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Abstract

Patchy colloidal particles are promising candidates for building blocks in directed self-assembly. To be

successful the surface patterns need to be simple enough to be synthesized, while feature-rich enough

to cause the colloidal particles to self-assemble into desired structures. Achieving this is a challenge for

traditional synthesis methods. Recently it has been suggested that the surface pattern themselves can be

made to self-assemble. In this paper we present a design path for hierarchical targeted self-assembly of

patchy colloidal particles based on self-assembling surface patterns. At the level of the surface structure,

we use a predictive method utilizing the universality of stripes and spots, coupled with stoichiometric

constraints, to cause highly specific and functional patterns to self-assemble on spherical surfaces. We use

a minimalistic model of an alkanethiol on gold as a demonstration, showing that even with limited control

over the interaction between surface constituents we can obtain patterns that cause the colloidal particles

themselves to self-assemble into various complex geometric structures, such as strings, membranes, cubic

aggregates and colloidosomes, as well as various crystalline patterns.

D
uring the last decade, patchy col-
loidal particles have emerged as can-
didate building blocks for colloidal self-

assembly. By altering the position of attractive
areas, patchy colloidal particles can for exam-
ple be used to mimic the anisotropic interac-
tions between folded proteins, drawing inspi-
ration from how certain proteins self-assemble
into capsid shells enclosing the viral genome
[1]. With an ambition towards self-assembling
meta materials and nano-sized functional struc-
tures, examples of colloidal self-assembly in-
silico or in-vivo have grown to encompass
kagome lattice systems to colloidal strings [2, 3]
using equally varied techniques. In this paper
we explore the idea of self-organizing surface
patterns on the patchy colloidal particles. We
demonstrate in-silico hierarchical self-assembly
of a range of geometrical structures: different
crystals, membranes, strings, colloidosomes of
different size and cubic aggregates, all in the
context of a single model system. By modi-
fying parameters that determine the interac-

tions between the surface constituents, we are
able to select which of the geometries that self-
assemble. The parameter choices are based on
a combination of more general design princi-
ples, also presented in this paper, and analyti-
cal predictions of the self-assembly processes
on the surface [4].

Synthesization of large quantities of col-
loidal particles with attractive patches in spe-
cific directions and high specificity is difficult.
The synthesis methods developed in the last
decade [5] range from various coating tech-
niques on thin films of colloidal particles on a
substrate like dip-coating and glancing angle
deposition [6], to techniques where colloidal
particles are aligned using an external electric
field combined with an evaporator [7], to mul-
tiphase colloidal particles where constituents
are added or subtracted sequentially to pro-
duce highly anisotropic colloidal shapes [8]. A
rather different method, suggested recently, is
to let the surface coating itself self-assemble
into desired patterns as a part of a hierarchical
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self-assembly process. Experimental findings
indicate that certain mixtures of alkanethiols
adsorbed on gold nanoparticles phase separate
into various morphologies depending on the
properties of ligands and nanoparticles [9]. The
results in this article support the idea of patchy
colloidal particles with self-assembled coatings
by showing that limited control over how the
surface constituents interact is sufficient for tar-
geted self-assembly of a wide range of surface
patterns, and in extension, colloidal structures.
An important advantage of forming the pat-
terns this way is that there is no intrinsic dif-
ficulty in making patterns with many patches
and high specificity. The method can therefore
give access to many patterns that seem hard to
come by using other techniques.

I. A model system —
alkanethiol-on-gold

A proposed candidate for self-assembling
patchy morphologies on spheres is the
alkanethiol-on-gold system [9]. It consists of
spherical gold nanoparticles coated with differ-
ent species of alkanethiols. These alkanethiols
organize into patterns due to a competition
between their immiscibility and a mixing ef-
fect of entropic origin [10]. It has been shown
in computer simulations that many different
patterns can appear depending on the number
of and distribution between alkanethiol types,
with the common theme being that the pattens
are combinations of stripes and spots [11, 12].
In [4] we showed that it is possible to pre-
dict which combination of spots and stripes
that emerges in a spin model representation
of the alkanethiol molecules. This explained
the strong preference for spots and stripes as
patterns more pure in terms of eigenfunctions
to the interaction operator [4]. In this article
we use the same mathematical relation to find
parameters for which the spin model represen-
tation self-assembles into specific functional
surface patterns. We will use the same spin
model as in [4] as it has similar degrees of
freedom and self-assembly behaviour as more
detailed simulations of the system [11, 12].

In the model system, the alkanethiols are
represented as spherical particles interacting
with a set of effective interactions. Between
alkanethiols of different types α and β, the
interaction consists of a hard core with diam-
eter σ0, a soft shoulder potential with range
σ1 (causing immiscibility), and a square-well
potential of depth ǫ (representing the mixing
effect),

Vαβ(r) =























∞, if r < σ0

1, if σ0 < r < σ1

−ǫ, if σ1 < r <
∣

∣Lα − Lβ

∣

∣

0, otherwise

, (1a)

where the Lα are abstract parameters defined
for each alkanethiol type, representing the dif-
ferent lengths or bulkiness of the tail groups.
The interaction between alkanethiols of the
same type is taken to be a simple hard-core
repulsion.

Vαα(r) =

{

∞, if r < σ0

0, otherwise
. (1b)

Fig. 1 shows the shape limitation of the ef-
fective interaction functions between different
alkanetiol types used later.

−ǫ

1

1

Vαβ

σ0
r

∆l

Figure 1: The model’s interaction functions be-
tween different particle types consists of a shoulder
potential reaching neighbouring particles, an attrac-
tive basin indirectly set by the relative length of
the alkanethiol molecules and a hard core. By us-
ing the design principle presented in this article we
find values for the depth of the attractive basin, ǫ,
and the reach of the alkanethiol molecules (or in 3,
the height of the shoulder potential), that causes
different functional patterns to self-assemble.
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II. Relating ground state to

interaction functions

In [4] we formulate the problem of predicting
the morphology of a particle system in terms
of a Potts-like spin model [13]. Assuming that
we have a model of the effective interactions
between particle type α and β, here described
as a set of potentials Vαβ(r), we can construct
a Hamiltonian for this spin model as

H =
K

∑
αβ

N

∑
ij

Πiα V
αβ
ij Πjβ (2)

where N is the number of sites that can hold
a particle, K the number of particle types,

V
αβ
ij = Vαβ(

∣

∣~ri −~rj

∣

∣), and Πiα is 1 if site i con-

tains a particle of type α and 0 otherwise.

The task is then to find the low-energy
states of this Hamiltonian. While we cannot
hope to solve it exactly for general interaction
matrices Vαβ, if we relax the constraints and
allow the state Π to take any real values while
keeping its norm fixed we get a quadratic prob-
lem that is solvable. First the potentials Vαβ

are diagonalized independently for each pair
of particle types αβ by spherical harmonic func-
tions, Fig. 2, this relies on that the interaction
functions are isotropic [14]. With Π orthog-
onally decomposed into spherical harmonic
functions with different l-degrees, the min-
imum of the Hamiltonian can be found by
eigendecomposition of the K × K matrix of ev-
ery term in the Hamiltonian sum, one for each
l-degree. The eigenvectors signify the relative
magnitude of the K types that segregate at a
length scale l, the eigenvalues are the energy
associated to a segregation between the types
with that relative magnitude. The result is an
energy spectrum over different length scales
l with K branches (one for each eigenvalue)
whose minimum will be the ground state for
the relaxed model.

V
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Figure 2: Each part of the interaction matrix de-
scribing the interaction between two particle types
α and β are diagonized by spherical harmonic func-
tions. This allows the Hamiltonian to be written as
a sum over l-degrees (energies associated with equal
degrees l but different orders m are degenerate) and
the matrices’ sizes to be limited by the number of
particle types rather than the spin model resolution.

Each branch describes variation between
two partitions of the particle types. To predict
the behavior of the original model we com-
bine the minima of enough branches to com-
pletely specify a particle configuration, exclud-
ing unphysical branches that do not describe
separations between any types. An example
is shown in Fig. 3 B, where the global min-
imum describes the phase separation of the
blue particles and the next branch is needed
to determine the behavior of the red and yel-
low particles, here a striped state. For further
details see [4].

III. A design path for targeted

hierarchical self-assembly of

patchy nanoparticles

Since the self-assembling morphologies are
closely tied to their energy spectra, we can
use the spectra as intermediates between the
parameters describing the coating and the re-
sulting ground state. The theoretical model for
what constitutes a ground state helps us de-
cide on reasonable targets to aim for, patterns
with stripes and spots that are symmetrically
distributed over the surface. The locations of
attractive patches in the target surface pattern
should match the direction colloidal particles
will bind in the target nano-particle configura-
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in each direction where a neighboring colloid
should reside. For a diamond lattice, this
means four patches equally distanced to each
other on the surface of the nanoparticle, for a
cubic lattice, the number of patches would be
six. Expanding these patterns in terms of spher-
ical harmonic functions shows that they are
almost completely dominated by l = 0 modes,
determining the stoichiometry, and l = 3 resp.
l = 4 modes, deciding the length scale of the
spotted pattern. By choosing parameters in
the alkanethiol-on-gold model (or indeed, in
an experimental setup) that causes the global
minimum of the energy spectrum, as well as
the stoichiometry, to coincide with the target
pattern’s will cause the target pattern to self-
assemble, see Fig. 4 A. We verify that a group
of particles with four or six attractive patches
do assemble into respective lattice in Monte
Carlo simulations with local moves using sim-
ulated annealing, Fig. 4 B-C.

V. Single length scale coupled

with stoichiometric constraints

and segregating subtypes

Using only two particle types, the patterns tend
to be spherically symmetric. The previous ap-
proach of selecting a single length scale usually
falls short when trying to obtain more compli-
cated (asymmetric) patterns. This issue can be
remedied by introducing more types of surface
constituents to a simple pattern of two types,
e.g. the striped one in Fig. 3 A. Let us con-
sider the introduction of very similar subtypes
of one particle type; type blue is divided into
type blue and yellow. These subtypes behaves
identical at long range (Lblue = Lyellow), but
they are immiscible and tend to segregate, all
else being equal. The system will strive to-
wards segregating type red from the other in
the earlier striped or spotted pattern, while
also minimizing the subtype blue to yellow in-
terfaces. If we choose a stoichiometry where
the subtypes can completely occupy different
spots and stripes that was previously blue, we
can completely retain the ground state pattern,
without any subtype interface. Such a pattern

must be a ground state.
This can be used to design hierarchical self-

assembly of strings and membranes. Patterns
with two patches at opposing sides of every
nanoparticle would cause the self-assembly
of a string, while a single attractive band at
the equator would cause the self-assembly of
a membrane. One way to self-assemble this
pattern would be to choose parameters for a
binary coating, where segregation occurs at
length scale corresponding to l = 4 causing a
striped pattern as the ground state. By differ-
entiating type blue into subtypes blue, yellow,
and green, we can ensure that e.g. yellow and
green occupy each polar patch respectively, and
blue occupies the equatorial stripe. If yellow
and green are attractive, the polar patches will
be too, causing self-assembly of strings. If blue
is attractive, the nanoparticles will instead form
membranes. Fig. 5 shows how this construc-
tion cause hierarchical self-assembly of string
and membranes.

VI. Various degree of immiscibility

coupled with stoichiometric

constraints

By controlling the strength of the energetic
drive towards segregation, we can also cause
hierarchical self-assembly of colloidosomes. A
thin, circular, attractive band causes colloidal
particles to self-assemble into a spherical shell,
where the distance from the equator to the
stripe determines the curvature. If the energy
associated to the interface between a type red
and a type blue is, for example, twice as large
as the interfaces with type yellow, the yellow
constituent will form a stripe separating the
others. The features are represented in the en-
ergy spectrum as a large minimum at a low
modulation number l, forcing two types to seg-
regate to opposing sides and a much smaller
minimum at the length scale corresponding to
the width of the band that separates the two
sides, see Fig. 6. Since the low l minimum is
an order of magnitude larger than the second
minimum, the ground state configuration will
be one where type blue and red are separated
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be considered to be colloidal aggregations. The
design of the functional patterns ensure that
the target geometric configuration is a ground
state, i.e. all patches are connected. This means
that the few defects found in the figures can be
corrected using a sufficiently slow annealing
from a temperature capable of breaking patch
bonds.

The robustness of the self-assembly of col-
loidal particles very much depend on how the
functional surface pattern was designed (most
notably the patch size), how patches interact
and which geometric structure one tries to
achieve. For example the cubic aggregate con-
figuration competes with long strings of paired
particles, with the only difference in configura-
tion energy comes from the unconnected ends
of the strings. A low density colloidal suspen-
sion easily self-assembles into the desired cubic
aggregates due to the lack of material to cre-
ate long strings whereas at higher density the
defect rate would be much higher. For the cu-
bic lattice however, a high density of colloidal
particles would only increase the rate at which
the lattice assembles as there is no competing
structures.

IX. Discussion and conclusions

We introduce a design path for self-assembly of
target patterns on the surface of spherical col-
loidal particles. We utilize that self-assembling
systems have a strong tendency to form pat-
terns with stripes and/or spots, which are used
as functional patches on the next level when
the colloidal particles self-assemble into target
geometries. The central idea behind the first
step in the design path is to match the essential
features (the minima) of the energy spectrum
of the effective interactions, to the maxima in
the Fourier spectrum (an expansion in spheri-
cal harmonic basis functions) of the target sur-
face pattern. By doing this the interactions are
tuned to cause self-assembly of the target sur-
face morphology. What structures can be made
to self-assemble depend on the degree of in-
fluence we have over the interactions between
surface constituents and the stoichiometry of

the surface coating and we give examples of
what is possible to self-assemble with different
degree of control over the adhesion molecules’
interactions.

The surface stoichiometry can be set by al-
tering the molecular concentration in the sol-
vent from which the adhesion molecules are ad-
sorbed onto the colloidal particles [17]. There
will be some variation in the stoichiometry in
a large batch of self-assembling colloidal par-
ticles. Assuming the adsorption events are
independent, this variation is described by a
multinomial distribution. Obtaining relatively
(to the size of the colloid) small patches comes
at the cost of using either larger colloidal parti-
cles, smaller adhesion molecules, or accepting
a larger amount of deviating colloidal particles
during synthetization. We found that the sen-
sitivity of the final configuration to changes in
the stoichiometry varies from pattern to pat-
tern. For the cubic lattice, assembled from
colloidal particles with 6 patches, fig. 4, the
colloidal pattern is very resilient to variation
in the stoichiometry. We found in simulations
that the correct configuration of patches form
when the surface coverage of the patch forming
constituent is within 11% to 35%. This interval
is much larger than the standard deviation of
1.5% of the 900 adhesion molecules per col-
loid we use for simulations and the number of
defective colloidal particles will be negligible
(risk of deviating pattern is 10−13). The inter-
vals in which the correct patterns self-assemble
have been obtained by multiple simulated an-
nealing of a range of surface compositions to
find in which range the target pattern is the
most energetically favourable.

A more complicated pattern will be suscep-
tible to stoichiometric changes. The window
for when the cubic aggregate forming colloidal
particles have the correct pattern is between
5, 7% and 8% coverage of the type that forms
attractive patches. With a standard deviation of
0.9% for the amount of this surface type, again
assuming a multinomial distribution around
the target stoichiometry, 90% of the colloidal
particles would end up with the correct surface
pattern.
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A simple model for alkanethiol molecules
on gold nanoparticles shows that only a few
parameters is sufficient for hierarchical self-
assembly of a wide range of geometries, for
example diamond lattices, colloidosomes and
cubic aggregates.
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