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As an intrinsic thermally anisotropic material, the thermal properties of phosphorene must be varying with respect to the 

crystal chirality. Nevertheless, previous studies of the heat transfer in phosphorene are limited to the 0.0° (zigzag, ZZ) and 

90.0° (armchair, AC) chiralities. In this paper, we investigate the orientation-dependent thermal transport in phosphorene 

sheets with a complete set of crystal chirality ranging from 0.0° to 90.0° by using the Boltzmann transport equation (BTE) 

associated with the first-principles calculations. It is found that in the phosphorene sheets, the intrinsic thermal 

conductivity is a smooth, monotonic decreasing function of the crystal chirality, which exhibits a sinusoidal behavior 

bounded by the two terminated values 48.9 (0.0°) and 27.8 (90.0°) W/mK. The optical modes have unusually large 

contributions to heat transfer, which account for almost 30 % of the total thermal conductivity of phosphorene sheets. 

This is due to the fact that the optical phonons have comparable group velocities and relaxation times with the acoustic 

phonons. 

1 Introduction 

According to the existing library of two-dimensional (2D) 

crystals, the 2D materials can be classified into three 

subcategories: the graphene family, 2D chalcogenides and 2D 

oxides.1 Nevertheless, phosphorene, a new type of 2D material 

consisting of sp3-hybridized phosphorus atoms with puckered 

structure, has been successfully exfoliated from black 

phosphorus in 2014,2,3 and presently catch the scientific 

community’s eye not only because of its novelty, but also the 

unusual physical properties.2-10 As the first discovered 2D 

material, graphene is largely limited for use in electronic 

nanodevices due to the absence of a bandgap. Several strategies 

have been proposed to open the gap which, however, is always 

accompanied with the massive losses of electronic mobility.11-13 

Unlike graphene, phosphorene manifests a direct as well as 

tunable transport gap from 0.3 (30 layers) to 1.0 (monolayer) 

eV.14 On the other hand, although the transition-metal 

chalcogenides (TMDs) such as molybdenum disulfide (MoS2) 

and Tungsten diselenide (WSe2) have a moderate bandgap, 

their carrier mobilities are much lower than that of phosphorene 

which is found to be ~1000 cm2/Vs.2 From these observations, 

phosphorene is arguably an appealing contender of next-

generation nanodevices by means of its extraordinary 

properties. In fact, many recent studies have demonstrated that 

phosphorene can be implemented in field-effect transistors with 

very high on-off ratio around 104 to 105,1,2,14 in wide-range 

photodetectors operating from visible to near-infrared regime,15 

and in high-performance Lithium-Ion battery.16 

 Another important issue of phosphorene is the thermal 

transport in thermoelectric devices. The thermoelectric 

efficiency can be quantitatively described in terms of the figure 

of merit, ZT=TS2σ/κ, where T, S, σ and κ respectively refer to 

the temperature, thermopower, electronic conductivity and 

thermal conductivity.17 As we know, a poor thermal conductor 

is needed because it can maintain the temperature gradient and 

thus impart a higher thermoelectric efficiency than that of a 

good conductor. The reported ZT value of phosphorene 

nanoribbon can be as high as 6.4 at room temperature from 

first-principles calculations.18 Very recently, Liao et al.19 report 

a lower electron mobility (~170 cm2/Vs at 300 K) and ZT value 

(0.31 at 500 K) through the ab initio calculations. This notable 

study reveals that previous calculations might overestimate the 

carrier mobility due using deformation potential.  

 To the best of the authors’ knowledge, measured data of 

thermal conductivity of phosphorene have not been presented 

so far, yet, some calculations of thermal properties have been 

done. The thermal conductivities of phosphorene calculated 

by Fei et al.20 are around 50.0 and 20.0 W/mK in ZZ and AC 

directions, respectively; they also obtained the figure of merit 

ZT=1.0 of phosphorene with the doping density 2×1016 m-2 at 

300 K. The calculations done by Qin et al.21 show lower values, 

which are 30.2 and 13.7 W/mK along the corresponding 

transport directions. It is noted as a remark that Ong et al.22 

calculated the thermal conductance in the ZZ and AC directions 

of phosphorene from 0 to 1000 K. They found that the thermal  
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Fig. 1 (a) Primitive unit cell and (b) first Brillouin zone of phosphorene. The three high-

symmetry directions Γ-X (0.0°), Γ-M (35.5°) and Γ-Y (90.0°) are indicated by arrows in 

real lattice. The light-blue arrow indicates the 54.5° transport direction. The atoms 

colored by green and yellow are used to distinguish the atoms’ location of height—they 

are all phosphorus atoms. 

conductance in the ZZ and AC directions will saturate to 

different constant values at high temperatures, and increasing 

the external strains will give rise to increase in the thermal 

conductance anisotropy. Zhu et al.23 investigated the thermal 

conductivity of phosphorene with respect to different grain 

sizes; the thermal conductivity in the ZZ direction is size-

dependent varying from 75.0 to 83.5 W/mK, whereas in the AC 

direction is size-independent and takes the value 24.3 W/mK. 

These theoretical works have revealed that the phosphorene 

possesses a low thermal conductivity at room temperature, and 

most importantly, it would be thermally anisotropic.  

 From the symmetry analysis for crystals, we know that the 

system’s thermal conductivity will be isotropic when the order 

of symmetry is higher than C3 rotation.24,25 For instance, the 

hexagonal lattice system with C6 symmetry such as 

graphene,26,27 MoS2
28

 and even blue phosphorene29 are 

thermally isotropic; the anisotropy emerges when the phonon 

confinement effects and boundary scatterings become 

dominant, i.e. the thermal transport in nanoribbons. In contrast, 

the primitive cell as well as the first Brillouin zone (FBZ) of 

phosphorene are orthorhombic as shown in Figs. 1(a) and 1(b), 

respectively, hence the C2 symmetry will naturally introduce 

anisotropy in heat conduction. However, previous studies of 

thermal transport in phosphorene are focused on the ZZ and AC 

directions.10,20-23,25,29 Yet, the heat transport in other crystal 

directions which is crucially important in an intrinsic 

anisotropic material remains unexplored. In this paper, we 

calculate the thermal properties of phosphorene by using the 

Boltzmann transport equation under relaxation time 

approximations associated with the first-principles calculations. 

The primary goal is to explore the thermal conductivity in a 

complete set of crystal chirality (i.e. transport direction) ranging 

from θ=0.0° (ZZ) to 90.0° (AC), which benefits one to find out 

the optimized transport directions in practical applications. 

2 Methodology  

2.1 BTE analysis 

In order to investigate the thermal transport properties of 

phosphorene, we start with the BTE under the relaxation time 

approximation30 

∂f

∂t
+v·�f=� f� f0�eff

																																																																																						(1)	
where f is the statistical distribution function of an ensemble of 

phonons, and f0 is the distribution function at the equilibrium 

state, v and τeff represent the phonon group velocity and 

effective phonon relaxation time, respectively. In the steady 

state, by definition ∂f ∂t⁄ =0, the distribution function can be 

written to first order expansion as f � f
0
� �eff

df0

dT
v·�T . For a 

material with volume V, one can calculate the heat flux by 

summing over the possible wavevectors k in the first Brillouin 

zone and over the polarization modes s, J=
1

V
∑∑∑∑ ∑∑∑∑ εvfks ; here 

ε=ħω is the phonon energy. In the real space, the phonons, 

carrying different frequencies, propagate in all directions 

through the entire crystal. By considering the 2D solid angle, 

we have J=∑∑∑∑ ���� ���� εvf
D

2π
dθdω

2π

0

ωmax

0s , where D is the normalized 

phonon density of state (PDOS) per unit volume, and 

f
0
=	exp
�ω kBT⁄ � � 1
�1 is the Bose-Einstein distribution. It is 

worthy of a note that the integral of vf0 vanishes because it is an 

odd function, which is in conformity with the fact that the net 

heat flux is zero at the equilibrium state. Now we cast the heat 

flux into the form of Fourier’s law for heat conduction, 

J= � κ�T, thereby obtaining the general expression of thermal 

conductivity in the i crystal chirality (i transport direction):30 

κi=
��
2π
�� � vi

2Diτeff,i

ξi
2
eξi


eξi � 1�2

2π

0

ωmax,i

0
dθ

s

dω																																		 (2)	

where ξi=ħωi/kBT is a non-dimensional parameter. Here the 

phonon group velocity is a function of the frequency. The 

component of the velocity in the i chirality is given by 

vi=|�kωi| cos θr, where θr is the relative angle of the individual 

phonon’s motion direction from the thermal transport direction 

under concern (main transport direction). Therefore, the full-

band phonon dispersion relations should be taken into account. 

In 2D solid, the phonons are excited and travel in arbitrary 

directions along the basal plane; each individual phonon will 

contribute a part of thermal conductivity in the i crystal 

chirality depending on the projection of its incident direction on 

the main transport direction. All of their contributions should be 

considered and integrated through Eq. (2) to obtain the κi. 

 In this study, the phonon-boundary and phonon-phonon 

(umklapp) scattering should be taken into account to calculate 

the intrinsic thermal conductivity. We use the empirical 

expressions to describe the two mechanisms in the BTE 

analysis. The phonon-boundary interaction can be described in 

a totally diffusive form,31  

τB,i
�1 � 2|�kωi| cos θr

l
																																																																																	(3) 

where l represents the length of the sheet. The phonon group 

velocity is projected on the directions to the main transport 

direction. Thus, the boundary scattering rate (inverse of 

scattering time) can be obtained from the parallel component of  
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Fig. 2 Full-band phonon dispersion relations of phosphorene. (a) Along the high-

symmetry directions. The surface and contour of (b) ZA mode, (c) TA mode, and (d) LA 

mode. 

phonon group velocity divided by the phonon’s travelling distance. 
The phonon-phonon scattering is given by32 

τU,i
�1 � �γ

i
2ωi

2

mΘi|�kωi|2 Te�Θi 3T⁄ 																																																																						(4) 

where m and γi are ,respectively, the mass of basis atom and the 

Grüneisen parameter. The Debye temperature Θi of the i crystal 

chirality is calculated by Θi
2
=�5�2 3kB

2⁄ � � ωi
2Didω

ωmax,i

0
. The 

umklapp scattering starts to dominate when the temperature 

increases beyond the Debye temperature, which is due to the 

enhancement of the anharmonicity of lattice vibrations. This is 

the reason why Glassbrenner et al. treat the scattering rate such 

that it is proportional to γ
i
2T Θi⁄  in their original paper.32 This 

semi-empirical formula has been well used to calculate the 

thermal conductivity of group IV and III-V semiconductors.33 

Finally, we can obtain the effective phonon relaxation time by 

using the Matthiessen’s rule, τeff,i
�1 =τB,i

�1+τU,i
�1. 

2.2 Details of first-principles calculations 

The first-principles calculations are carried out by using 

Quantum ESPRESSO package,34 and the ultrasoft 

pseudopotential with Perdew-Burke-Ernzerhof (PBE) 

exchange-correlation functional is employed to describe the 

interactions between phosphorus atoms. The cutoff energy of 

the wave function and the energy convergence threshold are set 

as 550 and 10-11 eV, respectively. The structure optimization is 

done for the unit cell with the 24×32×1 Monkhorst-Pack k-grid 

until the Hellmann-Feynman forces acting on the basis atoms 

are smaller than 10-5 eV/Å. The optimized lattice constants are 

3.31 (ZZ) and 4.62 Å (AC), which are in good agreement with 

those found in previous studies.3 The 8×8×1 q-grid is used in 

the follow-on phonon dispersion calculations. The convergence 

threshold for self-consistent calculations of the dynamical 

matrix should be less than 10-20 eV to avoid the negative 

frequencies appearing in the proximity of zone center. 

3 Results and discussions 

3.1 Phonon dispersions and Grüneisen parameters 

The phonon dispersion curves of phosphorene along the high-

symmetry directions are plotted in Fig. 2(a). The directions 

labeled as Γ-X, Γ-M and Γ-Y in the reciprocal space are 

corresponding to the crystal chiralities θ=0.0° (ZZ), 35.5° and 

90.0° (AC) in the real space, respectively. On the other hand, 

the diagonal transport direction of the unit cell indicated by the 

light-blue arrow in Fig. 1(a) is also of interest, which has the 

chirality θ=54.5°, a complementary angle with the Γ-M 

direction. Figs. 2(b) to 2(d) demonstrate the full-band surfaces 

and contours of the three acoustic phonon modes. We can find 

that the phonon group velocities manifest significant anisotropy 

within the entire FBZ, which are much different from those of 

graphene and hexagonal boron nitride (h-BN).35,36 For the ZA 

and LA modes, the 0.0° chirality owns the highest group 

velocity, 0.56 and 8.64 km/s, respectively, but the values 

monotonically decrease to 0.50 and 4.07 km/s when the 

chirality increases to 90.0°.  In contrast, the phonon group 

velocity of TA mode is not monotonically decreasing with 

respect to the lattice orientation, yet a minimum value occurs at 

the 54.5° chirality; the group velocities along 0.0°, 54.5° and 

90.0° are 4.00, 3.48 and 4.20 km/s, respectively. Fig. 2(a) 

shows the Grüneisen parameters of phosphorene along the 

high-symmetry directions. Apparently , the Grüneisen 

parameters are also anisotropic because they are calculated by 

means of the phonon dispersion relation, γi=−(V/ωi)∂ωi/∂V. It is 

interesting that the Grüneisen parameter in phosphorene is 

orientation-dependent at Γ point, and the discontinuities 

existing in these acoustic branches can be easily observed. This 

fact indicates that the anharmonicity near the zone center is 

much different from one phonon wavevector to another. As a  

 

 

Fig. 3. Full-band Grüneisen parameters of phosphorene. (a) Along the high-symmetry 

directions. The surface and contour of (b) ZA mode, (c) TA mode, and (d) LA mode. The 

Grüneisen parameters are calculated by changing the lattice with ±0.25 % of biaxial 

strains. 
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semiconductor, the phosphorene has its thermal conductivity 

majorly contributed form the lattice vibrations, in particular, the 

long-wavelength phonons due to their higher group velocity 

and weaker scattering. Therefore, we can attribute the intrinsic 

anisotropy in phosphorene to the orientation-dependent phonon 

group velocity and Grüneisen parameter. 

3.2 Thermal conductivity with different chiralities 

Fig. 4 shows the thermal conductivities of 1.0 µm-length 

phosphorene sheets with different crystal chiralities ranging 

from 0.0° to 90.0° at 300 K. The thermal conductivities along 

the 0.0° and 90° chiralities are 48.9 and 27.8 W/mK, 

respectively, which are in good agreement with Fei et al.’s 

results,20 and have the same order of magnitude with other 

previous studies.10,20-23,25,29 We further find that the thermal 

conductivity manifests a smooth, monotonic decreasing trend 

with increasing the crystal chirality. It is natural to fit the results 

by a cosine function with period 2π, 

κ(θ)=10.53×cos(2θ)+38.42, as plotted in Fig. 4. This cosine 

function captures well the crystal symmetry from 0° to 180° 

with a small error standard deviation 0.68 %. This result may 

offer us a route to roughly predict the trend of thermal 

conductivity with respect to the crystal chirality in such C2-

symmetry materials. On the other hand, we could define the 

anisotropy rate by AR(θ)={[κ(0°)−κ(θ)]/κ(0°)]}×100 %, which 

takes the values 15.1, 29.8 and 43.0 % in the 35.5°, 54.5° and 

90.0° chiralities, respectively. The anisotropy rate can also be 

fitted by a cosine function AR(θ)=21.51×[1−cos(2θ)]. The 

calculated result of phosphorene sheet in the 90.0° chirality 

shows an astonishing anisotropy rate, which is almost four 

times larger than that obtained for the AC graphene 

nanoribbons (~12.3 %) from very similar analysis.35 

 Fig. 5(a) shows the temperature-dependent thermal 

conductivity along the 0.0°, 35.5°, 54.5° and 90.0° chiralities,  

 

Fig. 4 Orientation-dependent thermal conductivity of 1.0 μm-length phosphorene 

sheet. The gray dot line is fitted by cosine function with period 2π. 

 

Fig. 5 (a) Temperature-dependent thermal conductivity of phosphorene sheets. The 

blue, green, yellow and red lines represent the thermal conductivity along 0.0°, 35.5°, 

54.5° and 90.0° chiralities, respectively. The gray circles are the data of bulk black 

phosphorous from experimental measurement.37 The inset shows the phonon MFP as a 

function of temperature. (b) The distribution function of thermal conductivity of 

phosphorene sheets at 300 K. The thermal conductivity can be computed by the area 

under distribution function, and the corresponding accumulated functions of thermal 

conductivity of these chiralities are shown in the inset. 

in which the lines represent the 1.0 µm-length phosphorene 

sheet. The calculated thermal conductivities of phosphorene 

sheets are larger than that of bulk black phosphorus measuring 

from experiment.37 The phosphorene nanoribbons show the 

ultrahigh AR when the dimension ratio l/w is large, provided 

that we do not consider edge reconstruction. Furthermore, at 

high temperatures, we can find that the thermal conductivities 

are in exactly T-1 dependence for phosphorene sheets while the 

temperature respectively exceeds the characteristic 200 K due 

to the presence of the umklapp scattering. It is also interesting 

that the 90.0° chirality has the highest thermal conductivity at 

the very low temperatures, yet has the lowest value with the 

raising the temperature because of its smaller phonon group 

velocities and larger Grüneisen parameters. The thermal 

transport is limited by the boundary scatterings at low 

temperature, where the relaxation time is inversely proportional 

to the phonon group velocities (Eq. (3)). On the other hand, the 

umklapp scattering is dominant in high temperature region, 

where the relaxation time decreases with increasing the square 

of the ratio γi/|�kkkkωi| (Eq. (5)). 

 Qin et al.21 and Jain et al.29 have demonstrated that the 

phonons with MFP between 10 nm to 1.0 µm are responsible 

for the 90 % thermal conductivity in phosphorene. In view of 

this, we further compute the effective phonon MFP λeff,i of 

phosphorene as shown in the inset of Fig. 5(a), which is given 

by 
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λeff,i=

∑ � � vi
2Diτeff,i

ξi
2
eξi


eξi � 1�2

2π

0

ωmax,i

0
dθs dω

∑ � � viDi

ξi
2
eξi


eξi � 1�2

2π

0

ωmax,i

0
dθs dω

 																															       (5) 

This expression has been employed to extract the phonon MFP 

of graphene and MoS2 in our previous studies.28,38 The obtained 

values for the 0°-, 35.5°-, 54.5°- and 90.0°-chirality 

phosphorene sheets at 300 K are 65.4, 56.5, 47.5  and 39.5 nm, 

respectively, which is much less than graphene (~750.0 nm),39 

but larger than MoS2 sheet (around tens nm).28,40,41 The 

calculations indicate that the phonon MFP decreases with 

increasing the chirality, and can be described by a cosine 

function, λeff(θ)=12.95×cos(2θ)+52.45. In addition, we 

calculate the distribution function of the thermal conductivity 

with respect to the phonon frequency of phosphorene sheets as 

plotted in Figs. 5(b). The distributions show significant redshift 

as the chirality increases, and as a consequence, the thermal 

conductivity in phosphorene decreases. On the other hand, the 

thermal conductivity is majorly contributed by the frequencies 

in the range between 0 and 270 cm-1, which means that the 

optical modes under the phonon bandgap also have non-

negligible contributions. Based on the discussions above, we 

recognize that the acoustic modes are not the only effective 

channels in heat conduction in phosphorene, and it is of 

significant importance to examine the behaviors of optical 

modes. 

 

Fig. 6 (a) Temperature-dependent thermal conductivity of 0.0°-chirality phosphorene 

sheet with different phonon modes. (b) The phonon group velocity of phosphorene 

sheet along 0.0° chirality with different phonon modes; the corresponding phonon 

relaxation times are plotted in the inset. The black lines and labels represent the other 

six optical modes over the phonon bandgap. 

3.3 Optical modes in phosphorene 

Fig. 6(a) shows the mode thermal conductivity in the 0.0° 

chirality of the 1.0 µm-length phosphorene sheet. The vibration 

patterns of these modes have been studied in great details in Cai 

et al.’s work.10 The ZA, TA, LA and rest optical modes 

respectively, account for 20.7, 16.6, 32.0 and 30.7 % of the 

total thermal conductivity in the phosphorene sheets at room 

temperatures. This finding indicates that the three optical 

modes under the phonon bandgap—B1u, B1g  and B3g
1  modes—

have substantial contributions to the thermal transport. Finally, 

it is worthwhile to give an explanation to the optical phonons, 

which possess such high proportion in the thermal conductivity. 

Fig 6(b) shows that the group velocities of B1u , B1g  and B3g
1  

modes are similar to the ZA and TA modes; in addition, the 

relaxation times of these optical phonons are in the same order 

of magnitude with the acoustic phonons as displayed in the 

inset of Fig. 6(b). These facts feature the optical phonons 

having MFPs comparable to the acoustic phonons, and that is 

the reason why they cannot be ignored in the heat transfer in 

phosphorene. 

3.4 Anisotropic rate in nanoscale 

In the practical design of nanodevices, the amount of anisotropy 

on the nanoscale is of more interest. In order to characterize the 

finite-width effect, we need to include the phonon-edge 

scattering31 

τE,i
�1 � |�kωi| sin θr

w
�1� p

i

1+p
i

� 																																																																			(6) 

where w represents the width of the sheet. The edge specularity 

is calculated by pi=exp(−4|ki|
2∆2sin2θr), and ∆ is the root-mean-

square (rms) edge roughness: the larger roughness, the smaller 

specularity. The edge reconstruction is of crucial importance in 

the calculation of edge roughness, particularly in 2D 

materials,42,43 which will largely influence the estimation of the 

phonon-edge scattering. Our model employs the minimum rms 

edge roughness of each nanoribbon (0.74 Å for ZZ and 0.83 Å 

for AC edge), and thus cannot take into account the edge  

 

Fig. 7 The surface of AR between the ZZ and AC directions of the phosphorene with the 

size of sheet up to 1000 Å×1000 Å. The dimensional resolution is 50 Å×50 Å, and the 

direction of thermal transport is parallel to the dimension l. 
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reconstruction. Hence, we have to emphasize that the following 

results are only valid when the nanoribbons are cut perfectly 

and the edge reconstruction is absent. The calculated AR 

between the ZZ and AC directions of phosphorene nanoribbons 

with different dimensions (l×w) of sheet as plotted in Fig. 7. 

The result clearly demonstrates that the AR increases with 

increasing the dimension ratio l/w—an ultrahigh AR=86.4 % is 

observed in the phosphorene nanoribbon with sheet size 1000 

Å×50 Å, whereas a relative low AR=16.3 % happens in the 

sheet 50 Å×1000 Å. This can be explained by the difference in 

the edge roughness of the 0° and 90° chiralities, which will 

further enhance the thermal anisotropy between the two 

transport directions when the width of the phosphorene 

nanoribbon is on the nanoscale. 

4 Conclusions 

In this study, we investigate the orientation-dependent thermal 

transport of phosphorene by using the BTE analysis associated 

with the first-principles calculations. The main findings 

include: (1) the phosphorene is an intrinsic thermally 

anisotropic material. The thermal conductivity of the 

phosphorene sheet manifests a smooth, monotonic decreasing 

behavior with increasing the crystal chirality from 0.0° (ZZ) to 

90.0° (AC), which can be well fitted by a cosine function in the 

complete set of chirality. (2) We demonstrate that the optical 

modes are responsible for the unusual high thermal 

conductivity in phosphorene sheets. This can be attributed to 

the fact that the B1u , B1g  and B3g
1  modes have comparable 

phonon MFPs with the acoustic modes. (3) The phosphorene 

nanoribbons show the ultrahigh AR when the dimension ratio 

l/w is large, provided that we do not consider edge 

reconstruction.  

 In general, one may expect to choose a transport direction 

with higher thermal conductivity in electronic nanodevices 

whereas a direction with lower thermal conductivity in 

thermoelectric materials. These findings show the orientation 

controlled thermomutability of phosphorene, as well as suggest 

a way to find out the optimized transport directions in 

phosphorene depending on its usage.  
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