Newtonian plateau, viscosity 

(0).  Above a shear rate characterised by a relaxation time CY, the solution shear 

thins. Finally, above a higher critical shear rate, t, the measured viscosity increases.  

A characteristic relaxation time, PM, can be derived from t using equation (5). (b) 

The transition to unstable flow illustrated using 0.225% 3630S as example, see text 

for description. 

Detailed flow curves, obtained with the cone-and-plate rheometer, for three concentrations 
of 18MDa HPAM (3630S) are shown in Figure 10.  Two cone angles were used as indicated in the figure.  
The data show that for each cone angle the onset of unstable flow is close to independent of 

concentration.  The fitted Carreau-Yasuda relaxation time (CY), however, varies by about a factor of 

20.  When plotted against 
01/ / 21.17    from equation (5) (Figure 10b), the onset (=1/PM) 

implies a characteristic time of approximately 0.17s.  Thus, using the cone-and-plate geometry 
together with the interpretation provided by Olagunju [29], we have access to a characteristic time 
independent of the porous-flow experiment.  Using this time we obtain a Weissenberg number of 0.35 
and 3.5 for the flows shown in Figure 6. 

 

(a)   (b)   
Figure 10 (a) Flow curves for 18MDa HPAM (3630S) at three 

concentrations measured using a cone-and-plate geometry at two cone angles.  The 

onset of flow instability (onset in apparent thickening) is at significantly higher rate 

for the 1 cone angle but is independent of concentration. (b) When data are re-plotted 

as 1/ (see text) onset rates lies within a factor of two for all concentrations and both 

cone angles 

3.5 Combined data 
In Figure 11 we replot the data of Figure 4a as a function of Weissenberg number where we 

have obtained the relaxation time, PM, from the upturn in the cone-and plate data (Figure 4b) using 
equation (5) as described in section 3.4.  Further, to illustrate the additional dissipation observed in 
porous flow compared to that in the rheometer, we plot the abscissa in the same way as for Figure 5; 
i.e. the ratio of the porous flow derived apparent viscosity and the Carreau-Yasuda fit to the stable-

Flow curve of 0.24% 3630S solutions in 78 mM brine.
C-Y fit to region of stable flow.
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flow part of the rheometer flow curves in Figure 4b as described in section 3.2.  The resulting data 
collapse is highly suggestive that (i) the onset of flow fluctuations in both cases can be described by 
the same characteristic relaxation time and (ii) despite the significantly different deformation fields in 
the two cases, the same root instability is triggered. 

 

 
Figure 11  Porous flow data from Figure 4a divided by the Carreau-Yasuda 

fit to the low-shear and shear-thinning parts of the rheometric curves in Figure 4b, 

thereby highlighting the apparent flow thickening.  The data are plotted against the 

Weissenberg number calculated using the characteristic time taken from the 

thickening observed in the cone-and plate-measurements.  The data collapse suggests 

that the nature of the elastic turbulence onset observed in porous flow is closely 

related to the instability onset observed in the rheometer. 

4 Discussion 
When flowed through porous media, the studied HPAM solutions all exhibit an apparent 

thickening as flow rate (apparent shear rate) is increased (Figure 4).  This increased dissipation rate is 
shown to be due to the onset of elastic turbulence [11] (Figure 6, Figure 7). For a given flow geometry, 
the onset of elastic turbulence is expected to scale with the Weissenberg number, Wi (see equation 
(6) and (7)) and hence to scale with a characteristic time associated with the polymer solution.  In both 
flow through porous media (rocks and microfluidic devices) and in the cone-and-plate geometry we 
see a transition to elastic turbulence (for concentrations c≥10c*) at a critical shear-rate (apparent or 
measured) corresponding to a characteristic time that scales as, 

 2 0,core PM S MW c      , (12) 

with core and PM the characteristic times in the rock core and cone-plate geometry, S the 
solvent viscosity, MW the polymer molecular weight and c the polymer concentration.  For this set of 

polymer solutions, N MW and thus, comparing equation (11) and (12), we immediately see that the 

pertinent characteristic time, core, is not a linear-viscoelastic relaxation time, osc,CY ~ rep~MW3c1, 
and does not scale with the reptation time.  Note though that all previous workers assume that the 

linear-viscoelastic relaxation time, osc or CY, is the time characterising the flow of these high 
molecular weight polymers in porous media.  Importantly, we find instead an experimentally 
determined characteristic time for elastic turbulence onset that closely scales in the same way as 
either the Rouse time,  

 2 0

R S N c     , (13) 

or equivalently as the dilute Zimm time (with  2/3),  

 3 0

Z S N c     , (14) 

despite the solution being sufficiently concentrated to otherwise behave as a semi-dilute 

entangled system (i.e. scaling of (0), CY, etc.).  

Ratio of apparent core viscosity to shear viscosity as a function of 

core shear rate * rheometer relaxation time
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Indications of the underlying cause for this apparent discrepancy can be seen in relaxation 
measurements of 2% (w/v) polyacrylamide solutions (5-6MDa) after a single extensional flow that 
have been reported experimentally [38] and theoretically [39].  The combination of experiment and 
theoretical analysis lead to a picture where the extensional flow stretches and aligns the polymer 
molecules such that the relaxation process from this configuration “is analogous to that considered in 
single-chain stretching experiments”, i.e. the Rouse time.  Although in these experiments elastic 
turbulence was neither looked for nor observed, they appear to support our observation that the 
transition to elastic turbulence is controlled by a characteristic time that scales as the Rouse (or Zimm) 
time.  We might rationalise this behaviour by suggesting that the repeated periods of extension and 
shear that a fluid element experiences as it passes through a porous medium lead to a highly non-
equilibrium, and possibly partially disentangled, configuration.  Indeed Larson [40] points out 
“Although concentrated solutions and melts are usually strongly affected by entanglements, we see 
… that entanglement effects are weakened significantly at high strain rates, at which even 
concentrated solutions exhibit behaviours that resemble those of dilute solutions”. Then, as in the 
references [38] [39], the initial relaxation from a non-equilibrium somewhat disentangled and aligned 
configuration is simply the Rouse time.  

The Rolie-Poly constitutive model [17] was originally written to describe flow of polymer 
melts. The model views a full description of the flow properties as requiring two relaxation times: the 
first the reptation time that defines the (linear) relaxation time concerned with deformation of the 
entanglement configuration (i.e. without significantly perturbing the backbone random walk) and the 
second a Rouse time associated with relaxation of a straightened polymer backbone.  These two 
characteristic times are required as a minimum to fully describe a melt flow.  Hence a similar behaviour 
could also be expected for the entangled solutions in this study where, for strong flows, the behaviour 
would then be dominated by the Rouse time. 

In a recent study, Reis and Wilson [41] explore theoretically instabilities arising for a Rolie-Poly 
liquid flowing through either an undulating channel or a slot-like constriction.  In their work they 
identify two instabilities, one dominated by shear and the other by extension.  The former is found to 
be well characterised by an M parameter derived using a Weissenberg number employing the 
reptation time, which is therefore interpreted as showing that streamline curvature is a dominant 
causal factor.  For the instability observed in the extension-dominated flow they conclude that 
streamline curvature is not solely responsible and they interpret their data in terms of the smaller 
Weissenberg number defined with the Rouse time. 

Within our porous media systems of rock core and microfluidic network we have both 
contraction-expansion flow and undulating channels.  It is therefore difficult unambiguously to assign 
the observed behaviour to one or other of these instabilities.  Nevertheless, it is clear that the model 
suggests an instability onset dependent on the Rouse timescale in addition to that determined by the 
reptation timescale.  We do not see any evidence for a flow instability onset that scales with the 
reptation time, but we do see the onset of elastic turbulence that scales in the same way as the Rouse 
(freely draining chain) or Zimm (hydrodynamically interacting chain) times.  Further, when comparing 
the flow of 3.5MDa HPAM solution (3130S) in two structures (see Appendix) we see that the onset of 
flow thickening, and therefore elastic turbulence, is deferred to higher deformation rates for the 
device where streamlines have less curvature.  The ratio of onset deformation rates is approximately 

4, whereas the ratio of Carreau-Yasuda relaxation time, CY, ( reptation time) and the fluctuation 

onset characteristic time, PM (Rouse time) is about 100.  Hence the ratio of these measured onset 
rates (characteristic times) is much less than expected from the calculation. 

The finding that concentration does not change the active relaxation timescale for the onset 
of elastic turbulence explains significant discrepancies in the literature where some workers 
attempted to vary “elasticity” by varying concentration [34] and others, including some field-scale 
experience in China [10], varied “elasticity” by varying molecular weight.  In addition, equation (9) 
together with equation (12) allow, for a given rock permeability and imposed flow rate, the estimation 
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of a minimum polymer molecular weight required to cause a fluctuating flow field and hence 
enhanced displacement as shown in [11]. 

5 Conclusion 
The onset of elastic turbulence for flow of high molecular weight partially hydrolysed 

polyacrylamides in porous media at practically used concentrations (10c*) is not determined by the 
linear viscoelastic relaxation time.  Instead, a characteristic time that is independent of concentration 
and scales as MW2, i.e. one that scales as does the Rouse time, is found to be appropriate over the 
range of concentrations studied.  Whereas this behaviour is contrary to the expectation of many 
workers [31], [34], it may be rationalised as arising from a highly non-equilibrium flow-induced 
molecular configuration [38], [39].  Confirmation of this conjecture, for example through scattering 
experiments, would be of very great interest. 
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7 Appendices 

7.1 Linear viscoelasticity 
The linear viscoelastic behaviour of the HPAM solutions are shown in Figure 12.  Plotted in 

Figure 12(a) are the moduli for the concentration series of the 35 MDa HPAM 6040S corresponding to 
the samples in Figure 3.  As expected, the curves shift to higher modulus and lower frequency with 

increasing concentration.  The data for solutions with (0) ≈ 2 Pa.s described in Figure 4 are shown as 
frequency sweeps in Figure 12(b).    As the MW increases (and correspondingly the concentration falls 

as ~MW-1) the G’=G” relaxation time osc increases (crossover frequency falls) and value of the moduli 
decreases with exponents close to 2 (bottom).   
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(b)  

(c)  
Figure 12  Oscillatory frequency sweep studies of HPAM solutions. (a) 35 

MDa sample at concentrations 0.03 – 0.24% w/w.  Filled symbols G’, open symbols 

G”. (b) HPAM solutions of MW 3.6 (3130S) to 35 MDa (6040S) at concentrations 

corresponding to (0)  2Pa.s.  Filled symbols G”, open symbols G’.  (c) Relaxation 

time (1/) and modulus values at G’=G” for 2 Pa.s solutions.   

7.2 Micromodel design 
We examined the onset of flow thickening in two microfluidic devices, Figure 13. In the first 

device (MM2) the average channel width connecting pores is 75µm.  MM2 has channels oriented at 
45° to the average flow direction within the device and the pores (200µm square) are larger than the 
channels.  Thus in MM2 in order to estimate the Weissenberg number, we calculate the shear rate as 
the average local velocity divided by the channel half-width, and to estimate the Deborah number we 
divide the local velocity by half the pore to pore distance.  For MM2 we obtain M = Wi(37.5/176) using 
equation (7).  For the second device (MM1) the channel size is a little larger (100µm).  The 
characteristic flow length is however not so obvious since the channels are oriented along the flow 
direction.  However, if we assume that the onset of apparent flow thickening starts at the same value 
of M, then using equation (7),  

 

1/2

1 2 1

2 1 2

.MM MM MM

MM MM MM

Wi a L

Wi a L

 
  
 

 , (15) 

where subscripts indicate the device for that parameter and the Weissenberg numbers are 

calculated at the apparent flow thickening onset.  Using equation (15), we find LMM1  8000µm. With 
streakline photography we see particles traverse several periods of the lattice before turning from the 
straight through direction, suggesting this value to be reasonable. 
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Figure 13 Apparent viscosity measured for a 0.6wt% solution of 3.6MDa 

HPAM (3130S) in each of two different microfluidic devices, MM1 and MM2.  The 

onset of flow thickening is brought to lower apparent shear rates for the MM2 

structure for which streamlines have tighter curvature. 
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