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We quantitatively analyze the secondary radiation force of an acoustic bubble for par-

ticle trapping and release in a flow.
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Fig. 1 Diagram showing different interactions between acoustic

actuation and fluid flows. The microbubble oscillation caused by

acoustic field is in the secondary interaction category. The oscillating

bubble can impact the objects in the nearby field generating

microstreaming flows and secondary radiation forces, FSR. In this study,

we focus on the effect of FSR.

and temporally in a microfluidic environment. For example, the

secondary radiation force from an oscillating bubble can be used

to trap micro-objects, while the position of the bubble itself can

be controlled by using electrowetting technique53 or simply at-

taching the bubble to a traverse rod54. If an array of bubbles

is fixed inside a microchannel and acoustically actuated, a trap-

ping zone will form near the oscillating bubbles, which can be

used to enrich, sort and manipulate C. elegans in a flow55. More-

over, if excited with maximized microstreaming flows, spatially

arranged bubbles in a microchannel can be used as fixated trans-

porters56–59. Other notable applications involving acoustic bub-

bles include enhanced mixing60, pumping flow in a microchan-

nel61,62, switching particle pathlines63, switching flow optical

properties64, assembling and driving microrotors65, generating

chemical gradients66 and propelling objects67,68.

Although applications of acoustic bubbles in lab on a chip sys-

tems have witnessed tremendous progress recently, the operating

conditions of the experiments are largely determined empirically

in most applications mentioned above, and there exists a lack of

theoretical guidance for designing devices. Indeed, it has been

shown that even for a simple straight 1D channel, the actual out-

come of the acoustic actuation is difficult to predict using theo-

retical or numerical methods69. Therefore, for any given device,

initial experimental validation is important for any further the-

oretical or modeling efforts. One particular area of acoustoflu-

idics with the latest theoretical development is microstreaming

flows57,70–75, as both the microstreaming flow field and its effect

on micro-sized objects have been resolved analytically in two-

dimensional and quasi-three dimensional geometries. By con-

trast, while the theoretical expression of FSR has been developed

by Nyborg76 and Doinikov77, it has not been experimentally ver-

ified or implemented to directly quantify the bubble’s ability to

trap a given micro-object in microfluidic devices. For instance, Xu

et al55 and Neild et al78 demonstrated trapping of microworms

and microspheres, respectively, via acoustically actuated bubbles

that exert secondary radiation forces. However, no measurement

of bubble oscillations has been made to connect the amplitude

of bubble oscillations to FSR, then to the ability of bubbles to trap

particles. The authors also reported the critical voltages at a given

frequency that lead to particle trapping but offered no quantita-

tive analysis that connects the critical acoustic parameters to FSR.

In order to address this current lack of quantitative analysis of

FSR, we hereby present the combined experimental and theoreti-

cal studies on particle trapping and release via an acoustic bubble

in a simple 1D microfluidic channel. This will serve as an impor-

tant first step towards more comprehensive future studies. Exper-

imentally, we quantify the bubble’s ability to stabilize a particle in

two ways: first, by measuring the critical acoustic input at which

a pre-loaded particle is released into the flow (Exp A); secondly,

by measuring the critical acoustic voltage and frequency at which

a particle is directed towards the bubble and is stabilized (Exp B).

The corresponding amplitudes of bubble oscillations that give rise

to FSR are also measured. Furthermore, to isolate the effects of

FSR from all other forces acting on the particle, we keep the flow

rate inside the channel constant to ensure that the relative effects

of microstreaming flows may be neglected in our study. In addi-

tion, we combine the well-developed theories that connect bubble

oscillations yielding FSR to the acoustic actuation to theoretically

derive the critical voltage.

Following the experimental method and image processing in

Section 2, experimental results are reported in Section 3.1, con-

sisting of the bubble oscillation magnitudes and the correspond-

ing behavior of the microsphere at given voltages and frequencies.

Sections 3.2 and 3.3 include the theoretical analysis to calculate

the critical input voltage that leads to the particle release into the

mean flow, in reasonable agreement with the experiments. The

summary and future directions are given in Section 4.

2 Methods and Materials

2.1 Experimental setup
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Fig. 2 (a) A perspective view of the device: the piezoelectric transducer

is sandwiched between the transparent PMMA chip and an aluminum

block. (b) A side view of the chip: the microchannel is milled on top of

the chip. DI water is injected from the inlet and the spherical bubble is

constrained on the bottom of the channel; (c) A miniature screw is used

to control the bubble volume; (d) Once the piezoelectric transducer is

excited, the bubble starts oscillating and generates a secondary

radiation force to trap particles.
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The experimental apparatus used in this study includes a trans-

parent microfluidic chip, a piezoelectric transducer, and an alu-

minum block base, as shown in Fig. 2(a). The microfluidic chan-

nel (depth 2.79 mm × height 1.35 mm × length 14.01 mm) has

been micro-milled out of PMMA and is sealed with PDMS and

plastic sheets, with two flat needles (Lab Express Management)

used as an inlet and an outlet. The channel also consists of a

cylindrical cavity with diameter of 254 µm which is treated with

superhydrophobic coating (Rain-X) to serve as a pre-defined site

of bubble formation and stabilization79. An additional cylindrical

cavity is drilled from the side to incorporate a miniature screw to

actively control the bubble volume and is sealed by ultrasound

gel (Aquasonic 100, Parker Laboratories), as shown in Fig. 2(c).

In our experiment setup, an air bubble forms automatically

inside the cavity and remains stable when the solution with

polystyrene microspheres (25-30 µm radius, Thermo Fisher Sci-

entific) is introduced into the main channel through a syringe

pump at a constant flow rate of 4 mL/min (NE-1000, New Era

Pump Systems). Following the bubble formation, the screw is

actively adjusted to achieve the desired bubble radius, typically

in the range of 140 -160 µm. We use a piezoelectric transducer

(20 mm × 2 mm) sandwiched between the PMMA chip and an

aluminum block to excite the channel periodically using a func-

tion generator (DG1022, RIGOL Technologies) and an amplifier

(7602M, Krohn-Hite). The driving frequency, f , ranges from 20

kHz to 36 kHz with an increment of 1 kHz, while the driving

voltage, V , is varied from 10 V to 190 V at each frequency.

Fig. 3 (a) In Exp A, the particle is first trapped on the surface of the

bubble. The critical voltage, Vc, at which the particles are released is

recorded as the voltage is decreased for given frequency, f . (b) In Exp

B, we measure the critical voltage, Vc, at which an acoustic bubble is

able to trap particles originally in motion for varying f . (c) Here Rb and

Rp are the radii of the bubble and particle, respectively, while d is the

center-to-center distance between the particle and bubble. Images

depicting particle trajectories are included in (d) and (e), respectively.

Two sets of experiments are conducted to quantify threshold

acoustic parameters for particle trapping and release, as depicted

in Fig. 3 (a) and 3 (b). In the first set (Exp A), we observe par-

ticles that have been stabilized onto the bubble surface at a high

voltage being released into the external flow as the voltage is de-

creased. The critical voltage, Vc, at which the particles are re-

leased is recorded for a given frequency, f . In the second set

(Exp B), we measure the critical voltage, Vc, at which an acoustic

bubble is able to trap particles originally in motion for varying f .

Image sequences of the particle release and trapping processes in

Exp A and Exp B are shown in Fig. 3 (d) and (e), respectively. The

experiments are recorded with a high-speed camera (Phantom

Miro M310, Vision Research) from the side of the microchannel.

For each experiment at given V and f , the interaction between the

bubble and particle is captured at 1000 fps (240 × 320 pixels) to

produce images in Fig. 3 (d)-(e), while the bubble oscillations are

recorded at 120171 fps (128 × 128 pixels) with resultant images

shown in Fig. 4 (a)-(b).

2.2 Data analysis

Fig. 4 (a) The edge of the bubble is first detected using Matlab Canny

function. (b) The least square error method is used to find a circle that

best fits the edge. (c) The plot shows the displacement of an oscillation

bubble versus frame number at 21kHz and 190V calculated using fitted

circle.

To measure the bubble oscillation amplitude, we use a MAT-

LAB Canny function to detect the edge of the oscillating bubble

as shown in Fig. 4 (a). Once the coordinate of the bubble edge

has been determined, the least square error method is used to

find a circle that best fits the edge (Fig. 4 (b)). Fig. 4 (c) shows

one example of the oscillation displacement at 21 kHz and 190

V as a function of the frame number calculated using the instan-
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taneous bubble radius, R(t), minus the equilibrium bubble radius

Rb = 152.5µm over 100 frames. The bubble amplitude is subse-

quently calculated by averaging over local maxima of |R(t)−Rb|.
The consistency and periodicity of the displacement in Fig. 4 (c)

demonstrate the effectiveness of our data analysis method.

3 Results

3.1 Experimental Data

Fig. 5 (a) Dimensionless bubble amplitude ξ as a function of frequency

f at various voltage. The plot shows that the magnitude of the oscillation

amplitude generally increases with V but varies nonlinearly with f . We

divide the plot into 4 different regimes depending on behavior of

amplitude as a function of voltage. (b) Device vibration amplitude lref as

a function of frequency at 3 V. The plot shows two peaks at 21 kHz and

35 kHz. (c) The snapshot of the oscillating bubble excited at 35 kHz

shows that the bubble switches from volumetric to shape oscillations for

V greater than 30 V.

The dimensionless amplitude, ξ , of the bubble oscillation

(scaled by the bubble radius, Rb) is extracted from single bub-

ble oscillation videos of Exp B and is plotted as a function of f

for given V in Fig. 5 (a). The plot shows that the oscillation am-

plitude generally increases with V but varies nonlinearly with f .

We divide the plot into four different regimes depending on the

behavior of ξ as a function of voltage, which is explained in more

details in Section 3.3. In particular, the acoustic bubble exhibits

resonant behavior around f = 21 kHz and 35 kHz, which matches

the device resonance shown in Fig. 5 (b). The bubble resonant be-

havior appears to intensify with V at f = 35 kHz, as the bubble

switches from volumetric to shape oscillations for V greater than

30 V. In this study, we will only focus on the effect of volumetric

oscillations on particles and neglect the data range for V >30 V

at 35 kHz.

Fig. 6 (a) Phase diagram of experiment results from Exp A and B. The

triangular markers represent the voltages at which the particles are

released, while the dot markers correspond to particle trapping. The

gray scale map gives the magnitude of the oscillation amplitude ξ of the

bubble from Exp B. (b) Critical oscillation amplitude ξc as a function of

frequency f , with the empirical fit to Exp A as a dashed line.

The results of particle and bubble interaction data are summa-

rized in a f -V phase diagram of Fig. 6 (a): The triangular mark-

ers indicate the critical voltages for given f at which the particles

are released from the bubble (Exp A), while the dots mark the

frequencies and voltages at which the particles are trapped and

remain on the bubble surface (Exp B). While the threshold re-

lease voltages are consistently lower than the minimum trapping

voltages, they follow the same general trend for varying f . In ad-

dition, no particle trapping and subsequent release are observed

between 22 kHz and 25 kHz, as well as at 30 kHz for both exper-

imental sets.

The phase diagram is overlaid with the gray scale map of ξ

from Exp B, to show the correlation between the oscillation am-

plitudes and bubble’s ability to trap particles. We observe that

the dot markers (trapped particle) tend to appear in the regime

where the oscillation amplitude is higher than 0.2 %. The critical

bubble amplitudes, ξc, at the onset of particle releasing or trap-

ping are plotted as a function of f in Fig. 6 (b). Except for f = 35
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kHz, most values of ξc fall in the range between 0.2%-0.8%.

3.2 Critical Secondary Radiation Force

Piezoelectric
actuator

Bubble
oscillation

Secondary
radiation force

Particle
trapped

Force
balance

Nyborg
equation

Helmholtz
Rayleigh-Plesset

Fig. 7 Flow chart of the working mechanism and corresponding theory

for particle trapping. Upon the piezoelectric actuation, the bubble

oscillates in response to acoustic pressure waves, and, in turn,

generates a secondary radiation force, FSR. The bottom row includes

mathematical models that inform each physical process.

The qualitative physical mechanism (from acoustic actuation to

bubble oscillation) behind particle trapping via an acoustic bub-

ble is summarized in the flow chart of Fig. 7 (top row). In order to

derive the critical input voltage, Vc, that leads to particle trapping

for given f , each stage of the flow chart is considered quantita-

tively by employing the following three steps (Fig. 7 bottom row):

first, force balance between the attractive secondary radiation

force and the net hydrodynamic force on the particle to derive the

critical bubble oscillation, ξc; second, linearized Rayleigh-Plesset

equation to solve for the critical pressure, p′c, needed to generate

ξc; finally, reduced Helmholtz equation to relate p′c to the critical

applied voltage, Vc, to address the current lack of direct pressure

measurement inside the microchannel. Details of each quantita-

tive analysis are included in Sections 3.2 & 3.3, culminating in

the plot of Vc at given f (Fig. 9 (b)) in good agreement with ex-

perimental data.

The secondary radiation force, FSR, refers to the near-field at-

tractive or repulsive force between the bubble and an object due

to the pressure waves generated by the oscillating bubble40. The

initial theoretical development of the secondary radiation force

was made by Nyborg76 who derived the following expression for

FSR,

FSR = 4πρl

(

ρp −ρl

ρl +2ρp

)

R6
bR3

p

d5
ω2ξ 2, (1)

where ρl and ρp are the liquid and particle densities, respectively;

Rp corresponds to the particle radius, and d is the center-to-center

distance between the bubble and particle; ω = 2π f is the radian

frequency. Doinikov77,80–82 extended the work of Nyborg to de-

rive a more general expression for FSR, which reduces to Eq. (1) in

the limit of Rp/d ≪ 1. In our current experiments, Rp/d ∼ 0.1, so

that the expression by Nyborg is valid. Here, the primary acoustic

radiation force generated by the vibrating microchannel itself is

neglected, as the wavelength of the acoustic pressure in our case

(∼ 60 mm) is much greater than the channel height (1.35 mm)

and yields no spatial pressure gradient83.

To isolate the effects of FSR from all other forces acting on the

particle, the flow rate is fixed at 4 mL/min, so that the mean chan-

nel velocity, ue, is an order of magnitude greater than the charac-

teristic microstreaming velocity73, us = ξ 2Rbω. As the effects of

microstreaming flows can be neglected in our current setup84,85,

with ue/us ∼ O(101), the hydrodynamic effects on the particle are

independent of the input voltage and frequency and only vary

as a function of the particle’s location with respect to the bub-

ble. Furthermore, as shown in Fig. 8 (a), the release location of

the particle is observed to match the stagnation point of the bub-

ble for all frequencies, ensuring that the net hydrodynamic force

on the particle, FD, must be constant for Exp A, while the parti-

cle trapping location in Exp B varies between experimental runs.

Therefore, for the sake of simplicity, all the theoretical considera-

tion from hereon will be limited to Exp A.

Fig. 8 (a) Images showing the particle location at the onset of release

(Exp A) and trapping (Exp B). The top row confirms that the particles is

consistently released from the bubble stagnation point, while the bottom

row images indicate the particle location upon trapping varies with

frequency. (b) Schematic of a particle located at the bubble stagnation

point. The secondary radiation force, FSR, must balance the

hydrodynamic force, FD, that tends to pull the particle off the bubble

surface. (c) Critical secondary radiation force FSRc as a function of

frequency f . The values for FSR for Exp A appear constant,

corresponding to the consistent release location. The zoom-in plot

shows the values from 20 kHz to 30 kHz. By contrast, the values of FSRc

for Exp B shows dependency on f .

Based on a simple force balance depicted in Fig. 8 (b), in the

critical moment of particle release from the stagnation point,

FD must balance the threshold secondary radiation force, FSRc,

needed to hold the particle on the bubble (i.e., if FSR < FSRc, the

particle is released from the bubble). By plugging in the exper-

imental values of ξc in Eq. (1), FSRc is calculated and plotted in

Fig. 8 (c) to reveal that FSRc is indeed constant for Exp A (tri-

angle), as FSRc = FD = constant. On the other hand, FD can be
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estimated by considering a modified Stokes drag on a sphere (i.e.,

micro-particle) experiencing a local straining flow near the stag-

nation point of another spherical obstacle (i.e., bubble). Valid in

the limit of Rp/Rb ≪ 1, Goren and O’Neill86 derived the expres-

sion for this modified drag as

FD = 6π f0µU∞

(

Rp

Rb

)2

Rp, (2)

where U∞ is the external flow velocity at infinity, and µ is the liq-

uid viscosity; f0 is the correction factor that varies with the par-

ticle distance from the obstacle. While this expression has been

derived for a solid obstacle that satisfies no slip boundary con-

dition on the surface, it is reasonable to assume that the same

functional relationship will hold for a bubble as an obstacle but

with a different value of f0.

Finally, by balancing FSRc (Eq. (1)) with FD (Eq. (2)), we can

derive an expression for ξc upon particle release,

ξc =

√

3µU∞ f0(ρl +2ρp)d5

2R8
bρl(ρp −ρl)ω2

, (3)

where the value of correction factor, f0, is found by empirically

fitting Eq. (3) to data in Fig. 6 (b). This allows us to quantify how

the threshold bubble oscillation must depend on different physi-

cal parameters of the system, in particular, the driving frequency,

f .

3.3 Threshold Acoustic Parameter

For isotropic, volumetric bubble oscillations, the relationship be-

tween the resultant oscillation amplitude and driving pressure is

given by the Rayleigh-Plesset equation87,88,

RR̈+
3

2

(

Ṙ
)2

=
1

ρl

(

pg − p−4µ
Ṙ

R
− 2σ

R

)

(4)

where R is the instantaneous bubble radius as a function of time

and the overhead dot refers to differentiation with respect to time.

Here, pg and p correspond to the internal and external driving

pressures of the bubble, respectively, while σ is the surface ten-

sion of the water/air interface. Since the bubble oscillation am-

plitude in our experiments is less than 1%, we may linearize the

Rayleigh-Plesset equation by assuming R=R0+R′ and p= p0+ p′,
where R′ and p′ are the small perturbations of the bubble radius

and driving pressure (i.e., R′/R0 ≪ 1 and p′/p0 ≪ 1). The so-

lution to the linearized Rayleigh-Plesset equation yields a linear

relationship between p′ and R′:

p′ = R′/G, (5)

where

G =
R2

b

σ

[

Reb

Cab

]2











Web −H

16(4− Reb

Cab
H)−

[

Reb

Cab
(H −Web)−8

]2











, (6)

and

H =
3γ p0Rb

σ
−2+6γ, (7)

with γ = 1.4 as the gas constant. Here we define Reynolds num-

ber, Reb = ρlRb(Rbω)/µ, capillary number, Cab = µ(Rbω)/σ , and

Weber number, Web = ρl(ωRb)
2Rb/σ , specific to the acoustic bub-

ble, respectively. Since R′
c = ξcRb, Eq. (5) allows us to solve for

the critical driving pressure, p′c = R′
c/G.

The pressure field generated by the acoustic actuation of the

device can be solved based on the Helmholtz equation,89,

∇
2 p′+ k2 p′ = 0, (8)

where the wave number k is given by k ∼ω/ca, and ca is the speed

of sound in water. In the case of one-dimensional propagation of

pressure waves, the solution to the Helmholtz equation is given

by

p′ = ica
2ρlkl

sin(kx)

cos(kh)
e−iωt , (9)

where l is the device vibration amplitude. For simplicity, the

device amplitude is assumed to increase linearly with V , or l =

KlrefV/Vref, where lref is the reference device amplitude at 3 V

shown in Fig. 5 (b), and K is the fitting parameter whose value

depends on the voltage regime. Since kx ≪ 1 and kh ≪ 1, we use

the Taylor expansion to further simplify p′ to

p′ = K4π2ρl f 2hlref

(

V

Vref

)

, (10)

where h is the channel half-height.

Finally, combining Eq. (3), (5), (10) leads to the expression

for the critical voltage that leads to particle release at given fre-

quency:

Vc

Vref
=

1

J( f )

√
6

4π

√

f0U∞

√

1

Reh

√

2ρp +ρl

ρp −ρl

[

Rp

Rb
+1

]
5
2

√

Rb

h
, (11)

where

J( f ) = KGlrefWeb f . (12)

Each term in J( f ) is a function of the excitation frequency, f ; here

we define alternate Reynolds number with respect to the micro-

channel as Reh = ρlU∞h/µ. This theoretical function of critical

voltage must depend on the experimental parameters (i.e., the

particle and bubble radii). For instance, Vc is shown to decrease

with increasing channel height, h. The quantification of Vc for

particle release and trapping via an acoustic bubble will allow for

the optimization of lab on a chip operating conditions to trap or

sort micro-sized objects.

The value of the fitting parameter, K, that relates the device

amplitude to the bubble amplitude, or the driving pressure, can

be extracted by calculating the pressure, p′, based on Eq. (5)

for varying V. The corresponding dimensionless plot is shown in

Fig. 9 (a), which clearly exhibits four different voltage regimes

for varying f . In regimes I, II, and IV, the pressure increases in an

approximately linear fashion with the voltage at different rates,

or K, while the pressure varies nonlinearly with the voltage in

regime III. By plugging in the empirical values of K into Eq.(11),

we plot the critical voltage Vc for varying f (dashed line) on the

experimental phase diagram in Fig. 9 (b), in particularly good

agreement with Exp A. Notably, our current theoretical result can
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Fig. 9 (a) Dimensionless pressure p′/(ρl f 2hlref) as a function of voltage

V/Vref. The pressure increases in an approximately linear fashion in

regime I, II and IV at different rates, K, while the pressure increases

nonlinearly in regime III. (b) The dashed curve corresponds to the

theoretical result, Vc (Eq. (11)),based on the empirical values of K.

be easily extended to other acoustic devices by simply updating

the reference device vibration amplitude lref and K in Eq. (12) to

match the particular experimental setup.

4 Conclusions

In summary, we have hereby quantified the secondary radiation

force, FSR, of an acoustic bubble used to trap micro-objects in lab

on a chip systems, by combining experiments and reduced mod-

eling. Experimentally, we measure the minimum input voltage at

given f needed for a single acoustic bubble to generate sufficient

FSR to trap and stabilize a microsphere entrained in flow. This

critical voltage is experimentally tested in two ways: by record-

ing the maximum voltage at which an already attached particle

is released from the bubble (Exp A) and the minimum voltage at

which a particle entrained in flow is first trapped by the oscillat-

ing bubble (Exp B), as summarized in a phase diagram. For all

experiments, the flow rate of water containing particle suspen-

sions is kept constant and sufficiently high so that the effects of

microstreaming flows can be neglected in our current study. In

addition to measuring the onset behavior, the amplitude of bub-

ble oscillation is also measured at the corresponding voltages and

frequencies to verify the relationship between the oscillation am-

plitude and FSR, as given by Nyborg76.

In parallel to experiments, we combine well-developed theories

to derive an expression for the critical input voltage that leads

to the particle release into the external flow. By balancing the

hydrodynamic force on a sphere near a stagnation point86 with

FSR, a functional relationship between the threshold bubble os-

cillation and experimental parameters, such as particle size and

driving frequency, is derived. Then, linearized Rayleigh-Plesset

and Helmholtz equations are employed to connect this threshold

bubble amplitude to the driving pressure, then to the applied volt-

age. Aided by empirical parameters to determine the vibration

amplitude of the channel, the resultant expression for the critical

voltage, Vc, is an explicit function of the driving frequency, f , and

is in good quantitative agreement with the data from Exp A. While

the final result, Vc( f ), has been tested for our particular experi-

mental setup, its theoretical approach and result should be valid

for a wide range of acoustic devices and can easily accommodate

them by adjusting the device vibration amplitude.

Overall, our work here takes an initial step to quantitatively

analyze the secondary radiation force of an acoustic bubble for

particle trapping and release in a flow. Therefore, this work paves

the way towards future design of next-generation acoustic-based

lab on a chip devices for more versatile applications. Future work

includes developing a better mathematical model for the hydro-

dynamic forces on the particle near the oscillating bubble surface.

On the experimental side, performing the analogous experiments

with a wide range of particle and bubble sizes and measuring

the pressure field based on PIV (Particle Image Velocimetry)90

will help validate our current model. Furthermore, extending this

work to include multiple bubbles, microstreaming effects, or non-

spherical objects is also of great practical interest for lab on a chip

applications.
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