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How confinement or a physical constraint modifies polymer chains is not only a classical problem in polymer physics but
also relevant in a variety of contexts such as single-molecule manipulations, nanofabrication in narrow pores, and modelling of
chromosome organization. Here, we review recent progress in our understanding of polymers in a confined (and crowded) space.
To this end, we highlight converging views of these systems from computational, experimental, and theoretical approaches, and
then clarify what remains to be clarified. In particular, we focus on exploring how cylindrical confinement reshapes individual
chains and induces segregation forces between them — by pointing to the relationships between intra-chain organization and chain
segregation. In the presence of crowders, chain molecules can be entropically phase-separated into a condensed state. We include
a kernel of discussions on the nature of chain compaction by crowders, especially in a confined space. Finally, we discuss the
relevance of confined polymers for the nucleoid, an intracellular space in which the bacterial chromosome is tightly packed, in

part by cytoplasmic crowders.

1 Introduction

Polymers are chain molecules consisting of many repeated
subunits or monomers =3 (see Fig. 1). If biomolecules or
biopolymers (e.g., DNA) are naturally-occurring ones, syn-
thetic ones include polyethylene. Some of them carry electric
charges in aqueous solution (e.g., polyvinyl sulfonic acid and
many biopolymers)* or have nontrivial topologies or architec-
tures, e.g., ring, star, branched, or cross-linked (see Fig. 1).
Because of their flexibility, chain molecules store many inter-
nal degrees of freedom. The essence of this is well captured
in the metaphor of these molecules as ‘freedom in chains,’>
as illustrated in Fig. 1(a). Unlike other materials such as met-
als, the conformational entropy, associated with these degrees
of freedom, often dominates their thermodynamic quantities
such as chain elasticity and segregation.

Accordingly, polymers often behave as entropic objects.
How they are modified by confinement or physical constraints
is not only a classical problem in polymer physics > but
also relevant in various contexts such as single-molecule
manipulations or nanofabrication in narrow pores,® '8
chromosome organization, especially in elongated bacterial
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cells, '3 and viral DNA packing in a viral capsid or release

into a host cell?*? (see the illustrations in Fig. 1(b)-(d)).
For instance, in a recent experimental study, chromosomes
released from lysed E. coli cells were manipulated mechan-
ically and osmotically.'* A confined polymer model proves
to be useful for interpreting force-compression or osmotic
compaction of the chromosomes.'* This physical approach
complements earlier results for single-chromosome organi-
zation, especially into (topologically-independent) structural
units, 26-28

In this review, we attempt to present several key results for
polymers in a confined (and crowded) space in an effort to of-
fer a coherent view of their single chain properties and the way
they interact. Indeed, a set of converging results has recently
emerged from computational, experimental, and theoretical
approaches. In particular, we focus on exploring the bene-
fits of cylindrical confinement in reshaping individual chains
and inducing (entropic) segregation forces between them. For
this, we discuss the relationships between intra-chain organi-
zation and chain segregation. Intriguingly, polymers can be
compacted entropically in the presence of crowding particles.
We include a kernel of discussions on the nature of chain
compaction by crowders, highlighting the interplay between
crowding and confinement effects. Finally, we discuss the rel-
evance of confined polymers for the nucleoid, an intracellular
space in which the bacterial chromosome is tightly packed, in
part by cytoplasmic crowders.

Considering the availability of a few excellent reviews on
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Fig. 1 (a) Polymers as ‘freedom in chains’3: linear polymers (upper) and polymers with a branch-like structure or cross-links (lower). (b)
Polymer model of the nucleoid: a model chromosome is packed in part by depletion forces induced by molecular crowding. Each monomer

represents the ‘structural unit’ of the bacterial chromosome. (Modified from Re

f.35 by permission of the Royal Society of Chemistry.) (c)

Single-molecule manipulations in a confined space, adapted from Ref.!* (d) Polymer chain release from a confined into free space,

reminiscent of the injection of packed viral DNA into a host cell.

similar topics, >1%2% it is worth clarifying the scope of this

work and its relationship with others. First, the recent review
by Reisner et al.'? is focused on utilizing physical confine-
ment in accessing genetic information encoded in single DNA
molecules. In the other reviews,'4* some concepts from
confined-polymers (e.g., linear ordering and chain segrega-
tion, and fractal globules) are used as tools for understanding
chromosome organization; if the review by Jun and Wright '4
relies on scaling pictures, especially at the two-chain level,
Ref.? is focused on single confined chains. In contrast, we
place an emphasis on the merits of confined polymers as in-
triguing physical objects. Also we include new results that
have emerged in the last few years; for instance, the role of
crowders in organizing chain molecules under confinement
has been clarified (see Sec. 3).

While we mainly focus on the equilibrium properties of
confined polymers (single or two chains), dynamic quantities
such as chain relaxation times can be extracted (see a recent
study 1330 and references therein). Our discussion on poly-
mer chromosome models will be less conclusive. Because
of the simplicity of polymers and the complexity of chromo-
somes, this subfield has evolved more rapidly, in concert with
the progress in our understanding of these intricate biological
objects.

Other interesting polymer problems include the glassy be-
havior of polymers3'32 and the ordering of heteropolymers
(e.g., diblock copolymers) into various phases,>>3* in which
confinement has nontrivial effects on their physical (e.g., mo-
bility) or morphological behavior. We believe they deserve
separate, more complete discussion, and will not be discussed
here.

This review is organized as follows: in Sec. 2, single-chain
properties are discussed. Sec. 3 is devoted to chain organiza-

tion by crowding effects, mostly focused on the single-chain
case. In Sec. 4, we collect some results for the spatial organi-
zation of two chains, especially in a closed confined space. In
Sec. 5, we compare a few polymer models of bacterial chro-
mosomes and discuss their implication for chromosome orga-
nization and segregation.

Note that unless otherwise stated length scales are measured
in units of a the monomer size, as is particularly the case for
simulation results.

2 Single-chain case

In this section, we first introduce a few basic concepts such as
excluded volume, the Flory exponent, and blobs, primarily as
background information for our discussion on confined poly-
mers later in this section. In order to offer a coherent view
of confined polymers, we bring together the blob-scaling ap-
proach (subsec. 2.2) and Flory theory (subsec. 2.3) as essential
theoretical tools and show how they have been reconciled with
numerical data. Based on what they offer, we discuss various
results regarding single polymer chains (e.g., chain elastic-
ity and confinement free energy), especially under cylindrical
confinement. For instance, we present a quantitative basis of
(compression) blobs and show how the blob-scaling approach
provides a simple physical picture of confined polymers. Flory
theory was originally developed as an approximate scheme for
calculating the size of linear polymers with excluded volume
in an unconfined space. Later in this section, it is extended
to such cases as ring polymers and stiff chains, in a cylindri-
cal space. In the course of our discussion, we emphasize how
these approaches have benefited each other by offering a com-
plementary picture of single-chain physics under confinement.
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2.1 Flory exponent and blobs

Consider a polymer chain carrying N spherical monomers of
size a each in solution (in the absence of confienment). Let R
be the end-to-end vector of the chain, as shown in Fig. 1(a).
The equilibrium size of the chain is often measured by /(R?).
Here and below, (...) is an ensemble average. Qualitatively
speaking, this is the radius of the chain-explored region, as-
sumed to be overall spherical. In the high-temperature limit or
equivalently in an athermal solvent, the excluded volume (the
volume taken up by each monomer) v = a’ but it decreases
as the temperature is lowered and becomes negative below a
certain temperature called the ® temperature. Indeed, v can
be written as v ~ a*>(1 — ®/T), where T is the temperature
(see for instance Refs. ).

The chain is swollen by the excluded-volume interaction
between monomers and is often referred to as a self-avoiding
chain. A perturbative approach, in which the excluded volume
interaction is treated as a perturbation, leads to?

(R?) =RZ (1+42-2.0752+...), )

where Ry = a+v/N is the ideal-chain size (v = 0) and z is the
expansion or chain interaction parameter given by >3

32
¢= (3) Y VN. @

2r a

When v = a?, the series in Eq. 1 diverges even for small
N. This means that the effect of self-avoidance is signifi-
cant for any realistic N value, more so for larger N, or at
any length scale somewhat beyond a. For v/a® < 1, however,
self-avoidance is significant for N larger than a certain value,
denoted as g;. The corresponding length scale is known as
the thermal blob size &y = a\/(ﬁ.l’2 By setting the second
term in Eq. 1 with N = g; to unity, we find \/g; ~a’ /v and
ér ~a*/v.1?

The perturbation expansion is, however, not useful for cal-
culating the size of an excluded-volume chain. Flory theory is
a much celebrated theoretical scheme for calculating the chain
size or the Flory radius R (see also Subsec. 2.3), which pro-

N\Y v\ 2v-1
Rr = 1/<R2>%§T (> za(?> NY an7 3)
gT a U:a3

where the Flory exponent v = 3/5 (in three dimensions) is
larger than 1/2 expected for an ideal or random walk chain. *
Unless otherwise stated, for simplicity, we mainly focus our
consideration on the athermal case v ~ > or stiff chains.

* The Flory exponent is close to a more accurate value of v ~ 0.588 (see Ref.>
and relevant references therein).

A related quantity is the free energy of a self-avoiding chain
with the two ends held at R = |R|, which assumes the follow-
ing scaling form

R )

F@~ht (1) @)
Rp

where § =2 for R < Rp and § = 5/2 for R > Rr.' As a

result, a self-avoiding chain responses to an external force f

381’2’36
0.7 (R ksT\ / R \°!
L)
F F

Here R should be understand as a new equilibrium chain size
under f along the force direction (R is often used for this
quantity 1-%).

Note that a single exponent cannot characterize F(R) fully.
For R < Ry, the exponent 6 = 2 is well aligned with our expec-
tation that the chain behaves as a Hookean spring for small de-
formations with an effective spring constant kchain =~ kgT'/ R%.
For large f, corresponding to R > Rf, the force-extension re-
lation is non-linear: f ~ (kgT /RF) (R/RF)3/2. 1,36

Our discussion below relies much on the notion of
blobs. 1236 (Thermal blobs are simple examples of blobs.) It
is thus instructive to offer a blob picture of the result in Eq. 4,
especially in the large-R limit. (See Refs. 2% for more de-
tails.) Imagine stretching a self-avoiding chain with an exter-
nal force f, as shown in Fig. 2(d). The force tends to align
the chain along the force direction. This tendency is, how-
ever, opposed by chain entropy, which favors coiled confor-
mations. As a result, the force effect will be felt only beyond
a length scale &, the tensile-blob size. The chain can then be
viewed as a linear string of (tensile) blobs, each consisting of
g monomers: R~ (N/g)&, where & ~ ag” (athermal). Since
each blob stores an excess free energy of kzT, ' one can es-

tablish
ff(R)NNNRN<R>5/2 ©
keT g & \Rp ’

where we eliminated g and N in favor of R and Ry via R ~
(N/g)& and Rp =~ aN"V, respectively, in the final step. This is
identical to the large-R result in Eq. 4 and is thus consistent
with the non-linear force-extension relation. It also offers a
free-energy picture of a blob: a free-energy cost of kgT per
blob for stretching a self-avoiding chain.

It is straightforward to show & f = kgT or & = kgT/ f from
Eq. 6. ¥ In other words, the work required for aligning a blob
along the force direction is comparable to kT, consistent with

T Thermal blobs can be interpreted similarly: &r is a length scale at which the
(excess) excluded volume interaction becomes comparable to kT, as detailed
in subsec. 2.3.

+ This can be rewritten as f ~ (kBT/éz) E. Tt is a special case of the small R
resultin Eq. 4 for R=Rp = €.
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our view of blobs: inside each, the effect of f is not felt ap-
preciably.

Under cylindrical confinement, a self-avoiding chain will
experience a similar alignment along the long symmetry axis
of the cylinder. The stretched and cylindrically-confined cases
can map onto each other through D ~ & ~ kgT /f.1*® Various
quantities can be obtained within the blob picture, as detailed
below.

2.2 Blob-scaling theory and numerical data

It is hard to overstate the impact on polymer physics of the
blob-scaling approach pioneered by de Gennes.! It allows us
to visualize how internal interactions or external perturbations
influence chain statistics and conformations; subsec. 2.1 only
catches a glimpse of this. In this picture, a chain is viewed
as a string of blobs (see Ref.” for a quantitative picture of
blobs); within each blob, chain statistics is assumed to be un-
altered by internal or external perturbations: the influence of
other segments on the same chain (internal) or that of other
chains, confinement, or external forces (external). This sim-
ple picture has proven to be useful for understanding vari-
ous polymeric systems: semidilute polymer solutions > and
electrically-charged **#° or confined polymers. 1264143 t en-
ables one to obtain scaling results for reptation and chain re-
laxation times. 1> The blob scaling approach has recently been
extended to study how two chain molecules are spatially orga-
nized in an open cylinder** or closed two-dimensional box.*?

2.2.1 Flexible chains-If trapped in an open cylindrical
space, a polymer chain breaks up into a linear string of (com-
pression) blobs, as illustrated in Fig. 2(a)-(c). L2 1 et N be the
number of monomers, D the diameter of the cylinder, & the
blob size (§ ~ D), and g the number of monomers per blob.
One can then establish g ~ (D/a)'/V, where v = 3/5 is the
Flory exponent. %7 This leads to the equilibrium chain size

1-1/v -2/3
(Z) &=~ Na (g) ~ Na (l(j) )]

Here and below, X is the longitudinal size of a confined chain;
recall (...) is an assemble average.

By assigning kg7 to each blob, the confinement-free energy
can be obtained as 267

—1/v -5/3
yconer\/N%N<D) "&/’N(D) ) 8)
kgT g a a

If we consider the chain as a series connection of independent
blobs with a spring constant kpjop ~ kgT'/ D? each,’ we arrive

Q

Lo = (X)

§ This can be readily obtained from Eq. 4 with § = 2. Alternatively, the
weak blob-deformation free energy can be written as Foop /kpT ~ (1j41 —
u;)?/2E2, where & = D and u; is the position of the j-th blob. Let §& de-
scribe the blob-size deformation. Then this free energy implies Fpiob /kpT ~
(8E)%/2E2, resulting in kpjop = kpT /E2.

at the spring constant of the chain given by 304647

kchain ~ 1
ksT ~— (N/g)D?

~N~'D3aB, ©)

Linear ordering induced by cylindrical confinement has a
direct consequence on the way two chains interact and segre-
gate. If mixed and arranged in parallel with each other in a
cylindrical space (with open ends), each chain can be viewed
as trapped in an imaginary cylinder with a reduced diameter
Desr ~ D/+/2.?! This enables us to calculate the free energy
of a mixed state:

<gfmix = 21/2‘/<9\s‘:g > <g\sega (10)

where F, is the free energy of a segregated state given by
Foeg = 2Fcont, Where Fcont is the confinement free energy of
each chain given in Eq. 8. This means that chain mixing is
disfavored by free energy.

Similarly, a polymer in a spherical cavity of diameter D can
be considered as being made of blobs (see Fig. 2(e)). The
main difference is that there is no directionality in this case,
in contrast to the cylindrical case, in which the long symmetry
axis of the cylinder naturally serves as the director. In a self-
avoiding walk analogy, there is no preferred directionality for
the walker in a spherical space. Thus, the confined polymer is
a random packing of blobs of size &, given by

Era(DY/dN)T T map ™0 ~ap 4 (1)

where ¢ is the volume fraction of monomers. The
confinement-free energy can be obtained by assigning kg7 to
each blob*!48:

9conf D3 D3 v —5/4
N[ 0T = NGTT N4 (12
BT & )9 ¢ ¢ (12)

Note that the final expression is linear with N for a fixed ¢.
If N doubles while ¢ or & remains fixed, Fons also doubles,
similar to what we would expect from the cylindrical case. In
the latter case,

—1/v —1/v
N<D> zN<€> ~ NG~ N§—4,

a a
(13)
The scaling form of % oy for spherical confinement (or
simply Fgphere) Was confirmed numerically. 142 For ¢ < 0.15,
the blob-scaling picture remains valid (assuming Rrp > D), as
also shown in Fig. 2(f). For ¢ > 0.15 (in the yellow region in
the graph), however, the blob picture breaks down. In this
regime, three-body terms contribute appreciably to .Fphere-
This explains why the free energy curve is steeper in this
regime.
The analogy between the spherically and cylindrically con-
fined cases seems obvious since in both cases kg7 is assigned

a
7 conf
~

kgT
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Fig. 2 Confined or constrained flexible polymers with self-avoidance (adapted from Ref.3’ by permission of the Royal Society of Chemistry).
(a)-(c) Cylindrically-confined polymers. The diameter D is defined in (a) so that D — 0 the confined chain becomes “perfectly” linearly
organized, in parallel with the continuum analogue. (a) As a measure of the chain size L, one can use the end-to-end distance, the farthermost
distance, or the length of a tube (red-dashed) occupied by the chain; the latter two can be used interchangeably. In (b), the piston-piston
distance naturally defines the chain size. (c) For a ring polymer, the farthermost distance or the tube length can be chosen as the chain size. (d)
A stretched chain with an external force f maps onto the chain in (a)-(b), if D =~ kgT'/ f is chosen (as long as D is somewhat larger than 10a or

241,

if each blob is “well-defined”37). -2 (e) A spherically-confined chain can be viewed as being made of several ‘subchains’#!; a subchain is a
section of the confined chain from somewhere on the wall to elsewhere on the wall, inside which the direct wall effect is not felt. It can map
onto an equivalent semi-dilute solution, the cylindrically-confined (b) or stretched chain in (d). In all these cases, the free energy cost for
perturbing the chains by confinement, f, or other sub-chains is kg7 per blob (if each blob is well defined). The graph in (f), partly based on
the blob picture, shows how the free energy for case (e) varies as a function of the monomer volume fraction ¢ [Reprinted (adapted) with
permission from Ref. 42 Copyright (2006) American Chemical Society.] This analogy between (a), (b) (d) and (e) helps us understand when
the kpT-per-blob picture breaks down and why the non-blob scaling regime emerges. 3’

to each blob. However, it appears to deviate from the more
conventional view that the confinement free energy increases
more rapidly in the spherical case if plotted against the degree
of confinement R /D (recall Rr =~ aN" is the Flory radius).*?
As pointed out in Ref.,37 however, this is a seeming differ-
ence. As D decreases, ¢ increases more rapidly in the spher-
ical case; as a result, the confinement free energy increases
more rapidly. But for a given ¢, the free energy is linear in
both cases.

On the other hand, the analogy between a polymer under
cylindrical confinement and a polymer under tension has long
been appreciated ¢ (see Fig. 2(d)). As discussed earlier, the
two cases map onto each other through & ~ D = kgT/f or
f kT /& ~ kpiopE (recall kpjop ~ kpT /E?). This relation,
describing a Hookean response of a blob, holds for both ideal
and self-avoiding chains. Under this condition, the work
required to align a blob along the direction of f becomes
W = f& ~ kgT, 1.e., comparable to kgT; inside a blob, the
effect of f is a small perturbation.

Despite its much appreciation, however, the blob scaling
approach has only recently been tested against numerical
and theoretical results. For instance, a theoretical approach,
known as a uniform expansion method,? confirmed the scal-
ing relation in Eq. 7.%° On the other hand, Fig. 3 summarizes
some of recent numerical results3’: (a) the internal distance

Rij = \/(R?(|i— j|)) defined as the average distance between
monomers at i and j, (b) Ly = (X) as a function of D, and (c)

the variance of the chain size GL2 (per monomer) vs. D. The
results in (a) offer a quantitative basis of blobs: self-avoiding
walk within & =~ D and linear ordering beyond &. The graph
in (b) confirms the scaling relation in Eq. 7. It also suggests
that the farthermost distance is a better choice as the chain
size than the end-to-end distance, in the sense that the former
(filled symbols) follows the blob-scaling picture (the dashed
line) in a wider parameter range. 3’

The results in (c) clarify the applicability of Eq. 9 (see
(¢)).7 In this connection, it is worth mentioning that the blob
scaling limit is more readily reached for Ly than for kchyin- 37.46
The variance 67 is related to kchain S kchain = kT /0. (The
right axis is the relaxation time given by T ~ 6L2 /N, measured
in the absence of hydrodynamic interactions?’; it is thus di-
rectly related to Gg /N.) For small D, the results in Fig. 3(c)
deviate from the blob scaling picture, which predicts a slope
1/3 in this log-log plot. The crossover at D = 10 (in units of
a) from the blob-scaling to formally-called unexpected regime
(characterized by a large slope 0.9)3%4%47 can be attributed
to the “fate” of blobs for small D. T As discussed earlier in

4 Note that the slope of a fitting curve for the small D range may depend some-
what on simulation details or fitting methods. For instance, refer to Fig. 2(a)
for the definition of D. Also it is worth noting that a few data points for D < 2
deviate slightly from and fall below the fitting curve (dashed line). As a result,

This journal is © The Royal Society of Chemistry [year]
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Fig. 3 Blobs, linear ordering, and chain elasticity (adapted from Ref.37 by permission of the Royal Society of Chemistry). (a) The simulation
results for the internal distance R;; = 4/ <R2(|i — j|)> in (a) show how the confined chain is organized: it resembles a self-avoiding chain

within each blob of size & ~ 0.7D and is linearly ordered beyond &, the blob size, This offers a quantitative basis of compression blobs. "® (b)
The farthermost distance (filled symbols) follows the blob-scaling picture (the dashed line) in a wider parameter range than the end-to-end
distance (unfilled symbols) does, since this quantity is less sensitive to chain-end effects. As D — 0, the difference between the two sets of
data (filled and unfilled) becomes insignificant but they deviate somewhat from the simple power-law relation. (c) The variance of the chain
size GL2 is displayed against D; GL2 is related to the (effective) chain spring constant as kepain = kpT'/ GLZ. (The right axis is the relaxation time
given by T ~ 6L2 /N, measured in an imaginary immobile solvent or in the absence of hydrodynamic interactions3”; it is thus directly related to
0'1% /N.) The blob picture predicts a single slope 1/3 in this log-log plot. It, however, breaks down as D — 0. This explains the crossover at

D =~ 10 (in units of a) from the blob-scaling to formally-called unexpected behavior (with a slope 0.9). It was noted that this crossover can be

best understood by drawing an analogy between this case and the corresponding spherically confined case.3’

6| Journal Name, 2010, [vol] 1-25 This journal is © The Royal Society of Chemistry [year]
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correction with Fgphere in Fig. 2(f), the notion of blobs be-
comes less meaningful as they become sufficiently small. It
was noted that this crossover can be best understood by draw-
ing an analogy between this case and the corresponding spher-
ically confined case.?’

Indeed it was also shown that the blob scaling results for
chain elasticity are applicable when these two conditions are
simultaneously met: the blob size should exceed 10a and
N > Npin. >’ Intriguingly, N, depends on how the chain size
is measured (see Fig. 2(a) for the end-to-end distance, the far-
thermost distance, and the length of a tube enclosing the chain
are depicted): Npyin ~ 1000, if the farthermost distance is used
as the chain size (as in Fig. 3(c)). As a result, Gf becomes less
sensitive to chain-end effects. These unfavorable effects can
be “corrected” in a micro-nano-piston experiment, where the
two chain ends are attached to the piston wall (see Fig. 2(b)).
Also the farthermost distance is relevant for ring polymers
with no ends as shown in Fig. 2(c) (e.g., bacterial chromo-
somes). The radius of gyration is expected to be less sensitive
to chain-end effects and will be a convenient choice for poly-
mers with non-linear topology (e.g., branched or ring poly-
mers). 37 The chain-end effect is significant, if the end-to-end
distance is used as the chain size, and as a result N, ~ 12000.
Even in the limit N — oo, however, the blob scaling regime for
kegr will not be reached for D < 10a.37

A similar discrepancy was seen and resolved in the prob-
lem of a self-avoiding chain subject to an external force f.3°
According to the blob picture, 13 the chain extension along f
varies nonlinearly as f2/3. This scaling relation was not ob-
served in a numerical study with N = 1600.°° More recently,
however, experiments with single stranded DNA (10.5 kilo-
base pair long) verified the existence of this regime.>' Con-
sidering the analogy between the stretched and cylindrically-
confined cases, it will be useful to simulate a longer chain so
that it contains many well-defined ‘tensile’ blobs. -3

2.2.2 Semiflexible chains or flexible chains with weak
self-avoidance-So far, we have focused on flexible chains
consisting of beads modelled as hard spheres with the ex-
cluded volume given by v ~ a>. Recall that this is relevant in
an athermal solvent. The conformation of such a chain resem-
bles the trajectory of a self-avoiding walk with a step length
a. Under different conditions, the strength of self-avoidance
can be weaker. For instance, as the temperature is lowered,
the excluded-volume interaction between monomers is dimin-
ished (and can even be attractive).'™ (see Ref.? for chain
collapse at a low temperature). Chain stiffness gives rise to
similar effects. As a result, a new length scale enters into our
consideration: the size of a thermal blob &7, within which
self-avoidance is not felt, as illustrated in Fig. 4. As discussed

the slope will depend on whether these points are included; if more of such
data points were included, the slope would be somewhat larger.

in subsec. 2.1, for spherical monomers, &7 ~ a*/v o a.!?

(For cylindrical monomers of length » and width w each in
an thermal solvent, v ~ b?w and &r =~ b* /v ~ b? /w (see sub-
sec. 2.3.3 and Ref.2) How will this influence chain statistics
and elasticity?

Fig. 4 shows how the crossover between different regimes
occurs as D decreases. For D > &7 (see Fig. 4(a)), the con-
fined chain can still be viewed as a linear array of approxi-
mately spherical blobs of size & each, as assumed in the blob
approach'; as it turns out & ~ 0.7D for spherical monomers
in an athermal solvent.?” Also the scaling relations presented
in subsec. 2.2.1 remain relevant in the sense that the N-D de-
pendence of Ly, Fconf, and kchain remains unaltered. (See the
Flory radius in Eq. 3 for an unconfined analogue; the scaling
form of the Flory radius remains invariant.)

In contrast, these blobs will be elongated along the long
axis of the cylinder, if D > &7 is not satisfied — weakening of
self-avoidance delays the emergence of the linear regime, as
illustrated in Fig. 4(b). In this case, the confined chain can
be viewed as a linear array of elongated blobs of size EH each
(§H > D). The corresponding regime is often refereed as the
‘extended de Gennes’ regime. 315717

The elongated-blob picture does not modify the scaling
form of Ly; up to a numerical prefactor, Ly is the same in
the de Gennes and extended de Gennes regimes.>~!7 Ob-
viously, Ly ~ N, since the chain is linearly ordered beyond
<§H. The D-dependence is less obvious but can be obtained
using single physical arguments (see subsec. 2.3.3). In con-
trast, the confinement free energy can be approximated as
Feont ~ N(D/a)~%kgT, which has the same scaling form as
the confinement free energy of a corresponding ideal chain
(see Ref.1¢ and relevant discussions below). In other words,
self-avoidance is not reflected well in .%¢q,¢. This can be un-
derstood as follows: for D < &r, the elongated blobs do not
serve as free-energy “currency” (1.e., kgT/blob). In a self-
avoiding walk (SAW) analogy, there will be a free energy cost
each time the “weak” SAW changes its direction upon collid-
ing into the cylindrical wall or each time it travels a distance
comparable to D in the transverse distance. On the other hand,
within this distance, it behaves as a random walk (RW). This
explains why self-avoidance is not reflected in the confinement
free energy in the extended de Gennes regime. (As it turns out,
the effect of self-avoidance is subdominant, as detailed in the
next section.)

As D decreases further, a new regime known as the Odijk
regime emerges (see Fig. 4(c)). This regime is more mean-
ingful for stiff chains for which the persistence length £, can
be much larger than D, as originally assumed.>>™> In this
case, a new length scale known as the deflection length Ager
becomes relevant, which is given by A3, ~ D?(,. This is a
length scale within which the stiff chain does not feel cylin-
drical confinement. The confinement free energy of a long

This journal is © The Royal Society of Chemistry [year]
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T non-blob scaling for
j;: { , chain elasticity
(a) (d \f

(i) de Gennes

f—&—

elongated blob
(iii) Odijk | transition

w (chain width)

(ii) extended
de Gennes

D (cylinder diameter)

Fig. 4 Organization of polymers with weak self-avoidance in a cylindrical space characterized by a few regimes [adapted (with modifications)
with permission from Ref. !¢ Copyright (2014) American Chemical Society]. Weak self-avoidance can result from a temperature decrease or
chain stiffening, often measured by the persistence length £,,. In this case, a new length scale, 1.e., the thermal blob size &r, enters into the
picture. Inside each blob or within &7, self-avoidance is not felt. (a) de Gennes regime: for D >> &r, our blob-scaling picture remains relevant:
Lo ~ND'""'/V and Z ot ~ ND~1/V_ (b) Extended de Gennes regime: for by <D< Er, Ly~ ND'"VV asin (a) and Feopt ~ ND 2 as for
an ideal chain. In this case, the chain can be viewed as a linear succession of elongated blobs of size éH each, beyond which the chain is
linearly organized. Also shown are red circles of size D each as free-energy units: within each circle, cylindrical confinement is not felt. Each
time the self-avoiding chain travels a distance D, there is an associated free energy cost for confinement. For D < §H, Fconf should resemble
the one for the corresponding ideal chain. (In the transition regime, the confined chain contains isolated ‘hairpin backbends.” %) (c) Odijk
regime: when D < ¢, the confined chain enters the Odijk regime, in which the reflection length Aq4e¢ describes the degree of confinement;
within this length, the confined chain does not feel the effect of confinement. This regime is realized for a locally stiff chain for which £, > a.
The diagram in (d) depicts the regimes in (a)-(c) and their boundary.
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chain (Liotar > ¢,) is expressed as Feonr/kpT =~ Liotal/ Adef, if
Ly > Ager o1 £, > D,>353 where Ly is the total contour
length (also see Ref.° for the numerical prefactor of .Z onp).

How does the non-blob scaling regime in Fig. 3(c) fit into
the diagram in Fig. 4(d)? For a flexible chain in an ather-
mal solvent, this regime will fall somewhere in the transi-
tion regime. For a more complete picture, it will be use-
ful to extend earlier studies of chain elasticity under con-
finement3%37:4647 (o the extended de Gennes regime. As
noted earlier,3”#¢ the scaling regimes describing chain sizes
are not necessarily identical to those describing chain elas-
ticity/relaxation. One possibility is to manipulate a confined
chain with an external force, as shown in Fig. 2(b) with vary-
ing £, and D.

2.3 Flory theory

Flory theory is a brilliant scheme for calculating the size of
a self-avoiding chain. Despite its potential limitations as a
meanfield model, because of its simplicity, the Flory approach
has been widely employed in the literature and extended to
confined polymers, 13-1621.30.3747.57 Here we briefly recapture
earlier discussions on the Flory approach and highlight how
this approach has evolved and been reconciled with other ap-
proaches.

2.3.1 Linear chains—Consider a flexible polymer carry-
ing N monomers in an athermal solvent, with R being its end-
to-end distance. The Flory free energy in d-spatial dimensions
is then expressed as

a?N?

<Q\Flory(R) ~ R2
 kgT RI

ksT ~~ Nd2 (14)
If the first term describes chain elasticity, the second term rep-
resents the two-body interaction between monomers along the
chain. %8 The free energy ﬁplory is minimized at R = Rp: for
d <4, Rp = aNV, where Vv is the Flory exponent, given by
v=3/(2+d) (e.g.,v=73/5ford = 3).

Flory theory produces a correct Rp, but as noted in Ref.,!
this success benefits from a ‘remarkable cancellation’ of er-
rors. Indeed, Fpiory in Eq. 14 implies that the chain spring
constant for d = 3 is given by

Kehain ~ (az%l‘“y) ~ kT (15)
chain ~ | =355 ~ 5

OR r-r, Na
This is an overestimate in view of the correct one discussed
earlier in subsec. 2.1 and in the literature !

ksT _ kgT

e (16)

kchain =

See Refs.?”% for a rigorous treatment of the limitation of
Flory theory.

For a polymer under cylindrical confinement, however, it
was shown that a “correct” (renormalized) Flory approach |
can be constructed.3>*” Let X be the chain size in the longi-
tudinal direction, then the Flory free energy can be expressed

as
Fe(X,D)  X>  D(N/g)?

ksT ~ (N/g)D? X
where g is the number of monomers inside a blob of diameter
D introduced earlier, 1.e., g ~ (D/a)>/3. This free energy de-
scribes an imaginary chain consisting of N /g subunits (blobs)
of size D in an one-dimensional space. In other words, blobs
are considered as the subunits of the chain. Note that this ap-
proach remains valid unless the chain is much compressed lon-
gitudinally (assuming D > 10a).4’

Indeed, the free energy in Eq. 17 produces not only the
expected equilibrium chain size Lo = (X) ~ Na(a/D)*3, at
which .Z.1(X,D) is minimized, but also the correct confine-
ment free energy "6

a7

gzconf gcyl(X = LO) N a\5/3
- ~N(3)
kgT

~ —
~

1
ks " (18)

D
It also leads to the correct effective spring constant of the
chain 6

82ﬂc 1 1 a\1/3
kchain = Y N —s (—) kgT.
chain < X2 ) X-lo N2 \D B

A natural extension of Eq. 17 is the free energy of a chain
confined in a slit geometry?, 1.e., two parallel plates separated
by a distance D. If Ry is the chain size in the direction parallel
with the slit, the slit free energy is given by

19)

Fau(R,D) R}
kgT (N/g)D?

D*(N/g)?

Rﬁ’

+ (20)

where g ~ (D/a)*/? is the same as in a cylindrical space.?

Indeed, this free energy reproduces the correct equilibrium
size of the chain in a slit, Ly ~ N*/*a(a/D)"/*.%57 How-
ever, its equilibrium free energy, % (X = Lo, D) /kgT, scales
as N'/2(a/D)>3. Note that this is different from the ex-
pected free energy of slit confinement Fcont/kpT ~ N/g =~
N(a/D)>3, which is identical to that of a cylindrically con-
fined polymer (see Refs. !> and references therein). At best,
the slit free energy in Eq. 20 describes the interaction of blobs
in a slit at the meanfield level (possibly overestimated), not
confinement.

In summary, the cylindrical case is a special one in that
the excluded-volume interactions between blobs separated by
a long-contour distance are not allowed. The conforma-
tional deformation of the confined chain resembles that of a

|| It is correct in the sense that it remains valid in the Hookean limit or when
X ~Ly.Y

This journal is © The Royal Society of Chemistry [year]
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(quasi one-dimensional) Rouse chain formed by renormalized
monomers of size & ~ D each.® The corresponding renormal-
ized Flory approach does not suffer from overestimate errors.

2.3.2 Ring polymers—Earlier studies suggest that a ring
chain maps onto a parallel connection of two linear chains,
each consisting of N/2 monomers trapped in an imaginary
tube of a reduced diameter Degs ~ D/ v/2.2! Note that this was
originally established for rather small D values but is expected
to remain relevant for larger D on physics grounds. This map-
ping allows one to extend the renormalized Flory approach in
Eq. 17 to ring polymers. To this end, let us rewrite Eq. 17 as

i%incar(x) —A X2 +B
kgT (N/g)D?

D(N/g)?
X )

21

where A and B are (non-universal) constants of order 1. We
then adjust N and D so that they represent one of the two linear
chains. This line of reasoning leads to

2 2
X DN/ o
X
where A = 213/ and B = 2'/°B. Note here that the parame-
ters g,N, and D on the right hand side are for the correspond-
ing linear chain case. The effect of ring topology is absorbed
into A and B.

The equilibrium size is then given by Lyjne &~ 0.630 X Lijnear,
where Linear = (B/2A4)'/3D(N/g) is the equilibrium chain
size for the corresponding linear case. The confinement free
energy then reads Fring(Liing) ~ 2>/® X Fiinear (Liinear). Fur-
thermore, ing A 2'3/®kjinear O kring /Kiinear = 4.5. Ring topol-
ogy stiffens a confined chain about 4.5 fold. See Ref.?! for a
more accurate mapping.

This analysis implies that chain back-folding (over length
scales > D) is costly, as demonstrated in a recent experiment
on DNA. % The entropic penalty for back-folding is similar to
what we would expect from a polymer ring. Accordingly, it
supports the blob picture in which a linear chain under cylin-
drical confinement can be viewed as a linear string of blobs. 10
This picture also applies to each subchain of a ring. Linear or-
dering of these blobs is a natural consequence of a high free-
energy penalty for back-folding. It also has physical conse-
quences on chain miscibility or the way two confined chains
interact, as detailed below.

2.3.3 Flory approach to the extended de Gennes
regime-It proves useful to extend the Flory approach to the
case where Kuhn segments are asymmetrical or self-avoidance
is weak. A salient feature of such a chain under cylindri-
cal confinement is the emergence of the extended de Gennes
regime, °~17 as briefly discussed in subsect. 2.2.2. In this sub-
section, we present a Flory approach to this case.

extended de Gennes de Gennes
———————
N
10" F, 7% w/b=0.005 -
& (a) Ny, > w/b=0.01 ]
i . w/b=0.025 1
~ W < w/b=0.05
. Moy w/b=0.1
< ¥y O w/b=0.25
N 0 X
P10, S 3
o 2/3 - ]
[ —— y=0.83x N ]
o ]
2 D}'}E}'\
107 E + f -+ —t HHH},E
F(b) ]
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Fig. 5 Simulation results for a freely-jointed chain of 10* rods, 1.e.,
N = 10%, confined inside a narrow pore with a square cross-section
[adapted from Ref. ! Copyright (2014) American Chemical
Society]. (a), (b), & (c) show the normalized extension, (b)
normalized confinement free energy, and (c) the difference in
confinement free energy between a real chain and an ideal chain, as
a function of normalized pore width. Here the free energy is given in
units of kgT'. The crossover between the extended and classic de
Gennes regimes occurs at Dy = 0.56b% /w, marked by the vertical
straight line.
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Let w be the thickness and b the Kuhn length. (For a spher-
ical monomer, w = b = a.) Then p = b/w is the aspect ratio
of Kuhn segments and v ~ b?w is the excluded volume pa-
rameter. 2% For a semiflexible chain of persistence length ¢ b
b =2/, is the effective Kuhn length.3 If Lyy is the total con-
tour length of the chain, the chain can be considered as being
made of N = Ly, /b rods of length b and thickness w each.

The Flory free energy of an unconfined chain reads

Z R2 2
Flory ~— UNf.
kT Nb? R3

(23)

Recall that &7 is the length of a thermal blob within which self-
avoidance is irrelevant and g, is the corresponding N value:
&r = b,/gy. If we use this in the second term of .% in Eq. 23
and set it to unity, we arrive at

bZ
Er = pPw=—, 24)
w

which is consistent with the known result. |2

A related point is that the interaction energy (the second
term in Eq. 23) evaluated at Ry = v/Nb is proportional to
the interaction parameter z in Eq. 2: z o< Fn(Ro)/kgT =~
VN? /RS = +/Nv /b3 (= v/Nv/a® for spherical monomers).
Setting z to unity (with N = g;) amounts to setting Fin (Ro) =
kpT . Our analysis above is equivalent to the one carried out to
obtain &7 below Eq. 2.

Now imagine squeezing the chain in a cylindrical pore of
diameter D. As long as D > &r, the general picture pre-
sented in subsec. 2.2.1 or 2.3.1 remains applicable. For in-
stance, the confined chain is a linear array of blobs of size
D each and #, in Eq. 17 remains valid — the only dif-
ference between the athermal and weak-self-avoidance cases
is through g: in the latter case g ~ (D/b)>? (273/1))1/3 A
(D/b)s/3 (b/w)1/3, as can be readily obtained from Eq. 3.
As a result, Ly = (N/g)D =~ Nb(D/b)_z/3 (w/b)l/3 and
kenain/ksT ~ N~1b=2(D/b) /3 (b/w)!/3 131517

If D is smaller than &7, within a length scale D, the ef-
fect of self-avoidance is not significant. If we still insist on
picturing the chain as a succession of possibly-overlapping
spherical blobs of size D each, a few adjacent blobs can pen-
etrate each other with no appreciable energy cost, as illus-
trated by the overlapping red dashed circles in Fig. 4(b). As
a result, the chain becomes linearly arranged beyond éH be-
yond which self-avoidance becomes appreciable. Let N be
the corresponding number of Kuhn segments. Obviously, one
can set 5” ~ Mb, since a chain with N < N| behaves as
an ideal chain confined in the pore, 1.e., the longitudinal size
(X) ~ \/Nb for N <Ny

Similar to the one used for &7, one can set up an entropy-
energy balance relation using Eq. 23 with R> (in bulk) replaced

by D?R (in a pore):

N2 (6 /b)4
I 2 Il

V— ~ ~ 1. (25)

D% D2

This leads to

D2 1/3

5%(b) b. (26)
w

It is straightforward to see that & > §H > D. The first inequal-
ity is a natural consequence of confinement. First recall that
both are defined as length scales beyond which self-avoidance
becomes significant; if &7 is defined for an unconfined chain,
&)l is for a cylindrically-confined chain. This inequality means
that self-avoidance becomes relevant at shorter (longitudinal)
length scales for smaller D. On the other hand, the second
inequality is consistent with the notion of anisometric or elon-
gated blobs> (see also Refs. 13:15:16),

Beyond éH’ self-avoidance tends to stretch out the chain
along the pore. The equilibrium (longitudinal) size of the
chain is then given by

Lo

Q

& N awn(2)

ND23p*3 113, (27)

Q

Except for a numerical prefactor, this is identical to Ly for the
case D > &7.

The boundary between the classic de Gennes and the extend
de Gennes regimes can be obtained by setting éH =D (see
Ref.»)

b2
D =~ 0.56—, (28)
w

where the numerical prefactor was employed from Ref. !¢ In
a D-w plane, this relation separates between the two regimes,
as shown in Fig. 4(d). This relation has been confirmed in a
recent numerical study, '® as summarized in Fig. 5 (see below
for details).

To proceed further, let us calculate the free energy of chain
confinement .%o, To this end, we adopt two different pic-
tures. First, we consider the chain as a linear array of many
subsystems of size éH each and treat each subsystem as ideal.

We then find .Zons/blob ~ N (b/D)? (ideal inside &)). The
conf

total free energy is then obtained as
b\> (N b\*
kT D N D

This is the same as that of an ideal chain; chain elongation be-
yond §|| will not change the scaling behavior of .Zq,¢. This is
consistent with the earlier picture in subsubsec. 2.2.2 that the
weak self-avoiding walker experiences a free energy cost of

Lg-(l)
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kpT each time it travels a distance D (in the transverse direc-
tion).

In the second picture, we use Flory theory to calculate
Feont. The self-avoidance contribution (thus Z.o,¢) scales as

9(2). N2 NP3w2/3 N

conf ~ ~ ~
kgT D?L, D4/3 NH ’

(30)

The last relation tell us that the Flory approach is equivalent to
assigning kT to each elongated blob of longitudinal size 5\\'
Recently, a Flory free energy for the cylindrically-confined

case has been constructed and tested numerically, 16 \which is
in our notation given by
Z, X Nb2 X? N?
extended( ) ~ + 5 +0 2 ] (31)
kgT Nb D*X

The first term describes the free energy cost for squeezing a
spherical thermal blobs into a narrow cylinder. The second
and third terms are analogous to the two terms in Eq. 23: if
the second term represents a free energy cost for stretching
the chain in the longitudinal direction, the third term describes
excluded-volume interactions.

Minimization of this free energy leads to the expected L.
But the confinement free energy, Zcont = Fextended(Lo), 1S
given by

Feont _ ND?  Np*Pw?3

kgT ~ D2 D*/3
Note that this is a linear combination of the two free energy
expressions in Egs. 29 and 30. While it can be considered as
a more complete form of confinement free energy for the ex-
tended de Gennes regime, in the limit & ~ b?/w > D, this
free energy is dominated by the first term.'® For this, refer
to Fig. 5 reproduced from Ref.,'® which displays the simu-
lated confinement-free energy against D. While the sum of
Z() and .Z @ are shown in (b), the latter is displayed in (c).
Clearly .Z () is an order of magnitude larger than .% (),

In summary, the confinement free energy of a self-avoiding
chain shows two scaling regimes:

(32)

gconf ~ { 1\7(1%)5/3 (%)1/3 for éT <D < Rp (33)

kT N (%)’ for D < & < R

The confinement free energy for the extended de Gennes
regime (the second line in Eq. 33) is approximately correct.

3 Confinement and molecular crowding

Large particles in a solution of small ones can attract each
other, even if by themselves they would repel. The surround-
ing small particles induce entropic (depletion) forces between
the large ones. The entropic origin of these forces can readily

(a) (b)

1
1
1

depletlon layers

Fig. 6 Depletion forces induced by crowding particles (in grey). (a)
Each monomer (in dark blue) is surrounded with a depletion layer
(dashed circles), in which the crowders are excluded. Overlapping
of depletion layers (shaded region) creates an extra space for
crowders. This induces entropic (depletion) forces between two
monomers (or two large particles). (b) At a sufficiently large ¢, a
chain molecule can be entropically phase-separated into a
condensed state. Across the phase boundary (dotted line), crowders
are in chemical and mechanical equilibrium. As a result, 2"t > ¢,
where ‘in’ and ‘out’ refer to the inside and outside of the boundary.

be understood in terms of overlapping of ‘depletion layers,” as
illustrated for monomers in Fig. 6(a). A large particle is sur-
rounded by a depletion layer inside which the center of small
ones are excluded. As described in Fig. 6(a), association of
two such particles leads to (partial) overlapping of their deple-
tion layer, thus increasing the translational entropy of small
ones.

A chain molecule can thus be compacted in a crowded
medium, since its monomers will experience depletion forces,
which compete with their excluded-volume interaction. Be-
yond a certain volume fraction of crowders, the depletion
force becomes dominant and collapses the chain, as illus-
trated in Fig. 6(b).2”-6475 (See Refs.”®~"® for depletion forces
in more general contexts). This phenomenon is somewhat
analogous to chain collapse in a poor solvent>>7% and is rele-
vant to chromosome organization in cells, especially in bacte-
rial cells. The bacterial chromosome is macroscopically long
(about 2mm for E. coli) along its backbone but is confined
to an intracellular space of micron size, known as the nu-
cleoid.?”:% While the complete picture of chromosome com-
paction is still elusive, recent single-chromosome experiments
suggest that depletion forces alone can condense the E. coli
chromosomes to its in vivo size.'# Indeed, cells are crowded
with biomolecules such as proteins and RNA,27:66.80-84 For
instance, a typical E. coli cell contains ~ 10° cytoplasmic pro-
teins, occupymg a large (about 20%) fraction of the cell vol-

o 66818

Molecular crowding is relevant in a variety of contexts.
For instance, it influences molecular diffusion, biochemi-
cal equilibria, bimolecular aggregation, translation, and cell
growth. 81-82:85.86 In particular, this effect enhances DNA loop-
ing and thus plays a favorable role in organizing chromosomes

12| Journal Name, 2010, [vol], 1-25
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Fig. 7 Results from Refs. 1472 show how molecular crowding can condense chain molecules in a slit (a)(b) and a tube (c)(d)(e): A-DNA in
(a)-(c), T4-DNA in (d), and E. coli chromosomes in (e). In (a)-(d), the crowder used was dextran with variable molecular weights of 5, 50, and
410 kg/mol corresponding to the radius of gyration (R,) of 2.6, 6.9, and 17.1 nm, respectively. In (e), polyethylene glycol (PEG 2000) was
used as crowding agents. The graph in (a) shows the mean squared radius of gyration from Brownian dynamic simulations (R was the
component of Ry in the direction parallel with the slit) and the graph in (b) displays the effective mean squared coil size for A-DNA in bulk
and slit channels of height 250 nm from experimental measurements; here D is the diffusion constant of DNA, not to be confused with
diameter, 7 is the rotational relaxation time, and the subscript refers to the case without crowders. Fig. (c) displays simulations of A-DNA
extension in tube (width 250nm) and Fig. (d) represents experimental measurements of T4-DNA extension (tube width 300 nm) 73, The graph
in (e) shows the measured normalized extension of E. coli chromosomes in a pore with a cross-sectional area 1.5 um x 1.7 uum; the upper
panel indicates a phase-coexistence at the volume fraction of crowders comparable to that of the cytoplasmic counterpart. In all these, {...)
represents an ensemble average quantity. [(a)-(d) adapted with permission from Ref.”? Copyright (2011) American Chemical Society; (e)
adapted from Ref. 14]
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in both eukaryotic and prokaryotic cells.®> A seemingly ad-
verse effect of molecular crowding is to limit translation and
cell growth by hindering the diffusion of tRNA complexes. %

Nevertheless, in this section, we mainly focus on clari-
fying the role of molecular crowding in condensing chain
molecules in a confined space. This effort will be benefi-
cial for understanding the large-scale organization of bacte-
rial chromosomes. More general discussions on crowding can
be found elsewhere.%787% Furthermore, we do not attempt
to resolve any discrepancy between competing views of chain
compaction (e.g., continuous vs. abrupt). Indeed, the nature
of chain compaction depends on various parameters including
ion valence and chain stiffness. An abrupt transition of DNA
was seen in a crowded medium containing negatively-charged
proteins ’* as well as in polyethylene glycol (PEG) solution”
(both in an unconfined space.) A more recent study, however,
indicates a continuous DNA compaction by dextran (poly-
meric crowder) in an unconfined space or in a slit-like space
but an abrupt transition in a tube-like space’>’?; an abrupt
transition was observed with E. coli chromosomes trapped in
narrow pores. 4

Fig. 7 summarizes recent results from Refs. '47%73 for chain
compaction by molecular crowding in a confined space (slit-
or tube-like). Fig. 7(a)-(d) describes the condensation of A-
DNA (48.5kbp) by dextran ** in a slit-like (upper) or tube-like
(lower) geometrys; if the slit height is 250nm, the tube width is
300nm. (For other details, refer to the original papers. '47%73)
Also what is shown in (b) is the effective mean squared coil
size, where D is the diffusion constant of DNA, not to be con-
fused with diameter, 7 is the rotational relaxation time, and the
subscript refers to the case without crowders. Fig. 7(e) repre-
sents E. coli-chromosome compaction in a cylindrical chan-
nel.

In all cases, the chain molecules undergo a coil-to-collapse
transition as the volume fraction of crowders ¢, increases.
DNA compaction in a slit-like space is continuous as in bulk
(bulk data represeted by filled triangles in (a)(b)), but it is
abrupt in a tube-like space. Intriguingly, the dependence of
chain sizes on ¢, is non-monotonic for some curves in (a) and
(b), and for all curves in (c) and (d). The initial elongation of
DNA molecules can be understood in terms of the following
physical picture: DNA segments are depleted in a (depletion)
layer of some thickness on the order of £, from the confining
wall,”>"3 where ¢ p R 500A is the persistence length of DNA.
This allows for an easy access of crowders in this depletion
layer, effectively increasing the degree of confinement — more
so for a larger £,,.

Indeed, this non-monotonic behaviour was considered to be
implicated in the abrupt transition seen in (c) (simulations) and
(d) (experiments). Under cylindrical confinement, the effect

Dextran is a neutral branched polymer formed by glucose monomers. The
size of dextran molecules used in Ref.” is in the range 2.6-17nm.

of crowders is anisotropic: it initially compresses the DNA
molecules radially but eventually acts to collapse them in the
longitudinal direction. This explains why the compaction tran-
sition of DNA molecules is more cooperative and abrupt in
tube-like confinement. 773

Similarly, the compaction of E. coli chromosomes in a tube-
like space appears to be abrupt, as it suggests coexistence of
compacted and extended phases (see Fig. 7(e)). However, this
does not appear to be correlated with chain-segment depletion
from the wall seen in (a)-(d), since the chain length shrinks
monotonically, as the volume fraction of crowders increases.
Along this line, it is worth noting that the “effective” Kuhn
segments of chromosomes are not as anisotropic as those of
DNA. As detailed later (as also illustrated in Fig. 1(b)), the
bacterial chromosome is organized by various proteins into
topologically-independent domains or structural units, 628
which can be approximated as effective monomers. 42122 Tt
can behave differently from what we would naively expect
from the physical picture of DNA molecules. This may be
responsible for the difference between the DNA and chromo-
some experiments in Fig. 7. Also the chromosome is struc-
turally (more) heterogeneous along its backbone (than DNA).
This is also expected to be implicated in the observed phase
coexistence in Fig. 7(e).

Also superimposed are theoretical results based on
polymer-chromosome models: if the blue curve corresponds
to a bead-spring model, the red dashed line represents a cross-
linked polymer (see Ref.'* and references therein). While
both curves indicate a continuous transition, the blue curve
compares more favorably with the experimental data. Fur-
thermore, recent numerical and theoretical studies suggest
that flexible-chain compaction is continuous in a cylindrical

space> as well as in an unconfined space.

There is now a considerable appreciation for crowding ef-
fects in organizing chain molecules, especially in a confined
space. What remains to be further clarified is the nature of
chromosome compaction. For a more complete understand-
ing, it will be useful to examine how the compaction is influ-
enced by chain stiffness and heterogeneity as well as by the
size and poly-dispersity of crowders. Indeed, the cytoplasmic
space presents a poly-disperse space, containing a mixture of
various types of crowders. %83 Finally, crowders can also in-
duce depletion forces between monomers and the confining
cylindrical wall, possibly leading to chain adsorption onto the
wall. It will be useful to discuss the effect of crower’s poly-
dispersity as well as the interplay between chain adsorption
and compaction: the emerging physics and biological impli-
cations (see Ref. for recent efforts along these lines).

14| Journal Name, 2010, [vol], 1-25
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Fig. 8 (a) Blob picture of two hypothetical self-avoiding chains, each having taken N steps on a lattice in a confined space: (a) mixed and (b)
segregated. For simplicity, assume that L = Ly in the mixed case in (i), where L is the length of the confined space and Ly is the equilibrium
chain length. The confined chain in (i) is a linear array of blobs, described by filled circles. The degree of linear ordering is diminished in (ii).
It can be shown that entropy favors the segregated case in (ii). To see this, consider an imaginary chain formed by blobs, 1.e., a string of blobs
in (a). The conformational entropy of this blob-chain is minimal in (i) but is more appreciable in (ii). Note that the conformation shown in (ii)
is one of several realizations; for instance, the two blob-chains on the left and right are different. As L decreases, however, the difference in
blob-chain entropy between (i) and (ii) becomes less significant. As a result, they mix better. In principle, this line of reasoning leads to a
diagram shown in (b), !° which is based on the diagram for a similar problem: polymers trapped in pores in chemical equilibrium with those in
a reservoir. 8 [The illustration in (b) is adapted by permission from Macmillan Publishers Ltd: Nat. Rev. Microbiol.,'® copyright (2010).]

4 Two-chain case

Much attention has also been placed on chain segregation or
mixing in a confined space (e.g., slit-like, cylindrical, and
spherical).7:8:19-21:22.44.88-90 Cylindrical (anisotropic) confine-
ment is of particular interest; it is not only a classic problem
in polymer physics pioneered by de Gennes and his collab-
orators® but a problem of renewed interest because of its
relevance to chromosome segregation in elongated bacterial
cells. 19-21.2244 Indeed, closed cylindrical confinement with a
varying aspect ratio includes spherical confinement as a spe-
cial case.

In this section, we discuss some of recent progress with
(two) interacting chains in a confined space. Our considera-
tion in this section is, however, limited to the case of strong-
self-avoidance (see Ref.°! for stiff-chain segregation). Chain
segregation in an open cylindrical space is obvious to under-
stand, as discussed above (recall Fpix = 2/ 2"9756% > Feq
in Eq. 10). In contrast, chains tend to mix under spherical
confinement, as long as they are in equilibrium and are not
kinetically trapped in a local free-energy minimum.

Closed cylindrical confinement combines both cases (open
cylinder and sphere) and thus offers a richer set of segregation
behavior. As an instructive model, consider the hypothetical
polymer system shown in Fig. 8(a): two self-avoiding chains

on a lattice in a confined space. If the chains in the upper panel
(i) are mixed, they are segregated in the lower panel (ii). For
simplicity, assume that the cylinder length L = Ly = (X) in
the mixed case in (i). As shown in the figure, the chains in (ii)
are more randomly organized. It can be shown that entropy
favors the segregated case in (ii). To see this in a more trans-
parent way, consider an imaginary chain formed by blobs, 1.e.,
a string of blobs. The conformational entropy of this “blob-
chain” is minimal in (i) but is larger in (ii). The conformation
shown in (ii) is one of several realizations; indeed, the two
blob-chains on the left and right are different. This explains
segregation is entropically favored, under the right conditions.

As L decreases, however, the difference in blob-chain en-
tropy between (i) and (ii) in Fig. 8(a) becomes less signifi-
cant. As a result, they will mix better, as L — D. In princi-
ple, this line of reasoning leads to a diagram in which the de-
gree of chain overlapping is depicted, as shown in Fig. 8(b), '
which is based on an earlier study of a similar problem: poly-
mers trapped in pores in chemical equilibrium with those in a
reservoir. 8 (See the Supplementary Information of Ref. !° for
the details.) In this diagram, the boundary between different
regimes is represented by a simple scaling relation between
x=Rp/D and y = Rp/&, where Ry is the Flory radius (e.g.,
Eq. 3) and & is the blob size (Eq. 11). Since the scaling pic-
ture leading to chain segregability is discussed in detail else-

This journal is © The Royal Society of Chemistry [year]
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Fig. 9 (a) Internal distance of a confined chain R;; = /(R (|i — j|)) (solid lines with symbols) and its relationship with 4 /L, the fractional

overlap distance between two chains (specified in the legend) for D = 20a [adapted with permission from Ref.%? Copyright (2012) American
Chemical Society]. Here D is defined as the inner cylinder diameter and L is the cylinder length per chain. The color scheme is the same for
all these graphs in (a)(b)(c). (a) The dashed lines, with the slopes 3/5,1/2, and 1, depict the self-avoiding walk (SAW) within &, random walk
(RW) at intermediate lengths, and linear regimes, respectively. If the confined chain is weakly compressed longitudinally, it is linearly ordered
beyond the blob size & ~ D, as in an open cylinder, and the RW regime is missing. For moderate compression, blobs are randomly packed
within some length scale CH; linear ordering emerges beyond this. For strong compression, the linear regime disappears (1.e., CH ~ L). For the

entire range shown, the RW regime is not clearly seen in the transverse component Riij =4/ <Ri(|i —J |)> (the bottom lines without symbols).
In all cases that display the linear regime in (solid lines unfilled symbols), the chains are (almost) completely segregated. Even when linear
ordering is completely lost, they segregate up to 70-80 %, more so in a more asymmetrical space. Under anisotropic confinement, chain
segregation in the RW regime is sensitive to the aspect ratio r = D /L. (b) For the well-segregated cases (solid lines without symbols), the
probability distribution of the center-to-center distance between the two chains P(Lcc) has a narrow peak at L¢c /2L = 0.5. On the other hand,
P(L) for the much mixed cases (lines with filled diamonds) is broader. In the most miscible case D/2L = 1 (the dashed line in purple),
P(Lcc) is a Gaussian distribution centered at Lo = 0. (c) In the diagram, Degs = D for linear chains (solid lines), while for ring polymers,

D¢ =D/ /2 (dashed lines).2! The dotted line with open squares describes the symmetrical case of D/2L = 1 for which y = 1.40 x 074,
Beyond this, the confined space resembles a closed “slit.”” Also included is the boundary curve y = 1.50 x x12/7 between the segregated and
mixed regimes”-%1? (see open “diamonds”), on which A /L = 0.5. Finally, A /L = 0 line is best fit by y = 1.15 x x (open inverted triangles).
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where, %19 we do not repeat it here. Instead, we will include

below the numerical support for the diagram (see Fig. 9(c)).

Furthermore, an earlier study shows how intra-chain
and inter-chain ordering are interrelated.?! Chains remain
segregated effectively if linearly-ordered, as illustrated in
Fig. 8(a)(b). They can resist mixing even outside the linear
regime. This deviates somewhat from an earlier scaling pre-
diction that segregation requires linear ordering’® but is con-
sistent with what was observed in a polymer melt. %8

As a confined chain is compressed longitudinally, the blobs
break into smaller ones and the degree of linear ordering de-
creases. Intrachain ordering can be quantified in terms of the
internal distance between two monomers at i and j, given by

Rij =/ (R(i = /D). (34

as introduced in subsec. 2.2. Related quantities are the in-
ternal distances measured in the longitudinal and transverse
direction, respectively,

Rl = Ri(li—j) and Rj=/Ri(li—j). (35

Fig. 9(a) shows RlHj (curves with symbols) and Ri (curves
without symbols).?? It should be noted that the color scheme
for Rf-. curves is in error in the original work 22; it should be re-
versed as in Fig. 9(a) in this work. Also in Fig. 9, D is defined
somewhat differently from the one in Fig. 2(a). In Fig. 9, it is
the inner diameter of the cylinder as shown in the illustration
on the top. We have checked that the miscibility in Fig. 9(c),
for instance, is largely insensitive to the way D is defined.

A few distinct regimes are marked in Fig. 9(a) (see the
dashed lines with slopes in a log-log plot): self-avoiding
(within &), random-walk (at intermediate length scales), and
linear regimes (outside the random-walk regime). Note that
not all these regimes are always realized. Also L here is the
length of the cylinder per chain. For large L, the chain is lin-
early organized beyond £ ~ D, as in an open cylinder. As L de-
creases, a new regime between the self-avoiding and linearly-
organized regimes emerges. In the log-log plot, this regime is
described by a linear line with a slope 1/2. A natural conse-
quence of chain compression is the emergence of a new length
scale denoted as C”. This is a length scale within which the
confined chain (L < Lg) is a random packing of compression
blobs of size & each (§ < D). Beyond {j, the chain is linearly
organized, as long as C” < L (see Fig. 9(a)). As L decreases,
€ — L. In this case, linear ordering is completely lost as in a
spherically-confined case.

The results in Fig. 9(b)(c) relate intrachain ordering to the
degree of chain overlapping or penetration, which is measured
by the probability distribution of the center-to-center distance
between the two chains P(L.) in Fig. 9(b) and the partial

overlap distance A /L in Fig. 9(c); here A is the overlap dis-
tance or penetration depth, not to be confused with the deflec-
tion length Ag4er introduced in subsubsec. 2.2.2. In Fig. 9(c),
Rr = cont. x 1.1N3/5, where const. = 1 or 0.79 for a linear
or ring chain, and & = ¢ —3/4 = [N/m(D/2)>L] 3/ (Eq. 11)
with the prefactor set to unity was used.?!' (The prefactor 0.79
for Rr coincides with the ratio of the radii of gyration of the
ring and linear chains.?!) For linear chains, Degs = D by con-
vention. The color scheme used for various curves is the same
for all the graphs in Fig. 9(a)(b)(c). When the chain is linearly
organized in the sense that { < L, the two chains remain seg-
regated. It is worth noting that for A a2 0.5, P(L..) has a peak
around L., = L (see the green curve in (b)). While on aver-
age the chains penetrate each other halfway through, the most
probable conformation represents segregation. In this case,
linear ordering is completely lost as indicated in Fig. 9(a). But
the chains still resist mixing (they are half-segregated). Only
when the chains mix almost completely, the peak moves to
Lce ~ 0. (The three dashed lines in (b) show how the chains
mix as the aspect ratio 2L/D tends to unity.)

Also shown in Fig. 9(c) is the boundary curve between the
two neighbouring regimes. For instance, the dotted line with
open squares describes the symmetrical case of 2L/D = 1 for
which y = 1.40 x x*/*. Beyond this, the confined space re-
sembles a closed “slit.” On the other hand, the boundary curve
y = 1.50 x x'%/7 distinguishes between the segregated and
mixed regimes %1% (see open “diamonds”); on this boundary
curve, A/L = 0.5. Finally, the /L = 0 line corresponds to
y = 1.15 x x (open inverted triangles). These boundary curves
are consistent with and offer numerical support for those based
on the scaling picture. ”-8-1?

Intriguingly, it was shown that a ring polymer behaves as a
series connection of two sub-linear chains, each trapped in an
imaginary narrower cylinder of diameter De = D/+/2, as il-
lustrated in Fig 9(c).?? In the figure, the dashed lines describe
two ring polymers. The collapse between the linear and ring
cases means that the effect of ring topology is correctly mim-
icked this way and that ring polymers segregate better than
the corresponding linear chains. For practical purposes, one
can use the same & value for the linear and ring cases, as
done in Fig. 9. This is obvious for Liinear > Lying > L, Where
Liinear OF Lying is the equilibrium chain size for the linear or
ring case, respectively, introduced in subsec. 2.3.2. If so, the
monomer volume fraction is the same in both cases; so is &. If
Liinear > L > Lyjng, however, the ring polymers can fall below
the A /L = 0 boundary, even though the linear chains remain
touched. The use of the same & can be justified if the linear
chains remain segregated. Indeed, this is the case, since there
is a good agreement between the solid (linear) and correspond-
ing dashed (ring) lines even for A /L ~ 0. For the comparison
purpose, one can use the same & for both cases.

This physical picture is consistent with the observation that

This journal is © The Royal Society of Chemistry [year]
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Fig. 10 Linear ordering of a polymer (N = 200) in a closed
cylindrical space of length L = 28 and diameter D = 4.8 for

N =200, adapted from Ref.2! by permission of the Royal Society
of Chemistry. A typical chain conformation is shown. The beads are
colored in the same sequence as in the color bar in the middle. For a
ring polymer (the upper figure), only one subchain shows up in
color. The lower panel displays a linear subchain (consisting of N /2
monomers) trapped in a narrow cylinder with a rescaled diameter as
D—D/ /2. The cylinder diameter was exaggerated so that it
matches with that in the ring case. Because of the D rescaling, the
chains in the two cases are similarly organized. The degree of linear
ordering shown here is comparable to the following scaled-down
case: N =100, D = 4.8, and L = 14 (more suitable for the E. coli
nucleoid (see Sec. 5)).

ring- or loop-like structures of individual chains induce a re-
pulsion between them, similarly to what is seen in interphase
chromosomes in a eukaryotic cell, forming discrete territo-
ries, 41,89.90

Along this line, it is worth noting that overlapping two
chains in a free or spherical space is not completely free but
can be a few kgT.*! As the degree of topological complex-
ity increases, the overlapping free energy will also increase
and the chain segregate better. !*#* In this regard, the results
in Fig. 9 can be considered as a lower bound for the segrega-
bility of chains with nontrivial topology (e.g., chromosomes).

5 Polymer physics approach to bacterial chro-
mosomes

The physical picture of linear ordering and chain segregation
induced by cylindrical confinement has been used as a physi-
cal basis of chromosome organization and segregation in elon-
gated bacteria. %2124 Varying views have also emerged,
in which (possible) limitations of polymer approaches are
pointed out or the roles of chromosome-associated proteins
are emphasized.”>% This is not surprising, considering the
complexity of chromosomes in comparison with polymers.
For the same reason, simplification is an inevitable step to-
ward gaining quantitative insight. The degree of simplifica-
tion should reflect the desired level of abstraction. Polymer

models have emerged as a minimalist but nontrivial physical
model of chromosomes, since they still retain such essential
features as chain connectivity and excluded volume interac-
tions between chain segments (chain topology as well in some
case) 19-21.2244 (a]50 see Refs.8990). Importantly, a polymer
model offers a conceptual framework for making quantitative
sense of chromosome experiments (see Ref.!* for a recent at-
tempt).

Here, we briefly review some of the discussions along this
line in the literature. However, we do not attempt to resolve
any “essential” discrepancy between the varying views, e.g.,
active or protein-assisted vs. passive or entropically-driven
segregation of chromosomes (see Refs.!%209293 and refer-
ences therein for relevant discussions). However, we believe
that some of them are only deceptively contradictory. Where
applicable, we clarify the nature of discrepancies.

5.1 The bacterial chromosome and a polymer model

The bacterium E. coli has a circular chromosome, carrying
about 4.6 x 10° base pairs. It is about 1.6 mm along its contour
and experiences about 1000-fold compaction inside the cell,
occupying an intracellular space known as the nucleoid.?”-%
However, even with this spatial constraint, the bacterial DNA
is highly active in gene expression, replication, and segrega-
tion. 29:93.97

The bacterial chromosome is compacted in part by the nega-
tive supercoling of DNA into many topologically-independent
domains or structural units; 26-28:98-100 {hege domains and their
boundaries are highly dynamic.?® Beyond this generally ac-
cepted picture, their details vary from reference to reference.
For instance, it was shown in Ref.28 that each domain is about
10-kb (kilo-base-pair) long, implying that the chromosome
contains about 400 structural units. In Ref., %' each struc-
tural unit was estimated to be 70 & 20nm in diameter and
50kb in length; the number of structural units falls around
100. More recent single-molecule experiments led to some-
what larger structural units ranging from 130nm to 440nm,
together with the number of structural units in the range 15-65
per chromosome (63-284 per cell) 4. T

The organization of bacterial chromosomes as well
as the cell/nucleoid sizes depend on growth conditions and cell
ages or vary from reference to reference.?’-939496.106 The E.
coli chromosome resembles a donut (or a branched donut 19%),
under fast-growth rates, but it is asymmetrically organized, re-
sembling a ‘sausage’ with a stretch connecting its ends, under
slow-growth rates. 10210 The donut-like chromosome bears a
resemblance to the ring polymer in the upper panel of Fig. 10.
Imagine shrinking the size of monomers shown in a varying

102-105

T1 As noted below, an E. coli cell contains more than one chromosomes, depend-

ing on cell growth conditions.

18 | Journal Name, 2010, [vol], 1-25

This journal is © The Royal Society of Chemistry [year]



Soft Matter

Page 20 of 26

(a)
l" Genome-sized
| dsDNA
Bloﬂﬁ 1Stretching and twisting
Supercoiled »

plectonemes Stabilization by nucleoid-
associated proteins

— Nucleoid-

\ associated

Topolégicatly B protein

independent Close packing of the
structural unit string of blobs

Q. 0_0o 00000

60 6000 00p 00 000 0°

Molecular crowding and nucleoid compaction
create a concentric shell in the nucleoid periphery

o origin of replication

(c)

Fig. 11 Organization of the bacterial chromosome into the nucleoid and coarse-grained polymer models of the chromosome: a simple
polymer (a) and bottle brush-like fiber (b)(c), modified from Ref. 19 and Refs., 108.109 respectively. (a) The linear or ring polymer model of the
E. coli chromosome. Note that the mapping is not necessarily unique: the structural unit is interpreted as a blob in Ref. !° but as a monomer in
Refs. 2122 Also the size and number of units vary appreciably from reference to reference (see the text for details); so do the size and number
of monomers in the polymer model. (b) The bottle brush '8 that models the Caulobacter chromosome consists of a backbone chain and side
loops (supercoiled plectonemes) emanating from the backbone; each plectoneme is formed by 35 monomers on average, with each monomer
13.7 nm in diameter and containing 434 bp of DNA. The resulting bottle brush consists of 9,274 monomeric units and is confined inside a
cell-mimicking, cylindrical space (which is 450 nm in diameter and 2500 nm in length). (c) Organization of a bottle-brush polymer in a
confined space. The backbone is helically organized for both linear (upper) and ring (lower) backbones. [(a) is adapted by permission from
Macmillan Publishers Ltd: Nat. Rev. Microbiol.,'® copyright (2010); (b) from Ref. 18 Reprinted with permission from AAAS. (c) Copyright

(2012) by The American Physical Society.]
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grey scale in the panel. The resulting asymmetrical ring is
analogous to the sausage-like chromosome.

For new born-cells under slow-growth rates, containing sin-
gle sausage-like chromosomes, the measured nucleoid dimen-
sions range from 1.64pm x 0.48um? to 1.8um x 0.8um. %
These are somewhat different from the earlier measurement
of 1.39um x 0.24um # .27 Fast-growing cells are somewhat
larger and contain constantly-replicating chromosomes. !0

In polymer chromosome models, 1%21-22:44.92.94 such molec-
ular details as supercoiling and other activity of DNA-bound
proteins are often coarse-grained into monomers. The local
structure of a chromosome can be effectively influenced by
these molecular details, but its global property is expected to
be much less sensitive to the details. This is a distinguish-
ing feature of chain molecules'3 and may justify the use of
a coarse-grained chromosome model (e.g., a polymer model).
Below we collect a few polymer models.

Perhaps, the simplest model amounts to coarse-graining the
structural unit as a monomer. The structural units are topolog-
ically constrained and can be approximated as impenetrable
spheres, as illustrated in Fig. 1(b), where the genomic length
DNA is organized into a string of many structural units or
monomers, 21:22:30 (More realistically, one can use a circular
string of monomers. Also see Fig. 11(a) for an alternative
view of the structural unit. 1) In this case, the size and number
of monomers will be set by the size and number of structural
units, as discussed above. The bending stiffness of double
stranded (ds) DNA is not a crucial parameter, since each struc-
tural unit contains many persistence lengths, each £, about 150
bp long. '%7 While the local stiffness of the DNA influences
how it interacts with proteins, its effect will not persist much
beyond £,. The resulting polymer model, 1.e., beads (struc-
tural units) on a string, with linear or ring topology, has been
used in a number of recent studies.?’">2** It is unlikely that
the extended de Gennes regime will be realized for this, con-
sidering the overall spherical shape of each monomeric unit.

An obvious variation of the simple bead-string model is to
include explicitly cross-links between chain segments or non-
trivial chain topology induced by supercoling, as shown in
Fig. 1 (lower panel) and Fig. 11(b)(c) (see below for more
details). Indeed, the choice of a polymer chromosome model
should depend on the nature of questions one wishes to ad-
dress (e.g., “What is the role of cross-linking proteins in the
large-scale organization of chromosomes?”).

5.2 Spatial organization of bacterial chromosomes vs.
polymers

5.2.1 Single chromosomes—Fluorescence imaging tech-
niques showed that a single chromosome before the onset of

11 As pointed out in Ref.!?, the nucleoid length 1.39 um is somewhat smaller
than the population average 1.9 um

DNA replication in a slowly growing E. coli cell is linearly
organized along the long cell length !'%-113 (with a stretch of
segments connecting the two poles of the packed chromo-
some). On the other hand, linear ordering of a chain molecule
in a cylindrical space is now obvious. 19212244114 Tn an ear-
lier study,?! linear ordering was observed for a ring polymer,
consisting of 200 monomers, trapped in a cylinder of diam-
eter D = 4.8 and length L = 28 (in units of monomer size),
as shown in Fig. 10; for these choices, Ly ~ 41. As a result,
the aspect ratio L/D is about two times as big as expected for
the E. coli nucleoid. However, the degree of linear ordering
in this case should be comparable to what we would expect
from the following scaled-down case: a chain consisting of
100 monomers, trapped in a cylinder of diameter D = 4.8 and
length L = 14. Note that these choices fall in the acceptable
parameter ranges for the E. coli chromosome, if viewed as
beads (structural units) on a string. This analysis appears to
be consistent with the observation of linearly ordered E. coli
chromosomes. '3

However, the onset of linear ordering will depend on sev-
eral molecular details including cross-linking (see the rele-
vant illustration in Fig. 1(a)) and tethering of the chromosome
to the cell membrane.'®?* As for a simple polymer inside
a closed cylinder, it is set by the single-length scale CH, as
shown in Fig. 9. In our polymer picture, cross-linking between
proximate segments along the contour can be considered as
shortening CH’ diminishing the local positional fluctuation of
monomers. As a result, monomers will be more precisely po-
sitioned. Indeed, a recent computational study shows that the
introduction of cross-links at appropriate genomic positions
in an otherwise simple polymer improves the precision with
which loci are spatially distributed, similarly to what was ob-
served with the E. coli nucleoid.

Along the line of discussions above, it is worth repeating
the intrachain organization analysis in Fig. 9(a) for a wider
range of polymer-cylinder parameters. What is clear is that
CII is smaller for smaller N (assuming L < Ly, where L is ei-
ther Lijnear OF Lying). As a result, enhanced linear ordering by
cross-linking is analogous to reducing N in a linear or ring
polymer, in the sense that the onset of linear ordering starts
at a shorter length scale; in this case, a may have to be in-
creased, since each monomer now includes more molecular
details (more DNA segments and associated proteins).

In a recent work,*? a lengthwise (orderly) folding of adja-
cent DNA segments (clustering of proximate segments along
the contour more closely) is attributed to the linear ordering of
chromosomes and their segregation. (This is also reflected in
the illustration in Fig. 11(a).) In light of our discussion on CH
above, we believe that this picture does not necessarily con-
tradict confinement-induced linear ordering. The lengthwise
folding can be considered as shorting Z;”, which can also be
achieved by reducing N.
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Table 1 Miscibility vs. the aspect ratio r = L/D for N = 100 and D = 5. The data with r = 3 represent the E. coli chromosome better than
others. Confined chains segregate better with ring topology or for larger r.

chain topology | aspectratior | x=Rp/D | blobsize & | y=Rp/E | degree of overlap A /L
6 4.97 5.32 complete segregation
5 4.34 6.10 complete segregation
linear 4 4.40 3.67 7.21 5% overlap
3 2.96 8.94 10% overlap
2 2.18 12.1 25% overlap
6 4.97 3.51 complete segregation
5 4.34 4.02 complete segregation
ring 4 4.11 3.67 4.75 complete segregation
3 2.96 5.90 3% overlap
2 2.18 7.99 10% overlap

Furthermore, a number of recent studies have revealed the
helical organization of bacterial chromosomes. *39>!15 A re-
cent computational study shows that a bottle-brush polymer,
as shown in Fig. 11(b), is helically organized in a confined,
cell-like space '%?; some of the main results are displayed in
Fig. 11(c). The observed helical organization is attributed to
the interplay between chain stiffening and intrachain packing
effects, both induced by side loops. Later, this model has been
used as a polymer model of the Caulobacter crescentus chro-
mosome. %

Each polymer model serves its purpose to some extent.
How these models are related with each other is, however, less
clear. Also, the applicability of each model remains to be clari-
fied. Further quantitative modelling of bacterial chromosomes
will be useful.

5.2.2 How they interact-One can use the diagram in
Fig. 9(c) to examine the miscibility of two chains (or chromo-
somes modelled as beads on a string) with varying cylinder-
polymer parameters, including those relevant for the E. coli
chromosome. First, recall Ry = const. x 1.1N3/5 (const. = 1
for a linear chain and 0.79 for a ring) and & = ¢—3/4 =
[N/x(D/2)2L] >/ 2! For N = 200, R = 26.4. If we choose
D =35, x=Rp/D =4.4. The blob size & and the fractional
overlap distance A /L depend on the aspect ratio ». We find
that (i) for r = 5.6, £ = 2.8, and A/L = 15% (5%), (ii) for
r=4,& =22, and /L =20% (10%), and (iii) for r = 3,
& =1.8, and /L = 30% (20%), where (...) is the fractional
overlap distance for the corresponding ring polymer case.

To make this analysis more parallel with our earlier dis-
cussion on linear ordering (N = 100), in Table 1, we dis-
play the fractional overlap distance A /L for various choices
of cylinder-polymer parameters. Compared to the N = 200
case, chain segregation is much enhanced in this case. In
other words, chromosomes segregate better if each of them is
packed into smaller N. For r = 3, the miscibility diagram sug-

gests 10% overlap for linear chains but 3% for ring polymers,
rather than 30% and 20%, respectively, for the correspond-
ing N = 200 case. Note that these parameters (both N = 100
and N = 200 with r = 3) fall in the acceptable range for the
E. coli chromosome, as discussed in subsec. 5.1. Also, it has
been shown that the presence of crowding agents can facil-
itate the spatial separation of (ring) polymers in a cylindri-
cal space.!! In an intuitive picture, the crowding effect can
be considered as either bringing the chains closer (enhancing
mixing) or compressing each chain into a more tightly packed
one (enhancing segregation).? In a cylindrical space, the en-
tropy of crowders was shown to favor chain segregation. !

It appears that the E. coli chromosome is in the spontaneous
separation regime, more so for smaller N. Indeed, the de-
gree of segregation depends on the cylinder-polymer param-
eters (e.g., L/D, D/a, and N). For fixed L/a and D/a, a
smaller N value leads to a smaller A /L value (better segre-
gation). This may explain much mixing (~ 50%) in a re-
cent polymer-model analysis with longer chains, each con-
sisting of N = 1392 cylindrical monomers.®* In a recent re-
view,?? the aforementioned orderly folding of DNA segments
by various proteins is considered to be favorably implicated
in chromosome segregation. This assertion appears to be well
aligned with the observation that supercoiling or packing de-
fects lead to segregation defects (see Ref.%? and references
therein). However, the picture of orderly-folding as the driver
of chromosome segregation and the entropic picture are not
mutually exclusive. Along this line, we favor the argument
that the entropic segregation force offers a sense of direction-
ality for segregation,!® which we believe compliments and
even strengthens the other picture. Also, as noted earlier, for
larger N, chains mix better. Improper packing can be consid-
ered as enlarging N (weaker segregation). The main difference
is through CH‘ Similarly to what we expect from cross-linking,
orderly-folding can be viewed as shortening C”, thus enhanc-
ing both linear ordering and segregation (see Fig. 9).
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To further unravel chain segregation, a quantitative com-
parison between different polymer models and in vitro exper-
iments will be desirable. As a natural extension of the earlier
single-chromosome experiment, '# two chromosomes trapped
in a narrow pore can be compressed against each other or
manipulated osmotically, in the absence or presence of en-
zymes that act on the topology of DNA such as type II topoi-
somerase, 117 which allows DNA strands to cross each other.
This will enable one to estimate entropic segregation forces,
similar to what was done with simple polymers, !'® to under-
stand better the favorable roles of molecular crowding, or to
clarify to what extent chromosome segregation is kinetically
limited.

6 Conclusions and discussions

Thanks to much effort, a coherent picture of how polymer
chains behave under confinement has recently emerged from
a few approaches: the blob-scaling approach, Flory theory,
simulations, and experiments (see Sec. 2); if constructed with
caution, a Flory approach becomes consistent with other ap-
proaches. In particular, our review highlights polymer chains
as entropic objects. Confinement or a physical constraint can
modify polymer chains qualitatively, both single-chain statis-
tics and their segregation properties. It is our view that con-
finement primarily modifies single-chain properties by reduc-
ing their conformational space, which in turn influences the
way they interact and segregate (Sec. 4).

Closed cylindrical confinement is particularly intriguing,
since it combines both features of open-cylindrical and spher-
ical confinement. This is also relevant to modelling of the
bacterial nucleoid. In this case, the notion of blob-chain en-
tropy turns out to be useful for understanding chain segrega-
tion (Fig. 8(a)). By segregation, the chains can increase the
‘blob-chain’ entropy under the right conditions. This is unique
to chain molecules and is opposite to what we would expect
from a binary mixture of simple molecules. Furthermore, the
interdependence between single-chain statistics and chain seg-
regation has been established (Fig. 9).2% It corrects the ear-
lier scaling picture that linear ordering is required for entropic
chain segregation.”-® Nevertheless the boundary between var-
ious regimes based on the scaling picture are consistent with
the numerical data.??

Also, there has been a growing interest in understanding the
favorable role of molecular crowding, once thought to be ‘ob-
vious but under-appreciated,’ 8! in organizing a chain molecule
especially under confinement (Sec. 3). Indeed the depletion
forces induced by molecular crowders are considered to be
the main player in condensing the bacterial chromosome. !4
Furthermore, the results in Fig. 7 highlight the interplay be-
tween crowding and confinement effects. What remains to be
further explored is the physical origin of phase-coexistence

observed for bacterial chromosomes in a tube-like space. '

In chain segregation and compaction discussed here, en-
tropy is a determining factor (no energy is involved in our
athermal systems). In both cases, macroscopic ordering (e.g.,
segregation and phase separation) emerges from the tendency
to maximize microscopic randomness '4 and is favored by the
entropy of blob-chains or crowders. Analogous phenomena
include the entropic ordering of rod-like molecules into a ne-
matic phase (see for instance Ref.?) and the electrostatic at-
traction between oppositely-charged molecules in solution '1%;
in the latter case, the entropy of the surrounding counterions
often dominates the electrostatic attraction between the oppo-
site charges.

A few polymer models have been employed to understand
quantitatively what was observed with bacterial chromosomes
(Sec. 5). In terms of simplicity, a linear or ring polymer model
is advantageous over others. Their single chain properties and
segregation have been well understood as detailed in this re-
view (see Fig. 9). Beyond the general pictures they offer, how-
ever, they have limitations, as discussed in Sec. 5. It will be
beneficial to explore more realistic polymer models of bac-
terial chromosomes (e.g., variations of cross-linked polymers
and bottle-brush models in the absence or presence of crowd-
ing agents), in concert with our understanding of the physi-
cal properties of chromosomes. Of particular interest is how
chromosome segregation is influenced by the presence of type
IT topoisomerase. !!7 This effort will enable us to clarify to
what extent chromosome segregation is kinetically controlled.
Also beyond its impact on equilibrium chain organization dis-
cussed in Sec. 3, molecular or macromolecular crowding has
profound effects on the dynamics of macromolecules (as in
chromosome segregation). For instance, it is considered to
be implicated in the sub-diffusive motion of chromosome loci
in the (viscoelastic) bacterial cytoplasm. 2 Quantitative mod-
elling of chromosomes will continue to find fascinating prob-
lems for polymer/soft matter physics.
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Fig. 12 A confined polymer in a confined and crowded space.
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